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COHOMOLOGIES OF DEFORMATIONS OF SOLVMANIFOLDS AND
CLOSEDNESS OF SOME PROPERTIES

DANIELE ANGELLA AND HISASHI KASUYA

ABsTrACT. We provide further techniques to study the Dolbeault and Bott-Chern cohomologies of
deformations of solvmanifolds by means of finite-dimensional complexes. By these techniques, we can
compute the Dolbeault and Bott-Chern cohomologies of some complex solvmanifolds, and we also get
explicit examples, showing in particular that either the 99-Lemma or the property that the Hodge and
Frolicher spectral sequence degenerates at the first level are not closed under deformations.

INTRODUCTION

Among other techniques, the theory of small deformations of holomorphic structures, initiated and
developed by K. Kodaira and D. C. Spencer, L. Nirenberg, and M. Kuranishi, provides a large source of
examples of compact complex manifolds.

As a natural problem, the behaviour of special metrics or cohomological properties under deformations
deserves special interests in order to better understand the geometry of complex manifolds. In such a
context, the stability results for Kéhler structures plays a guiding role: in fact, K. Kodaira and D. C.
Spencer proved in [26, Theorem 15] that any small deformations of a compact Kéahler manifold still admits
a Kéhler metric. On the other hand, the result holds no more true when replacing the Kéahler condition
with weaker metric conditions, such as, for example, the existence of balanced metrics in the sense of
M. L. Michelsohn, [2, Proposition 4.1], or the existence of pluri-closed metrics, [I7, Theorem 2.2], (nor
also in the non-elliptic context of D-complex geometry in the sense of F. R. Harvey and H. B. Lawson,
[5, Theorem 4.2], nor in the non-integrable case of almost-K#hler geometry). As regards cohomological
properties, the stability of the 99-Lemma under deformations has been proved in several ways, see [42]
Proposition 9.21|, [44, Theorem 5.12], [41] §B], |6l Corollary 2.7]. (We recall that a compact complex
manifold is said to satisfy the 00-Lemma if every O-closed, O-closed, d-exact form is also d0-exact, see,
e.g., [14].) K. Kodaira and D. C. Spencer’s result, for example, can be phrased by saying that, for
any family of compact complex manifolds parametrized over the manifold B, the set of parameters of
B for which the corresponding complex manifold admits a Kéhler metric is open in the topology of B.
In [4, Theorem 2.20], in studying the cohomologies of the completely-solvable Nakamura manifold, the
authors provided an example of a curve {Jt}te p of complex structures and of a sequence {t;} weny C B
converging to t., in the topology of B such that (X, J;,) satisfies the 90-Lemma for any k& € N but
(X, Ji..) does not; in other words, the set of parameters for which the 90-Lemma holds is not closed
in the (strong) topology of the base space. Actually, as L. Ugarte pointed out to us, in studying the
behaviour under limits of compact complex manifolds, it is common to consider Zariski topology instead
of strong topology: in fact, e.g., MoiSezon property, [28], is supposed to be closed with respect to the
Zariski topology, see [34] for motivations and results, while it is not closed in the strong topology. With
such a notion of (Zariski) closedness, we provide here an example to prove the following result. Note
that the non-closedness of E;j-degeneration of Frélicher spectral sequences was already proven by M. G.
Eastwood and M. A. Singer in [I6], Theorem 5.4] by using twistor spaces.

Theorem (see Corollary [6.1)). The property of Ei-degeneration of Frélicher spectral sequences and
the property of satisfying the 00-Lemma are not closed under holomorphic deformations.

In order to provide such an example, we continue in investigating the class of nilmanifolds and solv-
manifolds from the point of view of cohomologies computations. More precisely, we would enlarge the
class of solvmanifolds for which the de Rham, Dolbeault, and Bott-Chern cohomologies can be computed
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by means of just a finite-dimensional sub-complex of the double-complex of differential forms, by carrying

over the results in [31) 20, 29} 19, [10, 211 24} 11, 38, 12| [ (35 37, 22 [3, 4]. (We recall that, given a
double-complex (A**, 9, 8), the Dolbeault cohomology is H%"(A‘*‘) = % and the Bott-Chern coho-

mology is Hyo(A®®) == %; one can also consider the Aeppli cohomology, Hy*(A®*) := %,
which is, in a sense, the dual of the Bott-Chern cohomology; finally, in considering a complex manifold,
the Dolbeault and Bott-Chern cohomology are defined by means of the double-complex (/\"'X , 0, 5) of
complex-valued differential forms; see [I], 8], see also [15] [40].) More precisely, we provide the following
stability results for cohomology computations of deformations of solvmanifolds, in the vein of the results
proven in [9, Theorem 1] and [3, Theorem 3.9] for nilmanifolds; (we refer to Theorem [Tl and Theorem

for the precise statement).

Theorem (see Theorem [I.1] and Theorem [I.2]). Given a solvmanifold X = T\G endowed with a
left-invariant complex structure J, for which there exists a finite-dimensional sub-complex C*® C N**X
computing the Dolbeault cohomology, we provide conditions in order that suitable deformations of C**®,
still allow to compute Dolbeault and Bott-Chern cohomologies of some small deformations of J.

The proof of this theorem is inspired by the proof of K. Kodaira and D. C. Spencer’s theorem on the
upper-semi-continuity of the dimensions of the Dolbeault cohomology groups, [26]. Considering downers
of cohomologies, differing from upper-semi-continuity, by this theorem we can observe “nose-diving”
phenomena, as in the following examples, which are generalizations of the three-dimensional examples
found by K. Kodaira and I. Nakamura, [30].

Example (see Section [B]). Let N be a complex nilpotent Lie group. Suppose that the Lie algebra of
N has a (Z +/—17Z)-basis. Then, for certain semidirect product G = C x4 (N x N), we have a lattice
T of G by the results of H. Sawai and T. Yamada, [39], and there exists a deformation {Ji}+ of the
holomorphically parallelizable solvmanifold T\G such that dim Hét’o(l"\G) =0, where Hét"(l"\G) is the

Dolbeault cohomology of a deformed complex solvmanifold.

In particular, it follows that the above examples provide a new class of “Dolbeault-cohomology-
computable” complex solvmanifolds, since they are not holomorphic fibre bundles over complex tori

as in [22] [24] [1T].
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1. DEFORMATIONS AND COHOMOLOGY

Let (M, J) be a compact complex manifold and (/\}"M , 0, 5) be the double-complex of complex-
valued differential forms on M associated with the complex structure J. We consider deformations
{Ji}ten over a ball B C C™ such that Jy = J. We also consider the double-complex (A%*M, d, o)
associated with the deformed complex structure J;.

We are interested in manifolds whose cohomologies can be computed by means of just a finite-
dimensional sub-double-complex of (/\}"M , 0, 5). In particular, in this section, we are concerned in
studying the behaviour of such a property under small deformations of the complex structure.

Inspired by [26], we prove the following result.

Theorem 1.1. Let (M, J) be a compact complex manifold, and consider deformations {Ji},. 5 such that
Jo = J. We suppose that we have a family {Ct'" = <¢;"(t)>i}teB of sub-vector spaces of (/\.']’:M, 0%, 0%)
parametrized by t € B so that:

(1) for each t € B, it holds that (C;®,0;) is a sub-complex of (/\}’t'M, Oh);

(2) ¢3°(t) is smooth on M x B, for any i;

(3) the inclusion C3°* C /\}"M induces the cohomology isomorphism

H3(C3) & H3* (M)

ere exits a smooth fami Yeen of Ji-Hermitian metrics such that * )Y C Ol where
(4) th it th family {g:}rep of Ji-Hermiti tri h that %4, (C;°) C CP™*"7°, wh
we denote by %4, the anti-C-linear Hodge-x-operator of g, and by 2n the real dimension of M.
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Then, for sufficiently small t, the inclusion C;* C /\}’: (M) induces the cohomology isomorphism

HY*(C3*) = HY*(M).

Proof. Consider the operators d; = —¥,,0;%,, and Ay, = 0;0;f + 0;0;. Then by the conditions (1)
and (4), the operator A, can be defined on C;*. By a result by K. Kodaira and D. C. Spencer, [20]
Theorem 11], see also [25, Theorem 7.1], for each t € B, we have a basis {ei(t),...,ei(t),...} of AS*M
and continuous functions ai(t) < --- < a;(t) < --- on B such that Ay e;(t) = a;(t)e;(t) for any i.
Since Ag, is defined on C*®, we can take a subset {e;, (t),...,e;,(t)} of {e;i(t)}; that is a basis of C7°.
Take {e;(t),...,ej1k(t)} = {ei(t) | a;(0) = 0}. Then {e;(0),...,e;4%(0)} is a basis of ker Az . By the
assumption (), we have ker Ay C C7'*. Hence we have {e;(t),...,e;j1x(t)} € CF® for any ¢t € B. Since
each a; is continuous, we have, for sufficiently small ¢ € B, that a;_1(t) < 0 and 0 < aj4x+1(t). Hence
we have ker Az, C {e;(t),...,ej4x(t)} € CF°. Hence the theorem follows. O

Analogously, as regards the Bott-Chern cohomology, by considering the operators 0} = —%ﬁt%gt
and (9;< = *>T<gtat¥gt, and ABCt = 8t5t52‘82‘ + 5:8:(%(‘1 + 5:(%8:5,5 + az‘été;‘at + 5:(% + 82"&, see m
Proposition 5] and [40, §2.b], a similar argument yields the following result.

Theorem 1.2. Let (M, J) be a compact complex manifold, and consider deformations {Ji},. p such that
Jo = J. We suppose that we have a family {Ct'" = <¢;"(t)>i}t€B of sub-vector spaces of (/\};'M, Oy, 0r)
parametrized by t € B so that:

(1) for each t € B, it holds that (C;*®,0;,0;) is a sub-double-complex of (A5 M, 0, 0);

(2) ¢°(t) is smooth on M x B, for any i;

(3) the inclusion C3* C AS*M induces the Bott-Chern cohomology isomorphism

Hye(C5®) = Hpe(M) ;

(4) there exits a smooth family {g:}tep of Ji-Hermitian metrics such that %4, (C;*) C C['™*""°, where
we denote by %4, the anti-C-linear Hodge-x-operator of g, and by 2n the real dimension of M.

Then, for sufficiently small t, the inclusion Cf'® C AT*M induces the Bott-Chern cohomology isomor-
phism
Hye(CP®) = Hye.(M) .

2. APPLICATIONS: NILMANIFOLDS

Consider nilmanifolds, that is, compact quotients of connected simply-connected nilpotent Lie groups
by discrete co-compact subgroups, and take left-invariant complex structures. By considering the sub-
double-complex C** = A**(g ®g C)* of left-invariant differential forms, where g is the Lie algebra
associated to the nilmanifold, one recovers the stability results in [9, ] by Theorem [[I] and Theorem
2

Corollary 2.1 ([9, Theorem 1|, [3, Theorem 3.9]). Let X = I'\G be a nilmanifold, and denote the
Lie algebra associated to G by g and its complezification by gc := g ®r C. The set of G-left-invariant
complex structures on X such that the inclusion A\*°*gi, C A®°*X induces the isomorphism Hé"(/\’v’g*) o
HZ*(X), respectively Hpo(A*g") = Hpo(X), is open in the set of G-left-invariant complex structures
on X.

We recall that, in view of [38, Theorem 1|, [I2, Main Theorem|, [9, Theorem 2, Remark 4], [35]
Theorem 1.10], and [37, Corollary 3.10], [3l Theorem 3.8], the above set contains several classes of
left-invariant complex structures, among which holomorphically parallelizable, Abelian, nilpotent, and
rational.

3. APPLICATIONS: SOLVMANIFOLDS

In order to investigate explicit examples, we recall some results concerning the computations of Dol-
beault cohomology for solvmanifolds of two special classes, namely, solvmanifolds of splitting-type, |[22],
and holomorphically parallelizable solvmanifolds, [43].

We start by considering solvmanifolds of the following type, see [22].

Assumption 3.1. Consider a solvmanifold X = T\G endowed with a G-left-invariant complex structure
J. Assume that G is the semi-direct product C" x4 N so that:
3



(1) N is a connected simply-connected 2m-dimensional nilpotent Lie group endowed with an N -left-
invariant complex structure Jy;

(2) for anyt € C", it holds that ¢(t) € GL(N) is a holomorphic automorphism of N with respect to
JN,‘

(3) ¢ induces a semi-simple action on the Lie algebra n associated to N;

(4) G has o lattice T'; (then T’ can be written as I' = I'cn Xy I'y such that T'cn and Ty are lattices
of C™ and, respectively, N, and, for any t € T, it holds ¢(t) (T'n) C T'n;)

(5) the inclusion A®*® (n®@g C)* < A®® (I'n\ N) induces the isomorphism

HY* (A (n@= C)*) 5 Hy* (Ty\N) .

Consider the standard basis {X7, ..., X,,} of C*. Consider the decomposition n ®g C = n':? @ n%?
induced by Jy. By the condition (2), this decomposition is a direct sum of C"-modules. By the condition
([3), we have a basis {Y1, ..., Y;,,} of nb¥ and characters o, . . ., i, € Hom(C™; C*) such that the induced
action ¢ on n'? is represented by

C" >t ¢(t) = diag(ai(t), ..., am(t)) € GL(n"0) .

For any j € {1,...,m}, since Y; is an N-left-invariant (1,0)-vector field on N, the (1,0)-vector field
a;Y; on C" x4 N is (C™ x4 N)-left-invariant. Consider the Lie algebra g of G and the decomposition

gc = g®r C = gh%® g”! induced by J. Hence we have a basis {X71, ..., X,,, a1Y1, ..., @Yy} of gb?,
and let {xl, e, Ty, al_lyl, R a;lym} be its dual basis of /\1’09(’&. Then we have
APAOgE = AP(@1, .o, Ty O YL, ey 0 Y ) @ AT, oy T, O L - G )

The following lemma holds.

Lemma 3.2 (|22, Lemma 2.2|). Let X = T'\G be a solvmanifold endowed with a G-left-invariant complex
structure J as in Assumption [T With the above notations, for any j € {1,...,m}, there exist unique
unitary characters f; € Hom(C™;C*) and v; € Hom(C™;C*) on C" such that ajﬂfl and &j’y;l are
holomorphic.

Hence, define the differential bi-graded sub-algebra By'® C A*® I'\G, for (p,q) € Z?, as

(1) BP1 = C{zrA(ag'Bs) ys AZx A(ar ') oo | 11|+ 1J| =pand |K|+|L|=gq

such that (Bsvr)|pr =1)
(where we shorten, e.g., oy :== v, -+ - a;, and xy == x;; A -+ Ay, for a multi-index I = (i1,. .., i) of
length |I] = k).

We recall the following result by the second author.

Theorem 3.3. ([22, Corollary 4.2]) Let X = T'\G be a solvmanifold endowed with a G-left-invariant
complex structure J as in Assumption [Z1.  Consider the differential bi-graded sub-algebra Bp® C
A** T\G defined in [@). Then the inclusion By'® C A** T'\G induces the cohomology isomorphism

HY* (BR®) S HY* (T\G) .

As regards the Bott-Chern cohomology, define Bl:® := {w € A** I'\G |w € BX*} and
(2) Cp® == BY*+ Bp° .
The authors proved the following result.

Theorem 3.4 ([4, Theorem 2.16]). Let T\G be a solvmanifold endowed with a G-left-invariant complex
structure J as in Assumption[Z1l Consider Cp'® as in @). Then the inclusion C'® C A** T\G induces
the isomorphisms

HZ® (Cr°) = Hy* (T\G)  and  HEZ(CP®) = Hye (T\G) .

Another class of “cohomologically-computable” solvmanifolds is given by holomorphically parallelizable
solvmanifolds, namely, compact quotients of connected simply-connected complex solvable Lie groups by
co-compact discrete subgroups, [43], see also [30].

Let G be a connected simply-connected complex solvable Lie group admitting a lattice I'; and denote
by 2n the real dimension of G. Denote the Lie algebra naturally associated to G by g.
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Denote by g4 (respectively, g_) the Lie algebra of the G-left-invariant holomorphic (respectively, anti-
holomorphic) vector fields on G. As a (real) Lie algebra, we have an isomorphism g4 = g_ by means of
the complex conjugation.

Let N be the nilradical of G. We can take a connected simply-connected complex nilpotent subgroup
C C G such that G = C - N, see, e.g., [I3, Proposition 3.3]. Since C' is nilpotent, the map

C 3 cr (Ade)s € Aut(gy)

is a homomorphism, where (Ad.)s is the semi-simple part of the Jordan decomposition of Ad.. We have
a basis {X1,...,X,} of g+ such that, for c € C,

(Ad.)s = diag(ai(c),...,an(c)) ,

for some characters a1, ...,a, of C. By G=C- N, we have G/N = C/C N N and regard a,...,a, as
characters of G. Let {x1,...,2,} be the basis of g% which is dual to {X1,...,X,}.
Let Bp be the sub-complex of (/\0" NG, 5) defined as

(3) By = <ﬂ@ IC{1,...,n} such that (ﬂ){ 1>
oy ar r
(where we shorten, e.g., oy := v, -+ - a;, and x1 == x;; A -+ Ay, for a multi-index I = (1,. .., i) of

length |I] = k).
The second author proved the following result.

Theorem 3.5 ([24, Corollary 6.2 and its proof]). Let G be a connected simply-connected complex solvable
Lie group admitting a lattice I'. Consider the finite-dimensional sub-complex B C (/\0" NG, 6) defined
in @). Then the inclusion B — A%® T'\G induces the cohomology isomorphism

H* (Br, D) 5 H)*(T\G) .

As regards Bott-Chern cohomology, define B := <% Xy ‘ I C{1,...,n} such that (ﬂ)

ar
and

(4) CPi® = AL @ B+ BY' @ A"gt .
The authors proved the following result.

Theorem 3.6 ([4, Theorem 2.24]). Let G be a connected simply-connected complex solvable Lie group
admitting a lattice . Consider the finite-dimensional sub-double-complex C3'* C A*®* I\G defined in
@). Then the inclusion Cp® < A®* T\G induces the cohomology isomorphism

Hye (C*) S Hye(D\G)

Therefore, by Theorem [[LTland Theorem [[2], we get the following result, for which we provide explicit
applications in the following.

Corollary 3.7. Let X be either a solvmanifold of splitting-type or a holomorphically parallelizable solv-
manifold. Then the Dolbeault cohomology and the Bott-Chern cohomology both of X and of some suit-
able small deformations of X are computable by means of a finite-dimensional sub-double-complex of
(A**X, 9, D).

We note that small deformations of a holomorphically parallelizable solvmanifolds does not necessar-
ily remain holomorphically parallelizable. This was firstly proved by I. Nakamura, providing explicit
examples on the Iwasawa manifold, [30, page 86, page 96]. In [36], S. Rollenske studied conditions for
which a small deformation of a holomorphically parallelizable nilmanifold is still holomorphically par-
allelizable, [36, Theorem 5.1], proving that non-tori holomorphically parallelizable nilmanifolds admit
non-holomorphically parallelizable small deformations, [36, Corollary 5.2]. We prove that the same holds
true for holomorphically parallelizable solvmanifolds.

Theorem 3.8. Let X = T'\G be a holomorphically parallelizable solvmanifold which is not a torus.
Then there exists a non-holomorphically parallelizable small deformation of T\G .
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Proof. By [306, Corollary 5.2], we can assume that I'\G is not a nilmanifold. Take a connected simply-
connected complex nilpotent subgroup C' C G such that G = C'- N, where N is the nilradical of G. We
can take a 1-dimensional complex Lie subgroup A = C with A C C and a 1-codimensional complex Lie
subgroup G’ with N C G’ such that we have decomposition G = A x G'. Take a basis {x1,...,2,}
of g% which diagonalizes the semi-simple part of the C-action (where g, denotes the Lie algebra of
G-left-invariant holomorphic vector fields on G). With respect to the above decomposition, we can take
21 = d z for a coordinate z of the 1-dimensional complex Lie subgroup A, and x5 = e*2* 2, for a non-
trivial character e**# of A and a holomorphic form acg on G’, by trigonalizing of the A-action. Then the
Dolbeault cohomology of T\G is computed by means of

Cy* == A°gh ® Bp

BY = <%@ IC{1,...,n} such that (ﬂ){ 1>,
oy ar r

(and where we shorten, e.g., ay := g, -+ a;, and xy = x5, A+ A, for a multi-index I = (i1, ..., %)
of length |I| = k).
We consider the family {J;}; of deformations given by

where

0
t—®dz e HO' (X;T710X) .
0z ©az ( )
Then, for any ¢, we consider the double-complex

DI = A'gL() @ BR(Y)

so that
NgL(t) = AN(dz—tdZz, za, ..., zn)
and B )
Br(t) = A<dzfdz>®<%f} I C{2,...,n} such that <%> Lr1> ,
oy ay

and the Ji;-Hermitian metrics

g = (dz—td2)odz—td2)+ Y ;0.
j=2
We can apply Theorem [Tl
Now we have

az z ../
Ty .

= art (dz—tdz
O (€7 2h) = : (1—|t|2 )

Hence we have, for ¢ # 0, B

Hy%(T\G) = ker 0 lAlg; @ # N
By this, for ¢ # 0, we have dim¢ Hgt’o (T\G) < dimc G and hence (I'\G , J;) are not holomorphically
parallelizable. 0

4. EXAMPLE: DEFORMATIONS OF THE NAKAMURA MANIFOLD

Consider the Lie group G = C x4 C? where

o0 = (5 %)

Then there exists a lattice I' = (aZ + 27Z) x I'” where I'" is a lattice in C2. The solvmanifold X := I'\G
is called (holomorphically parallelizable) Nakamura manifold, [30].

In order to compute the Dolbeault, respectively Bott-Chern cohomologies of the Nakamura manifold,
consider the sub-double-complexes By® and C{°* given in Table [l and Table ] see [22, 4]. (For the
sake of simplicity, we shorten, e.g., d zo3 := d 29 Ad Z3, where 2z is the holomorphic coordinate on C and
{22, 23} is a set of holomorphic coordinates on C2.)

Then, by [24, Corollary 6.2] and by [4, Theorem 2.24|, the inclusions B* C A**(X) and C3° C
A®*(X) induce isomorphisms

Hy*(BR')= Hy*(X)  and  HEE(CR®) = HEL(X)

We consider deformations {J; }+cp over a ball B C C given by
6



dzy, et dzg, et d23>

dz7, e *td 23, e dz3)

6_21(1212 e? leg, d223>
dzi7, e d 23, € d 2z, e d2og, e 27 dzyg, dzz, €' d2gp, dzgz, €27 d333>

e " d 23, € d2y3, dzag)

- - - - 2 - 2 - -
d 2313, d 2913, d 2123, € " d 2113, €1 d 2113, € 1 d 2913, € 7 d 2923, e“* d 2373, eZle323>

—Zz _ Z _

d 21937, €7 d 21933, 7 d 21933)
—2z —z __ o 2z __ z __ —z o z o __
€20 d 21973, d 21913, €% d 21953, d 21313, €2 d 21313, € d 21333, € 7' d 29373, €*' d 29313, d 20333)

d 2133, €77 d 25133, €' d 23733)

aa o aa aaaaaaa

e d 219373, €' d 219373, d212333)

C(
(
(
(
(
(e7* d 2197, € 2" d 2193, d 2103, €™ d 2131, d 2133, €™ d 2133, d 2931, € 7 d 2933, €™ d 2933)
(d=z
(
(
(
C(

e d 219733, €' d 213733, d 223133)
|| C (d 2193133)

TABLE 1. The double-complex By® for computing the Dolbeault cohomology of the
holomorphically parallelizable Nakamura manifold T\G.

(1) t3=®dz € H*! (X;T4°X), 0
(2) tazl ®edzy € HO (X;Th OX).

As for deformations in case (1), we can compute the Dolbeault and Bott-Chern cohomologies by
applying Theorem [[LT] and Theorem to the complexes By®(t) and C*(t) in Table [ and Table [6]
respectively, and by considering the J;-Hermitian metrics g; := (b%’o(t) ® (b(l)’l(t) + (bé’o(t) ® @8’1(t) +

é’o t)® wg’l(t); the generators of the complexes are defined starting from the forms in Table Bl and we
summarize the results of the computation of the Dolbeault and Bott-Chern cohomologies in Table [7] and
Table ] respectively.

As for deformations in case (2), we can compute the Dolbeault cohomology by applying Theorem [[]
to the complex Bf*(t) in Table [ and by considering the J;-Hermitian metrics g, := ¢1°(t) ® ¢ () +
63 (1) © ' (1) + d3°(t) © @3 (t); the generators of the complex are defined starting from the forms
in Table @l and we summarize the results of the computation of the Dolbeault cohomology in Table
(As regards the Bott-Chern cohomology for deformations in case (2), the vector space Cp*(t) does not
provide a sub-double-complex for ¢ # 0, and, by modifying it in order to be closed for both 9, and 0,
and *g4,, as required in Theorem [[L2] it seems that the finite-dimensionality is no more guaranteed.)

(As a matter of notations, we shorten, e.g., ¢1(t) A ¢J3' (t) := d1°(8) A T (£) A 031 (2).)

Straightforwardly, (e.g., from Table [0 and by [6] Theorem B|,) we get the following result. (See [23]
for other examples of non-Kéhler solvmanifolds satisfying the d9-Lemma.)

Proposition 4.1. Consider the holomorphically parallelizable Nakamura manifold (X, Jy), and its small
deformations {Ji},cg as in (1) or (2). Then

(i) the deformations (X, J;) as in case (1) satisfy the d0-Lemma.
(ii) the deformations (X, J;) as in case (2) satisfy the Ey-degeneration of the Hodge and Frilicher
spectral sequences, but do not satisfy the 00-Lemma.

5. EXAMPLE: SAWAI AND YAMADA GENERALIZED MANIFOLDS

In this section, we study the cohomology of the generalized examples introduced and studied by H
Sawai and T. Yamada in [39] in order to generalize Ch. Benson and C. S. Gordon manifold [7].
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IR

| C(1)

dz1, e7*td 29, et d 23, e d 29, €™ dz3)

dzi, e *1dzs, e dzs, e *1 dzs, 621d23>

C|(
C(
C(e™**d 212, € dz13, dzas, e "1 d 212, €™ d 213)
C

dzliv e ™ dzlia et leg, e dz2ia e 2 szQv d2’23, et ngj, szQv %1 ngg,

@

A d 251, e d 23, e leg, e ngj, e d 293, e d233>

(e7*rd 213, €* d2g3, dzsg, e " d 213, e degg)

(d z123)

—z _ —2z _ _ z _ _ 2z _ _ —z _ z _
(e7*1 d 2151, €721 d 2193, d 2103, € d 2131, d 2133, €2 d 2133, d2o1, €7 d 2933, € d 233,

aQ ala

e dzpaq, € dzizr, € 2 d 2z, €7 dzogs, €7 d zyg3, €7 d 2ag3)
-z .23 ,, o oE ,, 2% ,, -z oz .
C(e ™ dzi13, € 2 d 213, d 2373, €™ d 2173, d2a13, €2 d 2313, d 2133, € 7 d 2933, €™ d 2333,

z __ —2z __ —z __ 2z __ z __
dziq, € dziqz, € 27 d 2oy, e 7' d 2933, €27 d 2313, €7 d z333)

- —z _ z _ —Zz _ z _
d 21937, €7 d 21933, €™ d 21933, €71 d 21233, €7 d 21233)

__ -2z __ —Zz __ —Zz __ z __ 2z __ z __
2323, € “1d 21973, € *' d 29373, € ' d 219033, €' d 2333, €71 d 21313, € 1df<72313>

R —Z I z R —z R ¥4 R
d 21733, €771 d 29133, €' d 23133, €' d 29133, € d 23733)

e~

C

C

C (e " d 21913, d 21213, € d 21233, d 21313, € d 21313, €' d 21333, € *' d 29313, € d 2313,
dz

C

C

—2z __ z __ __ —z __ z .
(€7 d 219373, €1 d 212313, d 210333, €7 d 212313, €' d 219373)

—z o z o o -z I z __
e "1 d z1o123, €™ d 213123, d 223123, € °1 d 219733, €™ d 213133)

|| C <d 2123i§3>

TABLE 2. The double-complex Cp* for computing the Bott-Chern cohomology of the
holomorphically parallelizable Nakamura manifold T'\G'.

1c/)ase (1) .

$0(t) =dz —tdz d¢i °(t) =

330 (t) ;=1 d 2 2 (1) = — 1= 10 (6) A 03 () + 1= 02 0(8) A B (2)
¢y (t) = e d 23 d¢§, () = = W 61 (1) A 03 (1) — 1= 03 (8) A 0 (1)
P’ =edzn |l dey () =~ o’ () A ey () + ey (B A 91 (1)
03 (t) == e d 23 d3(t) = = 617 (1) Ay () — =3 (6) A 61 (2)
PV () :=dz —tdz dqﬁ?l(t):o

g9t (t) ;=1 d 2 ot (t) = B o (1) A gy () - ﬁ S (t) A gt (1)
¢y (t) = e d 2z d¢2 ") = = W 617 () A\ oy 1( t)+ = A1 (8) A 05 (1)
Py () == e d 5 01 (1) =~ 01O A e (1) — T A (D) A ey (1)
Py () == e d 23 Al (1) = = 1% () A g () + =k o1 () A 5 (1)

TABLE 3. Definitions for setting the generators of the complexes Bp®(t), see Table [
and C1*(t), see Table[d for the deformations in case (1), which are given by ¢ 6%1 ®dz,
of the holomorphically parallelizable Nakamura manifold T'\G'.



case (2)

Y dy

$°(t) i=dz —te dz dqbi °(t) = —tqbi °(1) Aaﬁ%’l(t)

¢y (t) == e d 2 20 = =610 (t) A gy () + ey () Ay (t)

¢3°(t) = e d 2 d¢§0<t>=¢ (t)Aaﬁé"()—wé’O(t)wg (t)

ey (t) ==e P d 2 d@fﬁ)Zf’%ﬂAw3@%+@’@A¢?@)

p3(t) =" d g () = =03 () Aoy (1)

Gy (t) == dz —fe dzg dqs? ) =ty <t> A qs?’l(t)

¢y () == e "1 d 2 2l () = (t) 2 (1) + oY (t) A byt ()

¢9' () == e* dz3 () = () ()

@g’l(t) =e "tdz d‘Pz (t) = _t<P3 (t) A 9027 ( ) — gl(t) A ‘Pz (

‘Pg’l(t) =e* dzs d‘Ps’ ( ) = 59037 (t) /\@g (t )+¢1 1(t) /\903 ( )
),

TABLE 4. Definitions for setting the generators of the complex B*(t
the deformations in case (2), which are given by ¢ 5~

parallelizable Nakamura manifold T'\G'.

see Table 5l for

- ®edzs, of the holomorphically

Following [39], let n be a complex nilpotent Lie algebra. We assume that n = C (Y1, ...,Ys, Yoq1,..., V)
so that [n,n] = C(Yyy1,...,Y) and [V;, Y]] = C’fj Y} for some ij € Z, varying i, j, k € {1,...,m}. De-
fine

ﬁ = (C<5/1,17 ey Yl,é; Yl,é-‘rl) Y17m> 5% (C<}/2,1a ey 5/2,53 5/2,@-'1-13 5/72,771)
where C<Y111, ce ,YL@, Y1,€+1; ey Y11m> = (C<}/271, ey Ygﬁg, Y214+1, ceey Y21m> =~ n. Consider the semi-
direct product g := C(X) X n given by
(X, Y] = kY1, (X, Yo ;] = —k; Yo

where {k;}; C N\ {0} is such that the Jacobi identity holds.

Let G = C x N be the connected simply-connected complex Lie group corresponding to g. Then we

have

o~ o

with the product
wi,1

()
_ <+(

L

for certain functions fi 1,...
Take a unimodular matrix B € SL(2,Z) with distinct positive eigenvalues A and A\~!, and set a :

log A. Consider

r: {(as+2w¢:ia(

W1,m
W2, m
fl,l(Z,wl,l, cees
f2,1(Z, W21y

wi,1

w21

W1,m
W2,m

)) : z,wl,j,wQJE(C}

/ /
w w
/ 1,1 1,m
|l 2 7 7"'7( a )>
)) < <w2,1> Wa,m
/ / / /
wlqmawl,la"-awl,m) flym(zawl-,la"-7w17m7w1,1a"-7w1,m)
/ / yeees / / )
W s WY 15+ -y WY ) Jom(2,Wa 1,5 oy W my Wy 1, Wh )

afl,mvf?,lv" .

w11+ Awa 1
w11 + A1 w21

, f2.m, see |39, Section 2].

W1,m + )\wQ,m
W1,m + )\71 W2,m

)) : s, t e, wWy,5, W2, 5 €Z+\/—1Z} .

Then, as H. Sawai and T. Yamada proved in [39, Theorem 2.1], T is a lattice in G. Hence we have

I'=(aZ+2mvV/-1Z) x

Let {yl,l; .

s YL, Y1041, - - -

ayl,mva,lv cee

yY2,0,Y2,0415 - - -

I'" such that I'” is a lattice in N.

,Y2,m } be the dual basis of the space (#' 0)

of the left-invariant (1, 0)-forms on N. Then, by the assumption, we have d y1,j =dyz; =0for1 <j <4
The space (91,0)* of the left-invariant (1,0)-forms on G is given by

(69)"

=C <d z, e k2

yl,l,...,e

9
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y2,1) ..
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(1,0) C<¢i0(> Y1), 5°(1))
(0,1) | c (et ®), 62" (1), 65" ())
(2.0 | C{s120). o1 ®), &3'®))
(1,1) || © {61 A9 (1), 61°(1) A3 (), 910 A 85 (1), 03°(0) A Y (1), @5 () A 65 (1),

630 (0) A 6Y (1), @500 AT (1), A5 A 63 (1), 65 () A 63 (1))
9% (1), %3 (1), 63 (1))

O3 (1) A $1 (8), 012 (0) A by (1), 013" (6) A G5 (1), 013 (1) A0y (1), 613 (1) A ™ (8),
(1) NS (1), 635 (D) A 6T (1), BB (D) A 6T (1), 055 (1) A 9% (1))
(1,2) || C {637 A 035 (6), 63°(1) A 651 (1), O1°(6) A ' (1), &10(0) A 6Dy (1), o1 () A 05 (1),
O3 (6) AR5 (1), 63°() A 635 (1), @5 (1) A Yy (1), 05°(1) A 9% (1))

c(
3,0 | c{siH®))
c(

C (el )

C{olH(0) A 67 (1), Dl A 0 (1), BIR1) A 63 (1))

(2,2) || C {615 A 935 (1), 613(1) A 65 (), D15 (1) A 685 (1), D1 () A 6D (1), o1 () A 05 (1),
O (0) A 6% (1), 05 (0) A 05 (1), BB (1) A 635 (1), 0% (1) A 635 (1))

(1,3) || C(&1°(0) A di (), 63°(1) A D335 (1), B5° () A 65(1)

(3.2) || C (A1) A 6% (1), S1(0) A 55 8), Dl A 6% (1))
(2.3) || C{ol9) A 8555 (0), 615°(8) A Sh(0), 835°(1) A Ba(t))

3.3) || (o1 A &%)

TABLE 5. The double-complex B{*(t) for computing the Dolbeault cohomology of the

small deformations in case (1) and in case (2) of the holomorphically parallelizable
Nakamura manifold T'\G.

Consider

oo , —k —km k k
Bp* = /\"(C(dz,e Y, ,e T"Zyljm,e1Zy2,1,...,emzy27m>

5 —kiz k- kiz - bz -
®(C<dz,e 1zy1,1,...,e mZyLm,e 1Zy271,...,e mzyg,m> .
Then we have

HE*(BE®) = H*(T\G).

We consider deformations {.J; }+cp over a ball B C C given by:

t% ®eM* g, € HONT\G ;T T\G) .

To compute the Dolbeault cohomology of (T'\G , J;), consider the forms defined in Table [I1l
More precisely, by applying Theorem [[T] to the double-complex

(5) Bt(t) = A0, 61(0), . 010 (0, 650(0). . 030 ())

DC (01 (1), 671 (1),- 600 (1), 851 (D), 650 (1))

10



| c* o)

(0.0 ]| ()

(1,0 <¢1° L 95°(0), 6500, 23 1), £3°(1))

(0,1) || € (a0 (1), 637 (1), 63" (1), &3 (), 5" (1))

(2,0) c<¢12° ), S12(0), 850, ¢1°(>w2<>, oI A e} )

(1.1) | (a1 A a0, 6170 A 631 (D), 6100 A 03 (1), 93 A G (1), Bh°(E) A (),
900 A 95 (1), B5°() A dY (1), 65°(8) A 63 (1), 900 A 95 (1), B1"(1) A S (D),
ST AL ), e (0) AT, (1) A1), P50 A BT (1), 500 A (1))

(0,2) || C {635 1), 635 (0), 63 (1), 671 (1) A S (1), B0 A (1))

c{
3.0 | c(ein)
(2.1) [ Tl A dY (1), 61 A Y (1), G1W) A GG 0, G1F () A1), 6151 A Y1), B A BY8),
625 () A Oy (1), 03 (1) N 03 (1), 635 (8) A 63 (1), 61" (8) Ay (8) A g1 (1), o1 (1) A (8) Aoy (8),
ST A (6) A 0T ), 61O A (1) A (1), 635 () A B8 (B), 635 (1) A S5 (1))
(1,2) [ C{6100) A 6D (1) A3 (0, 03 () AN A B0, 630(0) A Bl (1), BT () A G (1) A ST,
9300 A 93 (1), @3 () A9 (1) AR (8), O1°(0) A 9% (), 25 (0) A B (8), (1) A o8 (1),
YO A 9% (1), BF°(1) A Ry (1), 61°(8) A0S (8), OF0(0) A B (1), @F°(8) Al (1), 63°(1) A 0B (1))
C(#h(0)
(3.1) [ C{olfhe) A 6Y (1), SIH0) A SY (1), BB AGS @), Gl A GT (1), BLE ALY ()
(2,2) | c{sit) A <z>?;<t> o1 (0) A 65 (1), 613 (1) A 85 (1), B1' () A 6 (1), @1 () A 03 (8),
1) A 9% (0, 05 () A 6l (1), 63 (1) A 633 (1), O30 (0) A 0% (1), 1) A s (0) A 61 (8) A 5 (),
100 A b (1) A 9% (1), 9100 A eE(E) A G () A e (1), BE () A eh (1) A 6B (1),
O A () AR ), 9 A () A RS D)
(1.3) || C(o1°() A ds(0), 65°(8) A 6535 (0), 50 A G (D), 03 () A D (1), 03 () A @ (0))
(3:2) || € (6150 A 9% (1). SO A% 1), SO A% D), S0 A S ) A RS (B), S0 A S () AR} (D))
(2.3) || C (012 A dhs(0), 6138 A S (8), 93 (0) A (1), B1 () A 03 () A 9 (D), B1°(E) A 0} () A 9 (1))
3.3) || C(a1h() A o5 (0))
TABLE 6. The double-complex C®(¢) for computing the Bott-Chern cohomology of the

small deformations in case (1) of the holomorphically parallelizable Nakamura manifold

I\G.

(0,3)

and to the Ji-Hermitian metric
1 0 0,1 1,0 0,1
gt = ¢p ( ®¢0 +Z¢ 1,j(t)+z¢27j(t)®9027j(t) )
j=1

since (Bp®(t), 0;) is a sub-complex of (A® ‘(F\G) 0;) and ¥ (Bp*(t)) C B*(t), then we have
Hy*(BY*(t) = HI*(I\G).
By simple computations we have the following result.

Proposition 5.1. Consider the Sawai and Yamada generalized manifold X = T\G of complex dimension
2m + 1, and its small deformations {J;},cpcc induced by t £ @ €% g5 1 € HOHX;THOX). Then

dim H;(X) = 0 and dim H3"(X) = 0.

Remark 5.2. In [22] 24] [IT], structures of holomorphic fibre bundles over complex tori with nilmanifold-
fibres play a very important role for computing the Dolbeault cohomology of certain solvmanifolds. But,
11



case (1) H H" X)

(0,00 |[C(1

1o | c(s } (t))

(01) | c(s'm)

(2,0) (C< (t) >

(L1) [ {0 A et 1), 650 A S (1), ¢} ) A6 (1))
(0,2) C <¢ (t) >

(3.0) || c{einm)

(21) | c(ow A¢3 0, 15 (1) A 6% (1), 635°() A 00 (1))
(1,2) || C{5°0) A (1), 05°(0) A ol (1), 01°(0) A 6B (1))
(0,3) | C (oM <t>

(3,1) <c<¢123 >

(2.2) || C(o1() A% 1), D10 A D% (), 03 (0) A 6By (1))
(1,3) || C(a°® A ehh0)

(3,2) C (ol 2 (6)

(2,3) <¢;30 Al ()

(3,3) C< 195(1) A Bl (t )>
TABLE 7. The harmonic representatives of the Dolbeault cohomology of the small defor-
mations in case (1), which are given by t5r ® d z1, of the holomorphlcally parallehzable

Nakamura manifold, with respect to the Herrmtlan metric g, == ¢0(t) @ ¢V () +
1,0 0,1 1,0 0,1
2 (1) @@y (8) + 37 (t) © @37 (1)

by Proposition[B.1] such deformed complex solvmanifolds are not holomorphic fibre bundles over complex
tori. Hence they provide new examples of “Dolbeault-cohomology-computable” complex solvmanifolds.

6. CLOSEDNESS AND OPENNESS UNDER HOLOMORPHIC DEFORMATION

We recall that a property P concerning complex manifolds is called open under holomorphic deforma-
tions if, whenever it holds for a compact complex manifold X, it holds also for any small deformations of
X. It is called (Zariski-)closed (simply, closed) if, for any family {X;},. , of compact complex manifolds
such that P holds for any ¢t € A\ {0} in the punctured-disk, then P holds also for Xj.

It is known that the 90-Lemma is open under holomorphic deformations, see, e.g., 42, Proposition
9.21], or [44] Theorem 5.12|, or [41l §B], or [6, Corollary 2.7]. In [4, Theorem 2.20], the authors proved
that the 90-Lemma is not strongly-closed under holomorphic deformations, namely, there exists a family
{Xt},cp of compact complex manifolds and a sequence {t}, . C B converging to 0 € B such that X,
satisfies the 90-Lemma and X, does not; more precisely, in [4, Example 2.17|, Xy is the completely-
solvable Nakamura manifold.

We prove now that the 99-Lemma is also non-(Zariski-)closed. Indeed, consider the holomorphically
parallelizable Nakamura manifold T'\G' and its small deformations as in Section @l While T'\G does
not satisfy the Ej-degeneration of Frolicher spectral sequences, deformations as in case (1) and (2) do.
While I'\G does not satisfy the 99-Lemma, deformations as in case (1) do. Hence we get the following
result.

Corollary 6.1. The properties of E1-degeneration of Hodge and Frélicher spectral sequences and the
00-Lemma are not closed under holomorphic deformations.
12



case (1) H H]'g’(';Jt (X)

(0,0) [ c

(1,0) | c(otm)

(01 | c(s'm)

(2,0) || c{es®)

(1L,1) | (oW AT 0, 651 A S (1), 65°() A 05 (1))
0.2) || c{el®)

(3.0) || c{eifm)

(2.1) || C{l0) A S ®), o) AT (1), ) AT (D))
(1,2) || C(a8°) A% (1), @5 A D% (), 01°(0) Aol (1))
0.3) || C{olh(t)

3.1 | c(emmae®)

(2,2) || C(a10) A% 1), 015 (1) A B (1), 635°(1) A 035 (1))
(1,3) || C{o1(0) A olh(0))

(3.2) || c{invnel®)

(2,3) || C{65 (1) A dt(0))

3.3) | C(slh®) A eth®)

TABLE 8. The harmonic representatives of the Bott-Chern cohomology of the small

deformations in case (1), which are given by ta%l ® d z1, of the holomorphically par-

allelizable Nakamura manifold, with respect to the Hermitian metric g; := 1’O(t) ®

1)+ 0" (1) © oy (1) + 037 (1) © 5 ().

The non-closedness of the property of E1-degeneration of Hodge and Froélicher spectral sequences was
firstly proven by M. G. Eastwood and M. A. Singer in [I6, Theorem 5.4], by considering twistor spaces.

Remark 6.2. Assuming that the property of being Moishezon is closed under holomorphic deformations,
see [32], we get that the small deformations (I'\G , J;) as in case (1) of the holomorphically parallelizable
Nakamura manifold I'\G provide examples of compact complex manifolds that are not Moishezon but
satisfy the 90-Lemma.

Remark 6.3. It has been conjectured that Fujiki class C, [18], is closed under holomorphic deformations,
[33, Standard Conjecture 1.17], (compare also [34, Question 1.5]). If this conjecture is true, then the small
deformations (I'\G , J;) as in case (1) of the holomorphically parallelizable Nakamura manifold I'\G
provide examples of compact complex manifolds that are not in Fujiki class C but satisfy the 09-Lemma.
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dimc H;"* || Nakamura | case (1) | case (2)
dR|d BC|dR|d BC|dR| 8

00 [ 1|1 1|1 ]1 1 ]1]1
(1,0) o3 1,1 1,0
(0,1) 301 11 2
(2,0) 3 3 11 2
(1,1) Slo 7 1°%13 3 |[2] 2
(0,2) 3 3 11 1
(3,0) 11 11 0
(2,1) s |9 9 8|3 3 |g] 4
(1,2) 9 9 3 3 4
(0,3) 11 11 0
(3.1) 3 3 11 1
22 |[°]o 11 |%]3 3|52
(1,3) 3 3 11 2
(3,2) S8 5,1 1], 2
(2.3) 3 5 11 0

(3,3)

|t 1 | 1|1 1 ]1]1

TABLE 10. Summary of the dimensions of the cohomologies of the holomorphically
parallelizable Nakamura manifold X, [4, Example 2.25|, and of its small deformations
in case (1) and (2), given, respectively, by ta%l ®dZz and by ¢ 6%1 ®e*td zs.

Y | dv

B () i=dz—t 17 gp d¢10<t> —tk1¢>é°<>A¢21<>

1) =Ry, <t>= 0P (0) N Oy () + thidy S (8) A b1 (t) + e 7Rz dyn
2y (1) =%y MO (t)A ()41@-@%32@)% (t)+ekzdyzy
P (t) = e Ry, d%j(ﬁ)Z g%l(t)mpl () + ki) Aoyl (t) + e % dyy
035 (t) = ekiFy, 5 213 (0) = kido™ (8) A 0y (8) — Thj o3 (8) A 031 (8) + €™ d a5
g0t (t) i=dz—Fe17yy, d¢81<t>=—tk1¢81<> P31(1)

Vi) =eRiE gy 15 (8) = =k (8) A GV () + Ehi 65 (8) A oy (8) + e R d g
By (t) = M2 gy d¢8}<t> mé"(ﬂwzj()—twg}(>A¢>21(t>+ekﬂdm,j
P () =R gy 1) = —kid0 (8) Aoy (8) + Tk 1 (8) A o (8) + e 7R 7 d g
P33 (t) 1= eki® gy 5 dsoz,jo 100 ()Asoh()ftkgsogj()w 2(t) +etiFdga

TABLE 11. Definitions for setting the generators of the complex Bp*(t), see (@), for the

deformations induced by ¢ 6% ®e
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