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COHOMOLOGY AND HODGE THEORY
ON SYMPLECTIC MANIFOLDS: I

Li-Sheng Tseng & Shing-Tung Yau

Abstract

We introduce new finite-dimensional cohomologies on symplec-
tic manifolds. Each exhibits Lefschetz decomposition and contains
a unique harmonic representative within each class. Associated
with each cohomology is a primitive cohomology defined purely
on the space of primitive forms. We identify the dual currents of
lagrangians and more generally coisotropic submanifolds with el-
ements of a primitive cohomology, which dualizes to a homology
on coisotropic chains.

1. Introduction

The importance of Hodge theory in Riemannian and complex geome-
try is without question. But in the symplectic setting, although a notion
of symplectic Hodge theory was discussed in the late 1940s by Ehres-
mann and Libermann [7, 15] and re-introduced by Brylinski [4] about
twenty years ago, its usefulness has been rather limited. To write down
a symplectic adjoint, one makes use of the symplectic star operator ∗s,
defined analogously to the Hodge star operator but with respect to a
symplectic form ω instead of a metric. Specifically, on a symplectic man-
ifold (M,ω) with dimension 2n, the symplectic star acts on a differential
k-form by

A ∧ ∗sA′ = (ω−1)k(A,A′) dvol

=
1

k!
(ω−1)i1j1(ω−1)i2j2 . . . (ω−1)ikjk Ai1i2...ik A

′
j1j2...jk

ωn

n!

with repeated indices summed over. The adjoint of the standard exterior
derivative takes the form

dΛ = (−1)k+1 ∗s d ∗s,
acting on a k-form. A differential form is then called “symplectic har-
monic” if it is both d-closed and dΛ-closed. As for the existence of such
forms, Mathieu [17] proved that every de Rham cohomology H∗

d(M)
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class contains a symplectic harmonic form if and only if the symplectic
manifold satisfies the strong Lefschetz property; that is, the map

Hk
d (M) → H2n−k

d (M), A → [ω]n−k ∧ A,

is an isomorphism for all k ≤ n.
As it stands, the set of differential forms that are both d- and dΛ-

closed lacks certain intrinsic properties that we typically associate with
harmonic forms. Concerning existence, one would like that a symplectic
harmonic form exists in every cohomology class for any symplectic man-
ifold. But Mathieu’s theorem tells us that the existence of a symplectic
harmonic form in all classes of the de Rham cohomology requires that
the symplectic manifold satisfies the strong Lefschetz property. Unfor-
tunately, many known non-Kähler symplectic manifolds do not satisfy
strong Lefschetz. One would also like the uniqueness property of har-
monic forms in each cohomology class to hold. But consider for instance
one-forms that are d-exact. They are trivially d-closed, and it can be
easily shown that they are always dΛ-closed too. Uniqueness of d- and
dΛ-closed forms within the de Rham cohomology class simply does not
occur. These two issues, of existence and uniqueness of d- and dΛ-closed
forms, indicate that perhaps the de Rham cohomology is not the ap-
propriate cohomology to consider symplectic Hodge theory. But if not
de Rham cohomology, what other cohomologies are there on symplectic
manifolds?

Here, we introduce and analyze new cohomologies for compact sym-
plectic manifolds. In our search for new cohomologies, a simple approach
is to start with the requirement of d- and dΛ-closed and try to attain
uniqueness by modding out some additional exact-type forms. Having
in mind the properties (d)2 = (dΛ)2 = 0 and the anti-commutivity
ddΛ = −dΛd, we are led to consider the cohomology of smooth differen-
tial forms Ω∗(M) on a symplectic manifold

Hk
d+dΛ(M) =

ker(d+ dΛ) ∩ Ωk(M)

im ddΛ ∩ Ωk(M)
,

noting that ker d∩ker dΛ = ker(d+dΛ) in Ωk(M). Conceptually, in writ-
ing down such a cohomology, we have left behind the adjoint origin of
dΛ and instead are treating dΛ as an independent differential operator.
Hence, our choice of notation, dΛ, differs from the more commonly used
δ symbol, denoting adjoint, in the literature. By elliptic theory argu-
ments, we shall show that for M compact, Hk

d+dΛ
(M) is indeed finite

dimensional. And since Hk
d+dΛ

(M) is by construction invariant under
any symplectmorphisms of a symplectic manifold, it is a good symplec-
tic cohomology encoding global invariants.

As for the notion of harmonic forms, we will define it in the standard
Riemannian fashion, utilizing the Hodge star operator, which requires a
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metric. On any symplectic manifold (M,ω), there always exists a com-
patible triple, (ω, J, g), of symplectic form, almost complex structure,
and Riemannian metric. And it is with respect to such a compatible
metric g that we shall define the Hodge star operator ∗. We will require
the symplectic harmonic form for this cohomology to be not only d-
and dΛ-closed, but additionally also (ddΛ)∗ = (−1)k+1∗ (ddΛ)∗ closed.
A unique harmonic form can then be shown to be present in every co-
homology class of Hk

d+dΛ
(M).

Appealingly, the cohomology H∗
d+dΛ

(M) has a number of interesting
properties. As we will show, it commutes with the Lefschetz’s decom-
position of forms, and hence the Lefschetz property with respect to
H∗

d+dΛ
(M), instead of the de Rham cohomology H∗

d(M), holds true on
all symplectic manifolds. It turns out that if the symplectic manifold
satisfies the strong Lefschetz property with respect to Hk

d (M), which is

equivalent to the presence of the ddΛ-lemma [19, 9], then Hk
d+dΛ

(M) be-

comes isomorphic to de Rham Hk
d (M). Essentially, H∗

d+dΛ
(M) contains

the additional data of the symplectic form ω (within the dΛ operator).
It is therefore a more refined cohomology then de Rham on a symplec-
tic manifold, with possible dependence only on ω and always Lefschetz
decomposable.

From H∗
d+dΛ

(M), we are led to consider other new finite-dimensional
cohomologies. For the de Rham cohomology, there is a natural pair-
ing between the cohomologies Hk

d (M) and H2n−k
d (M) via the wedge

product. For H∗
d+dΛ

(M), there is also a natural pairing via the wedge
product. However, the pairing is not with itself but with the cohomology

Hk
ddΛ(M) =

ker ddΛ ∩Ωk(M)

(im d+ im dΛ) ∩Ωk(M)
.

We will show that Hk
d+dΛ

(M) and H2n−k
ddΛ

(M) forms a well-defined pair-
ing that is non-degenerate. As may be expected, we will also find that
H∗

ddΛ
(M) exhibits many of the same properties found in its paired coho-

mology H∗
ddΛ

(M), including being Lefschetz decomposable. These two
cohomologies are indeed isomorphic to one another.

In a separate direction, we can use the fact that the three new co-
homologies we have introduced are Lefschetz decomposable to consider
their restriction to the subspace of smooth primitive forms, P∗(M).
Such would be analogous on a Kähler manifold to the primitive Dol-
beault cohomology. As an example, the associated primitive cohomology
of H∗

d+dΛ
(M) can be written for k ≤ n as

PHk
d+dΛ(M) =

ker d ∩ Pk(M)

ddΛPk(M)
,

which acts purely within the space of primitive forms P∗(M). These
primitive cohomologies should be considered as more fundamental as for
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instance PHk
d+dΛ

(M) underlies Hk
d+dΛ

(M) by Lefschetz decompositon,

and indeed also Hk
ddΛ

(M), by isomorphism with H2n−k
d+dΛ

(M).

The appearance of primitive cohomologies is also interesting from a
different perspective. As we shall see, the currents of coisotropic sub-
manifolds turns out to be exactly primitive. That this is so is perhaps
not that surprising as the coisotropic property is defined with reference
to a symplectic form ω, just like the condition of being primitive. Mo-
tivated by de Rham’s theorem relating Hd(M) cohomology with the
homology of chains, the existence of primitive cohomologies is at once
suggestive of the homology

PHl(M) =
ker ∂ ∩ Cl(M)

∂ Cl+1(M)
,

where Cl with n ≤ l < 2n consists of the subspace of l-chains that are
coisotropic (and if with boundaries, the boundaries are also coisotropic).
We will associate such a homology with a finite primitive cohomolgy that
is a generalization of PHd+dΛ(M). A list of the new cohomologies we
introduce here can be found in Table 1.

The structure of this paper is as follows. In Section 2, we begin
by highlighting some special structures of differential forms on sym-
plectic manifolds. This section will provide the foundation on which
we build our analysis of symplectic cohomology. In Section 3, we de-
scribe the de Rham and HdΛ(M) cohomologies that have been stud-
ied on symplectic manifolds, and we introduce the new cohomologies
Hd+dΛ(M)andHddΛ(M), and their associated primitive cohomologies.
We demonstrate the properties of these new cohomologies and also com-
pare the various cohomologies in the context of the four-dimensional
Kodaira–Thurston manifold. In Section 4, we consider the identifying
properties of dual currents of submanifolds in M . We then show how the
currents of coisotropic chains fit nicely within a primitive cohomology
that can be considered dual to a homology of coisotropic chains. We
conclude in Section 5 by briefly comparing the cohomologies that we
have constructed on symplectic manifolds with those previously studied
in complex geometry.

Further discussion of the structures of primitive cohomologies and
their applications will be given separately in a follow-up paper [23].
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to V. Guillemin for generously sharing his insights on this topic with us.
This work is supported in part by NSF grants 0714648 and 0804454.
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Cohomologies and Laplacians

1. Hk
d+dΛ

(M) =
ker(d+ dΛ) ∩Ωk(M)

im ddΛ ∩Ωk(M)

∆d+dΛ = ddΛ(ddΛ)∗ + λ(d∗d+ dΛ∗dΛ)

PHk
d+dΛ

(M) =
ker d ∩ Pk(M)

ddΛPk(M)

∆p

d+dΛ
= ddΛ(ddΛ)∗ + λd∗d

2. Hk
ddΛ

(M) =
ker ddΛ ∩ Ωk

(im d+ im dΛ) ∩ Ωk

∆ddΛ = (ddΛ)∗ddΛ + λ(dd∗ + dΛdΛ∗)

PHk
ddΛ

(M) =
ker ddΛ ∩ Pk(M)

(d+ LH−1dΛ)Pk−1 + dΛPk+1

∆p

ddΛ
= (ddΛ)∗ddΛ + λdΛdΛ∗

Table 1. Two new cohomologies, their associated primi-
tive cohomologies, and their Laplacians (with λ > 0). An
additional primitive cohomology PHk

d (M) is introduced
in Section 4.1

2. Preliminaries

In this section, we review and point out certain special structures
of differential forms on symplectic manifolds. These will provide the
background for understanding the symplectic cohomologies discussed in
the following sections. For those materials covered here that are stan-
dard and well known, we shall be brief and refer the to the references
([25, 26, 16, 4, 27, 9, 12, 5]) for details.

Let (M,ω) be a compact symplectic manifold of dimension d = 2n.
Let Ωk(M,R) denote the space of smooth k-forms on M . Using the
symplectic form ω =

∑ 1
2 ωij dx

i∧dxj (with summation over the indices

i, j implied), the Lefschetz operator L : Ωk(M) → Ωk+2(M) and the
dual Lefschetz operator Λ : Ωk(M) → Ωk−2(M) are defined acting on a
k-form Ak ∈ Ωk(M) by

L : L(Ak) = ω ∧Ak ,

Λ : Λ(Ak) =
1

2
(ω−1)ij i∂

xi
i∂

xj
Ak,
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where ∧ and i denote the wedge and interior product, respectively,
and (ω−1)ij is the inverse matrix of ωij. In local Darboux coordinates
(p1, . . . , pn, q1, . . . , qn) where ω =

∑
dpj ∧ dqj, we have

ΛAk =
∑

i(
∂

∂qj
)i(

∂

∂pj
) Ak.

L and Λ together with the degree counting operator

H =
∑

k

(n− k)Πk,

where Πk : Ω∗(M) → Ωk(M) projects onto forms of degree k, give a
representation of the sl(2) algebra acting on Ω∗(M),

(2.1) [Λ, L] = H, [H,Λ] = 2Λ, [H,L] = −2L,

with the standard commutator definition [a, b] := a b− b a.

Importantly, the presence of this sl(2) representation allows for a
“Lefschetz” decomposition of forms in terms of irreducible finite-dimen-
sional sl(2) modules. The highest weight states of these irreducible sl(2)
modules are the space of primitive forms, which we denote by P∗(M).

Definition 2.1 A differential k-form Bk with k ≤ n is called primitive,
i.e., Bk ∈ Pk(M), if it satisfies the two equivalent conditions: (i) ΛBk =
0; (ii) Ln−k+1Bk = 0 .

Given any k-form, there is a unique Lefschetz decomposition into
primitive forms [25]. Explicitly, we shall write

(2.2) Ak =
∑

r≥max(k−n,0)

1

r!
LrBk−2r,

where each Bk−2r can be written in terms of Ak as

Bk−2r = Φ(k,k−2r)(L,Λ)Ak

≡
(
∑

s=0

ar,s
1

s!
LsΛr+s

)
Ak,(2.3)

where the operator Φ(k,k−2r)(L,Λ) is a linear combination of L and Λ
with the rational coefficients ar,s’s dependent only on (d, k, r). We em-
phasize that the Lefschetz decomposed forms {Bk, Bk−2, . . .} are uniquely
determined given a differential form Ak. We give a simple example.

Example 2.2 For a four-form A4 in dimension d = 2n = 6, the Lef-
schetz decomposed form is written as

A4 = LB2 +
1

2
L2B0.



COHOMOLGY AND HODGE THEORY ON SYMPLECTIC MANIFOLDS: I 389

Applying Λ and Λ2 to A4 as written above and using the sl(2) algebra
in (2.1), the primitive forms {B2, B0} are expressed in terms of A4 as

B2 = Φ4,2(A4) = (Λ− 1

3
LΛ2)A4,

B0 = Φ4,0(A4) =
1

6
Λ2A4.

2.1. Three simple differential operators. Three differential oper-
ators have a prominent role in this paper. The first is the standard
exterior derivative d : Ωk(M) → Ωk+1(M). It interacts with the sl(2)
representation via the following commutation relations

(2.4) [d, L] = 0, [d,Λ] = dΛ, [d,H] = d.

The first and third relations follow trivially from ω being symplectic and
the definition of H, respectively. We take the second relation to define
the second differential operator

(2.5) dΛ := dΛ− Λ d.

Notice in particular that dΛ : Ωk(M) → Ωk−1(M), decreasing the degree
of forms by 1. (The dΛ operator we define here is identical to the δ oper-
ator in the literature, though some authors’ definition of the Λ operator
differs from ours by a sign (see, for example, [4, 5]). Our convention is
that ΛL (f) = n f , for f a function.)

Though not our emphasis, it is useful to keep in mind the original
adjoint construction of dΛ [7, 15, 4]. Recall the symplectic star operator,
∗s : Ωk(M) → Ω2n−k(M) defined by

A ∧ ∗sA′ = (ω−1)k(A,A′) dvol

=
1

k!
(ω−1)i1j1(ω−1)i2j2 . . . (ω−1)ikjk Ai1i2...ik A

′
j1j2...jk

ωn

n!
,(2.6)

for any two k-forms A,A′ ∈ Ωk(M). This definition is in direct anal-
ogy with the Riemannian Hodge star operator where here ω−1 has re-
placed g−1. Notice, however, that ∗s as defined in (2.6) does not give a
positive-definite local inner product, as A ∧ ∗sA′ is k-symmetric. Thus,
for instance, Ak ∧∗sAk = 0 for k odd. The symplectic star’s action on a
differential form can be explicitly written in terms of its action on each
Lefschetz decomposed component 1

r!L
rBs (as in (2.2) with s = k − 2r).

It can be straightforwardly checked that [25, 9]

(2.7) ∗s
1

s!
LrBs = (−1)

s(s+1)
2

1

(n− s− r)!
Ln−s−r Bs,

for Bs ∈ Ps(M) and r ≤ n− s. This implies in particular

∗s∗s = 1.
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The symplectic star operator permits us to consider Λ and dΛ as the
symplectic adjoints of L and d, respectively. Specifically, we have the
relations [27]

Λ = ∗s L ∗s
and [4]

(2.8) dΛ = (−1)k+1 ∗s d∗s,
acting on Ak ∈ Ωk. Thus we easily find that dΛ squares to zero, that is,

dΛdΛ = − ∗s d2∗s = 0.

And by taking the symplectic adjoint of (2.4), we obtain the commuta-
tion relation of dΛ with the sl(2) representation

(2.9) [dΛ, L] = d, [dΛ,Λ] = 0, [dΛ,H] = −dΛ.

The third differential operator of interest is the composition of the
first two differential operators, ddΛ : Ωk → Ωk. Explicitly,

ddΛ = −dΛ d = −dΛd,

which implies in particular that d and dΛ anticommute. Besides not
changing the degree of forms, ddΛ has a noteworthy property with re-
spect to the sl(2) operators. Using equations (2.4) and (2.9), and also
the commutation property [ab, c] = a[b, c] + [a, c]b, it is easily seen that
ddΛ commutes with all three sl(2) generators

(2.10) [ddΛ, L] = [ddΛ,Λ] = [ddΛ,H] = 0.

This implies in particular when it acts on primitive forms, ddΛ : Pk(M) →
Pk(M); that is, ddΛ preserves primitivity of forms.

To summarize, we write all the commutation relations together.

Lemma 2.3. The differential operators (d, dΛ, ddΛ) satisfy the fol-

lowing commutation relations with respect to the sl(2) representation

(L,Λ,H):

[d, L] = 0, [d,Λ] = dΛ, [d,H] = d,(2.4)

[dΛ, L] = d, [dΛ,Λ] = 0, [dΛ,H] = −dΛ,(2.9)

[ddΛ, L] = 0, [ddΛ,Λ] = 0, [ddΛ,H] = 0.(2.10)

2.2. d, dΛ, and ddΛ acting on forms. Consider now the action of the
differential operators on a k-form written in Lefschetz decomposed form
of (2.2). Straightforwardly, we have

dAk =
1

r!

∑
LrdBk−2r,(2.11)

dΛAk =
1

r!

∑
Lr
(
dBk−2r−2 + dΛBk−2r

)
,(2.12)

ddΛAk =
1

r!

∑
LrddΛBk−2r,(2.13)
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where Bk ∈ Pk(M). The first and third equations are simply due to
the fact that d and ddΛ commute with L. The second follows from
commuting dΛ through Lr and repeatedly applying the relation that
[dΛ, L] = d.

Lefschetz decomposing dBk, we can formally write

(2.14) dBk = B0
k+1 + LB1

k−1 + . . .+
1

r!
LrBr

k+1−2r + . . . .

But in fact the differential operators acting on primitive forms have
special properties.

Lemma 2.4. Let Bk ∈ Pk(M) with k ≤ n. The differential operators

(d, dΛ, ddΛ) acting on Bk take the following forms:

(i) If k < n, then dBk = B0
k+1 + LB1

k−1;

(i′) if k = n, then dBk = LB1
k−1;

(ii) dΛBk = −HB1
k−1 = −(n− k + 1)B1

k−1;

(iii) ddΛBk = B01
k = −(H + 1)dB1

k−1;

for some primitive forms B0, B1, B01 ∈ P∗(M).

Proof. (i) is the simple assertion that the Lefschetz decomposition
of dBk contains at most two terms, or equivalently, Λ2dB = 0. This
follows from considering 0 = dΛΛB = ΛdΛB = −ΛΛdB, having used
the relation [dΛ,Λ] = 0. (i’) removes the B0

k+1 term on the right-hand
side of (i) since primitive forms are at most of degree n. For (ii), it
follows that

dΛBk = −ΛdBk = −Λ(LB1
k−1) = −HB1

k−1

= −(n− k + 1)B1
k−1,

having used (i) and the primitivity property ΛBk = ΛB1
k−1 = 0. And

as for (iii), the ddΛ operator preserves degree and commutes with Λ.
Therefore, we must have ddΛBk = B01

k and specifically B01
k = −(n −

k + 1)dB1
k−1 = −(H + 1)dB1

k−1 applying d to (ii). q.e.d.

Let us recall the expression for the Lefschetz primitive forms:

(2.3) Bk−2r = Φ(k,k−2r)(L,Λ)Ak.

This useful relation makes clear that Bk−2r is explicitly just some com-
bination of L and Λ operators acting on Ak. Since ddΛ commutes with
L and Λ, this together with (2.13) implies the equivalence of the ddΛ-
closed and exact conditions on Ak and its primitive decomposed forms
Bk−2r. Specifically, we have the following:

Proposition 2.5. Let Ak, A
′
k ∈ Ωk(M). Let Bk−2r, B

′
k−2r ∈ P∗(M)

be, respectively, their Lefschetz decomposed primitive forms. Then:

(i) ddΛ-closed: ddΛAk = 0 iff ddΛBk−2r = 0 for all r;

(ii) ddΛ-exact: Ak = ddΛA′
k iff Bk−2r = ddΛB′

k−2r for all r.
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Proof. It follows straightforwardly from (2.3) and (2.13) that ddΛ

commutes with L and Λ. q.e.d.

Note that similar type of statements cannot hold for d or dΛ, individ-
ually. As seen in the commutation relations of Lemma 2.3, d generates
dΛ when commuted through Λ, and dΛ generates d when commuted
through L. But imposing d and dΛ together, we have the closedness
relation

Proposition 2.6. Let Ak ∈ Ωk(M) and Bk−2r ∈ P∗(M) be its Lef-

schetz decomposed primitive forms. Then dAk = dΛAk = 0 if and only

if dBk−2r = 0, for all r.

Proof. Starting with (2.3), we apply the exterior derivative d to it.
Commuting d through Φ(k,k−2r)(L,Λ), the d- and dΛ-closedness of Ak

immediately implies dBk−2r = 0. Assume now dBk−2r = 0, for all
Bk−2r. Note that this trivially also implies dΛBk−2r = −ΛdBk−2r =
0. With the expressions (2.11) and (2.12), we therefore find dAk =
dΛAk = 0. q.e.d.

In the proof, we have made use of the property that dBk = 0 implies
dΛBk = 0. Note, however, that the converse does not hold: dΛBk = 0
does not imply dBk = 0.

2.3. Symplectomorphism and Lie derivative. The three differen-
tial operators d, dΛ, and ddΛ are good symplectic operators in the sense
that they commute with all symplectomorphisms of a symplectic man-
ifold. Under a symplectomorphism, ϕ : (M,ω) → (M,ω), the action on
the constituents d and Λ are

ϕ∗(dA) = d(ϕ∗A),

ϕ∗(ΛA) = Λ(ϕ∗A),

implying all three operators commute with ϕ.
Let us calculate how a differential form varies under a vector field V

that generates a symplectomorphism of (M,ω). The Lie derivative of
Ak follows the standard Cartan formula

(2.15) LV Ak = iV (dAk) + d(iV Ak).

Since V preserves ω, LV ω = 0 and there is a closed one-form associated
to V ,

(2.16) v = iV ω, where dv = 0.

Of interest, the Lie derivative of V preserves the Lefschetz decomposi-
tion of forms and allows us to express the Lie derivative in terms of the
dΛ operator.

Lemma 2.7. Let V be a vector field V that generates a symplec-

tomorphism of (M,ω). The action of the Lie derivative LV takes the

form
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(i) LV Ak =
∑ 1

r! L
r (LV Bk−2r);

(ii) LV Bk = −dΛ(v ∧Bk)− v ∧ dΛBk.

Proof. (i) follows from LV ω = 0. It can also be shown by using Car-
tan’s formula (2.15) and the property iV (Ak ∧ A′

k′) = iV (Ak) ∧ A′
k′ +

(−1)kAk ∧ iV (A
′
k′). For (ii), note that V and v in components are ex-

plicitly related by V i = (ω−1)jivj . Therefore, acting on a primitive form
B, we have iV B = −Λ(v ∧B). Thus, we have

LV B = iV (dB) + d(iV B) = −Λ(v ∧ dB) + v ∧ (Λ dB)− d [Λ(v ∧B)]

= (Λd− dΛ)(v ∧B) + v ∧ (Λd)B

= −dΛ(v ∧B)− v ∧ dΛB.

q.e.d.

In addition, if V is a hamiltonian vector field—that is, v = dh for
some hamiltonian function h—then the Lie derivative formula simplifies
further in the following scenario.

Proposition 2.8. Let Ak ∈ Ωk(M) and V a hamiltonian vector field

with its associated one-form v = dh. If dAk = dΛAk = 0, then

(2.17) LV Ak = ddΛ(hAk).

Proof. By Proposition 2.6, Ak being d- and dΛ-closed implies that
the Lefschetz decomposed primitive forms, Bk−2r, are d-closed for all
r. Now, dBk−2r = 0 implies dΛBk−2r = 0, and so Lemma 2.7(ii) with
v = dh becomes

LVBk−2r = −dΛ(dh ∧Bk−2r) = ddΛ(hBk−2r).

The expression (2.17) for LV Ak is then obtained using the commu-
tativity of both the Lie derivative and ddΛ with respect to Lefschetz
decomposition, as in Proposition 2.7(i) and (2.13). q.e.d.

That ddΛ naturally arise in the hamiltonian deformation of d- and
dΛ-closed differential forms is noteworthy, and we will make use of this
property in the following sections in our analysis of cohomology.

2.4. Compatible almost complex structure and Hodge adjoints.
Since the dΛ operator may not be as familiar, it is useful to have an al-
ternative description of it. We give a different expression for dΛ below
making use of the compatible pair of almost complex structure and its
associated metric that exists on all symplectic manifolds.

An almost complex structure J is said to be compatible with the
symplectic form if it satisfies the conditions

ω(X,JX) > 0, ∀X 6= 0,

ω(JX, JY ) = ω(X,Y ).
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These two conditions give a well-defined Riemannian metric g(X,Y ) =
ω(X,JY ), which is also hermitian with respect to J . (ω, J, g) together
forms what is called a compatible triple. We can use the metric g to
define the standard Hodge ∗ operator. The dual Lefschetz operator Λ is
then just the adjoint of L (see, for example, [12, p. 33]),

(2.18) Λ = L∗ = (−1)k ∗ L ∗ .
We can write dΛ in terms of a standard differential operator in complex
geometry. We will make use of the Weil relation for primitive k-forms
Bk [25],

(2.19) ∗ 1

r!
LrBk = (−1)

k(k+1)
2

1

(n− k − r)!
Ln−k−rJ (Bk),

where

J =
∑

p,q

(
√
−1)p−q Πp,q

projects a k-form onto its (p, q) parts times the multiplicative factor
(
√
−1)p−q. Comparing (2.19) to the action of the symplectic star oper-

ator (2.7), we have the relations

(2.20) ∗ = J ∗s .
This leads to following relation.

Lemma 2.9. Given any compatible triple (ω, J, g) on a symplectic

manifold, the differential operator dΛ = [d,Λ] and the dc operator

dc := J−1dJ ,

are related via the Hodge star operator defined with respect to the com-

patible metric g by the relation

(2.21) dΛ = dc∗ := − ∗ dc ∗ .

Proof. This can be shown directly starting from the definition of dΛ =
dΛ − Λd and making use of (2.18) and (2.19), as in, for example, [12,
p. 122]. Alternatively, we can write dΛ as the symplectic adjoint of d and
then apply (2.20). Acting on a k-form, we have
(2.22)

dΛ = (−1)k+1∗sd ∗s = (−1)k+1∗J −1d ∗ J−1 = (−1)k+1∗dc∗J −2 = dc∗,

having noted that J −2 = (−1)k, acting on a k-form. q.e.d.

Thus, making use of an almost complex structure, we have found
that dΛ is simply dc∗. We do emphasize that none of the formulas above
requires the almost complex structure to be integrable. In particular,
dc 6=

√
−1(∂̄ − ∂) in general. From Lemma 2.9, we again easily find

dΛdΛ = 0 since dcdc = 0.



COHOMOLGY AND HODGE THEORY ON SYMPLECTIC MANIFOLDS: I 395

Having expressed dΛ in terms of the Hodge star operator, we shall
write down the standard Hodge adjoint of the differential operators.
With the inner product

(2.23) (A,A′) =

∫

M

A ∧ ∗A′ =

∫

M

g(A,A′) dvol A,A′ ∈ Ωk(M),

they are given as follows.

d∗ = − ∗ d∗,(2.24)

dΛ∗ = ([d,Λ])∗ = [L, d∗] = ∗dΛ∗,(2.25)

(ddΛ)∗ = −d∗Ld∗ = (−1)k+1 ∗ ddΛ ∗ .(2.26)

The following commutation relations are easily obtained by taking the
Hodge adjoints of the relations in Lemma 2.3.

Lemma 2.10. For any compatible triple (ω, J, g) on a symplectic

manfiold, the commutation relations of the Hodge adjoints (d∗, dΛ∗, (ddΛ)∗)
with the sl(2) representation (L,Λ,H) are

[d∗, L] = −dΛ∗, [d∗,Λ] = 0, [d∗,H] = −d∗,(2.27)

[dΛ∗, L] = 0, [dΛ∗,Λ] = −d∗, [dΛ∗,H] = dΛ∗,(2.28)

[(ddΛ)∗, L] = 0, [(ddΛ)∗,Λ] = 0, [(ddΛ)∗,H] = 0.(2.29)

3. Symplectic cohomologies

In this section, we discuss the cohomologies that can be constructed
from the three differential operators d, dΛ, and ddΛ. We begin with the
known cohomologies with d (for de Rham Hd) and dΛ (for HdΛ). In the
relatively simple case of the dΛ cohomology, we show how a Hodge theory
can be applied. Then we consider building cohomologies by combining
d and dΛ together.

3.1. d and dΛ cohomologies. With the exterior derivative d, there is
of course the de Rham cohomology

(3.1) Hk
d (M) =

ker d ∩ Ωk(M)

im d ∩ Ωk(M)

that is present on all Riemannian manifolds. Since dΛdΛ = 0, there is
also a natural cohomology

(3.2) Hk
dΛ(M) =

ker dΛ ∩ Ωk(M)

im dΛ ∩ Ωk(M)
.

This cohomology has been discussed in [4, 17, 27, 9].
From the symplectic adjoint description of dΛ, the two cohomologies

can be easily seen to be related by the symplectic ∗s operator. Expressing
dΛ = (−1)k∗sd ∗s, there is a bijective map given by ∗s between the space
of d-closed k-form and the space of dΛ-closed (2n − k)-form. For if Ak
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is a d-closed k-form, then ∗sAk is a dΛ-closed (2n − k)-form. Likewise,
if Ak = dA′

k−1 is d-exact, then (−1)k ∗s Ak = (−1)k ∗s d ∗s (∗sA′
k−1) =

dΛ(∗sA′
k−1) is d

Λ-exact. This implies the following proposition.

Proposition 3.1 (Brylinski [4]). The ∗s operator provides an iso-

morphism between Hk
d (M) and H2n−k

dΛ
(M). Moreover, dimHk

d (M) =

dimH2n−k
dΛ

(M).

Proceeding further, we leave aside dΛ’s symplectic adjoint origin and
treat it as an independent differential operator. We utilize the com-
patible triple (ω, J, g) on M as discussed in Section 2.3 to write the
Laplacian associated with the dΛ cohomology:

(3.3) ∆dΛ = dΛ∗dΛ + dΛdΛ∗,

where here dΛ∗ is the Hodge adjoint in (2.25). (Note that if we had
used the symplectic adjoint, we would have obtained zero in the form of
ddΛ+dΛd = 0.) The self-adjoint Laplacian naturally defines a harmonic
form. By the inner product,

0 = (A,∆dΛA) = ‖dΛA‖2 + ‖dΛ∗A‖2,
we are led to the following definition.

Definition 3.2 A differential form A ∈ Ω∗(M) is called dΛ-harmonic

if ∆dΛA = 0, or equivalently, dΛA = dΛ∗A = 0. We denote the space of
dΛ-harmonic k-forms by Hk

dΛ
(M).

From Proposition 3.1, we know that Hk
dΛ
(M) is finite dimensional.

One may ask whetherHk
dΛ
(M) is also finite dimensional. Intuitively, this

must be so due to the isomorphism between Hk
dΛ
(M) and H2n−k

d (M).
However, it will be more rewarding to address the question directly by
calculating the symbol of the dΛ Laplacian.

Proposition 3.3. ∆dΛ is an ellipitic differential operator.

Proof. To calculate the symbol of ∆dΛ , we will work in a local unitary
frame of T ∗M and choose a basis {θ1, . . . , θn} such that the metric is
written as

g = θi ⊗ θ̄i + θ̄i ⊗ θi,

with i = 1, . . . , n. The basis one-forms satisfy the first structure equa-
tion, but as will be evident shortly, details of the connection one-forms
and torsioin two-forms will not be relevant to the proof. With an al-
most complex structure J , any k-form can be decomposed into a sum
of (p, q)-forms with p + q = k. We can write a (p, q)-form in the local
moving-frame coordinates

Ap,q = Ai1...ipj1...jq θi1 ∧ . . . ∧ θip ∧ θ̄j1 ∧ . . . ∧ θ̄jq .
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The exterior derivative then acts as

dAp,q = (∂Ap,q)p+1,q + (∂̄Ap,q)p,q+1(3.4)

+Ai1...ipj1...jq d(θi1 ∧ . . . ∧ θip ∧ θ̄j1 ∧ . . . ∧ θ̄jq),

where

(∂Ap,q)p+1,q = ∂ip+1Ai1...ipj1...jq θip+1 ∧ θi1 ∧ . . . ∧ θip ∧ θ̄j1 ∧ . . . ∧ θ̄jq ,

(∂̄Ap,q)p,q+1 = ∂̄jq+1Ai1...ipj1...jq θ̄jq+1 ∧ θi1 ∧ . . . ∧ θip ∧ θ̄j1 ∧ . . . ∧ θ̄jq .

In calculating the symbol, we are only interested in the highest-order
differential acting on Ai1...ipj1...jq . Therefore, only the first two terms of
(3.4) are relevant for the calculation. In dropping the last term, we are
effectively working in C

n and can make use of all the Kähler identities
involving derivative operators. So, effectively, we have (using≃ to denote
equivalence under symbol calculation)

d ≃ ∂ + ∂̄,

dΛ = dc∗ ≃
√
−1(∂̄ − ∂)∗ =

√
−1(∂∗ − ∂̄∗),(3.5)

where we have used the standard convention, ∂∗ = − ∗ ∂̄∗ and ∂̄∗ =
− ∗ ∂∗. We thus have

∆dΛ = dΛ∗dΛ + dΛdΛ∗ = dcdc∗ + dc∗dc

≃ (∂ − ∂̄)(∂∗ − ∂̄∗) + (∂∗ − ∂̄∗)(∂ − ∂̄)

≃ ∂∂∗ + ∂∗∂ + ∂̄∂̄∗ + ∂̄∗∂̄

≃ ∆d,(3.6)

where ∆d = d∗d + dd∗ is the de Rham Laplacian. Clearly then, ∆dΛ is
also elliptic. q.e.d.

Applying elliptic theory to the dΛ Laplacian then implies the Hodge
decomposition

Ωk = Hk
dΛ ⊕ dΛΩk+1 ⊕ dΛ∗Ωk−1.

Moreover, ker dΛ = HdΛ⊕im dΛ and ker dΛ∗ = HdΛ⊕im dΛ∗. Therefore,
every HdΛ cohomology class contains a unique dΛ harmonic representa-
tive and Hk

dΛ
∼= Hk

dΛ
(M). We note that although the explicit forms of

the harmonic representative depend on g, the dimensions dimHk
dΛ
(M) =

dimHk
dΛ
(M) are independent of g (or J). In fact, by Proposition 3.1,

we have dimHk
dΛ

= b2n−k where bk are the kth-Betti number.
As is clear from Proposition 3.1, the HdΛ(M) cohomology does not

lead to new invariants as it is isomorphic to the de Rham cohomol-
ogy. We have however demonstrated that with the introduction of a
compatible triple (ω, J, g), it is sensible to discuss the Hodge theory of
HdΛ(M). In the following, we shall apply methods used here to study
new symplectic cohomologies.
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3.2. d+ dΛ cohomology. Having considered the cohomology of d and
dΛ operators separately, let us now consider forms that are closed under
both d and dΛ, that is, dAk = dΛAk = 0. These forms were called
symplectic harmonic by Brylinski [4]. Notice that any form that is ddΛ-
exact, Ak = ddΛA′

k are trivially also d- and dΛ-closed. This gives a
differential complex

(3.7) Ωk ddΛ // Ωk d+dΛ // Ωk+1 ⊕ Ωk−1.

Considering the cohomology associated with this complex leads us to
introduce

(3.8) Hk
d+dΛ(M) =

ker(d+ dΛ) ∩ Ωk(M)

im ddΛ ∩ Ωk(M)
.

Such a cohomology may depend on the symplectic form but is otherwise
invariant under a symplectomorphism of (M,ω). It is also a natural co-
homology to define with respect to hamiltonian actions. By Proposition
2.8, the Lie derivative with respect to a hamiltonian vector field of a
differential form that is both d- and dΛ-closed is precisely ddΛ-exact.
Hence, we see that the Hk

d+dΛ
(M) cohomology class is invariant under

hamiltonian isotopy.
Of immediate concern is whether this new symplectic cohomolgy is

finite dimensional. We proceed as for the HdΛ(M) case by considering
the corresponding Laplacian and its ellipiticity.

From the differential complex, the Laplacian operator associated with
the cohomology is

(3.9) ∆d+dΛ = ddΛ(ddΛ)∗ + λ(d∗d+ dΛ∗dΛ),

where we have inserted an undetermined real constant λ > 0 that gives
the relative weight between the terms. With the presence of ddΛ term in
the cohomology, the Laplacian becomes a fourth-order differential oper-
ator. By construction, the Laplacian is self-adjoint, so the requirement

0 = (A,∆d+dΛA) = ‖(ddΛ)∗A‖2 + λ(‖dA‖2 + ‖dΛA‖2).
give us the following definition.

Definition 3.4 A differential form A ∈ Ω∗(M) is called d+dΛ-harmonic

if ∆d+dΛA = 0, or equivalently,

(3.10) dA = dΛA = 0 and (ddΛ)∗A = 0.

We denote the space of d+ dΛ-harmonic k-forms by Hk
d+dΛ

(M).

We now show that H∗
d+dΛ

(M) is finite dimensional by analyzing the
space of its harmonic forms.

Theorem 3.5. Let M be a compact symplectic manifold. For any

compatible triple (ω, J, g), we define the standard inner product on Ωk(M)
with respect to g. Then:
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(i) dimHk
d+dΛ

(M) < ∞.

(ii) There is an orthogonal decomposition

(3.11) Ωk = Hk
d+dΛ ⊕ ddΛΩk ⊕ (d∗Ωk+1 + dΛ∗Ωk−1).

(iii) There is a canonical isomorphism: Hk
d+dΛ

(M) ∼= Hk
d+dΛ

(M).

Proof. One can try to prove finiteness by calculating the symbol of
∆d+dΛ . This turns out to be inconclusive as the symbol of ∆d+dΛ is not
positive. However, we can introduce a related fourth-order differential
operator that is elliptic. Consider the self-adjoint differential operator

Dd+dΛ = (ddΛ)(ddΛ)∗ + (ddΛ)∗(ddΛ) + d∗dΛdΛ∗d+ dΛ∗dd∗dΛ(3.12)

+ λ(d∗d+ dΛ∗dΛ),

with λ > 0. Although Dd+dΛ contains three additional fourth-order dif-
ferential terms compared with ∆d+dΛ , the solution space of Dd+dΛA = 0
is identical to that of ∆d+dΛA = 0 in (3.10). For consider the require-
ment,

0 = (A,Dd+dΛA) = ‖(ddΛ)∗A‖2 + ‖ddΛA‖2 + ‖dΛ∗dA‖2 + ‖d∗dΛA‖2

+ λ(‖dA‖2 + ‖dΛA‖2).
The three additional terms clearly do not give any additional condi-
tions and are automatically zero by the requirement dA = dΛA = 0.
Essentially, the presence of the two second-order differential terms en-
sures that the solutions space of ∆d+dΛ A = 0 and Dd+dΛ A = 0 match
exactly.

We now show that Dd+dΛ is elliptic. The symbol calculation is very
similar to that for the HdΛ(M) cohomology in (3.6). Keeping only
fourth-order differential terms, and again using ≃ to denote equivalence
of the symbol of the operators, we find

Dd+dΛ ≃ ddΛdΛ∗d∗ + dΛ∗d∗ddΛ + d∗dΛdΛ∗d+ dΛ∗dd∗dΛ

≃ dd∗dΛdΛ∗ + d∗ddΛ∗dΛ + d∗ddΛdΛ∗ + dd∗dΛ∗dΛ

≃ (d∗d+ dd∗)(dΛ∗dΛ + dΛdΛ∗) = ∆d∆dΛ

≃ ∆2
d.(3.13)

In the above, as we had explained for the calculations for ∆dΛ in (3.6),
only the highest-order differential needs to be kept for computing the
symbol, and so we can freely make use of Kähler identities. And indeed,
we used in line two and three the Kähler relations (with dΛ = dc∗ from
Lemma 2.9)

dΛd∗ ≃ −d∗dΛ and dΛ∗d ≃ −ddΛ∗,

and ∆dΛ ≃ ∆d in line four of (3.13). In all, the symbol of Dd+dΛ is
equivalent to that of the square of the de Rham Laplacian operator.
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Dd+dΛ is thus elliptic and hence its solution space, which consists of

Hk
d+dΛ

(M), is finite dimensional.

With Dd+dΛ elliptic, assertion (ii) then follows directly by applying
elliptic theory. For (iii), using the decomposition of (ii), we have ker(d+

dΛ) = Hd+dΛ ⊕ im ddΛ. This must be so since if d∗Ak+1 + dΛ∗Ak−1 is
d- and dΛ-closed, then

0 = (Ak+1, d(d
∗Ak+1 + dΛ∗Ak−1) + (Ak−1, d

Λ(d∗Ak+1 + dΛ∗Ak−1))

= (d∗Ak+1 + dΛ∗Ak−1, d
∗Ak+1 + dΛ∗Ak−1)

= ‖d∗Ak+1 + dΛ∗Ak−1‖2.
Thus, every cohomology class of Hd+dΛ(M) contains a unique harmonic

representative and Hk
d+dΛ

(M) ∼= Hk
d+dΛ

(M). q.e.d.

Corollary 3.6. For (M,ω) a compact symplectic manifold,

dimHk
d+dΛ

(M) < ∞.

In short, we have been able to apply Hodge theory to Hd+dΛ(M) by
equating the harmonic solution space with those of Dd+dΛ , which we
showed is an elliptic operator. Having demonstrated that Hd+dΛ(M) is
finite-dimensional, we shall proceed to consider some of its properties.

3.2.1. Lefschetz decomposition and d + dΛ primitive cohomol-
ogy. Consider the Lefschetz decomposition reviewed in Section 2. It is
generated by the sl(2) representations (L,Λ,H). Let us note that the
d+ dΛ Laplacian has the following special property:

Lemma 3.7. ∆d+dΛ commutes with the sl(2) triple (L,Λ,H).

Proof. Since ∆d+dΛ : Ωk(M) → Ωk(M) preserves the degree of forms,
[∆d+dΛ ,H] = 0 is trivially true. The commutation relations of L and Λ
follow from Lemma 2.3 and Lemma 2.10,

[∆d+dΛ , L] = λ[d∗d+ dΛ∗dΛ, L] = λ
(
[d∗, L]d+ dΛ∗[dΛ, L]

)
= 0,

[∆d+dΛ ,Λ] = λ[d∗d+ dΛ∗dΛ,Λ] = λ
(
d∗[d,Λ] + [dΛ∗,Λ]dΛ

)
= 0,

having noted that both ddΛ and (ddΛ)∗ commute with L and Λ. q.e.d.

It is worthwhile to point out that in contrast, the de Rham Laplacian
and the dΛ Laplacian ∆dΛ (3.3) do not by themselves commute with
either L or Λ. In fact, the elliptic operator Dd+dΛ also does not commute
with L and Λ. That ∆d+dΛ commute with the sl(2) representation is
rather special. It also immediately implies the following.

Corollary 3.8. On a symplectic manifold of dimension 2n, and a

compatible triple (ω, J, g), the Lefschetz operator defines an isomorphism

Ln−k : Hk
d+dΛ

∼= H2n−k
d+dΛ

for k ≤ n.
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Proposition 3.7 and the isomorphism of Hd+dΛ(M) with Hd+dΛ(M)

points to a Lefschetz decomposition of the d+ dΛ cohomology. This can
also be seen directly from the definition of the d+dΛ cohomology. Recall
from Proposition 2.6 that the condition ker d ∩ ker dΛ is equivalent to
all the Lefschetz decomposed forms be d-closed. And Proposition 2.5(ii)
implies that the primitive components of ddΛ-exact forms are also ddΛ-
exact. This leads us to following primitive cohomology:

(3.14) PHk
d+dΛ(M) =

ker d ∩ P k(M)

im ddΛ ∩ P k(M)
=

ker d ∩ P k(M)

ddΛPk(M)
.

The second equivalence is non-trivial. It is the statement that this co-
homology can be considered as a cohomology purely on the space of
primitive forms P∗(M). This equivalence holds by the following lemma.

Lemma 3.9. On a symplectic manifold (M,ω), if Bk ∈ Pk(M) is

ddΛ-exact, then there exists a B′
k ∈ Pk(M) such that Bk = ddΛB′

k.

Proof. That Bk is ddΛ-exact means only that Bk = ddΛA′
k for some

A′
k ∈ Ωk(M). Lefschetz decomposing A′

k and imposing the primitivity
condition give

0 = ΛBk = Λ ddΛA′
k = ddΛ

∑

r≥0

1

r!
ΛLrB′

k−2r

= ddΛ
∑

r≥1

1

r!
Lr−1(n− k + r + 1)B′

k−2r

=
∑

s≥0

1

s!
Ls
[
(n− k + s+ 2) ddΛB′

k−2−2s

]
,

where in the second line we have used the identity [Λ, Lr] = r Lr−1(H−
r + 1) and in the third line have set s = r − 1. The last line can be
interpreted as the Lefschetz decomposition of a (k− 2)-form A′′

k−2 with

primitive components B′′
k−2−2s = (n− k+ s+2) ddΛB′

k−2−2s. But since
A′′

k−2 = 0 and (n − k + s + 2) > 0 (since k ≤ n), the uniqueness of

Lefschetz decomposition for the form A′′
k−2 = 0 implies ddΛB′

k−2−2s = 0

for all s ≥ 0. Thus, we find Bk = ddΛA′
k = ddΛB′

k where B′
k is the

primitive part of A′
k = B′

k + LB′
k−2r + . . . . q.e.d.

For this primitive cohomology, we also have primitive harmonic forms
that follow directly by imposing ∆d+dΛB = 0. Because the forms are
now primitive, the Laplacian simplifies to

(3.15) ∆p

d+dΛ
= ddΛ(ddΛ)∗ + λd∗d,

with λ > 0. Note that ∆p

d+dΛ
B = 0 implies ∆d+dΛB = 0 since for a

primitive form, dB = 0 implies dΛB = 0 (see Lemma 2.4). Thus, we
define:
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Definition 3.10 A differential form B ∈ P∗(M) is called (d + dΛ)-
primitive harmonic if ∆p

d+dΛ
B = 0, or equivalently,

(3.16) dB = 0, (ddΛ)∗B = 0.

We denote the space of (d + dΛ)-primitive harmonic k-forms by
PHk

d+dΛ
(M).

Theorem 3.11. On a compact symplectic manifold (M,ω) of dimen-

sion 2n, H∗
d+dΛ

(M) satisfies the following properties:

(i) There is a Lefschetz decomposition

Hk
d+dΛ(M) =

⊕

r

Lr PHk−2r
d+dΛ

(M),

Hk
d+dΛ(M) =

⊕

r

Lr PHk−2r
d+dΛ

(M).

(ii) Lefschetz property: the Lefschetz operator defines an isomorphism

Ln−k : Hk
d+dΛ(M) ∼= H2n−k

d+dΛ
(M) for k ≤ n.

Proof. Assertion (i) follows from Lefschetz decomposing the forms
and applying Proposition 2.6 and Proposition 2.5 as discussed above.
(ii) follows from (i) by applying L2n−k to the Lefschetz decomposed
form Hk

d+dΛ
(M). q.e.d.

3.2.2. de Rham cohomology and the ddΛ-lemma. We now explore
the relationship between d+ dΛ cohomology and de Rham cohomology
Hd(M). There is a canonical homomorphism Hk

d+dΛ
(M) → Hk

d (M).

Trivially, the space of d- and dΛ-closed forms is a subset of d-closed
forms and likewise the space of ddΛ-exact forms is a subset of d-exact.
However, the mapping between the two cohomologies is neither injective
nor subjective. A trivial class in Hk

d+dΛ
(M) certainly maps to a trivial

class in Hk
d (M), but a non-trivial class in Hk

d+dΛ
(M) can be trivial in

Hk
d (M). For instance, a d-exact form can be non-trivial in Hk

d+dΛ
(M)

since in general, it may not be also ddΛ-exact. A d-exact form is only
always ddΛ-exact if the below ddΛ-lemma holds.

Definition 3.12 (ddΛ-lemma) Let A be a d- and dΛ-closed differential
form. We say that the ddΛ-lemma holds if the following properties are
equivalent:

(i) A is d-exact;
(ii) A is dΛ-exact;
(iii) A is ddΛ-exact.

Without the ddΛ-lemma, the canonical mapping Hk
d+dΛ

(M) → Hk
d (M)

is generally not injective. As for surjectivity, a de Rham cohomology
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class need not have a representative that is also dΛ-closed. As mentioned
in the Introduction, Matheiu [17] (see also [27]) identified the existence
of a d- and dΛ-closed form in every de Rham class with the strong
Lefschetz property, which is not satisfied by every symplectic manifold.
Interestingly, as shown by Merkulov [19] and Guillemin [9] (see also [5])
the existence of the ddΛ-lemma on a compact symplectic manifold M is
equivalent to M having the strong Lefschetz property. Therefore, this
implies

Proposition 3.13. On a compact symplectic manifold (M,ω), the

ddΛ-lemma holds, or equivalently the strong Lefschetz property is satis-

fied, if and only if the canonical homomorphism Hk
d+dΛ

(M) → Hk
d (M)

is an isomorphism for all k.

Proof. Assuming first the ddΛ-lemma. Injectivity is then assured. Sur-
jectivity follows from the existence in each de Rham cohomology class
of a d- and dΛ-closed representative when the strong Lefschetz prop-
erty holds (Mathieu’s theorem [17]). Conversely, using again Mathieu’s
theorem, if the map is surjective, so that each de Rham class has a
representative that is also dΛ-closed, then the strong Lefschetz holds.
q.e.d.

If the canonical homomorphism is an isomorphism, then the dimen-
sions of the two cohomologies are equal. We thus have the following
corollary.

Corollary 3.14. On a compact symplectic manifold (M,ω), if the

ddΛ-lemma holds, or equivalently if the strong Lefschetz property is sat-

isfied, then dimHk
d+dΛ

(M) = dimHk
d (M) for all k.

3.3. ddΛ cohomology. The d+dΛ cohomology followed from the short
differential complex

Ωk ddΛ // Ωk d+dΛ // Ωk+1 ⊕ Ωk−1.

Interestingly, simply reversing the arrows gives another differential com-
plex,

Ωk+1
dΛ

**❚❚❚
❚❚

❚

⊕ Ωk ddΛ // Ωk.

Ωk−1 d

44❥❥❥❥❥❥

This leads us to introduce the ddΛ cohomology

(3.17) Hk
ddΛ(M) =

ker ddΛ ∩ Ωk

(im d+ im dΛ) ∩ Ωk
.

As may be expected, this ddΛ cohomology is closely related to the d+dΛ

cohomology. In fact, they are dual to each other, as we will explain below
in Section 3.3.2. For now, let us proceed to describe some its properties.
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The associated Laplacian operator of the ddΛ cohomology is also
fourth-order

(3.18) ∆ddΛ = (ddΛ)∗ddΛ + λ(dd∗ + dΛdΛ∗)

where λ > 0. A harmonic form of this Laplacian satisfies

0 = (A,∆ddΛA) = ‖ddΛA‖2 + λ
(
‖d∗A‖2 + ‖dΛ∗A‖2

)
,

which leads us to the following definition.

Definition 3.15 A differential form A ∈ Ω∗(M) is called ddΛ-harmonic

if ∆ddΛA = 0, or equivalently,

(3.19) ddΛA = 0, d∗A = 0, dΛ∗A = 0.

We denote the space of ddΛ-harmonic k-forms by Hk
ddΛ

(M).

Similar to ∆d+dΛ , ∆ddΛ is also not an elliptic operator. But as before,
we can consider an elliptic operator whose space of solution is identical
to that of ∆ddΛ . Let

DddΛ = (ddΛ)∗(ddΛ) + (ddΛ)(ddΛ)∗ + ddΛ∗dΛd∗ + dΛd∗ddΛ∗(3.20)

+ λ(dd∗ + dΛdΛ∗).

Let us show that DddΛ is elliptic using the same method of the previous
subsections. Again labeling symbol equivalence by ≃, we have

DddΛ ≃ dΛ∗d∗ddΛ + ddΛdΛ∗d∗ + ddΛ∗dΛd∗ + dΛd∗ddΛ∗

≃ dd∗dΛdΛ∗ + d∗ddΛ∗dΛ + d∗ddΛdΛ∗ + dd∗dΛ∗dΛ

≃ (d∗d+ dd∗)(dΛ∗dΛ + dΛdΛ∗) = ∆d∆dΛ

≃ ∆2
d.

Then by applying ellliptic theory arguments, we have proved

Theorem 3.16. Let M be a compact symplectic manifold. For any

compatible triple (ω, J, g), we define the standard inner product on Ωk(M)
with respect to g. Then:

(i) dimHk
ddΛ

(M) < ∞.

(ii) There is an orthogonal decomposition

(3.21) Ωk = Hk
ddΛ ⊕ (dΩk−1 + dΛΩk+1)⊕ (ddΛ)∗Ωk.

(iii) There is a canonical isomorphism: Hk
ddΛ

(M) ∼= Hk
ddΛ

(M).

Also,

Corollary 3.17. For (M,ω) a compact symplectic manifold,

dimHk
d+dΛ

(M) < ∞.
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3.3.1. Lefschetz decomposition and the ddΛ primitive cohomol-
ogy. Like the d+dΛ cohomology, the ddΛ cohomology exhibits Lefschetz
decomposition. The arguments are very similar to those in section 3.2.1,
so we will mainly state results here and focus on the differences.

The starting point is again to note:

Lemma 3.18. ∆ddΛ commutes with the sl(2) triple (L,Λ,H).

This implies the following corollary:

Corollary 3.19. On a symplectic manifold of dimension 2n, and a

compatible triple (ω, J, g), the Lefschetz operator defines an isomorphism

Ln−k : Hk
ddΛ(M) ∼= H2n−k

ddΛ
(M) for k ≤ n.

Hence, this leads to a Lefschetz decomposition of the ddΛ-harmonic
forms and also of H∗

ddΛ
(M) by the canonical isomorphism of Theorem

3.16(iii). The ddΛ primitive cohomology takes the form
(3.22)

PHk
ddΛ(M)=

ker ddΛ ∩ Pk(M)

(im d+ im dΛ)∩ Pk(M)
=

ker ddΛ ∩ Pk(M)

(d+ LH−1dΛ)Pk−1+dΛPk+1
,

where H−1 =
∑

k

1

n− k
Πk is the inverse of the degree-counting opera-

tor H. Here, we have again written the cohomology as defined solely on
the space of primitive forms. This is possible by the following property
of d+ dΛ-exact primitive form.

Lemma 3.20. On a symplectic manifold (M,ω), if Bk ∈ Pk(M)
is d + dΛ-exact—that is, Bk = dA′

k−1 + dΛA′′
k+1—then there exist two

primitive forms B̂′
k−1 and B̂′′

k+1 such that Bk = (d + LH−1dΛ)B̂′
k−1 +

dΛB̂′′
k+1.

Proof. Since Bk is primitive, k ≤ n. Lefschetz decomposing A′
k−1 and

A′′
k+1, we have

A′
k−1 = B′

k−1 + . . . , A′′
k+1 = B′′

k+1 + LB′′
k−1 + . . . ,

with B′′
k+1 = 0 if k = n. In the above, we have only written out the first

few terms of the decomposition; the other terms will not play a role.
Now

dA′
k−1 = (B′0

k + LB′1
k−2) + . . . ,

dΛ A′′
k+1 = −HB′′1

k + (B′′0
k + LB′′1

k−2 − LHB′′1
k−2) + . . . ,

where superscripted primitive forms B0
s+1 and B1

s−1 are the primitive

components of dBs = B0
s+1+LB1

s−1 as in Lemma 2.4(i). To write down

the second equation, we have used the relations [dΛ, L] = d in Lemma
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2.3 and dΛBs = −HB1
s−1 of Lemma 2.4(ii). Since dA′

k−1 + dΛA′′
k+1 is

primitive, we must have

Bk = dA′
k−1 + dΛA′′

k+1 = B′0
k +B′′0

k −HB′′1
k ,

with any additional terms on the right with powers of L vanishing. Let
us now define

B̂′
k−1 = B′

k−1 +B′′
k−1, B̂′′

k+1 = B′′
k+1.

We only need to check

(d+ LH−1dΛ)B̂′
k−1 + dΛB̂′′

k+1 = B̂′0
k −HB̂′′1

k+1

= (B′0
k +B′′0

k )−HB′′1
k = Bk,

noting that in general the differential operator (d + LH−1dΛ) : Bs →
B0

s+1. q.e.d.

(Acting on a primitive form, (d+LH−1dΛ)Bs = (1−LH−1Λ)dBs =
B0

s+1. Hence, this operator consists of the exterior derivative followed
by a projection onto the first primitive component of the Lefschetz de-
composition. Properties of this operator will be discussed more fully in
[23].)

Let us now describe the harmonic forms of the ddΛ primitive coho-
mology. We shall impose ∆ddΛB = 0. But with the forms now primitive,
the Laplacian simplifies to

(3.23) ∆p

ddΛ
= (ddΛ)∗ddΛ + λdΛdΛ∗,

with λ > 0. In the above, we have noted that for primitive forms,
dΛ∗B = 0 implies d∗B = 0. This follows from the commutation relation
[dΛ∗,Λ] = −d∗ in Lemma 2.10. Let us define the following:

Definition 3.21 A differential form B ∈ P∗(M) is called ddΛ-primitive

harmonic if ∆p

ddΛ
B = 0, or equivalently,

(3.24) ddΛB = 0, dΛ∗B = 0.

We denote the space of ddΛ-primitive harmonic k-forms by PHk
ddΛ

(M).

We collect the Lefschetz decomposition properties.

Theorem 3.22. On a compact symplectic manifold (M,ω) of dimen-

sion 2n, H∗
ddΛ

(M) satisfies the following properties:

(i) There is a Lefschetz decomposition

Hk
ddΛ(M) =

⊕

r

Lr PHk−2r
ddΛ

(M),

Hk
ddΛ(M) =

⊕

r

Lr PHk−2r
ddΛ

(M).
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(ii) Lefschetz property: the Lefschetz operator defines an isomorphism

Ln−k : Hk
ddΛ(M) ∼= H2n−k

ddΛ
(M) for k ≤ n.

3.3.2. Duality with d + dΛ cohomology. As is evident, H∗
ddΛ

and
H∗

d+dΛ
share many properties. Indeed, just by comparing the expressions

of their respective Laplacians in (3.9) and (3.18), one finds:

Lemma 3.23. The Laplacians of the d + dΛ and ddΛ cohomology

satisfy

∗∆d+dΛ = ∆ddΛ ∗ .
The following proposition then follows straightforwardly.

Proposition 3.24. On a symplectic manifold (M,ω), Hk
d+dΛ

,H2n−k
d+dΛ

Hk
ddΛ

,H2n−k
ddΛ

are all isomorphic. For k ≤ n, we have the diagram

Hk
d+dΛ

(M) oo
∗ //

Ln−k

��

H2n−k
ddΛ

(M)

Λn−k

��
H2n−k

d+dΛ
(M)

Λn−k

OO

oo
∗

// Hk
ddΛ

(M)

Ln−k

OO

The uniqueness of the harmonic representative in each cohomology
class then imply the following.

Corollary 3.25. On a compact symplectic manifold (M,ω),

Hk
d+dΛ

(M) ∼= H2n−k
ddΛ

(M) and hence dimHk
d+dΛ

(M) = dimH2n−k
ddΛ

(M).

Being isomorphic, the cohomologies, H∗
d+dΛ

(M) and H∗
ddΛ

(M), are
also naturally paired.

Proposition 3.26. On a compact symplectic manifold (M,ω), the

natural pairing

Hk
d+dΛ(M)⊗H2n−k

ddΛ
(M) −→ R,

defined by

A⊗A′ −→
∫

M

A ∧A′,

is non-degenerate, that is, a perfect pairing.

Proof. Notice first that the integral is well defined; that is, it is
independent of the choice of the representative in either of the two
cohomology classes. To show non-degeneracy, we can then choose A

and A′ to be the respective harmonic representatives. In particular, let
A ∈ Hk

d+dΛ
(M) and A′ = ∗A ∈ H2n−k

ddΛ
(M). We thus have for A 6= 0,

A⊗ ∗A −→
∫

M

A ∧ ∗A = ‖A‖2 > 0.

q.e.d.
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k=0 k = 1 k = 2 k = 3 k=4

Hk
d 1 e1, e2, e3 ω, e12−e34, e13, e24 ω∧e1, ω∧e2, ω∧e4 1

2 ω
2

Hk
dΛ

1 e1, e2, e4 ω, e12−e34, e13, e24 ω∧e1, ω∧e2, ω∧e3 1
2 ω

2

Hk
d+dΛ

1 e1, e2, e3 ω, e12−e34, e13, e24, e23 ω∧e1, ω∧e2, ω∧e3 1
2 ω

2

Hk
ddΛ

1 e1, e2, e4 ω, e12−e34, e13, e24, e14 ω∧e1, ω∧e2, ω∧e4 1
2 ω

2

Table 2. Bases for Hd, HdΛ , Hd+dΛ and HddΛ of the
Kodaira–Thurston fourfold in terms of the one-forms ei
(3.25) and symplectic form ω (3.26).

3.4. Example: Kodaira–Thurston nilmanifold. It is helpful to have
an explicit example showing clearly the differences between the differ-
ent cohomologies discussed above. For this we consider the following
Kodaira–Thurston nilmanifold.

Let M = M4 be the nilmanifold defined by taking R
4 and modding

out by the identification

(x1, x2, x3, x4) ∼ (x1 + a, x2 + b, x3 + c, x4 + d− b x3),

with a, b, c, d ∈ Z. The resulting manifold is a torus bundle over a torus
(or more specifically here, an S1 bundle over T 3) with a basis of cotan-
gent one-forms given by

(3.25) e1 = dx1, e2 = dx2, e3 = dx3, e4 = dx4 + x2 dx3.

We take the symplectic form to be

(3.26) ω = e1 ∧ e2 + e3 ∧ e4.

Such a symplectic nilmanifold, discussed by Kodaira [13] and Thurston
[21], admits a complex structure, though not a Kähler stucture since its
first Betti number b1 = 3 is odd. A compatible almost complex structure
can be expressed in terms of a decomposable (2, 0)-form

(3.27) Ω = (e1 + i e2) ∧ (e3 + i e4) = (e13 − e24) + i (e23 + e14) ,

using the notation ei1i2...ik = ei1∧ei2∧. . .∧eik . However, Ω is not closed;

dReΩ = 0, d ImΩ = −e123.

Hence, the almost complex structure is not integrable.
The various symplectic cohomologies can be calculated by writing

out explicitly the global differential forms. The globally defined forms
will not depend on the fiber x4 coordinate. A basis for the various co-
homologies of Kodiara–Thurston manifold are given in Table 2.

Notice first that for k even, all five cohomologies share at least one
element. This follows from the general fact that powers of the symplectic
form, ωm for m = 0, 1, . . . , n, are always d- and dΛ-closed, and hence,
they are non-trivial elements for the five cohomologies.
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Let us also point out certain properties of some of the differential
k-forms on M . For k = 1, e3 is d- and dΛ-closed. However, it is also dΛ-
exact as e3 = dΛe14. The form, e4, on the other hand, is dΛ-closed, but
it is not d-closed. For k = 2, e23 is certainly d-closed; however, it is also
d-exact and dΛ-exact, e23 = de4 = dΛe124, but not dd

Λ-exact. Thus e23
is an explicit example showing that the ddΛ-lemma fails for M4. (The
dual submanifold associated with e23 has an interesting property that
we discuss in Section 4, Example 4.2.) Also noteworthy is e14, which is
ddΛ-closed but not closed under either d or dΛ.

With the Kodaira–Thurston nilmanifold not satisfying the ddΛ-lemma,
we also see that the strong Lefschetz property does not hold for the de
Rham and dΛ-cohomology. However, as required, strong Lefschetz cer-
tainly does hold for H∗

d+dΛ
and H∗

ddΛ
. From Table 2, we also see the

natural pairing between Hk
d+dΛ

and H4−k
ddΛ

, while H∗
d and H∗

dΛ
pair with

themselves.

4. Dual currents of submanifolds and primitive cohomology

A striking feature of the new symplectic cohomologies introduced in
the last section is that they all commute with Lefschetz decomposition
and hence naturally led us to cohomologies on the space of primitive
forms. One of the two primitive cohomologies, PHd+dΛ(M), consists of
primitive elements that are d-closed. Hence, elements of this primitive
cohomology are also elements of the de Rham cohomology. With de
Rham’s theorem relating Hd(M) to the homology of singular chains, a
natural question is what special subsets of cycles/chains of a smooth
compact symplectic manifold M are dual to elements of primitive co-
homologies. In this section, we begin to explore this issue by analyzing
the dual currents of the special submanifolds (e.g., coisotropic, isotropic,
and symplectic) on a symplectic manifoldM . (Recall that a submanifold
X ⊂ M is coisotropic if for every x ∈ X, the symplectic complement of
the vector subspace TxX ⊂ TxM is also in TxX, i.e. (TxX)ω ⊂ TxX.
Moreover, X is lagrangian if (TxX)ω = TxX, isotopic if TxX ⊂ (TxX)ω,
and symplectic if TxX ∩ (TxX)ω = {0}.) We will find that the dual cur-
rents of lagrangians and coisotropic submanifolds are in fact primitive,
and thus they can be considered as possible dual elements of primitive
cohomologies. We then introduce a homology on the subset of chains
that are coisotropic.

Let X ⊂ M be a compact codimension m submanifold, possibly with
boundary. The dual current associated with X denoted by ρX is de-
fined by

∫

X

i∗α =

∫

M

α ∧ ρX ,
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where i : X →֒ M is the embedding map and α is an arbitrary test
(2n−m)-form [6]. If α is taken to be an element of the de Rham coho-
mology class, then the dual current is just the standard Poincaré dual,
or equivalently, the Thom current of the normal bundle.

For the special submanifolds of interest on M , the dual current can
be expressed simply in local coordinates (see, for example, [18]). In a
local tubular neighborhood U of X ⊂ M (assumed here not to con-
tain any boundary), we can work in the local Darboux coordinates
(p1, . . . , pn, q1, . . . , qn) such that the symplectic form takes the standard
form

ω =
∑

dpi ∧ dqi,

and X, having codimension m = m1 +m2, is the zero locus of

p1 = . . . = pm1 = q1 = q2 = . . . = qm2 = 0.

The dual current then has the canonical form

ρX = δ(p1, . . . , pm1 , q1, . . . , qm2) dp1 ∧ . . . ∧ dpm1 ∧ dq1 ∧ . . . ∧ dqm2 ,

with the δ-function distribution defined as δ(f) = f(0). Clearly, for any
closed submanifold, we find dρX = 0.

Bahramgiri [2] has shown that the dual current of a closed submani-
fold is not only d-closed but also dΛ-closed if and only if X is coisotropic.
A sharper statement is that the dΛ-closedness property is due to the fact
that ρX is primitive when X is coisotropic. We give the property of the
dual current for coisotropic, isotropic, and symplectic submanifolds.

Lemma 4.1. Let X ⊂ M be an embedded compact submanifold with

dual current ρX . Then

(i) ρX is primitive if and only if X is coisotropic.

(ii) ∗s ρX is primitive if and only if X is isotropic.

(iii) If X is symplectic with codimension m = 2l, then ΛkρX 6= 0 for

k = 1, . . . , l.

Proof. One can prove the lemma by making use of the canonical local
coordinates described above and applying the defining property of the
submanifolds. The proof we give here follows from the integral definition
of the dual current.

(i) Note first that if the submanifold is codimension m = 1, the
statement holds trivially, as X would be automatically coisotropic and
the dual 1-current is trivially primitive. Now, in general, a coisotropic
submanifold X2n−m ⊂ M of codimension m satisfies the condition

ωn−m+1
∣∣∣
X2n−m

= 0.

In the case m = n, this condition reduces to the lagrangian condition.
Integrating a test form α = ωn−m+1 ∧ βm−2 with βm−2 arbitrary over
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X2n−m, we find

0 =

∫

X2n−m

i∗(ωn−m+1 ∧ βm−2) =

∫

M

ωn−m+1 ∧ βm−2 ∧ ρX .

But since βm−2 is arbitrary, we must have ωn−m+1 ∧ ρX = 0, which
is precisely the primitive condition (Defintion 2.1) for the m-current
ρX . Thus, X coisotropic implies ρX primitive. Conversely, if X is not
coisotropic, then there exists a test form βm−2 such that the integral is
nonzero. Then ρX cannot be primitive, as ωn−m+1 ∧ ρX 6= 0.

(ii) Similarly, let Xk be an isotropic submanifold with 1 < k ≤ n.
The cases k = 0, 1 are trivially true. The isotropic condition is that

ω
∣∣
Xk = 0.

Now let the test form α = ω ∧ βk−2 with βk−2 arbitrary. We find

0 =

∫

Xk

i∗(ω ∧ αk−2) =

∫

M

ω ∧ αk−2 ∧ ρX ,

which implies LρX = 0 or, equivalently, Λ(∗s ρX) = 0. Therefore, the
k-current ∗s ρX is primitive or ρX = 1

(n−k)! L
n−kσX with σX being the

primitive k-current. The converse statement similar to the proof (i) is
straightforward.

(iii) Note that ΛlρX 6= 0 implies ΛkρX 6= 0 for k = 1, 2, . . . , l − 1.
So we only need to show ΛlρX 6= 0 for X a symplectic submanifold.
Such a statement basically follows from an argument due to Bahramgiri
[2], which we reproduce here. For a symplectic submanifold X2(n−l), we
have

0 6=
∫

X2(n−l)

i∗
(

ωn−l

(n− l)!

)
=

∫

M

ωn−l

(n − l)!
∧ ρX =

∫

M

(
∗s

ωl

l!

)
∧ ρX

=

∫

M

ωl

l!
∧ ∗sρX =

∫

M

∗s
1

l!
Λl ρX .

Hence, we find ΛlρX 6= 0. q.e.d.

Note that the above lemma holds without regard to whether the
submanifold is closed or not. If X is in fact closed, then as mentioned
it is clear that ρX is d-closed.

Example 4.2 We give some examples of dual currents of closed sym-
plectic and lagrangian submanifolds of the Kodaira–Thurston manifold
M4, discussed in Section 3.4. With the symplectic form ω = e12 + e34,
submanifolds that wrap around (x1, x2) and (x3, x4) are symplectic.
Their dual currents ρS can, for instance, take the form

(x1, x2) : ρS = δ(x3, x4) e34, (x3, x4) : ρS = δ(x1, x2) e12.

Clearly ΛρS 6= 0. Submanifolds that wrap around (x1, x3), (x2, x4), or
(x1, x4) are lagrangian. Note that there is no submanifold wrapping
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around (x2, x3) as the S1 bundle has no zero section. A representative
set of dual currents ρL for these lagrangians are

(x1, x3) : ρL = δ(x2, x3) e24,

(x2, x4) : ρL = δ(x1, x3) e13,

(x1, x4) : ρL = δ(x2, x3) e23.

And certainly all ρL are primitive.
It is interesting to point out that although e23 represents a non-trivial

class of H2
d+dΛ

(M4), it is a trivial element in H2
d(M

4). The submanifold,

L14, wrapping around (x1, x4) is a lagrangian but not strictly a two-
cycle. Further, using the compatible almost complex structure of (3.27),
we find that ReΩ|L14 = 0 and ImΩ|L14 = vol(L14) and so that L14 is
in fact a special lagrangian submanifold. However, since d ImΩ 6= 0,
L14 is actually an example of a generalized calibrated submanifold as
discussed in [10]

4.1. Homology of coisotropic chains. Having seen that closed co-
isotropic submanifold are associated with d-closed primitive dual cur-
rents, we proceed now to describe how a primitive cohomology can be
dual to a homology on coisotropic chains.

Beginning with the primitive cohomology

PHk
d+dΛ(M) =

ker d ∩ Pk(M)

ddΛPk(M)
,

we note that while the exterior derivative d is dual to the boundary
operation ∂ acting on submanifold, the dual chain operation for the dΛ

operator is not as clear. We will sidestep this issue here by introducing
the following d-primitive cohomology

(4.1) PHk
d (M) =

ker d ∩ Pk(M)

dP ′k−1(M)
=

ker d ∩ P ′k(M)

dP ′k−1(M)
,

where P ′k(M) ⊂ Pk(M) is the space of dΛ-closed primitive forms; that
is, B ∈ P ′(M) if ΛB = 0 and dΛB = 0. Such a primitive space has the
following desirable property.

Lemma 4.3. Let Bk ∈ Pk(M). Then dBk is primitive if and only if

dΛBk = 0, that is, Bk ∈ P ′k(M). In particular, for k < n, d : P ′k(M) →
P ′k+1(M).

Proof. This follows simply from Lemma 2.4. If dBk is primitive, then
0 = −ΛdBk = dΛBk = 0. Conversely, assume now Bk ∈ P ′k(M); then
dΛBk = −HB1

k−1 = 0. Therefore, dBk = B0
k+1 + LB1

k−1 = B0
k+1, which

is primitive. This shows that d : P ′k(M) → Pk+1(M). Continuing, we
have dΛB0

k+1 = dΛdBk = −ddΛBk = 0, which implies in particular

B0
k+1 ∈ P ′k+1(M). q.e.d.
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With dΛ : Pk → Pk−1 and dΛ
2
= 0, it is clear that the image of

ddΛPk is contained within dP ′k−1. The two images coincide if the ddΛ-
lemma holds. Therefore, we see that PHk

d (M) ⊆ PHk
d+dΛ

(M), and this

implies in particular that PHk
d (M) must also be finite dimensional.

Proposition 4.4. On a compact symplectic manifold (M,ω), for

k ≤ n,

dimPHk
d (M) ≤ dimPHk

d+dΛ(M) < ∞.

Let us now consider the cohomology PHk
d (M) defined on the space

of primitive currents instead of forms. This leads us to a natural dual
homology on (M,ω).

Let Cl(M) be the space of l-chains that are coisotropic. If the co-
isotropic chains contain boundaries, we require that their boundaries are
also coisotropic. With ∂ denoting the operation of taking the oriented
boundary, we introduce a homology on coisotropic chains

(4.2) PHl(M) =
ker ∂ ∩ Cl(M)

∂ Cl+1(M)
,

for n ≤ l < 2n.
The homology PHl(M)can be seen to be naturally dual toPH2n−l

d (M)
of (4.1). The requirement that any boundary of Cl+1 is also coisotropic
ensures that ∂ : Cl+1 → Cl. This is precisely dual to the requirement
that dΛP ′ = 0, which ensures d : P ′2n−l−1 → P ′2n−l. Explicitly, let

C
(1)
l , C

(2)
l , C

(12)
l+1 ∈ C∗(M) and suppose C

(2)
l = C

(1)
l + ∂C

(12)
l+1 ; that is, the

boundaries of C
(12)
l+1 are coisotropic. Integrating over the test form α, we

have

0 =

∫

C
(2)
l

i∗α −
∫

C
(1)
l

i∗α −
∫

∂C
(12)
l+1

i∗α

=

∫

M

α ∧ ρ
(2)
2n−l −

∫

M

α ∧ ρ
(1)
2n−l −

∫

M

dα ∧ ρ
(12)
2n−l−1

=

∫

M

α ∧
(
ρ
(2)
2n−l − ρ

(1)
2n−l − (−1)ldρ

(12)
2n−l−1

)
,

where ρ
(1)
2n−l, ρ

(2)
2n−l, ρ

(12)
2n−l−1 ∈ P∗(M) are the respective dual primitive

currents. Since α is arbitrary, we find ρ
(2)
2n−l − ρ

(1)
2n−l = (−1)ldρ

(12)
2n−l−1;

hence, dρ
(12)
2n−l−1 must also be primitive, and by Lemma 4.3, dΛρ

(12)
2n−l−1 =

0 and therefore ρ
(12)
2n−l−1 ∈ P ′2n−l−1(M). The converse statement can

also be shown straightforwardly, and we see that the dual current is an
element of P ′(M) if and only if the boundary of the coisotropic chain is
also coisotropic.

Furthermore, if we consider an infinitesimal symplectomorphism, not
necessarily hamiltonian, the homology class of both the closed primitive
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current and the coisotropic cycle (i.e., a closed coisotropic chain) re-
mains invariant. For the closed primitive current, since the Lie derivative
LV B = d(iV B) must be primitive, Lemma 4.3 implies iV B ∈ P ′(M).
For a closed coisotropic cycle of dimension l, an infinitesimal symplecto-
morphism sweeps out a coisotropic chain Cl+1, of one higher dimension.
That this Cl+1 is coisotropic can be shown by using local Darboux co-
ordinates in the tubular neighborhood.

We have shown that PHk
d (M) is finite dimensional over differential

forms by comparison with PHk
d+dΛ

(M). Demonstrating the same on the
space of currents involves a more direct proof of finite dimensionality
of PHk

d (M) over smooth forms. This and other properties of primitive
cohomologies will be discussed in follow-up papers [23, 22].

5. Discussion

We have introduced new finite-dimensional symplectic cohomologies—
H∗

d+dΛ
(M) and H∗

ddΛ
(M)—using the differential operators d + dΛ and

ddΛ. These cohomologies are all isomorphic to the de Rham cohomol-
ogy when the ddΛ-lemma holds on M . And conversely, when they dif-
fer from the de Rham cohomology, this implies the ddΛ-lemma and the
strong Lefschetz property both fail. As Kähler manifolds satisfy the ddΛ-
lemma, the new cohomologies are particularly suited for distinguishing
the more intricate geometries of non-Kähler symplectic manifolds.

It is interesting to compare the symplectic cohomologies with the
known differential cohomologies on complex manifolds, N , not necessar-
ily Kähler. Besides the standard ones of deRham and Dolbeault, there
are two others that have also been studied: the Bott-Chern cohomology

(5.1) H
p,q
BC(N) =

(ker ∂ ∩ ker ∂̄) ∩ Ωp,q(N)

im ∂∂̄ ∩ Ωp−1,q−1(N)

and the Aeppli cohomology [1]

(5.2) H
p,q
A (N) =

ker ∂∂̄ ∩ Ωp,q(N)

(im ∂ + im ∂̄) ∩ Ωp,q(N)
.

These two cohomologies are similarly paired and share many analogous
properties that we have shown for the pair Hk

d+dΛ
(M) and Hk

ddΛ
(M)

defined on symplectic manifold. Indeed, both can be shown to be finite
dimensional by constructing self-adjoint fourth-order differential opera-
tors [14, 3] (see also [20]). Explicitly, the fourth-order operators are
(5.3)
DBC = (∂∂̄)(∂̄∗∂∗)+(∂̄∗∂∗)(∂∂̄)+(∂∗∂̄)(∂̄∗∂)+(∂̄∗∂)(∂∗∂̄)+λ(∂∗∂+∂̄∗∂̄),

(5.4)
DA = (∂∂̄)∗(∂∂̄)+(∂∂̄)(∂∂̄)∗+(∂∂̄∗)(∂̄∂∗)+(∂̄∂∗)(∂∂̄∗)+λ(∂∂∗+ ∂̄∂̄∗),

for real constants λ > 0. Indeed, they are analogous to Dd+dΛ and DddΛ

in (3.12) and (3.20), respectively.
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In the spirit of mirror symmetry—in the most general sense that
certain properties of complex geometry are directly associated with cer-
tain properties of symplectic geometry—we should identify the symplec-
tic differential pair (d, dΛ) with the complex pair (∂, ∂̄). An immediate
question that arises is what is then the dual of the de Rham cohomology
(d = ∂ + ∂̄) on a symplectic manifold M? This suggests looking at the
cohomology of type

H(M) =
ker(d+ dΛ)

im (d+ dΛ)
.

But notice that (d+dΛ)2 = 0 only if we consider the space of differential
forms Ω∗(M) partitioned not into fixed degrees, that is Ωk(M), but
into the space of even and odd degrees—Ωev(M) and Ωodd(M). This
would then be a cohomology acting on the formal sums of even or odd
differential forms. Doing so, one can then show by means of a basis
transformation (as in [5, p. 89]) that H(M) above is indeed isomorphic
to the de Rham cohomology.

Having noted the similarities of cohomologies in complex and sym-
plectic geometries, it is natural to consider extending the cohomolo-
gies to the generalized complex geometries introduced by Hitchin [11]
(see also [8, 5]). As generalized complex geometry brings together both
complex and symplectic structures within one framework, there should
certainly be an extension of the new symplectic cohomologies in the
generalized complex setting, and it would be interesting to work them
out explicitly (see [24]).
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