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Laboratoire associé au C.N.R.S. n̊ 188,

F-38402 Saint-Martin d’Hères

Abstract.— It is shown that every strongly q–complete subvariety of a complex analytic

space has a fundamental system of strongly q–complete neighborhoods. As a consequence, we

find a simple proof of Ohsawa’s result that every non compact irreducible n–dimensional analytic

space is strongly n–complete. Finally, it is shown that L2–cohomology theory readily implies

Ohsawa’s Hodge decomposition and Lefschetz isomorphism theorems for absolutely q–convex

manifolds.

1. Introduction.

Let (X,OX) be a complex analytic space, possibly non reduced. Recall that a
function ϕ on X is said to be strongly q–convex in the sense of Andreotti-Grauert
[A-G] if there exists a covering of X by open patches Aλ isomorphic to closed
analytic sets in open sets Ωλ ⊂ CNλ , λ ∈ I , such that each restriction ϕ↾Aλ

admits an extension ϕ̃λ on Ωλ which is strongly q–convex, i.e. such that i∂∂ϕ̃λ

has at most q − 1 negative or zero eigenvalues at each point of Ωλ . The strong
q–convexity property is easily shown not to depend on the covering nor on the
embeddings Aλ ⊂ Ωλ .

The space X is said to be strongly q–complete, resp. strongly q–convex, if X
has a smooth exhaustion function ϕ such that ϕ is strongly q–convex on X , resp.
on the complement X \K of a compact set K ⊂ X . The main new result of this
paper is :

Theorem 1.— Let Y be an analytic subvariety in a complex space X . If Y
is strongly q–complete, then Y has a fundamental family of strongly q–complete

neighborhoods V in X .

The special case of Stein neighborhoods (q = 1) has been proved long ago by
Y.T. Siu [S3]. The special case when q = dimY + 1 is due to D. Barlet, who used
it in the study of the convexity of spaces of cycles (cf. [Ba]). This case is also
a consequence of the results of T. Ohsawa [Oh2], who obtained simultaneously
a proof for q = dimY . Somewhat surprisingly, our proof of the general case is
much simpler that the original proof of Siu for the Stein case, and also probably
simpler than the partial proofs of Barlet and Ohsawa. The main idea is to extend
an exhaustion of Y to a neighborhood by means of a patching procedure. However,
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up to our knowledge, the extension can be done only after the exhaustion of Y
has been slightly modified in a neighborhood of the singular set (cf. theorem 4).
Theorem 1 follows now rather easily from the fact that any subvariety Y is the set
of −∞ poles of an “almost plurisubharmonic” function (a function whose complex
Hessian has locally bounded negative part). Theorem 1 can be used to obtain a
short proof of Ohsawa’s results on n–convexity of n–dimensional complex spaces :

Theorem 2 (Ohsawa [Oh2]).— Let X be a complex space such that all

irreducible components have dimension ≤ n .

(a) X is always strongly (n+ 1)–complete.

(b) If X has no compact irreducible component of dimension n , then X is strongly

n–complete.

(c) If X has only finitely many irreducible components of dimension n , then X
is strongly n–convex.

The main step consists in proving that a n–dimensional connected non compact
manifold always has a strongly subharmonic exhaustion function with respect to
any hermitian metric (a result due to Greene and Wu [G-W]). The proof is then
completed by induction on n , using theorem 1.

These results will usually be applied in connection with the Andreotti-Grauert
theorem [A-G]. Let F be a coherent sheaf over an analytic spaceX . The Andreotti-
Grauert theorem asserts that Hq(X,F) is finite dimensional if X is strongly
q–convex and equal to zero if X is strongly q–complete. When dimX ≤ n , a
combination with theorem 2 yields :

• Hn(X,F) = 0 if X has no compact n–dimensional component;
• dimHn(X,F) <∞ if X has only finitely many ones.

The special case of these statements when F is a vector bundle over a manifold
goes back to Malgrange [Ma]. The general case was first completed by Siu [S1,S2],
with a direct but much more complicated method.

Finally, we show that Ohsawa’s Hodge decomposition theorem for an absolutely
q–convex Kähler manifold M is a direct consequence of Hodge decomposition
for L2 harmonic forms; the key fact is the observation that any smooth form of
degree k ≥ n + q becomes L2 for some suitably modified Kähler metric; thus
Hk(M,C) can be considered as a direct limit of L2–cohomology groups. The
Lefschetz isomorphism on L2–cohomology groups then produces in the limit an
isomorphism from the cohomology with compact supports onto the cohomology
without supports.
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Theorem 3 (Ohsawa [Oh1], [O-T]).— Let (M,ω) be a Kähler n–dimensional

manifold. Suppose that M is absolutely q–convex, i.e. admits a smooth plurisub-

harmonic exhaustion function that is strongly q–convex on M \K for some com-

pact set K . Set Ωr = O(ΛrT ⋆M). Then the De Rham cohomology groups with

arbitrary (resp. compact) supports have decompositions

Hk(M,C) ≃
⊕

r+s=k

Hs(M,Ωr) , Hr(M,Ωs) ≃ Hs(M,Ωr) , k ≥ n+ q ,

Hk
c (M,C) ≃

⊕

r+s=k

Hs
c (M,Ωr) , Hr

c (M,Ωs) ≃ Hs
c (M,Ωr) , k ≤ n− q ,

and these groups are finite dimensional. Moreover, there is a Lefschetz isomorphism

ωn−r−s ∧ • : Hs
c (M,Ωr) −→ Hn−r(M,Ωn−s) , r + s ≤ n− q .

Observe that the finiteness statement holds as soon as X is strongly q–convex
(this is a consequence of Morse theory for the De Rham groups and a consequence
of the Andreotti-Grauert theorem for the Dolbeault groups). By an example of
Grauert and Riemenschneider [G-R] (cf. also [Oh1]), neither Hodge decomposition
nor Hodge symmetry necessarily hold on a strongly q–convex manifold in degrees
≥ n+q or ≤ n−q : if V is a positive rank q vector bundle over a projective m–fold
Y , then the space X equal to P (V ⊕ O) = V ∪ V∞ minus the unit ball bundle
B(V ) is q–convex, however with n = q +m it can be checked that

H2
c (X,C) = C , H0

c (X,Ω2) = 0 , H2
c (X,O) ⊃ H1(Y, V ⋆) ,

and there are examples where q = m ≥ 2 and H1(Y, V ⋆) is arbitrarily large.

The author wishes to express warm thanks to Prof. K. Diederich for valuable
remarks which contributed to improve the original version of this article.

2. Existence of q–convex neighborhoods.

The first step in the proof of theorem 1 is the following approximate extension
theorem for strongly q–convex functions.

Theorem 4.— Let Y be an analytic set in a complex space X and ψ a strongly

q–convex C∞ function on Y . For every continuous function δ > 0 on Y , there

exists a strongly q–convex C∞ function ϕ on a neighborhood V of Y such that

ψ ≤ ϕ↾Y < ψ + δ .

Proof.— Without loss of generality, we may assume Y closed in X . Let Zk be
the union of all irreducible components of dimension ≤ k of one of the sets Y ,
Ysing , (Ysing)sing , . . . . It is clear that Zk \ Zk−1 is a smooth k–dimensional
submanifold of Y (possibly empty) and that

⋃
Zk = Y . We shall prove by

induction on k the following statement :

There exists a C∞ function ϕk on X which is strongly q–convex along Y and

on a closed neighborhood V k of Zk in X , such that ψ ≤ ϕk↾Y < ψ + δ .

We first observe that any smooth extension ϕ−1 of ψ to X satisfies the
requirements with Z−1 = V−1 = ∅ . Assume that Vk−1 and ϕk−1 have been
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constructed. Then Zk \ Vk−1 ⊂ Zk \ Zk−1 is contained in Zk,reg . The closed set
Zk \ Vk−1 has a locally finite covering (Aλ) in X by open coordinate patches
Aλ ⊂ Ωλ ⊂ CNλ in which Zk is given by equations z′λ = (zλ,k+1, . . . , zλ,Nλ

) = 0 .
Let θλ be C∞ functions with compact support in Aλ such that 0 ≤ θλ ≤ 1 and∑
θλ = 1 on Zk \ Vk−1 . We set

ϕk(x) = ϕk−1(x) +
∑

θλ(x) ε3λ log(1 + ε−4
λ |z′λ|

2) on X .

For ελ > 0 small enough, we will have ψ ≤ ϕk−1↾Y ≤ ϕk↾Y < ψ + δ . Now, we
check that ϕk is still strongly q–convex along Y and near every point x0 ∈ V k−1 ,
and that ϕk becomes strongly q–convex near every point x0 ∈ Zk \ Vk−1 . We
may assume that x0 ∈ Supp θµ for some µ , otherwise ϕk coincides with ϕk−1 in a
neighborhood of x0 . Select µ and a small neighborhood W ⊂⊂ Ωµ of x0 such that

(a) if x0 ∈ Zk \ Vk−1 then θµ(x0) > 0 and Aµ ∩W ⊂⊂ {θµ > 0} ;

(b) if x0 ∈ Aλ for some λ (there is a finite set I of such λ’s), then Aµ ∩W ⊂⊂ Aλ

and zλ↾Aµ∩W has a holomorphic extension z̃λ to W ;

(c) if x0 ∈ V k−1 then ϕk−1↾Aµ∩W has a strongly q–convex extension ϕ̃k−1 to W ;

(d) if x0 ∈ Y \ V k−1 , ϕk−1↾Y ∩W has a strongly q–convex extension ϕ̃k−1 to W .

Otherwise take an arbitrary smooth extension ϕ̃k−1 of ϕk−1↾Aµ∩W to W and let

θ̃λ be an extension of θλ↾Aµ∩W to W . Then

ϕ̃k = ϕ̃k−1 +
∑

θ̃λ ε
3
λ log(1 + ε−4

λ |z̃ ′
λ|

2)

is an extension of ϕk↾Aµ∩W to W , resp. of ϕk↾Y ∩W to W in case (d). As

the function log(1 + ε−4
λ |z̃ ′

λ|
2) is plurisubharmonic and as its first derivative

〈z̃ ′
λ, dz̃

′
λ〉 (ε4λ + |z̃ ′

λ|
2)−1 is bounded by O(ε−2

λ ) , we see that

i∂∂ϕ̃k ≥ i∂∂ϕ̃k−1 − O(
∑
ελ) .

Therefore, for ελ small enough, ϕ̃k remains q–convex on W in cases (c) and (d).
Since all functions z̃ ′

λ vanish along Zk ∩W , we have

i∂∂ϕ̃k ≥ i∂∂ϕ̃k−1 +
∑

λ∈I

θλ ε
−1
λ i∂∂|z̃ ′

λ|
2 ≥ i∂∂ϕ̃k−1 + θµ ε

−1
µ i∂∂|z′µ|

2

at every point of Zk ∩ W . Moreover i∂∂ϕ̃k−1 has at most (q − 1)–negative or
zero eigenvalues on TZk since Zk ⊂ Y , whereas i∂∂|z′µ|

2 is positive definite in the
normal directions to Zk in Ωµ . In case (a), we thus find that ϕ̃k is strongly q–convex
on W for εµ small enough; we also observe that only finitely many conditions
are required on each ελ if we choose a locally finite covering of

⋃
Supp θλ by

neighborhoodsW as above. Therefore, for ελ small enough, ϕk is strongly q–convex
on a neighborhood V

′

k of Zk \ Vk−1 . The function ϕk and the set Vk = Vk−1 ∪ V
′
k

satisfy the requirements at order k . It is clear that we can choose the sequence ϕk

stationary on every compact subset of X ; the limit ϕ and the open set V =
⋃
Vk

fulfill theorem 4. �

The second step is the existence of almost psh (plurisubharmonic) functions
having poles along a prescribed analytic set. By an almost psh function on a
manifold, we mean a function that is locally equal to the sum of a psh function
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and of a smooth function, or equivalently, a function whose complex Hessian has
bounded negative part. On a complex space, we require that our function can be
locally extended as an almost psh function in the ambient space of an embedding.

Lemma 5.— Let Y be an analytic subvariety in a complex space X . There

exists an almost plurisubharmonic function v on X such that v ∈ C∞(X \Y ) and

v = −∞ on Y (with logarithmic poles along Y ).

Proof.— Since IY ⊂ OX is a coherent subsheaf, there is a locally finite covering
of X by patches Aλ isomorphic to analytic sets in balls B(0, rλ) ⊂ CNλ , such that
IY admits a system of generators gλ = (gλ,j) on a neighborhood of each set Aλ .
We set

vλ(z) = log |gλ(z)|2 −
1

r2λ − |z − zλ|2
on Aλ ,

v(z) = m
(
. . . , vλ(z), . . .

)
for λ such that Aλ ∋ z ,

where m is a regularized max function defined as follows : select a smooth
function ρ on R with support in [−1/2, 1/2] , such that ρ ≥ 0 ,

∫
R
ρ(u)du = 1 ,∫

R
uρ(u) du = 0 , and set

m(t1, . . . , tp) =

∫

Rp

max{t1 + u1, . . . , tp + up}
∏

1≤j≤p

ρ(uj) duj .

It is clear that m is increasing in all variables and convex, thus m preserves
plurisubharmonicity. Moreover, we have

m(t1, . . . , tj, . . . , tp) = m(t1, . . . , t̂j , . . . , tp)

as soon as tj < max{t1, . . . , tj−1, tj+1, . . . , tp} − 1 . As the generators (gλ,j) can
be expressed in terms of one another on a neighborhood of Aλ∩Aµ , we see that the
quotient |gλ|/|gµ| remains bounded on this set. Therefore none of the values vλ(z)
for Aλ ∋ z and z near ∂Aλ contributes to the value of v(z) , since 1/(r2λ−|z−zλ|

2)
tends to +∞ on ∂Aλ . It follows that v is smooth on X \ Y ; as each vλ is almost
psh on Aλ , we also see that v is almost psh on X . �

Proof of theorem 1.— By theorem 4 applied to a strongly q–convex exhaustion
of Y and δ = 1 , there exists a strongly q–convex function ϕ on a neighborhood
W0 of Y such that ϕ↾Y is an exhaustion. Let W1 be a neighborhood of Y such
that W 1 ⊂ W0 and such that ϕ

↾W 1

is an exhaustion. We are going to show that
every neighborhood W ⊂ W1 of Y contains a strongly q–complete neighborhood
V . If v is the function given by lemma 5, we set

ṽ = v + χ ◦ ϕ on W

where χ : R → R is a smooth convex increasing function. If χ grows fast enough,
we get ṽ > 0 on ∂W and the (q − 1)–codimensional subspace on which i∂∂ϕ is
positive definite (in some ambient space) is also positive definite for i∂∂ṽ provided
that χ′ be large enough to compensate the bounded negative part of i∂∂v . Then
ṽ is strongly q–convex. Let θ be a smooth convex increasing function on ] −∞, 0[
such that θ(t) = 0 for t < −3 and θ(t) = −1/t on ] − 1, 0[ . The open set
V = {z ∈ W ; ṽ(z) < 0} is a neighborhood of Y and ψ̃ = ϕ + θ ◦ ṽ is a strongly
q–convex exhaustion of V . �
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3. q–convexity properties in top degrees.

It is obvious by definition that a n–dimensional complex manifoldM is strongly
q–complete for q ≥ n+ 1 . If M is connected and non compact, this property also
holds for q = n , i.e. there is a smooth exhaustion ψ on M such that i∂∂ψ has
at least one positive eigenvalue everywhere. In fact, one can even show that M
has strongly subharmonic exhaustion functions. Let ω be an arbitrary hermitian
metric on M . We consider the Laplace operator ∆ω defined by

∆ωv = Traceω(i∂∂v) =
∑

1≤j,k≤n

ωjk(z)
∂2v

∂zj∂zk

where (ωjk) is the conjugate of the inverse matrix of (ωjk) . Observe that ∆ω

coincides with the usual Laplace-Beltrami operator only if ω is Kähler. We will
say that v is strongly ω–subharmonic if ∆ωv > 0 . Clearly, this property implies
that i∂∂v has at least one positive eigenvalue at each point, i.e. that v is strongly
n–convex. Moreover, since

∆ωχ(v1, . . . , vs) =
∑

j

∂χ

∂tj
(v1, . . . , vs) ∆ωvj +

∑

j,k

∂2χ

∂tj∂tk
(v1, . . . , vs) 〈∂vj, ∂vk〉ω,

subharmonicity has the advantage of being preserved by all convex increasing
combinations, whereas a sum of strongly n–convex functions is not necessarily
n–convex. We shall need the following partial converse.

Lemma 6.— If ψ is strongly n–convex on M , there is a hermitian metric ω
such that ψ is strongly subharmonic with respect to ω .

Proof.— Let Uλ ⊂⊂ U ′
λ , λ ∈ N , be locally finite coverings of M by open balls

equipped with coordinates such that ∂2ψ/∂z1∂z1 > 0 on U ′
λ . By induction on λ ,

we construct a hermitian metric ωλ on M such that ψ is strongly ωλ–subharmonic
on U0 ∪ . . . ∪ Uλ−1 . Starting from an arbitrary ω0 , we obtain ωλ from ωλ−1 by
increasing the coefficient ω1 1

λ−1 in (ωjk
λ−1) = (ωλ−1,kj)

−1 on a neighborhood of Uλ .
Then ω = limωλ is the required metric. �

Lemma 7.— Let U,W ⊂ M be open sets such that for every connected

component Us of U there is a connected component Wt(s) of W such that

Wt(s) ∩ Us 6= ∅ and Wt(s) \ Us 6= ∅ . Then there exists a function v ∈ C∞(M,R) ,

v ≥ 0 , with support contained in U ∪W , such that v is strongly ω–subharmonic

and > 0 on U .

Proof.— We first prove that the result is true when U,W are small cylinders
with the same radius and axis. Let a0 ∈ M be a given point and z1, . . . , zn

holomorphic coordinates centered at a0 . We set Re zj = x2j−1 , Im zj = x2j ,
x′ = (x2, . . . , x2n) and ω =

∑
ω̃jk(x)dxj ⊗ dxk. Let U be the cylinder |x1| < r ,

|x′| < r , and W the cylinder r − ε < x1 < r + ε , |x′| < r . There are constants
c, C > 0 such that

∑
ω̃jk(x)ξjξk ≥ c|ξ|2 and

∑
|ω̃jk(x)| ≤ C on U .

Let χ ∈ C∞(R,R) be a nonnegative function equal to 0 on ]−∞,−r]∪ [r+ε,+∞[
and strictly convex on ]−r, r] . We take explicitly χ(x1) = (x1+r) exp(−1/(x1+r)

2
)
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on ] − r, r] and

v(x) = χ(x1) exp
(
1/(|x′|2 − r2)

)
on U ∪W , v = 0 on M \ (U ∪W ) .

We have v ∈ C∞(M,R) , v > 0 on U , and a simple computation gives

∆ωv(x)

v(x)
= ω̃11(x)

(
4(x1 + r)−5 − 2(x1 + r)−3

)

+
∑

j>1

ω̃1j(x)
(
1 + 2(x1 + r)−2

)
(−2xj)(r

2 − |x′|2)−2

+
∑

j,k>1

ω̃jk(x)
(
xjxk

(
4 − 8(r2 − |x′|2)

)
− 2(r2 − |x′|2)2δjk

)
(r2 − |x′|2)−4.

For r small, we get

∆ωv(x)

v(x)
≥ 2c(x1+r)

−5−C1(x1+r)
−2|x′|(r2−|x′|2)−2+(2c|x′|2−C2r

4)(r2−|x′|2)−4

with constants C1, C2 independent of r . The negative term is bounded by
C3(x1 + r)−4 + c|x′|2(r2 − |x′|2)−4 , hence

∆ωv/v(x) ≥ c(x1 + r)−5 + (c|x′|2 − C2r
4)(r2 − |x′|2)−4 .

The last term is negative only when |x′| < C4r
2 , in which case it is bounded by

C5r
−4 < c(x1 + r)−5 . Hence v is strongly ω–subharmonic on U .

Next, assume that U and W are connected. Then U ∪W is connected. Fix a
point a ∈ W \ U . If z0 ∈ U is given, we choose a path Γ ⊂ U ∪W from z0 to a
which is piecewise linear with respect to holomorphic coordinate patches. Then
we can find a finite sequence of cylinders (Uj ,Wj) of the type described above,
1 ≤ j ≤ N , whose axes are segments contained in Γ , such that

Uj ∪Wj ⊂ U ∪W , W j ⊂ Uj+1 and z0 ∈ U0 , a ∈WN ⊂W \ U .

For each such pair, we have a function vj ∈ C∞(M) with support in U j ∪W j ,
vj ≥ 0 , strongly ω–subharmonic and > 0 on Uj . By induction, we can find
constants Cj > 0 such that v0 + C1v1 + · · · + Cjvj is strongly ω–subharmonic on
U0 ∪ . . . ∪ Uj and ω–subharmonic on M \W j . Then

wz0
= v0 + C1v1 + . . .+ CNvN ≥ 0

is ω–subharmonic on U and strongly ω–subharmonic > 0 on a neighborhood Ω0

of the given point z0 . Select a denumerable covering of U by such neighborhoods
Ωp and set v(z) =

∑
εpwzp

(z) where εp is a sequence converging sufficiently fast
to 0 so that v ∈ C∞(M,R) . Then v has the required properties.

In the general case, we find for each pair (Us,Wt(s)) a function vs with support
in Us ∪W t(s) , strongly ω–subharmonic and > 0 on Us . Any convergent series
v =

∑
εsvs yields a function with the desired properties. �

Lemma 8.— Let X be a connected, locally connected and locally compact

topological space. If U is a relatively compact open subset of X , we let Ũ be the

union of U with all compact connected components of X \U . Then Ũ is open and

relatively compact in X , and X \ Ũ has only finitely many connected components,

all non compact.
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Proof.— A rather easy exercise of general topology. Intuitively, Ũ is obtained
by “filling the holes” of U in X . �

Theorem 9 (Greene-Wu [G-W]).— Every n–dimensional connected non

compact complex manifold M has a strongly subharmonic exhaustion func-

tion with respect to any hermitian metric ω . In particular, M is strongly

n–complete.

Proof.— Let ϕ ∈ C∞(M,R) be an arbitrary exhaustion function. There exists
a sequence of connected smoothly bounded open sets Ω′

ν ⊂⊂ M with Ω
′

ν ⊂ Ω′
ν+1

and M =
⋃

Ω′
ν . Let Ων = Ω̃′

ν be the relatively compact open set given by lemma 8.
Then Ων ⊂ Ων+1 , M =

⋃
Ων and M \Ων has no compact connected component.

We set

U1 = Ω2 , Uν = Ων+1 \ Ων−2 for ν ≥ 2 .

Then ∂Uν = ∂Ων+1∪∂Ων−2 ; any connected component Uν,s of Uν has its boundary
∂Uν,s 6⊂ ∂Ων−2 , otherwise Uν,s would be open and closed in M \Ων−2 , hence Uν,s

would be a compact connected component of M \Ων−2 . Therefore ∂Uν,s intersects
∂Ων+1 ⊂ Uν+1 . If Uν+1,t(s) is a connected component of Uν+1 containing a point

of ∂Uν,s , then Uν+1,t(s)∩Uν,s 6= ∅ and Uν+1,t(s) \Uν,s 6= ∅ . Lemma 7 implies that
there is a nonnegative function vν ∈ C∞(M,R) with support in Uν ∪Uν+1 , which
is strongly ω–subharmonic on Uν . An induction yields constants Cν such that

ψν = ϕ+ C1v1 + · · ·+ Cνvν

is strongly ω–subharmonic on Ων ⊂ U0 ∪ . . . ∪ Uν , thus ψ = ϕ +
∑
Cνvν is a

strongly ω–subharmonic exhaustion function on M . �

By an induction on the dimension, the above result can be generalized to an
arbitrary complex space, as was first shown by T. Ohsawa [Oh2].

Proof of theorem 2 (a,b).— By induction on n = dimX . For n = 0 , property
(b) is void and (a) is obvious (any function can then be considered as strongly
1–convex). Assume that (a) has been proved in dimension ≤ n − 1 . Let X ′ be
the union of Xsing and of the irreducible components of X of dimension at most
n − 1 , and M = X \ X ′ the n–dimensional part of Xreg . As dimX ′ ≤ n − 1 ,
the induction hypothesis shows that X ′ is strongly n–complete. By theorem 1,
there exists a strongly n–convex exhaustion function ϕ′ on a neighborhood V ′ of
X ′ . Take a closed neighborhood V ⊂ V ′ and an arbitrary exhaustion ϕ on X
that extends ϕ′

↾V . Since every function on a n–dimensional manifold is strongly
(n+1)–convex , we conclude that X is at worst (n+1)–complete, as stated in (a).

In case (b), the hypothesis means that the connected components Mj of
M = X \ X ′ have non compact closure M j in X . On the other hand, lemma
6 shows that there exists a hermitian metric ω on M such that ϕ↾M∩V is strongly
ω–subharmonic. Consider the open sets Uj,ν ⊂ Mj provided by lemma 10
below. By the arguments already used in theorem 9, one can find a strongly
ω–subharmonic exhaustion ψ = ϕ +

∑
j,ν Cj,νvj,ν on X , with vj,ν strongly

ω–subharmonic on Uj,ν , Supp vj,ν ⊂ Uj,ν ∪ Uj,ν+1 and Cj,ν large. Then ψ is
strongly n–convex on X .
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Lemma 10.— For each j , there exists a sequence of open sets Uj,ν ⊂⊂ Mj ,

ν ∈ N , such that

(a) Mj \ V
′ ⊂

⋃
ν Uj,ν and (Uj,ν) is locally finite in M j ;

(b) for every connected component Uj,ν,s of Uj,ν there is a connected component

Uj,ν+1,t(s) of Uj,ν+1 such that Uj,ν+1,t(s) ∩ Uj,ν,s 6= ∅ and Uj,ν+1,t(s) \ U j,ν,s 6= ∅ .

By lemma 8 applied to the space M j , there exists a sequence of relatively
compact connected open sets Ωj,ν in M j such that M j \ Ωj,ν has no compact
connected component, Ωj,ν ⊂ Ωj,ν+1 and M j =

⋃
Ωj,ν . We define a compact set

Kj,ν ⊂Mj and an open set Wj,ν ⊂M j containing Kj,ν by

Kj,ν = (Ωj,ν \ Ωj,ν−1) \ V
′ , Wj,ν = Ωj,ν+1 \ Ωj,ν−2 .

By induction on ν , we construct an open set Uj,ν ⊂⊂ Wj,ν \X
′ ⊂Mj and a finite

set Fj,ν ⊂ ∂Uj,ν \ Ωj,ν . We let Fj,−1 = ∅ . If these sets are already constructed
for ν − 1 , the compact set Kj,ν ∪ Fj,ν−1 is contained in the open set Wj,ν ,
thus contained in a finite union of connected components Wj,ν,s . We can write
Kj,ν ∪ Fj,ν−1 =

⋃
Lj,ν,s where Lj,ν,s is contained in Wj,ν,s \X

′ ⊂Mj . The open
set Wj,ν,s\X

′ is connected and non contained in Ωj,ν∪Lj,ν,s , otherwise its closure
W j,ν,s would have no boundary point ∈ ∂Ωj,ν+1 , thus would be open and compact
inM j\Ωj,ν−2 , contradiction. We select a point as ∈ (Wj,ν,s\X

′)\(Ωj,ν∪Lj,ν,s) and
a smoothly bounded connected open set Uj,ν,s ⊂⊂ Wj,ν,s\X

′ containing Lj,ν,s with
as ∈ ∂Uj,ν,s . Finally, we set Uj,ν =

⋃
s Uj,ν,s and let Fj,ν be the set of all points as .

By construction, we have Uj,ν ⊃ Kj,ν ∪ Fj,ν−1 , thus
⋃
Uj,ν ⊃

⋃
Kj,ν = Mj \ V

′ ,
and ∂Uj,ν,s ∋ as with as ∈ Fj,ν ⊂ Uj,ν+1 . Property (b) follows. �

Proof of theorem 2 (c).— Let Y ⊂ X be the union of Xsing with all irreducible
components of X that are non compact or of dimension < n . Then dimY ≤ n−1 ,
so Y is n–convex and theorem 1 implies that there is an exhaustion function
ψ ∈ C∞(X,R) such that ψ is strongly n–convex on a neighborhood V of Y . Then
the complement K = X \ V is compact and ψ is strongly n–convex on X \K . �

4. A simple proof of Ohsawa’s Hodge decomposition theorem.

Let M be a complex n–dimensional manifold admitting a Kähler metric ω and
a strongly q–convex plurisubharmonic exhaustion function ψ . For any convex
increasing function χ ∈ C∞(R,R) , we consider the new Kähler metric

ωχ = ω + i∂∂(χ ◦ ψ) = ω + χ′(ψ) i∂∂ψ + χ′′(ψ) i∂ψ ∧ ∂ψ

and the associated geodesic distance δχ . Then the norm of χ′′(ψ)1/2dψ with
respect to ωχ is less than 1 , thus if ρ is a primitive of (χ′′)1/2 we have

∣∣ρ(ψ(x))− ρ(ψ(y))
∣∣ ≤ δχ(x, y) .

Hence ωχ is complete as soon as lim+∞ ρ(t) = +∞ , that is
∫ +∞

0
χ′′(t)1/2dt = +∞.

In the sequel, we always assume that χ grows sufficiently fast at infinity so that
this condition is fulfilled. We denote by L

2,(k)
χ (M) =

⊕
r+s=k L

2,(r,s)
χ (M) the space

of L2 forms of degree k with respect to the metric ωχ , by Hk
χ(M) the subspace
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of L2 harmonic forms of degree k with respect to the associated Laplace-Beltrami
operator ∆χ = dd⋆

χ + d⋆
χd and by Hr,s

χ (M) the space of L2–harmonic forms
of bidegree (r, s) with respect to �χ = ∂ ∂⋆

χ + ∂⋆
χ∂ . As ωχ is Kähler, we have

�χ = �χ = 1
2
∆χ , hence

(1) Hk
χ(M) =

⊕

r+s=k

Hr,s
χ (M) , Hs,r

χ (M) = Hr,s
χ (M)

for each k = 0, 1, . . . , 2n . Since ωχ is complete, we have orthogonal decompositions

L2,(r,s)
χ (M) = Hr,s

χ (M) ⊕ Imr,s ∂χ ⊕ Imr,s ∂⋆
χ

Kerr,s ∂χ = Hr,s
χ (M) ⊕ Imr,s ∂χ ,(2)

where ∂χ is the unbounded ∂ operator acting on L2 forms with respect to ωχ and

where Imr,s means closure of the range (in the specified bidegree). In particular
Hr,s

χ (M) is isomorphic to the quotient Kerr,s ∂χ/Im
r,s ∂χ . Of course, similar

results also hold for ∆χ–harmonic forms.

Lemma 11.— Let u be a form of type (r, s) with L2
loc coefficients on M . If

r+ s ≥ n+ q , then u ∈ L
2,(r,s)
χ (M) as soon as χ grows sufficiently fast at infinity.

Proof.— At each point x ∈M , there is an orthogonal basis (∂/∂z1, . . . , ∂/∂zn)
of TxX in which

ω = i
∑

1≤j≤n

dzj ∧ dzj , ωχ = i
∑

1≤j≤n

λjdzj ∧ dzj ,

where λ1 ≤ . . . ≤ λn are the eigenvalues of ωχ with respect to ω . Then the volume
elements dV = ωn/2nn! and dVχ = ωn

χ/2
nn! are related by

dVχ = λ1 . . . λn dV

and for a (r, s)–form u =
∑

I,J uI,JdzI ∧ dzJ we find

|u|2χ =
∑

|I|=r,|J|=s

( ∏

k∈I

λk

∏

k∈J

λk

)−1

|uI,J |
2 ,

in particular

|u|2χdVχ ≤
λ1 . . . λn

λ1 . . . λr λ1 . . . λs
|u|2dV =

λr+1 . . . λn

λ1 . . . λs
|u|2dV .

On the other hand, we have upper bounds

λj ≤ 1 + C1χ
′(ψ) , 1 ≤ j ≤ n− 1 , λn ≤ 1 + C1χ

′(ψ) + C2χ
′′(ψ)

where C1(x) is the largest eigenvalue of i∂∂ψ(x) and C2(x) = |∂ψ(x)|2 ; to find the
n− 1 first inequalities, we need only apply the minimax principle on the kernel of
∂ψ . As i∂∂ψ has at most q− 1 zero eigenvalues on X \K , the minimax principle
also gives lower bounds

λj ≥ 1 , 1 ≤ j ≤ q − 1 , λj ≥ 1 + c χ′(ψ) , q ≤ j ≤ n ,

where c(x) ≥ 0 is the q–th eigenvalue of i∂∂ψ(x) and c(x) > 0 on X\K . Assuming
χ′ ≥ 1 , we infer easily

|u|2χdVχ

|u|2dV
≤

(
1 + C1χ

′(ψ)
)n−r−1(

1 + C1χ
′(ψ) + C2χ

′′(ψ)
)

(
1 + cχ′(ψ)

)s−q+1

≤ C3

(
χ′(ψ)n+q−r−s−1 + χ′′(ψ)χ′(ψ)n+q−r−s−2

)
on X \K .
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For r + s ≥ n+ q , this is less than

C3

(
χ′(ψ)−1 + χ′′(ψ)χ′(ψ)−2

)
,

and it is easy to show that this quantity can be made arbitrarily small when χ
grows sufficiently fast at infinity on M . �

It is a well-known result of Andreotti-Grauert [A-G] that the natural topology
on the cohomology groups Hk(M,F) of a coherent sheaf F over a strongly
q–convex manifold is Hausdorff for k ≥ q . If F = O(E) is the sheaf of sections
of a holomorphic vector bundle, this topology is given by the Fréchet topology on
the Dolbeault complex of L2

loc forms with L2
loc ∂–differential. In particular, the

morphism
Kerr,s∂χ −→ Hs(M,Ωr)

is continuous and has a closed kernel, and therefore this kernel contains Imr,s ∂χ .
We thus obtain a factorization

Hr,s
χ (M) ≃ Kerr,s ∂χ/Im

r,s ∂χ −→ Hs(M,Ωr) .

Consider the direct limit

(3) lim
−→

χ

Hr,s
χ (M) −→ Hs(M,Ωr)

over the set of smooth convex increasing functions χ with the ordering

χ1 4 χ2 ⇐⇒ χ1 ≤ χ2 and L2,(k)
χ1

(M) ⊂ L2,(k)
χ2

(M) for k = r + s ;

this ordering is filtering by the proof of lemma 13. It is well known that the De
Rham cohomology groups are always Hausdorff, hence there is a similar morphism

(4) lim
−→

χ

Hk
χ(M) −→ Hk(M,C) .

The first decomposition in theorem 3 follows now from (1) and the following simple
lemma.

Lemma 12.— The morphisms (3), (4) are one-to-one for k = r + s ≥ n+ q .

Proof.— Let us treat for example the case of (3). Let u be a smooth ∂–closed
form of bidegree (r, s) , r + s ≥ n + q . Then there is a choice of χ for which
u ∈ L

2,(r,s)
χ (M) , so u ∈ Kerr,s ∂χ and (3) is surjective. If a class {u} ∈ Hr,s

χ0
(M)

is mapped to zero in Hs(M,Ωr) , we can write u = ∂v for some smooth form v of
bidegree (r, s− 1) . In the case r+ s > n+ q , we have v ∈ L

2,(r,s−1)
χ (M) for some

χ < χ0 . Hence the class of u = ∂χv in Hr,s
χ (M) is zero and (3) is injective. When

r + s = n+ q , the form v need not lie in any space L
2,(r,s−1)
χ (M) , but it suffices

to show that u = ∂v is in the closure of Imr,s ∂χ for some χ . Let θ ∈ C∞(R,R) be
a cut-off function such that θ(t) = 1 for t ≤ 1/2 , θ(t) = 0 for t ≥ 1 and |θ′| ≤ 3 .
Then

∂
(
θ(εψ)v

)
= θ(εψ)∂v + εθ′(εψ)∂ψ ∧ v .

By the proof of lemma 11, there is a continuous function C(x) > 0 such that
|v|2χdVχ ≤ C

(
1+χ′′(ψ)/χ′(ψ)

)
|v|2dV , whereas |∂ψ|2χ ≤ 1/χ′′(ψ) by the definition

of ωχ . Hence we see that∫

M

|θ′(εψ)∂ψ ∧ v|2χdVχ ≤ 9

∫

M

C
(
1/χ′′(ψ) + 1/χ′(ψ)

)
|v|2dV
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is finite for χ large enough, and ∂
(
θ(εψ)v

)
converges to ∂v = u in L

2,(r,s)
χ (M) . �

By Poincaré-Serre duality, the groups Hk
c (M,C) and Hs

c (M,Ωr) with compact
supports are dual toH2n−k(M,C) andHn−s(M,Ωn−r) as soon as the latter groups
are Hausdorff and finite dimensional. This is certainly true for k = r+ s ≤ n− q ,
thus we also obtain a Hodge decomposition

(5) Hk
c (M,C) ≃

⊕

r+s=k

Hs
c (M,Ωr) , Hr

c (M,Ωs) ≃ Hs
c (M,Ωr) , k ≤ n− q .

As in Ohsawa [Oh1], it is easy to prove that the Lefschetz isomorphism

(6) ωn−r−s
χ ∧ • : Hr,s

χ (M) −→ Hn−s,n−r
χ (M)

yields in the limit an isomorphism from the cohomology with compact support
onto the cohomology without supports. Indeed, the natural morphism

(7) Hs
c (M,Ωr) −→ Kerr,s ∂χ/Im

r,s ∂χ ≃ Hr,s
χ (M) , r + s ≤ n− q

is dual to Hn−r,n−s
χ (M) −→ Hn−s(M,Ωn−r) , which is surjective for χ large by

lemma 11 and the finite dimensionality of the target space. Hence (7) is injective
for χ large and after composition with (6) we get an injection

Hs
c (M,Ωr) −→ Hn−s,n−r

χ (M) .

If we take the direct limit over all χ , combine with the isomorphism (3) and
observe that ωχ has the same cohomology class as ω , we obtain an injective map

(8) ωn−r−s ∧ • : Hs
c (M,Ωr) −→ Hn−r(M,Ωn−s) , r + s ≤ n− q .

As both sides have the same dimension by Serre duality and Hodge symmetry, this
map must be an isomorphism. Since (8) can be factorized through Hs(M,Ωr) or
through Hn−r

c (M,Ωn−s) , we infer that the natural morphism

(9) Hs
c (M,Ωr) −→ Hs(M,Ωr)

is injective for r + s ≤ n− q and surjective for r + s ≥ n+ q . Of course, similar
properties hold for the De Rham cohomology groups.
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