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ABSTRACT

Let Q be a domain in the complex plane such that €2 satisfies appropriate geo-
metrical and topological properties. We prove that if f is a holomorphic function
in €, then its Taylor series, with center at any £ € 2, is universal with respect to
overconvergence if and only if its Cesaro (C, k)-means are universal for any real
k > —1. This is an extension of the same result, proved recently by F. Bayart,
for any integer £ > 0. As a consequence, several classes of universal functions
introduced in the related literature are shown to coincide.

Key words: Universal series, overconvergence, Taylor series, Cesaro means, Ostrowski
gaps.
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1. Introduction

The first example of a universal Taylor series in the complex plane C was defined by
Seleznev in [32]. He proved that there exists a sequence of complex numbers (ay,)
such that, for any compact set K C C with 0 ¢ K and connected complement and for
any function A, continuous on K and holomorphic in the interior of K, there exists a
sequence of natural numbers (\,,) such that 2221 arz"® converges to h uniformly on
K. Of course, the radius of convergence of such a power series is necessarily equal to
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zero. Later on, universal Taylor series with strictly positive radius of convergence were
defined, first independently by Luh [20] and Chui and Parnes [8] and finally, in their
strongest sense, by Nestoridis [28]. Moreover, Melas and Nestoridis have studied in
[24] the existence of universal Taylor series with respect to summability methods (see
also [5,7]). Next, in [2], F. Bayart proved, among others, that if f is a holomorphic
function in a “suitable” simply connected domain €2, then its Taylor series is universal
if and only if its Cesaro (C, k)-means are universal for any integer £ > 0. Our aim
here is to give a new proof of this result, extending this to every real k > —1.

Let us first recall some notations and definitions. Let £ be a simply connected
domain in the complex plane, Q # C. We denote by H(2) the set of holomorphic
functions on €2, endowed with the topology of uniform convergence on compact sets.
For f € H(Q)) we denote by S, (f, ) the nth-partial sum of the Taylor series of f with
center at £ € (), that is

Su(£,6)(2) =D ay(z—§" (:€C).
v=0

Then, for real k > —1, the (C, k)-means of order n of the Taylor expansion of f with
center &, are given by

AL, v
Ak al/(’z_g) ’

IIOEDY
v=0

where
o~ Lm+i+h) G+ +2)-(+m)
™ Dim4+ 1)L+ 1) m! ’

i.e., AJ equals to (mn:j), or, if j is an integer, to (mjﬂ) The I' in the above formula
is Euler’s Gamma function. We refer to [33] for standard properties of Cesaro means
of series. Further, for K a subset of C, we denote by K° its interior and by K¢
its complement. Finally, D(w,r) and D(w,r) stand for the open and closed disk,
respectively, with center w € C and radius r > 0.

In the following we shall prove our main results for universal Taylor series in the
sense of Nestoridis. Then, the corresponding results for universal Taylor series in the

sense of Luh and Chui - Parnes follow easily.

Definition 1.1. Let f € H(Q), £ € Q, j € (—1,400) and let K be a compact set in
C with KN Q =0, K¢ connected and h : K — C be a continuous function on K and
holomorphic in K°.

e If, for every K and h as above, there exists a sequence (A,) of natural numbers
such that
sup |S)\'n.(f) 5)(2) - h’(Z)| - 07 as n — oo,
zeK

then we say that f belongs to the class U(¢, Q°).
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e If, for every K and h as above, there exists a sequence (A,) of natural numbers
such that, for every compact set N C €2,

sup sup |Sx, (f,€)(z) — h(z)] — 0, as n — oo,
EeEN zeK

then we say that f belongs to the class U(€2,Q°).

e If, for every K and h as above, there exists a sequence (A,) of natural numbers
such that

sup |U§\n(f, &)(z) = h(z)] — 0, as n — oo,
zeK
then we say that f belongs to the class Uces(jy (&, 2°).

o If for every K and h as above, there exists a sequence (A,) of natural numbers
such that, for every compact set N C €2,

sup sup |0} (f,€)(2) — h(z)| = 0, as n — oo,
¢eNzek "

then we say that f belongs to the class Ugeqj) (€2, Q).

o If, for every K and h as above, there exists a sequence (A,) of natural numbers
such that, for every j > —1,

sup |(7§n (fa 5)(2) - h’(Z)| - 07 as n — oo,
zeK )

then we say that f belongs to the class Uces(&, Q°).

o If for every K and h as above, there exists a sequence (A,) of natural numbers
such that, for every compact set N C 2 and for every j > —1,

sup sup |03 (f,£)(2) = h(2)] = 0, as n — o,
¢eNzek "

then we say that f belongs to the class Uges(€2, Q°).

Definition 1.2. If in Definition 1.1 the compact set K does not meet the boundary
of ,i.e. KNQ =0, then we have the definitions of the corresponding classes

U(évﬁc)a U(Qvﬁc)a UC’es(j)(é-vﬁc)a UC’es(j)(Qvﬁc)a UCes(gaﬁc) and UCSS(QvﬁC)a
in the sense of Luh and Chui - Parnes.

Remark 1.3. In all the above definitions it is equivalent to require \,, < A, 4+1. Further-
more, suitable applications of Baire’s Theorem and Mergelyan’s Theorem show that
all the above classes are dense and G subsets of H () ([3,13,24,26,28,29]). For the
importance of generic results and the role of Baire’s Theorem in Complex, Harmonic
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and Functional Analysis we refer to [14,15]. Properties of the universal functions be-
longing to these classes can be found in [1,2,4,9-12,16,19,23-28,30,31]. For example,
if 0 =D = D(0,1) we have U(0,D¢) # U(0,D°) ([26]). In general the classes U (¢, Q°)
and U (€2, Q°) contain functions, which have wild properties; in particular they cannot
be smooth on the boundary ([24], [25], [26]) and they are holomorphic exactly in §
(124], [31]). On the contrary the classes U(£,Q°) and U(€2,Q°) contain also smooth
functions up to the boundary, provided that {co} UQ" is connected ([25], [26], [16]),
or holomorphically extendable outside €2, provided that 9 # 9Q ([31]).

In the sequel we shall need some of the properties proved in the papers mentioned
in Remark 1.3. We will present these at the beginning of Section 3. In Section 2,
first we give the definition of Ostrowski gaps. Then, we prove a basic proposition,
concerning subsequences of the Cesaro means of the sequence of the partial sums of a
series possessing Ostrowski gaps, required for the proof of our main results. In Section
3 we prove our main results. We notice that in order to obtain these results, we shall
impose some restrictions on the domain 2. More precisely, we define:

Definition 1.4. Let 2 be a simply connected domain. We shall say that € is
admissible, if € is contained in the complement of an angle with strictly positive
opening and it satisfies the following geometrical and topological restrictions:

For any compact set K C C with K¢ connected and such that K N Q = ) for the
case of Definition 1.1 and K N Q = () for the case of Definition 1.2, there exist two
compact subsets L and M of C and a positive real number r, such that K C L C M
and

e MNQ = ) for the case of Definition 1.1 and M NQ = () for the case of Definition
1.2.

e M€ is connected.
e For any z € L, there exists w € L such that z € D(w,r) and D(w,r) C L.

Remark 1.5. In [2, Section 4], F. Bayart proved that circles, squares and so on, are
admissible domains. Of course, for the case of Definition 1.2, any simply connected
domain 2 is admissible provided that €2 is contained in the complement of an angle
with strictly positive opening.

Now, the main result, which we shall prove in Section 3, is the following:

Theorem 1.6. If Q is an admissible simply connected domain, then all the classes
of universal functions in Definition 1.1 coincide and the same is true for the classes
of Definition 1.2. In particular, for the classes of Definition 1.2, this is true for any
simply connected domain €2 such that € is contained in the complement of an angle
with strictly positive opening.
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2. Ostrowski gaps and Cesaro means
By [33, Chapter III, Theorem 1.21] we know that

if a series is summable (C,j), j > —1, to sum s, it is also summable
(C,j+ A) to s, for every A > 0.

Moreover, if we assume that the series possesses gaps (pm,Gm) With % >q > 1,

which means that for p,, < v < ¢, its terms a, equal zero, then ([33, Chapter III,
Theorem 1.27])

if it is summable (C, 1) to sum s, the subsequence S,,, (and so S, too)
of its partial sums tends to s.

In this section we shall prove that under some further restrictions, a stronger result
of this kind is true for subsequences of Cesaro means of complex series possessing
Ostrowski gaps (see Proposition 2.3).

We start by recalling the definition of Ostrowski gaps. Ostrowski gaps were suc-
cessfully used, for example in [2,4,6,8,21,22,24,27], to obtain certain properties of
universal Taylor series with respect to overconvergence. Here, in order to prove our
results, Ostrowski gaps will also be our main tool.

Definition 2.1. Let ZEOZO a, be a series of complex numbers, or, more generally,
let ZZOZO a,(z — &)Y be a power series with positive radius of convergence. We say
that each of them has Ostrowski gaps (pm, ¢m ), if (bm) and (g.,) are two sequences of
natural numbers such that:

(i) P <qr<p2<q<p3<qz<--- andlimméoog—::oo.

(ii) For I =U,°_{pm + 1, ..., qm}, we have lim, ¢y la, |7 = 0.

Remark 2.2. By condition (ii) of Definition 2.1 we can subtract a constant from
>0l Gw, Or an entire function from >0 a,(z — €)Y, in order to have

Ap, 41 = Up, 42 = -+ = aq, = 0.
Thus, without loss of generality, we shall assume this in the sequel.
Now, our basic proposition of this section is the following:

Proposition 2.3. Let Y a, be a complex series with Ostrowski gaps (pm, qm). If
for some 7 > —1 we have
o). =8, as m-— o0 (1)

and there are constants B > 2 and Cy1 > 0 such that

WweN, |a| < B 2)
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and
Pm A]
Z I/(I/ - 1) e (V - k + I)Mau S Cl(Bpm)ka k = 1725 <oy Pms (3)
v=k @

then

o forj>—1, 0" — s and also
e forj >0, ag::)‘ — s, for every A\, =1 < A < 1.

In order to prove Proposition 2.3 we shall need two lemmas, which we state and
prove immediately after the following remarks. First, as we notice in Remark 2.2 we
can assume that

a/p7n+1 = a/pw1+2 == a/‘hn =0.
if m Agmfn m v m
Then, if we set a" = i an and Sy (a) =" _, ar', we have that
T = @0 + S, (a7') = -+ = a0 + Sp,, ().

By (1) we conclude that there exists a constant Cy > 0, such that |S,,  +1(a))| =
[Sp,. (am)] < Cy. Let C = max{1, Cy,Cs}. Having now the sequences (py,) and (gm),
the constants B and C' and the fact that z—’" — 0 as m — oo, we obtain that for every
e > 0 there exists mg € N such that for every m > my

(B + 1)pm

&
- 4
Cqulf(B+1)pm<4 @

If in (4) we take £ = 1, then the corresponding my is independent of ¢ and we denote
this by mq. In the following lemma, we shall use this m;.

Lemma 2.4. For m € N we denote by (al') a sequence of complex numbers (see for
exzample the sequence (al') defined above). Let S,(al) =" _, a and let (pm), (gm)
be two sequences of natural numbers, satisfying (i) of Definition 2.1. Assume also
that there exist two constants B > 2 and C > 1 such that:

Vi > mi, [Sp, (@M <C and |Sy,41(a™)] < C. (5)
Ym >my, |a)t| < BY for v < ppy. (6)
Pm
szml, Zy(y—l)(yfk«i»l)a:;n SC(Bpm)kv k:15277pm (7)
v=~k

Then we have:

Pm—1

Z Sy(ay’)

v=1

Ym > my, [Sy(an)] < B! forv < pp,, and <C(B+1pm- (8)
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m

Sy 1)+ (v — k4 DS < CBom)* = prpm + 1, (9)
v=k

Ym > my,

and if (x.,) is a sequence of real numbers with x,, > ¢, — 1, then

Ppm—1
1 (B + 1)pm,
Su(ap)| < C——5—"—F—.

Ym > my,

Moreover, form € N and v < p,,, + 1 we define

b = L(am).
= Sl

Then, (5), (6) and (7) are valid if we replace (a*) by (b)) and thus the same is true
for (8), (9) and (10) with (b)) instead of (al*).

Proof. For the proof we shall need the following well known formula of summation
by parts

Zc Z — Cu41)Sy + € Sh,
v=1 v=1
where S, = uy + - +uk, k =1,2,...,n. Appropriately modified, it yields (¢ = 0)

n n—1

Z CylUy = Z(Cu - Cu+1)Su + CTLSTM

v=k+1 v=k

for every k > 1.
Now, in order to prove (8), we have by summation by parts that

DPm Pm—1
Z va)' = Z Sy(an') + pmSp,, (ant).
v=1

Then, by (5) and (7) we obtain that for every m > my,

Ppm—1

Zs

The first part of (8) is trivial:

< CBpy, + Cpp, = C(B + 1)py,

- BY —1
S, (™) < m < B+B2+..-.4+B"=RB
[Su(a)[ < Y la| < B+ B2+ + 5

n=1

1
< B"*!,
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since B > 2. For (9), we have by summation by parts that

i viv—1)---(v—Fk)a
v=~k+1
=—(k+1) "‘Z viv—=1)---(v—=k+1)Su(a)) + Pm(®Pm — 1) - (Pm — k)Sp,. (ay').
v=k

Then, again by (5) and (7) we obtain that for every m > my,

pm—1 k+1

B 1
ST v -1 (v —k+1)S,(a))] < %pﬁl < C(Bpm)™*.
v=k

Moreover, for every m > myq, it is evident that

Pm k+1

B 1
Yo vy —1) (v~ k+ 1S, < oBT 4+ o 1+ ) 1 Ot < OB,
v=k

To prove (10) consider a sequence of real numbers (z,,) with 2, > ¢, — 1. Then,
by the definition of my (see (4)), we have that for every m > my,

(B + 1)pm (B+ Lpm 1
C <C < -.
Ty —(B+1)pm = gm—1—(B+1)pn 4

Besides this, we shall use frequently below the fact that

B C C Bpp,

l’m*pm7 l’m*pm7 'Tm*pmfl Lm — Pm
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are less than C' % and so less than i for every m > my. Now we have
Pm—1 Pm—1
1 1 T
Su my _ _— m Sl/ m
S s - 3 s
1 Pt 1Pty
= — S, (a — S, (a
w2 S+ o 2:31 (@)
1 Ppm—1 1 Pm—1
= — S, (a” S, (a
T — (an)—i_l‘m(l‘m*l) l;l v (an)
1 i viv—1)
S, (a) =
T (T, — 1) = TV (a')
1 Ppm—1 1 Pm—1
_ Sl/ m Su m
3 S+ oy 3 )
1 Pm—1
- 1S, (a”
1 Pm—1
—1(v—-2)S,(a
Ty X Y DD +
m — 1)! m
(o 1) Sy @)

T (X — 1)+ (Xyy — P + 1)
Thus, by (8) and (9) we easily obtain that

Pm—1 2
3 5, (am)| < ¢ BT P <1+ . +( £ ) + )
=1 Tm—V Tm — Pm Lm — Pm Tm — Pm

It remains to prove (5), (6) and (7) for the sequence (b7"). Since
1

Ty — V

by =

Su(az)),

we have by (5) and (10) that for every m > my

Pm Pm—1 1 1
my| m| < m m
|Spm(bn)| ;bu — 1;1 .Z‘m*l/SV(an) + l'm*pmspm(an)
<C (B + 1)pm, C <c

xm_(B+1)pm Tm — Pm o
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and similarly

(B+ 1)pm C C
S, by <C <C.
Furthermore, by (8)
1 B
1= | st < B < B
m Tm — Pm
Finally,
Pm Pm
v =1)(v—k+1)b] :Z”(”*1>"'(V*’“+1)$m_ﬁv(“n)
v=k v=k
1 om, Ty — k m
= CEm_kZl,(l,f1)...(1/flc+1)$m_VSL,(an),
v=~k

and continuing as in the proof of (10), we arrive at the following formula:

S vl 1) kDB = S 1) (v k1S
v=k m v=k
+(1: 7]{:)(; my— zm: viv—=1)--(v—Fk)S,(al) + ...
m m v=k+1

P! .
- (X — E) (@ — k= 1)+ (24 ,pm)spm (ay').

Then, by (5) and (9) we conclude that for every m > m; we have

Pm B B 2
vy —=1)--(v—k+1)b SC(Bpm)k< bm +( P ) +>
v—k Tm — Pm Tm — Pm
Bp
= C(Bppy)f —————" < C(Bpm)",
(p)xm7(3+1)pm_ (Bpm)
and the proof is complete. |

From Lemma 2.4 we conclude that everything we can prove for the sequence
(a™), using (5) to (10), is automatically true for the sequence (b7"). For example, by
summation by parts we have:

Pm pm—1

1 1 1 1

- e = g = S, (a™
z:(a:era:m—l+ +acm—y—&—l)a” Zx (az)
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So, by (5) and (10) we have

A 1 1 .
S —+ +oip ————— | ay
L | T — V41

for m > my. Since z,, > ¢n — 1, we have by (4) that for every ¢ € (0,1) the
corresponding mg is greater than m, and so for every m > mgy we have

NS 1 1 .
d(—+ bk ————Jal| <
Tm Ty — 1 Ty —V+1

v=1

DO ™

Then, we automatically conclude that for the same m > my it is also true that

NV 1 1 -
d(—+ bk ——— 0| <
Tm T — 1 Tm —V+1

v=1

(11)

DO ™

Let us suppose now that for the sequence (ay;') of Lemma 2.4 we have that a;’
tends to zero and more precisely

C

m
<
|apm+1| T T — Pm — 1

in accordance to by ., (in fact we shall take later a;’ ., = 0). Next, we denote by

1 1 1 1
Sk | —» s Ty = . )
(zm Tm -1 Tm n) Z (xm 7]1) e (l’m 7]]@)

0<j1<--<jr<n

k = 2,3,...,n, the kth symmetric polynomial in the variables ach’ ﬁ, e ,Im%n.
Then, by summation by parts we have
p“f 11 1 .
s 0 Ty a,
= 2 T T — 1 Tm —V+1
Pm
1 1 1 1
= - — + + - S, (a™
;<xm Loy — 1 mm—u+1>azm—u v(an)
1 1 1
- S m
r(E i Yo
Pm
1 1 1
- (e )i
— \Tm Ty — 1 Tm —V+1
1 1 1
— ) ) S n
+ 52 (xm Tom — 1 T pm) pm"l‘l(a’n)
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which, by (5) and (11), implies that

e S| 1 .
E 52 ) s a,
T Ty — 1 T — V41

v=2 Tm — Pm

and so

b 1 1 1 e Clpm+1 N\ Cpmlpm+1)

ZSQ — s Ty a,, §_+_

v=2 T Tm — 1 T —V+1 2 2 \Tm —Pm 2(zm — pm)?
<£+(§2
_2 2 )

since

2 2
%(perl)+Cpm(pm+1)§%(pm+1> (1+ 1 )

2(93m *pm)g
< (o 55 ) <6)

for every m > mg. Then, we automatically conclude that for the same m > my it is

alSO lIue llla‘
= 52 (62)
=

which we shall need in order to continue one more step further. Thus, for every
m > my, an easy induction argument on k implies that the following holds:

Pm k
1 1 1 e\
- ml < i
ZSk(xm’zmy ’mmyﬂ)“v —;(2)

v=~k

Pm
1 1 1

E 59 ) s Ty b:/n
T T — 1 Tm —V+1

v=2

Since for every ¢ < 1, Zizl (%)n < g, we have proved the following:

Lemma 2.5. If for the sequence (al*) of Lemma 2.4 we have that ay,' 1 =0, then
for every 0 < e < 1 there exists mg € N such that for all m > my

o <1 1 1 > .
E Sk ) s a,
ot T Ty — 1 Tm —V+1

<k,

We are now ready to prove our basic Proposition 2.3.
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Proof. Without loss of generality, we assume that a,, 1 =--- = a4, = 0. Thus,

m A m A
A Zq A Zp Apy
g A, = a, =
dm A] I+ A] I+
= qm v= qm

Qm+] Qm‘i’j*1)"'(qm+j77/+1)Alj1m—Va

—aJr -
’ (@m+7+ X (gm+i+A-v+1) A

v=1
For A =1 this yields that

v

1 Pm 7

1A —v 1 —v
0'J+1 —ao+ZqM+ Sy ay, =0y — : ZV =¥ 6,
= qmtit+l A "m0 AL

which implies the desired result for any j > —1, i.e.

) ) 1 Pm 7 B
oIt — g < |g? 75+7,Zyya —0

by (1), (3) and the fact that £= — 0.

AJ
For j > 0and —1 <A <1, we set a;) = —#—=ay, Tm = ¢m +J+ A > gm —1 and

am

Pm
A
I = 1-—= l———a™
op a+z< ) < xm—u—i—l)a”

we have:

1
=0l —\ — Lt g
= o, Z< + 1+ +mm—u—|—1>a”
Pm
1 1 1
A2 - . g™
+ ;Sz(a:m’xml’ 71:ml/+1>a”
Pm
1 1 1
-3 _ e —— | a + ...
283($m " — 17 71:ml/+1>a”+
1
+ (_1)17771 )\p'm, am

T (Tm — pm + 1) P
By [33, Chapter III, Theorem 1.17], we know that

Al is positive for j > —1, increasing (as a function of n) for j > 0 and
decreasing for —1 < j < 0,

so that, in our case (j > 0), Ym € N, [a]}| < |a,| < BY for v < pp, by (2).
Moreover, as we already saw, there exists, by (1), a constant Cy > 0, such that
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[Sp,t1(all)| = 1Sp,, (am)] < Cq. If C' = max{1, Cy,Cs}, we see that (a]") satisfies the
hypotheses of Lemma 2.5 and so for every € € (0,1), there exists mo € N such that,
for every m > mg we have that

TR 2 . Al
o = ] < (A I - JAP)e < 5
which implies the desired result and the proof is finished. |

3. Main Results

Now we are ready to prove our main results. First, as we mentioned in the Intro-
duction, we recall some known properties of universal functions. In [12] it has been
proved that if € is a bounded simply connected domain, £ € Q and f € U(E,ﬁc),
then the Taylor series of f at & has Ostrowski gaps and U(f,ﬁc) = U(Q,ﬁc). This in
turn is a corollary of Theorem 9.1 of [24], where, moreover, it has been proved that
U(&,Q°) = U(Q,Q°) provided that € is contained in the complement of an angle with
strictly positive opening. Finally, the general case has been proved in [27] and we
state this in the following lemma.

Lemma 3.1. Let Q be any simply connected domain, & € Q and f € U(E,Q°). Then
o The Taylor series of f at & has Ostrowski gaps.
o U((,Q°) =U(,Q°), for any ¢ € Q.

However, for the case of U (¢, ﬁc) we have not such a result for all simply connected
domains, but we have for example the following lemma ([24,27]).

Lemma 3.2. Let Q be a simply connected domain such that Q° has an unbounded

component, £ € Q and f € U(€,Q°). Then

o The Taylor series of f at & has Ostrowski gaps.
e UL,Q)=U(,Q), for any ¢ € Q.

Next, the following property for (C, j)-means, 7 > 0 an integer, has been proved
in Lemma 2.6 of [2], which we state here for admissible simply connected domains
and j > —1. Thus, in our case, j is no longer an integer (in general), but the proof
remains unchanged, except in its last step, where instead of j it suffices to use the
integral part of j and more precisely the integer [j] + 1.

Lemma 3.3. Let Q be an admissible simply connected domain, £ € Q, j > —1 and
[ € Uces(j(&,9Q°). If K and h are as in Definition 1.1, then we have

e The Taylor series of f at & has Ostrowski gaps (Pm., Gm)-
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® SUP,c |Ugm (f,8)(2) = h(z)] = 0, as m — oco.
Finally, we will need a classical lemma which comes from Harmonic Analysis.

Lemma 3.4 ([2, Lemma 4.2]). Let p(z) be a holomorphic polynomial of degree N,
weC, r>0andk >1. Then we have

sup  [p*)(2)] <

N(N=1)---(N—k+1) I

— rk -
z€D(w,r) zeD(w,r)

For w = 0 and r = 1 this is just Bernstein’s inequality. The general case follows
easily.
We are ready now to state and prove our main Theorem.

Theorem 3.5. Let © be an admissible simply connected domain, £ € Q, j > —1
and f € Uges(j)(§,2°). Then, for every compact set K as in Definition 1.1 and any
holomorphic polynomial P(z), there exists a sequence (qm) of natural numbers such
that, for every a > —1,

sup |og (f,€)(2) — P(2)| = 0, asm — oo.
zeK

Proof. Let K be a compact set such that K N Q = @, K¢ connected and let P(z)
be a holomorphic polynomial. Since €) is an admissible simply connected domain
there exist compact sets L, M and a positive number r such that K C L C M,
MNQ =0, M¢ connected and for any z € L, there exists w € L such that z € D(w, r)
and D(w,r) C L. By Lemma 3.3, f € Uces(j) (&, €2¢) implies that the Taylor series
Sl oav(z — &) of f at & has Ostrowski gaps (pm, gm) and

sup |05]m(f7§)(2)7p(2)|—)07 as m — oQ.
zeM

Hence, there exists a constant C; > 0 such that, for any m > 0, we have
sup oy, (f,€)(w)] < Ci.
weL

By Remark 2.2 we assume, without loss of generality, that

apm+1:apm+2:...:aqm:0_

Then, for every m > 0, we obtain that

) Pm pm+1
sup |o) (f,€)(w)| = sup |>_ap| =sup | Y al| <Ci,
weL weL v—0 weL =0
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AJ . .
where a)' = —=2q,(z — &)”. Since for any z € K there exists w € L such that

A,
z € D(w,r) and D(w,r) C L, one obtains, by Lemma 3.4, that
j k P (P — k4 1)
|0(j]m(f( )75)(Z)| < T‘k Cl; 1§k§pm

This in turn implies that for all m > 0

Pm k
X A m

sup |3 v — 1)+ (v — k4 D! =SupIz—élkldjm(f(’“)f)(Z)lSCl( P ) |
zeK —k zeK T

where A = sup,¢ i |z — £|. Moreover, if R is the radius of convergence of the Taylor
series of f at & and 0 < Ry < R, then there exists ng € N such that |a,| < (R%) ,

174
for every v > ng. So, we can find a positive number r; such that |a,| < (%) ,

for all v € N. Hence, for every v € N we have that |a,(z — §)"] < (%) . Taking

B = max {2 4 Al} all the hypotheses of Proposition 2.3 are fulfilled and since by

(4) it is obvious that mg is independent from z, we conclude that
(i) if j > 0, then for every A € (—1,1]

sup |0(j]I)\(fa§)(Z)7P(Z)|4}07 as m — oQ,
zeEK

and continuing in the same way we obtain that for every a@ > —1

sup oy (f,€)(2) — P(2)| — 0, asm — oo.
zeK

(ii) If —1 < j < 0, then we know (by Proposition 2.3 again) that

sup |og:1(f, &)(z) — P(z)| = 0, asm — oo,
zeK

and since j + 1 > 0 we have the required result by case (i) and the proof is
finished.

O

Now, let €2 be an admissible simply connected domain and f € Uges(j) (€, Q). Let
K be a compact subset of C with K NQ = () and K¢ connected, and let h : K — C be
a continuous function on K and holomorphic in K°. By Mergelyan’s Theorem, there
exists a sequence (P,) of holomorphic polynomials such that P, — h uniformly on
K. By Theorem 3.5, for any n € N, there exists a sequence (g, (n))m>o such that,
for any a > —1, one has

5161[13 log. ) (f,6)(2) — Pa(2)| = 0, as m — ooc.
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Using a diagonal argument, we easily deduce that f € Uges(&,Q2°). In particular
f e U 99 and hence, by Lemma 3.1, f € U(£, Q). Moreover, if N is any compact
subset of €2, we can take the positive number R;, appearing in the proof of Theorem
3.5, so that 0 < Ry < dist(N,Q€). Then, we can repeat the proof of Theorem 3.5
and the above argument in order to deduce that, for any @ > —1 and any compact
set N C ), we have

sup sup oy (f,€)(z) —h(2)] =0, asm — oo,
£EN zeK

for some sequence (r,,) of natural numbers i.e. f € Uges(€2, Q). Thus,
UC'es(j) (67 Qc) C UCes(Qv Qc)

and since

UCeS(QaQC) - UCes(j) (QaQC) - UCes(j) (gaQC)

and
UCes(Qa QC) - UCes(gv Qc) C UCes(j) (55 Qc)v

we have proved the following.

Corollary 3.6. If ) is an admissible simply connected domain, then all the classes
of universal functions in Definition 1.1 coincide.

For the classes of Definition 1.2 we know, by Remark 1.5, that any simply con-
nected domain €2, which is contained in the complement of an angle with strictly
positive opening, is an admissible domain and thus, essentially the same argument as
above yields the following.

Corollary 3.7. If Q is a simply connected domain and ) is contained in the com-
plement of an angle with strictly positive opening, then all the classes of universal
functions in Definition 1.2 coincide.

Remark 3.8. We notice that for a function f holomorphic in a simply connected
domain €, there is another natural way to obtain an expansion in series: the Faber
series expansion. For the existence of Universal Faber series and their properties we
refer to [4,18,22]. In summary, let I' be a compact, connected subset of €, with
more than one point and C\I' connected. Let Y be the set of all such subsets T
of Q. If I' € Y and K, h are as in Definition 1.1, then we say that a holomorphic
function f € H(Q) belongs to the class U(£,T), if there exists a sequence ()\,) of
natural numbers such that the subsequence Sy, (f,I')(z) of the partial sums of the
Faber series of f, converges to h(z) uniformly on K. On the other hand we say that
f belongs to the class Upap(€2), if for any compact set M C Y, where Y is endowed
with the metric topology introduced in [3], section B.5 (see also [4]), we have that

sup sup |Sy, (f,T)(z) = h(z)| = 0, asn — oco.
reM zeK
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In [22], Mayenberger and Miiller have proved that for any I' € Y, U(Q,T') = U(Q, 2°).
Moreover, Theorem 1.5 in [4] extends this result to the following: For any I" € Y,
UQ,T) =U(Q,9° = Upap(€2). Thus, for the case of an admissible simply connected
domain € we have that all the classes of Universal functions of Definition 1.1 coincide
with the above classes of Universal Faber series. However, we do not know what
happens for non-admissible domains. As pointed out to us by V. Vlachou, we can
prove Lemma 3.3 using the methods of [27], in order to avoid the restriction that
is contained in the complement of an angle with strictly positive opening, but the
general case remains still open.
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