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Abstract. In this paper we use tools from Riemann geometry to con-
struct color reproduction methods that take into account the varying
color perception properties of observers. We summarize the different
steps in the processing: the estimation of the discrimination thresholds,
the estimation of the Riemann metric, the construction of the metric-
preserving or color-difference-preserving mapping and the usage of Se-
mantic Differentiation (SD) techniques in the evaluation. We tested the
method by measuring the discrimination data for 45 observers. We il-
lustrate the geometric properties of the color spaces obtained and show
the result of the metric-preserving maps between the color space of color-
normal observers and a color-weak observer. We then apply the obtained
maps to produce color corrected reproductions of two natural images.

1 Introduction

All color reproduction methods in use today are rather rigid in the sense that
the goal of the reproduction is decided in advance and often based on some
kind of standard. A typical example is a print where the tolerance of the final
product is specified in terms of some ΔE. This does not take into account that
color perception varies from observer to observer and even changes depending
on many other factors. This approach is sufficient for most cases since human
perception is quite flexible and reasonably similar between different observers.
An extreme case where it obviously fails is color blindness where the observer is
unable to see the difference between different pairs of colors. A color reproduction
strategy that aims at reproduction for individual observers can only be realized
in a feedback loop where the reproduction process takes into account the color
perception properties of the intended observer. In computer vision a similar
strategy is known as ”active vision”. An active vision system interacts with
its environment by changing camera parameters or other imaging modalities to
collect as much information as possible while analyzing the scene.
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In an adaptive reproduction system we can also try to interact with the user
in order to create a reproduction that is based on the perception of the indi-
vidual user. Instead of minimization of reproduction error in the working color
spaces of output devices, a perception based color reproduction requires a color-
difference-preserving map between the perceptional color spaces of observers.
The fundamental problem with this approach is of course the difficulty to obtain
a quantitative description of the perception properties of an observer. A stan-
dard method to characterize color perception properties is the measurement of
discrimination thresholds that describe the local sensitivities of the observer. In
this paper we describe some of our experiments where we characterize the color
perception of color-normal and color-weak observers by discrimination thresh-
olds. We then use Riemann normal coordinates [3] to build a descriptor of the
color perception properties of an observer from the measured discrimination
thresholds. In the third processing stage the Riemann normal coordinates are
used to establish color-difference-preserving mappings between the color spaces
of the observers. An evaluation of the effect of such mappings is very difficult
since it requires the measurement of the subjective impressions created by the
color reproductions. We use semantic differentiation (SD) techniques to evaluate
the performance of the proposed reproduction strategy. This SD evaluation of
the reproduction shows that our method can create very similar impressions to
color-weak observer as that of color-normals.

2 Riemann Color Spaces

The standard tool to characterize color perception are color differences. The most
accessible and reliable measurements are small or local color differences. The
most popular such measurements are the so-called just noticeable-difference (jnd)
thresholds or the discrimination thresholds. They are obtained by measuring
the minimal color-difference between a reference color and a test color that the
observer can detect.

These threshold measurements provide at every reference color xo a measure
of local distances in color space as follows: use the reference color xo as the origin
and a color vector x = x+Δ close to xo as a test color. Then the discrimination
ellipses/ellipsoids are points on the unit circles/spheres centered at the reference
color xo. (Here the distance will be defined below). They are given by the color
vectors x′ = xo + Δ′ where the increments Δ′ satisfy the equation:

(Δ′)T G(xo)Δ′ = 1 (1)

ThepositivedefinitematrixG(xo) is uniquelydeterminedby the ellipses/ellipsoids
and vice versa. With such a matrix G(xo) defined at every xo, the local distance
around xo can be computed as

‖x− xo‖2 = ‖Δ‖2 = ΔT G(xo)Δ (2)

A space with a local distance defined by a matrix G(x) at every point x is called
a Riemann space with Riemann metric G(x). The exact definition and technical
details can be found in every book on Riemann geometry, for example in [2].
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We estimate the matrices G(x) as follows: First we select a color vector x0 as
a reference color. This vector is used as the origin of the ellipsoid. The observer
varies a test color in a certain direction until he/she can see a difference to
the reference color. Then this experiment is repeated but now the direction of
the variation is modified. The result of N such experiments is a sequence of N
color vectors xn, n = 1 · · ·N that are by definition located on the surface of the
ellipsoid defining the just-noticeable differences.

In our experiments we measured the discrimination threshold ellipsoids using
a 10 degree visual field of size 14cm × 14cm seen from a distance of 80cm. The
discrimination threshold data were measured for 45 college students (38 male,
7 female, 1 color-weak) in CIEXYZ coordinates. We choose ten uniformly dis-
tributed points within the gamut of the monitor as reference colors. We used 14
different directions for each reference color. The distribution of the 14 directions
is not uniform but denser around the direction of the confusion lines and the
long axes of threshold ellipsoids. The experimental setup is shown in Figure 1.

Fig. 1. Experimental setup

After the measurement of the jnd-vectors we have to compute the matrix
G(xo) as the solution of the N equations 1 = ΔT

n G(xo)Δn, n = 1, · · · , N with
xn = xo + Δn.

Writing Δ = (x, y, z) and G =
(

a b c
b d e
c e f

)
every measurement (represented by

the vector Δ) gives one equation in the matrix entries a to f :

ax2 + by2 + cz2 + dxy + exz + fyz = 1 (3)

The matrix entries a to f are obtained by least squares fitting (for the details
see [5]).

The characteristics of color-normal perception are represented by a matrix
whose entries are the averages of the entries in the matrices of 44 color-normal
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(a) Color-normals (b) Color-weak

Fig. 2. Discrimination threshold ellipsoids

observers. The average threshold ellipsoid of the color-normals and the thresholds
of the color-weak observer are shown in Fig. 2a and Fig. 2b. The threshold
ellipses of color-normal and the color weak are obtained as intersection between
the above ellipsoids with the chromaticity plane, they are shown in Fig. 3a and
Fig. 3b.

An even more important quantity in color perception is the difference between
two colors with a larger color difference. They are however more subjective and
therefore harder to deal with. In a Riemann color space the geometric distance
between two color points x1 and x2 can be defined as the length of the shortest
curve connecting the two points. Such shortest curves are known as geodesics.
When the matrices G(x) are known for all points x then it is known that the
geodesics are solutions to differential equations and they can be computed us-
ing numerical differential equation solvers. Using this approach in practice is
however complicated by the fact that in this application the measurements of
the thresholds is very time-consuming with the result that there are only very
few samples available. Interpolation is therefore crucial in the estimation. In our
implementation the interpolation uses the Akima algorithm [1].

x

(a) Color-normals (b) Color-weak

Fig. 3. Discrimination threshold ellipses
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(a) Color-normals
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(b) Color-weak

Fig. 4. Riemann normal coordinates

On a Riemann color space we can use the geodesics and construct a coordi-
nate system as follows: We first select a point of origin xo. Then we connect
the points of the same distance from xo on the neighboring geodesics. This
gives a generalized polar coordinate system on the Riemann space similar to the
coordinate system on the sphere with the north (or south) pole and the longi-
tude/latitude coordinates. These coordinates are known as Riemann or normal
coordinates.

In the following two figures the measured ellipsoids where first projected onto
the chromaticity plane. Then the corresponding ellipses were computed and from
them Riemann normal coordinates are obtained. In Figure 4a the solution com-
puted from the color normal observers and in Figure 4b) the corresponding
Riemann normal coordinates for the color weak observer are shown.

3 Color Mapping Using Discrimination Threshold
Matching

In the previous sections, we described the construction of a Riemann color
space from discrimination thresholds. As a result we obtain a geometric de-
scription of the color perception of an observer either locally in the form of
a Riemann space with its metric or globally in the form of Riemann normal
coordinates.

Given two Riemann color spaces we now construct a mapping between these
color spaces that preserves the metric or color-difference properties of these
spaces. We explain the basic idea by constructing an isometry between the
color spaces of a color-weak observer and the color space of color-normal ob-
servers. We call such a map a “color weak” map (for a detailed description
see [5]).
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(a) Color-weak onto color-normal (b) Color-normal onto color-weak

Fig. 5. Images of geodesic coordinates

If the color space of the color weak observer is Cw and the color space of the
color normal observers is Cn then the color-weak map is a function

w : Cw −→ Cn, x �−→ y = w(x)

This mapping maps a color stimulus x perceived by color-normals to y = w(x)
perceived by a color-weak observer (for details see [6] and [4]). For the met-
ric Gn(x) of the color-normal to be mapped isometrically to corresponding met-
ric Gw(y) of the color-weak, the Jacobian matrix Dw of w must fulfill the
threshold matching condition:

Gw(y) = (Dw)T Gn(x)Dw (4)

Applying w to the input image and showing it to color-normal observers will
provide them the same experience as the color-weak observer. Applying the
inverse map w−1 and presenting it to the color weak observer should give him
the same impression as the original image to the color normal observer.

In order to evaluate the precision of the color-difference-preserving maps we
calculated the image of Riemann normal coordinates of color spaces of color-
weak and color-normals under the simulation map and the correction map. The
results are plotted in the following figures.

The precision of the Riemann normal coordinates is determined by the numer-
ical accuracy of interpolation algorithm and the ODE solver to draw geodesics.
The upper limit of errors in the maps reading out from the Riemann normal
coordinates is the size of the grid cell. Here we used the ODE solver based on
the Runge-Kutta algorithm in Matlab.

In Fig. 5a, the blue coordinates show the image of geodesic coordinates of the
color-weak under the simulation map, which is observed to be well fitted onto
the yellow geodesic coordinates of the color-normal. Thus the color-difference-
preservation of the color-weak or simulation map is confirmed. In Fig. 5b, the
blue coordinates are the geodesics of the color-normal under the correction map
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or the inverse of the color-weak map. Also here we have a good fitting which
means that the color-differences are preserved by the correction map.

4 Color Correction of Natural Images

The proposed correction algorithm is applied to natural images shown in Fig. 6b
and Fig. 7b. The simulated color-weak images are in Fig. 6a and Fig. 7a, the
corrected images for color-weak are in Fig. 6c and Fig. 7c, respectively.

The intended application of the correction method is the production of an
image that gives two different observers with different color vision properties
the same impression. Since these effects are not measurable we cannot evaluate
the quality of the methods quantitatively. Instead we use the standard Seman-
tic Differential (SD) method to evaluate the impression of color-normals and
color-weak. We prepared a questionnaire and let one color-normal and the color-
weak observer judge ten polar pairs of most relevant adjectives with respect to
the original images. A questionnaire with a seven level SD score is used in the
evaluation.

Figures 8 and 9 show the comparisons of the SD scores between color-normals
and the color-weak, before and after correction. The solid line shows the score of
the color-normal and the dotted line that of the color-weak. In the SD evaluations
shown on the left both color-normals and the color-weak see the original image
before correction. The evaluations of the correction are shown on the right. Here
the color-normal observer sees the original while the color-weak sees the corrected
image.

The closeness of the SD curves after correction show that the color-normals
and color-weak achieved the similar visual impression on the original image and
the corrected image respectively.

(a) Simulated color-
weak image

(b) Original (c) Corrected image for
the color-weak

Fig. 6. Rock Example
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(a) Simulated color-weak image

(b) Original

(c) Corrected image for the color-weak

Fig. 7. Fall Example
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(a) SD evaluation of 6b before correction (b) SD evaluation of 6b after correction

Fig. 8. SD evaluation of Fig. 6b before and after correction

(a) SD evaluation of 7b before correction (b) SD evaluation of 7b after correction

Fig. 9. SD evaluation of Fig. 7b before and after correction

5 Conclusion

We described how the theory and tools of Riemann geometry can be used to con-
struct maps that compensate the differences in the color perception of different
observers. We demonstrated its application in a color correction for color weak
vision and evaluated the resulting effects with the help of an SD-procedure.
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