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Colouring Graphs with Sparse Neighbourhoods:
Bounds and Applications

Marthe Bonamy? Thomas Perrett! Luke Postle!

October 17, 2018

Abstract

Let G be a graph with chromatic number y, maximum degree A and clique number w.
Reed’s conjecture states that x < [(1 —&)(A 4+ 1) + ew] for all € < 1/2. It was shown by
King and Reed that, provided A is large enough, the conjecture holds for e < 1/130, 000. In
this article, we show that the same statement holds for ¢ < 1/26, thus making a significant
step towards Reed’s conjecture. We derive this result from a general technique to bound the
chromatic number of a graph where no vertex has many edges in its neighbourhood. Our
improvements to this method also lead to improved bounds on the strong chromatic index
of general graphs. We prove that x5(G) < 1.835A(G)? provided A(G) is large enough.

1 Introduction

It is well known that the chromatic number x(G) of a graph G is bounded above by A(G) + 1,
where A(G) denotes the maximum degree of G. Similarly, a trivial lower bound on x(G) is given
by the clique number w(G), which is the largest number of pairwise adjacent vertices in G. In
1998, Reed conjectured that, up to rounding, the chromatic number of a graph is at most the
average of these two bounds.

Conjecture 1.1. [13] If G is a graph, then x(G) < [$(A(G) + 1+ w(G))].

As evidence for his conjecture, Reed proved that the chromatic number can be bounded
above by a non-trivial convex combination of w and A + 1.

Theorem 1.2. [13] There exists € > 0 such that for every graph G, we have x(G) < [(1 —
)(A(G) + 1) + ew(G)].

King and Reed [I0] subsequently gave a shorter proof of Theorem by exploiting a recent
result of King [9] on independent sets hitting every maximal clique. Using King’s result, it
suffices to prove Theorem for graphs G with clique number w(G) < 2(A(G) + 1). Given
this fact, there are two main steps in the proof of King and Reed. The first is to show that if
such a graph is also critical, then no neighbourhood contains many edges. More precisely, there
exists 6 > 0 such that every neighbourhood induces at most (1 — ¢) (A(QG)) edges. We say that
such a graph is §-sparse. The second step is to invoke the naive colouring procedure and the
probabilistic method to colour the graph. Indeed, using these techniques, it can be shown that
a 0-sparse graph is (1 —&)(A(G) + 1)-colourable for some ¢ > 0 depending on 4. This completes

the proof.
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Seeking only a short proof of Theorem [[.2], King and Reed did not optimise the two steps of
their method. Approximately, they find that § = 1/160 and e < 1/320e® suffice. However, since
Reed’s Conjecture is equivalent to proving Theorem for e < 1/2, it is natural to ask if one
can increase the value of € obtained. It would suffice to provide an improved answer to any of
the two following questions. Recall first that a graph G is (k+ 1)-critical if G is not k-colorable
but every proper subgraph of G is.

Question 1.3. Let G be a [(1—¢)(A(G)+1)| +1-critical graph with w(G) < (1—a)(A(G)+1).
What is the largest § = d(e, ), such that G is d-sparse?

Question 1.4. Let G be a §-sparse graph. What is the largest € = €(6) such that x(G) <
(1-e)(A4+1)?

1.1 Main Results

In this paper we improve on the best known results for both of these questions. In fact, we
prove results in the context of list colouring, a generalization of colouring. A list assignment is
a function that to each vertex v € V(G) assigns a nonempty set L(v) of colours. An L-colouring
is a coloring ¢ of G such that ¢(v) € L(v) for every v € V(G). A k-list-assignment is a list
assignment L such that |L(v)| > k for every v € V(G). A graph G is k-list-colourable if G has
an L-coloring for every k-list-assignment L. The list chromatic number of G, denoted x,(G) is
the minimum & such that G is k-list-colourable. We say a graph G is L-critical with respect to
a list assignment L if G does not have an L-colouring but every proper subgraph of G does.
In response to Question [[3] we prove the following theorem.

Theorem 1.5. Let e,«c > 0 such that ¢ < §. If G is L-critical with respect to some [(1 —
e)(A(G) + 1)]-list-assignment L and w(G) < (1 — a)(A(G) + 1), then G is %-sparse.

Note that this implies the same result for [ (1 — &)(A(G) + 1)] + 1-critical graphs. King
and Reed [I0] showed that if G is a [(1 —&)(A(G) 4+ 1)] + 1-critical graph with clique number
w(G) < 2(A(G)+1), then G is §-sparse provided § < (g —¢)?. Setting v = 1/3 in Theorem[LF]
our bound gives § = 2(3 — )2, an eightfold improvement.

Question [[4] is a well studied problem. Molloy and Reed [11] proved that, for ¢ € [0,0.9],
one may take (d) = 0.02385 provided that the maximum degree is large enough. More recently,
with the same conditions, Bruhn and Joos [2] improved this to £(6) = 0.18275 — 0.07785%/2.
These bounds are approximations of more complicated expressions, see [I1] and [2] respectively.
Both of these results are proved using a single application of the naive colouring procedure, a
randomised colouring technique which generates a partial proper colouring of a §-sparse graph.
In this article, we develop an iterative version and using this we improve the bound of Bruhn
and Joos by a factor of \/e = 1.6487 as follows.

Theorem 1.6. Let G be a §-sparse graph with 6 € [0,0.9], and let ¢ = 0.30125 — 0.128353/2.
There exists A1(0) such that if A(G) > A1(0), then x(G) < xe(G) < (1 —e)(A(G) +1).

In fact, we prove Theorem [[.6lin the setting of correspondence colouring defined in Section [3]
a generalization of list colouring. The use of correspondence colouring allows us to simplify some
of the intricacies in the proof and is quite natural in this setting.

This paper is not the first to consider an iterative application of the naive colouring procedure.
Indeed, the notable result of Johansson [7], which states that triangle-free graphs satisfy x(G) <
O(A(G)/log A(G)) is proved in this way, see also [12]. Triangle-free graphs behave particularly
nicely with respect to an iterative version because, for any partial colouring, the subgraph
induced by the uncoloured vertices is still triangle-free. We should briefly remark however that
the method of Johannson [7] is somewhat different in the sense that the procedure is only applied
to a fraction of the vertices in each step. In this case the technique is often called the semi random
method or Rédl nibble and can be traced back to [T}, [15].



In this paper, we show that for d-sparse graphs, the naive colouring procedure can generate
a partial colouring with the additional property that the uncoloured subgraph G’ is almost 6-
sparse (see Lemma [B20). This is the key which allows us to apply the procedure iteratively to
the uncoloured subgraph. In addition, the probability that a vertex remains coloured is about
e~1/2 (see Proposition B7) and hence the probability a vertex is in G’ is about p = 1 — e~ /2,
After one iteration, Bruhn and Joos had shown that the difference between the maximum degree
of G’ and the resulting list sizes had decreased by at least (0.18275 —0.07785%/2)A(G); if that was
the initial difference, then we could greedily colour G’ to finish. However, given the key lemma
that G’ is almost d-sparse, we may apply the procedure again. In each step, we accrue a new
savings proportional to the current maximum degree. Terminating this procedure ad infinitum
would result in roughly the following savings:

1
(0.18275 — 0.07785%2)A(G) (1 +p +p* +p® +...) = (0.18275 — 0.077863/2)A(G)1T

= ¢!/2(0.18276 — 0.07780%/2) A(G)
~ 0.30126 — 0.12835°/2

Of course, we cannot carry out this iteration indefinitely, but after four iterations, we have
saved as much as claimed in Theorem[I.6l For technical reasons, we adopt a different perspective
in the proof of Theorem [[.6] wherein we study the ratio of maximum degree to list size and show
that as long as this ratio is at most that of Theorem [ then the ratio will slowly decrease after
each iteration until it falls below 1 whereupon we finish by colouring greedily.

By using Theorem and Theorem together with the technique of King and Reed, we
obtain that the e-version of Reed’s Conjecture holds for € = 1/26.

Theorem 1.7. There exists Ao > 0 such that if G is a graph of mazimum degree A > Ay and
clique number w, then x(G) < [22(A +1) + zw].

1.2 The Strong Chromatic Index

The strong chromatic index, x.(G), of a graph G is defined as the least integer k for which
there exists a k-colouring of E(G) such that edges at distance at most 2 receive different colours.
Equivalently, x%(G) = x(L*(G)), where L?*(G) denotes the square of the line graph of G. Since
A(L*(G)) < 2A(G)?, the trivial upper bound on the chromatic number gives that x.(G) <
2A(G)?. However Erdés and Nesetiil conjectured a much stronger upper bound, see [6].

Conjecture 1.8. If G is a graph, then x,(G) < 1.25A(G)?.

If true, this bound would be tight. Indeed, if Gj denotes the graph obtained from a 5-
cycle by blowing up each vertex into k vertices, then A(G}) = 2k and L?*(Gy) is a clique with
5k% = 1.25A(Gy)? vertices. Figure [ depicts the graph Gs.

Figure 1: A blow-up of the 5-cycle.

In 1997, Molloy and Reed made the first step towards Conjecture They showed that for
all graphs G, the graph L?(G) is a subgraph of a graph H such that A(H) = 2A(G)? and H



is 1/36-sparse. Thus the naive colouring procedure guarantees that H (and hence G) can be
coloured with (1 — €)(2A(G)? + 1) colours for some & > 0.

Theorem 1.9. [I1] There exists € > 0 such that if G is a graph with sufficiently large mazimum
degree A, then X.(G) < (1 —¢) - 2A%.

With 6 = 1/36 and their colouring procedure, the value of e that Molloy and Reed obtain is
approximately 0.0238 - % ~ 0.0007. Bruhn and Joos [2] improved the bound on the neighbour-
hood sparsity and showed that L?(G) is asymptotically 1/4-sparse. With § = 0.24, say, and their
colouring procedure, they deduce Theorem for e = 0.1827-0.24 — 0.0778 - 0.243/% ~ 0.0347.
This gives the following.

Theorem 1.10. [2] If G is a graph of sufficiently large mazimum degree A, then x.(G) <
1.93A2.

In this article we improve the bound in Theorem To do this we first show that one only
needs to colour a subgraph F of L?(G) consisting of high degree vertices with many neighbours
of high degree. This idea resembles the notion that one need only colour a critical subgraph of
L?(G). We then show that F' admits a much better bound on its neighbourhood sparsity than
L?*(G). Combined with Theorem [[L6 we obtain the following result.

Theorem 1.11. If G is a graph of sufficiently large mazimum degree A, then x.(G) < 1.835A2.

1.3 Outline of the Paper

In Section 2 we deal with Question [[.3] and prove Theorem In Section [l we address Ques-
tion [L4l We recall the naive colouring procedure and develop an iterative version. We then
derive Theorem as a consequence. Section M is devoted to the strong chromatic index and
the proof of Theorem [[LTIl Finally, in Section B we prove Theorem [I.7

For standard definitions and graph theoretic notation, we refer the reader to Diestel [3].

2 A Density Lemma

In this section we prove Theorem [[L5] which guarantees that a graph that is critical with respect
to some k-list-assignment is d-sparse, for some ¢ depending on k and the clique number of G.
To do this, we first show that if G is an L-critical graph with respect to some k-list-assignment
L, then the minimum degree of an induced subgraph of G cannot be too large.

Proposition 2.1. If G is an L-critical graph with respect to some k-list-assignment L, then for
all induced subgraphs H of G, we have 6(H) < A(G) — k + x¢(H).

Proof. Suppose for a contradiction that H is an induced subgraph of G with 6(H) > A(G) —
k+ xe(H). Let G = G — V(H) and note that for every vertex v € V(H), we have dg/(v) <
A(G) —0(H) <k —xe(H). Since G is L-critical, G’ has an L-colouring ¢. Now to each vertex
v € V(H), assign a list of colours L'(v), defined by L'(v) = L(v) \ {¢(u) | u € Ng/(v)}. For each
v € V(H), we have |L'(v)| > k — dg/(v) > xe(H). Hence ¢ can be extended to an L-colouring
of GG, a contradiction. O

The bound in Proposition .11 exhibits an awkward dependence on x,(H), and so we first
derive an upper bound on this parameter. Note that we let G denote the complement of G.
One can easily guarantee a large matching in the complement of a graph if the clique number is
small.

Proposition 2.2. For every graph G, G has a matching of size at least [1(|V(G)| — w(G))].

Proof. If M is a maximal matching in G, then G — V(M) is a clique. Thus |V (G)| —2|M| <
w(G). O



We make use of the following classical result of Erdés, Rubin and Taylor [5].

Theorem 2.3. [5] Let r be an integer. If G is a complete r-partite graph where each partition
class contains at most two vertices, then x¢(G) =r.

Using Proposition and Theorem 23] we can derive the desired bound.
Proposition 2.4. If G is a graph then x¢(G) < [3(|[V(G)| + w(G))].
Proof. By Proposition 22} the graph G has an antimatching M of size [$(|V(G)| —w(G))]. Let
G’ denote the graph with vertex set V(G) and edge set (V(QG)) \ M. Note that G’ satisfies the
conditions in Theorem 23 with » = w(G) + [3(|V(G)| — w(G))] = [3(|V(G)| + w(G))]. Thus,

by Theorem [Z3] we have x¢(G’) = r. Now, since G C G’, we have x¢(G) < xe(G') = r as
desired. |

Let G be a graph and A be a subset of V(G) with A = {v1,...,v,}. Wesay that vy,..., v, is a
minimum-degree ordering of A if v; is a vertex of minimum degree in the subgraph G[{v;, ..., v, }],
for all ¢ € {1,...,7}. We use this ordering to derive a first bound on 4.

Lemma 2.5. Let G be a graph of mazimum degree A and clique number w. If G is L-critical
with respect to some k-list-assignment L, then for every vertex v € V(G), we have

(5) - 1EGvEn = 5 (74,

Proof. Let v be a vertex of G with d(v) = r, and let D(v) = (g) — |E(G[N(v)])|. Also,
let H denote the graph formed from G[N(v)] by adding A — r independent vertices. We do
this so as to compare |E(G[N(v)])| more easily with (%), as it is the maximum number of
edges in the neighborhood of a vertex of degree A. Finally, let v1,...,va be a minimum-
degree ordering of V(H), and set H; = H[{v;,...,va}] for i € {1,...,A}. Clearly, we have
D(v) = Zle (IV(H;)| =1 —=dg,(v;)). For i € {1,...,A —r}, the vertex v; is isolated, and
thus dg,(v;) = 0. On the other hand, for i € {A —r +1,...,A}, the vertex v; has degree
dp, (v;) = 6(H;) < A — k + x¢(H;) by Proposition 2] so we have

A
D(v) = Zmax{ov [V(Hi)| = (A = k) = xe(Hi)}

By Proposition 24, we have y,(H;) < 1(|V(H;)| + w(G)). Furthermore, |V (H;)| = A—i+1
for each i € {1,..., A}. Thus, we have:

maX{vaf(Am}

M

D(v) >
CEDY -

.
Il

max {0,2k — A —w —i+ 1}. (1)

I
N =
lngls

The second term in the maximum of () eventually becomes negative when i > 2k— A—w+1.
Because of the maximum, we may truncate the sum and deduce that

2k—A—w
> max{0,2k-A-w—i+1}

=1
2k—A—w
SDIR
i=1

2k—A—-w+1
9 .

D(v)

vV
N | = N |

N =



We can now prove Theorem

Proof of Theorem[LA Let k = [(1 — ¢)(A(G) + 1)]. By Lemma [2Z5] we have for every vertex
v € V(G) that

(5) - 1mawoni= 3 (*74, 4
:%. (2W€)(A+1ﬂA2(1a)(A+1)+1)
i
> 5(04—25) (2)
Hence G is =2 gparse. -

3 A Sparsity Lemma

3.1 The Naive Colouring Procedure

The naive colouring procedure is a well studied technique which generates a partial proper k-
colouring of a graph G. In the context of graph colourings it was first used by Kahn [§], though
it had already appeared in a more abstract setting [I]. We refer the reader to [12] for a survey
on further applications of the technique. In its simplest form, the naive colouring procedure
consists of the following two steps.

1. To each vertex u € V(G), assign a colour chosen uniformly at random from {1,..., k}.

2. If u and v are adjacent vertices with the same colour, then uncolour both u and v.

Let G be a graph and k be an integer with k£ < A(G)+1. If no vertex of G has too many edges
in its neighbourhood, then one can show that with positive probability, the partial k-colouring
generated by the above procedure has the property that vertices of large degree see many repeated
colours in their neighbourhoods. To be more precise, let Col(u) denote the number of coloured
vertices in N(u) and let Dist(u) denote the number of distinct colours amongst the colours of
the vertices in N (u). If there are repeated colours in N (u), then clearly Col(u) > Dist(u). The
following proposition states that if the difference is large enough, then such a partial colouring
can be extended to a colouring of the whole graph in an efficient way.

Proposition 3.1. Let G be a graph and k be an integer such that k < A(G) + 1. If there is a
partial proper k-colouring of G such that for every vertex u € V(G), we have Col(u) — Dist(u) >
d(u) +1—k, then G has a k-colouring.

Proof. Let u € V(G) be an uncoloured vertex. The number of uncoloured neighbours of u is
precisely d(u) — Col(u). The number of colours in {1,...,k} which do not appear in N(u) is
k — Dist(u) > d(u) — Col(u) + 1. It remains to list colour the uncoloured subgraph G’, where
every vertex u € V(G’) has a list of size at least one greater than dg/(u). Such a colouring can
be constructed greedily. O

It is hard to analyse the expectation of the random variable Col(u) — Dist(u). However, by
inclusion-exclusion, it is easy to see that Col(u) —Dist(u) > P, — T, where P, and T,, denote the
number of pairs and triples of vertices in N(u) which are all coloured the same and all remain
coloured after the procedure. When computing the expectation of P, and T, it is convenient
to assume that the graph in question is A-regular. Indeed, this is no restriction, since if G is a



graph of maximum degree A, then G may be embedded in a A-regular graph G’ by iterating
the following process. Take two copies of G and add edges between corresponding vertices of
degree less than A. Note that x(G') = x(G) and if G is d-sparse, then so is G’. In this way, we
will frequently assume that the graph under consideration is A-regular.

Once the expectations of P, and T, have been calculated, one can show that they are
concentrated about their expectations. In other words, the probability that P, — T, is far from
its expectation is very small. The Lovasz Local Lemma can then be applied to ensure that this
is the case for every u € V(G).

Lovéasz Local Lemma. Let p € [0,1), d a postive integer, and B a finite set of (bad) events
such that for every B € B,

e Pr[B] <p, and

o There exists a set of events Dep(B) C B of size at most d such that B is mutually inde-
pendent of B\ Dep(B).

If 4pd < 1, then there exists an outcome in which none of the events in B occur.

In this paper we show that the naive colouring procedure can be iterated. More precisely,
we prove that if G is a §-sparse graph, then after a single application of the procedure the graph
induced by the uncoloured vertices retains some of the sparsity of the original graph. Thus we
can apply the procedure again to the uncoloured subgraph. In order to show that the sparsity
is retained, we first show that with positive probability, the set of uncoloured vertices behaves
somewhat randomly. The precise condition that we require is the following.

Definition 3.2. Let p € [0,1], G be a graph with mazimum degree A, and A C V(G). We say
that G[A] is a p-quasirandom subgraph of G if for every pair of not necessarily distinct vertices
u,v € V(G), we have

IN(w) NN () N Al - p N (u) N N ()] < VA(log A).

Note that for u = v, the condition in Definition B2 reduces to |da(u) — ud(u)| < VA(log A)°.
To show that the uncoloured subgraph is a p-quasirandom subgraph of G, we track more random
variables which count the number of uncoloured vertices in the common neighbourhood of two
vertices. These random variables will also be shown to be highly concentrated, and so we can
add the corresponding bad events to our previous application of the Lovasz Local Lemma.

3.2 Correspondence Colouring

Any iterative application of the naive colouring procedure necessitates the introduction of lists
of colours. This is because in each step, some colours are forbidden at a vertex v, namely those
which have been assigned to the neighbours of v in a previous application. In analysing the
procedure, a technical issue arises due to the fact that the probability a vertex keeps a particular
colour in its list may vary depending on the vertex and the colour. Previously, this issue has
been dealt with by introducing extra vertices, or coin flips, to equalise the probabilities.

Here, we use a generalisation of list colouring called correspondence colouring, introduced
by Dvoidk and the third author in [4] (and sometimes referred to as DP-coloring). As well as
proving a more general statement, the use of correspondence coloring automatically equalises
the probabilities, and thus simplifies the proof. Here is the definition we use which is equivalent
to but slightly different from the definitions given elsewhere.

Definition 3.3. [4] Let G be a graph, and let G be an arbitrary orientation of G.

—

e A correspondence assignment C of G is a function defined on V(G) U E(G) as follows:
To each vertex u € V(G), C assigns a set C(u) C N, and to each edge uwv € E(G), C
assigns an injective partial function Cy, : C(u) — C(v) such that Cy, = C} for every

edge uwv € G.



o If each C(u) has size at least k, then C is a k-correspondence assignment for G.

e A C-colouring of G is a function f : V(G) — N such that f(u) € C(u) for every u € V(G),

—

and for every edge uwv € E(G), either f(u) & dom(Cyy) or Cuy(f(u)) # f(v).

e The correspondence chromatic number of G, denoted x.(G), is the smallest integer k such
that G is C'-colourable for every k-correspondence assignment C'.

We say that the function C, assigned to the edge uv is total if dom(Cy,) = C(u). Note
that there is no requirement that functions in the definition above are total. Hence the following
definition.

Definition 3.4. Let G be a graph and C be a correspondence assignment of G. We say C is
total if Cyy and C,,, are total for every edge uv of G.

Note that if C'is total and G is connected, then |C(u)| = |C(v)] for every pair of vertices u, v €
V(G). We remark if C is a correspondence assignment of a graph G such that |C(u)| = |C(v)|
for every pair of vertices u,v € V(G), then we will often extend C to a total correspondence
assignment C’ by arbitrarily extending each function C,,,uv € E(G) to be total. Clearly, if G
is C’-colourable, then G is also C-colourable.

Definition 3.5. Let G be a graph and let C' be a total correspondence assignment of G. If
wv € E(G), ¢1 € C(u), ca € C(v), then we say ¢1 and ¢y correspond under C if Cyy(c1) = ca,
or equivalently, Cyy(c2) = c1. If the correspondence assignment is clear from the context, then
we simply say that c; and cy correspond.

Note that Proposition Bl is still valid for correspondence colouring.
We now state precisely the variant of the naive colouring procedure that we use. Let C be a
k-correspondence assignment.

Procedure 3.6. Suppose G is a graph and C' is a correspondence assignment for G. We generate
a partial C-colouring f as follows.

Step 1: Assign each vertex uw € V(G) a colour fi(u) chosen uniformly at random from C(u).

Step 2: For every edge uwv € E(G), pick an end D(uv) uniformly at random, that is D(uv) = u
with probability % and D(uv) = v with probability %

Step 3: For each vertex u € V(G), let f(u) = fi(u) if and only if for every edge uwv € E(G),
at least one of the following hold: Cyuy(fi(u)) # fi(v) or D(uv) = v. (Equivalently,
uncolour u if there exists an edge wv € E(G) such that Cy,(f1(u)) = f1(v) and D(uv) =

We remark that the uncolouring method used here in Steps [2] and [3] was also used by Bruhn
and Joos [2]. Before analysing the procedure, we note the following fundamental fact.

Proposition 3.7. Let G be a A-regular graph and let C be a total k-correspondence assignment
of G. For every vertex u € V(G), the probability that u is coloured after an application of
Procedure[38 (that is f(u) = fi(u)) is (1 — 3z)2.

Proof. Let K be the event that f(u) = fi(u). For each neighbour v of u, let U, be the event

that Cuy(f1(u)) = fi(v) and D(uv) = u. Now by definition, P[K] = P[,c () U,]. Since these

events are independent, we find that P[K] = ], () P[U,).

Note that P[U,] = P[Cyy(f1(u)) = f1(v)] x P[D(uv) = ul, since the events are independent.
Since all correspondences are total, P[Cyy (f1(u)) = fi(v)] = 1. Furthermore, P[D(uv) = u] = 3.
Hence P[U,] = 5 and P[U,] =1 — 5.

Thus P[K] = [[,en)( — ) = (1= &)NWI As G is A-regular, [N(u)| = A. Hence

P[K] = (1 — 57)* as desired. O



We are ready to prove the key lemma of this section. The result is similar to Lemma 7 in
Bruhn and Joos [2], however we extend it to correspondence colouring, and we ensure that the
uncoloured vertices induce a p-quasirandom subgraph.

Lemma 3.8. Let G be a A-regular §-sparse graph and let C' be a k-correspondence assignment
for G. Also let v > 0 satisfy
A23 -
_ 8
LT 6k2
There exists an integer As(9,7) such that if A > As(d,7), then there is a u-quasirandom subgraph
G' of G, and a K'-correspondence assignment C' of G' such that any C’-colouring of G' extends
to a C-colouring of G, where p=1— (1 — 52)% and k' > k — (1 — pn—7)A.

Ab _

x>
>

B

Proof of Lemma[3.8. We may assume that for each vertex u € V(G), the set C(u) has size
precisely k (by restricting to an arbitrary subset of C'(u) of size k). Furthermore, we may assume
that C' is a total correspondence assignment (by extending, for each edge uv, the function Cy,
to an arbitrary total function and setting C,,, = C;}). Note the latter two assumptions only
restrict the possible set of C'-colourings.

Now consider an application of Procedure to the graph G, which produces a partial
C-colouring f of G. Let G’ be the subgraph of G induced by the uncoloured vertices, and
let C’ be the correspondence assignment obtained from C' as follows: For each u € V(G’), let
C'(u) == C(u) \ {Cou(f(v)) : v € Na(u) \ V(G")}. To every edge uv in E(G’), let C’ assign the
map C,, where C/, is the restriction of Cy, to C’'(u) and C’(v).

We set k' = min,cy (g |C'(u)]. Note that every C’-colouring ¢’ of G’ can be extended to a
C-colouring ¢ of G by letting ¢(v) = ¢'(v) if v € V(G’) and ¢(v) = f(v) otherwise. Moreover,
we could truncate each C’(u) to an arbitrary subset of size k' restricting further the possible
C’-colorings. However, this is not technically needed since the definition of k-correspondence
assignment we use requires only lists of size at least (not necessarily equal to) k.

It remains to show that both of the following hold with high probability: V(G') is p-
quasirandom; and k' > k — (1 — p — y)A.

To this end we define a collection of events and random variables. Firstly, for each pair
of vertices u,v € V(G) such that the distance from u to v is at most 2, we define a random
variable Ny, by Ny, = |[N(u) N N(v) N V(G’)|. In particular, for a vertex u € V(G), we have
Ny = dyary(u). Let B, , be the event that

|Nu,o — N (u) N N(v)|] > VA(log A)°.
We show that the probabilities of all these bad events are small in the following two claims.

Claim 3.9. For every u,v € V(G), we have P[B, ] < A~z loglogA,

Proof. By Proposition B, we have E[N, ,] = p|N(u) N N(v)|. Thus P[By.,] = P[|Ny., —
E[N..]| > VA(logA)®]. In Section we argue that the random variable N, , is highly
concentrated about its expectation. More precisely, it follows from Lemma [3.19] that

P(|Nuw — B[Ny ]| > VA(log A)°] < A77loslog,
Hence the conclusion. O

For every vertex u € V(G), let

Py := {102 € B@INW)) : Conu(f1(01)) = Conu (1 (02)), 01,02 ¢ V(G)].

That is, P, denotes the number of non-adjacent pairs of vertices in N (u) whose colours under f
correspond to the same colour at u. For a graph H, let T(H) denote the set of triangles of H.
For every vertex u € V(G), let



Ty = {v1vavs € T(GIN (w)]) : Copul(fi(v1)) = Cupu(f1(v2)) = Cogu(f1(vs)), v1,v2,v3 ¢ V(G)}.

That is, T,, denotes the number of non-adjacent triples of vertices in N (u) whose colours under
f correspond to the same colour at wu.

For convenience, for each u € V(G), let 6, > ¢ be a fixed constant such that N(u) induces
precisely (1 — (5u)(§) edges.

We begin by finding a lower bound on the expectation of P, as follows.

Claim 3.10. For each vertex u € V(G), we have

BIP] 2 (1 o(1)) - du5re T,

=

where o(1) denotes a function that tends to 0 as A tends to infinity.

Proof.

Let ¢ € C(u). First let v; and vy be non-adjacent neighbours of u. Let ¢y = Cyy, (¢) and
c2 = Cyp, (€).

Note that

P[f(v1) = c1, f(v2) = c2] = P[f1(v1) = c1, f1(v2) = 2] Plog, vz & V(G| f1(v1) = 1, f1(v2) = ca].
Yet 1
P[fl(vl) = 01,f1(U2) = 02] = P[fl(?h) = 01] 'P[fl(vz) = 02] = 72
since the events are independent.
Thus we proceed to calculate Plvy,ve & V(G')|f1(v1) = c1, f1(v2) = ¢2] as follows. For each
zy € E(G), let Uy, be the event that Cyy(f1(x)) = f1(y) and D(xy) = = (that is the event that

y ‘uncolours’ z). Note for each zy € E(G), P[U,,] = 5- and hence P[U, ] =1 — 5.
Ploi,ve & V(G')|fi(v1) = c1, fi(v2) = 2]
el N T ) 7o)
weEN (vy) €N (v2)
= 11 P[Up,.0] X 11 P[Upy.e] X 11 P[Up,.5 N Uoyy)-
weN (v1)\N(v2) zEN (v2)\N(v1) yEN (v1)NN (v2)

For each y € N(v1) NN (vz), we have by the union bound that P[U,, , UU,, ,] < 1 and hence
POy NTing) 2 1-

Let |N(v1) N N(vz2)| = ¢. Since G is A-regular, we have that |N(v1) N N(v2)| = |[N(v2) N
N(v1)| = A —¢. Hence

Plos, vz ¢ V()| fa(v1) = filvz) = o] > (1 - i)m_% ~ <1 - %)é > <1 - %)A

Thus for each ¢ € C(u)

A
P[Co,u(f(v1)) = Coyu(f(v2)) =¢] > i . (1 _ l) ]

Since |C(u)| = k, we find that



Yet

E[P,] = Z PlCoyu(f(v1)) = Cozulf(v2))]-

v1v2 EE(N (u))

As there are precisely d,, (g) non-adjacent pairs in N(u), we conclude that

swia ) (- 2)

A2

> (1-o(1)) b, 5me
as desired, where the last inequality follows because the two inequalities that + is assumed to
satisfy imply that k = ©(A). %

We now compute an upper bound on the expectation of T,,, the number of non-adjacent
triples of vertices in N (u) whose colours under f correspond to the same colour at u, as follows.

Claim 3.11. For each vertez u € V(G), we have
A35% o
E[Tu] < W@ 8k
Proof. Let ¢ € C(u). Let vy,v2,v3 € T(G[N(u)]). For i € {1,2,3}, let ¢; denote the number
of vertices in N(v1) U N(v2) U N(v3) that have precisely ¢ neighbours in {v1, v2,v3}. Note that
£y + 20y + 343 = 3A.
We now proceed with an analysis similar to that for the pairs. Let ¢; = Cly, (¢), c2 = Cup,y ()
and ¢z = Cypy ().
Since

P[f1(v1) = e1, fi(v2) = ez, fi1(v3) = c3] = pEx
it suffices to compute
]P)[UlaUZaUB ¢ V(G/)|fl(vl) = 017f1(02) = 027f1(03) = 03]-

For each y with precisely two neighbours in {v1, v3,v3}, say y € N(v1)NN(v2) and y & N (vs),
we have P[U,, , U Uy, | > 4%. Indeed, P[Uy,,y N Upy,yl = Plfi(y) = Coy(c1) = Cuyylea)] -

P[D(yv1) = v1 and D(yvs) = v2]. Note that P[D(yv1) = vy and D(yvs) = vs] = 2. The value of
P[fi(y) = Cuy(c1) = Cuyy(c2)] is either 0 (if Cy,y(c1) # Coyy(c2)) or % (if Cyy(cr1) = Cuyylc2)).
In both cases, P[U,, 4, N U, ] < ﬁ, hence P[Uy, .y U Uy, y] > PUs, y] + P[Us, ] — ﬁ = %. It

follows that P[U,, , N Uy, ) <1 — 2.
Similarly, for each y € N(v1) N N(v2) N N(v3), we have P[U,, 4 U Uy, y U Uy, ] > slk and

hence P[Uy, .y N Uy, .y MUy, ] <1— slk'

We find that the probability that vy, vs,v3 € V(G)\ V(G’) is at most (1 — %)él (1- %)& :
(1- 8—716)&". Since we can check that (1 — 2-)% < (1 — &) and (1 — 2)? < (1 — &), we find that
the probability that v1,vs,v3 € V(G) \ V(G') is at most:

X 1 A ) 3 2 X 7 e3< ' 7 e1/3+242/3+43_ ' 7 A
2k 4k 8k) — 8k B 8k )

3/2 A3
A result of Rivin [I4] states that every graph with &, (g) edges contains at most % GA

(riangles. Thus, for 1arge enough A,
u . < _T

1
(

>

By

E[T,] < (1L 202
Tl s =5+ 8k 6z ¢
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as desired. O

Now, using linearity of expectation and Claims B.I0 and 311l we have

>

A%, _a NI

E[P, —Tu] > (1 —0(1)) - 5 ¢ " T e
A6 _a  A23 o4
> (1-o0(1)) (2—:e—r - 6:2 e—%> A.

As discussed after Proposition 3.1l the value of P, — T, is a lower bound on the number of
repeated colours. Let A, be the event that

1 AS A283 _aa
P,-T,<|1- —e F — -3t | AL
e s ( 1ogA) (%e 6k2 © )

Claim 3.12. For every u € V(G), we have P[A,] < 2A~zloglog A

x>

Proof. We argue in Section that the random variables P, and T, are highly concentrated
about their expectations. More precisely, Lemmas [3.17 and B.I8 state that for large enough A
we have that

P[P, — E[P,]| > VAlog" A] < A™Flogloga

and
P[|T, — E[T,]| > VAlog® A] < A=z loglog &
Thus, it follows from Claims and BIT] that for A large enough, we have P[4,] <
2A~3loglog A 4g desired. O

Let A and B denote the set of events of the form A, and B, , respectively. For z,y € V(G),
let dg(x,y) denote the distance from x to y in G. Note that A, only depends on random
variables in {f1(w) : dg(u,w) < 2} U{D(wz) : dg(u,w) < 1} and similarly B,,, depends only
on random variables in {f1(w) : dg(u,w) < 2} U {D(wz) : dg(u,w) < 1.

Let d = A%. A routine calculation show that for each x € V(G) and integer i > 0, we have
{y :d(z,y) < i} < AL

For each u € V(G), let Dep(Ay) := {Ay : dg(v,u) < 43U{B, 4 : da(v,u) < 4}. Note that, by
the mutual independence principle, A, is mutually independent of all events in (AUB)\Dep(A,,).
Furthermore |Dep(4,)| < A%+ A®%-A3 < A% since A > 2. Hence |Dep(A,)| < d. By Claim 312}
it follows that P[4,,] < 2A 7z loglog A < ﬁ where the last equality follows since A is large enough.

Similarly for each u, v such that dg(u,v) < 2, let Dep(By.,») := Ay : da(w,u) <4} U{By :
da(w,u) < 4}. Note that, by the mutual independence principle, B, ,, is mutually independent
of all events in (AUB)\Dep(Bu, ). Furthermore as above [Dep(By )] < A°+A5- A3 < A% = 4.
By Claim BI2] it follows that P[A,] < A~zlogloga < ﬁ where the last equality follows since A
is large enough.

The Lovasz Local Lemma then implies that with positive probability none of the events in
AU B occur. Since no event in B occurs, the uncoloured subgraph G’ is p-quasirandom. In
particular, every vertex u € V(G) has at most (1 — u)A 4+ v/A(log A)® coloured neighbours.
Similarly, since no event in A occurs, we have that, if A is large enough, then P, — T, >
YA + vV Alog A)® for every u € V(G').

Now, the k’-correspondence assignment C’ of G’ satisfies

|C'(w)| = k= (1 = w)A+ VA(log AP) + P, = T,

at every vertex u € V(G’). Thus, we have k¥’ > k — (1 — p — v)A as desired. O
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3.3 Concentration Details

In this section we prove the concentration results required in the proof of Lemma B8 Our main
tool will be a modified version of Talagrand’s inequality, developed by Bruhn and Joos [2].

Consider a random variable X determined by a set of independent trials. If changing the
outcome of a small number of trials does not affect X very much, then a well known concentration
inequality may apply. Unfortunately, in the naive colouring procedure, changing the colour of
one vertex can have a large effect. Indeed changing the colour of a vertex u may cause all vertices
in N(u) to lose their colour during Step Bl of Procedure However such an outcome is very
unlikely, since it requires that the colours assigned to the vertices in N(u) all correspond to the
same colour at wu.

Bruhn and Joos [2] developed a version of Talagrand’s Inequality capable of handling such
outcomes. To describe it, let 2 be a product space of discrete probability spaces, and define a
set Q* C Q of exceptional outcomes. We say that X has downward (s, ¢)-certificates if for every
t > 0, and for every w € Q\ Q* there is an index set I of size at most s so that X (w') < X (w)+1
for every w’ € Q\ Q* where the restrictions w|; and w’|; differ in less than ¢/c coordinates.

In other words, for each non-exceptional outcome, there is a small index set which can
guarantee that the random variable X is not too much larger for similar outcomes. We can now
state the theorem of Bruhn and Joos.

Theorem 3.13. [2] Let ((Q;,%;,P;))" be discrete probability spaces, (2,3, P) be their product
space, and let 0¥ C § be a set of exceptional outcomes. Let X : 0 — R be a random variable, let
M = max{sup |X|,1}, and let ¢ > 1. If P[Q*] < M~2 and X has downward (s, c)-certificates,
then for t > 50c4/s,

2
P[|X — E[X]| > t] < de” 1% + 4P[Q*].

For each vertex v € V(G), let Q, denote the discrete probability space that is selecting a
colour fi(v) from C(v) uniformly at random. For each edge uv € E(G), let {2y, denote the
discrete probability space that is selecting an end D(uwv) uniformly at random from {u,v}. Let
Q denote the product probability space HveV(G) Q, X HuveE(G) Q. Thus each outcome w € Q2
is indexed by V(G) U E(G).

For each vertex v € V(G), let Q, be the set of outcomes w € € such that there exists a
subset S of N(v), |S| > logA, and ¢ € C(v) such that Cy,(fi1(w)) = ¢ for all w € S (that is at
least log A vertices in N(v) have colours corresponding to the same colour at v).

Let u € V(G) be a fixed vertex. We define the exceptional outcomes

= Q.
vid(u,v)<2
Lemma 3.14. For large enough A,
P[Q*] S AféloglogA.

Proof. First we calculate P[Q,]. This calculation can be found in [2] p. 18 (arXiv version)] and
trivially generalises to correspondence colouring. Hence we have the following;:

eA

P < AZ(——)les A,
Qi) < A% %)

As the number of vertices at distance at most two from a vertex is at most A2 + 1, we have

eA
klog A

log A
]P)[Q*] < (A2 + 1)A2< ) _ A6+log(%)710glogA < A—%loglogA7 (2)

as desired, where the last inequality follows since A is large enough. Note that the middle term
is A? times bigger than the probability obtained in [2], but that increase is negligible given how
fast it decreases in A. O
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Proposition 3.15. For each u € V(G), the random variable P, has downward (s, c)-certificates
where s = 3A and ¢ = log® A.

The proof is almost identical to that of Bruhn and Joos [2, Lemma 7] except that, since we
deal with correspondence colouring, it is possible that a single vertex v affects the colours of
many vertices in N (u), all of which correspond to different colours at w.

Proof. Let w € Q\ Q*. For every vertex v € N(u) N V(G'), let a, denote a neighbour w of
v such that Cyy(f1(w)(w)) = f1(v)(w) and D(wv)(w) = v (such exist since v € V(G’)). Let

I= (UueN(u) QU) U (UvGN(u)ﬁV(G’)(Qau U Qwv)). Note that |I]| < 3A.

To prove that P, has downward (3A, log* A)-certificates it now suffices to prove the following
claim.

Claim 3.16. For every t > 0 and ' € Q\ Q* such that that P,(w') > P,(w) + t, then w|; and

W' differ in at least logﬁ coordinates.

Proof. First we characterize how the coordinates in I may differ between w and w’ as follows.
Let
Ay :={v e N(u): Qw)) # Q(w)},

that is the set of neighbours of u that have different colours under f; in w versus w’. Similarly
let
A :={v e N(u) : Qua, (W) # Qpa, (W)},

that is the neighbours of u where D(va,) differs in w and w’. Finally let
Az :={w e V(GQ) : Jv e Nu) NV(G),w = ay, Qy(w) # Qw(w)},

that is the vertices w € V(G) for which f;(w) differs in w and «’ and are also an a, for some
v € N(u) N V(G’). Note that w|; and «’|; differ in at most |A1| + |Az2| + |As| coordinates.
Now let

Py = [{wz € E(G[N(u)]) : Cuu(fi(w)) = Coulfi(2)), w,z ¢ V(G)},
that is the number of pairs counted in P, in which w appears. Let
B={veN(u):veV(GF'w) \ V(G W)}
that is the set of neighbours of u that are in V(G’) in w but not in V(G’) in w’. Now

Pu(w') < Py(w) + Z Py (W)
weALUB

For each vertex v € V(G) and colour ¢ € C(v), define
Nye:={x € N(w): Cp(fi(x)) =c},

that is the set of vertices x € N(v) whose colour in f; corresponds to colour ¢ at x. Since
w,w’ & Q* we have that w,w’ & Q,. This implies that for each vertex v € V(G) and colour
¢ € C(v), we have

[Ny <logA.

Note that if w € N(u) and we let ¢ = Cyyy (R (w')), then P¥(w’) < [Ny < log A, hence
Pu(w') < Pu(w) + (|A1] + B\ A1]) log A.
Yet

B\ A1 C AU ( | Nuow@) ),
weEA3
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hence
|B\ Ai| < [Az] + |Az|log A.

Combining, we have

t < Pu(w') = Pu(w) < (|A1] + [B\ Ar]) log A < (|Ar] + |A2] + |As]) log” A

Hence the number of coordinates in which w|; and w’|; differ is at least logﬁ =L as desired. ¢

(|
Lemma 3.17. If A is large enough, then P[|P, — E[P,]| > VAlog* A] < A-zlegloga,

Proof. We will apply Theorem BI3] with ¢ = vAlog* A, s = 3A and ¢ = log? A but first we
check that the hypotheses of Theorem are satisfied.

Note that by Proposition BI85l P, has downward (s, c¢)-certificates. Next note that M =
sup P, < A% By Lemma B4 P[Q*] < A~3loslos A which is at most A™* when A is large
enough. Thus we have P[Q*] < A= < M~2. Hence all of the hypotheses of Theorem [B.I3] are
satisfied.

Applying Theorem [B.13 with the parameters above, we conclude that for large enough A, we
have

P[|P, — E[P,]| > VAlog! A] < 4A~as'o8 A 4 A—Floglog A

which is at most A~z leglog A fo large enough A. O
In an analogous way one can show that the random variable 7, is concentrated about its
expectation. The only difference in the argument is that there could be up to (1°g3A) triples of

vertices in N (u) which correspond to a fixed colour at u. Nevertheless, taking ¢ and ¢ to be
log A times larger than for P, above we obtain the following from Theorem B.13]

Lemma 3.18. If A is large enough, then P||T, — E[T,]| > vV Alog® A] < A=z logloga,

For the random variable N, ,, u,v € V(G), we can take ¢ = logA, s = 3A and t =
Vv Alog? A. An argument analogous to that of Proposition 315 shows that Ny, has downward
(s, ¢)-certificates. Then Theorem implies the following.

Lemma 3.19. If A is large enough, then P[|N,., — E[N,.,]| > VAlog® A] < A=z loglog A,

3.4 Iterating the Procedure

We now argue that given the properties of the colouring obtained after applying Lemma [3.8] the
graph induced by the uncoloured vertices retains some of the sparsity of the original graph.

Lemma 3.20. Let 0, > 0, let G be a graph of mazimum degree A such that every neighbourhood
induces at most (1—49) (g) edges, and let G' be a p-quasirandom subgraph of G. For every 6’ < 4,
there exists Aq(p,6,0") such that if A > Ay(u,d,8"), then every neighbourhood of G' induces at

most (1 — 5’)(A(2G/)) edges.

Proof. Let u € V(G"), and for simplicity let N'(u) = N(u) N V(G’) and d'(u) = dy(y(u). If S
is a set of vertices, we also write E(5) to mean E(G][S]). Counting the edges induced by N'(u),
we have 2|E(N'(u))| = >, nv(u) An'(u) (v). For any v € N'(u), since G' is p-quasirandom and
dn(uy(v) = |[N(u) " N(v) N V(G")|, we have

dN’(u) (U) < MdN(u) (U) + \/Z(log A)5 (3)
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Thus we have
AB(N' () < 3 (i () + VA(0g A))
vEN'(u)

<u Y dya(®) +AVA(og AY.

vEN'(u)
Rewriting the sum we have

> dnw®) = Y, oo

vEN'(u) vEN'(u) weN (u)NN(v)

S Y

wEN (u) vEN'(u)NN (w)

= Z dN’(u) (’LU),

weN (u)

so another application of [B]) gives

ABN' @)l < Y- (g (w) + VAQog A)) + AvVA(log A)°
weN (u)

=’ Y dyw(w) + pAVA(log A + AVA(log A)

weN (u)
< 2u%|E(N(u))| + 2AVA(log A)®.
Since every neighbourhood of G induces at most (1 — 4) (g) edges, we have
B0V < 20 9)(5) + AVALog A,
and since 42 (5) < (“2) + pA for any p > 0, we have
/ pA 5
[EWN' ()] < (1-0)(", ) + 2AVA(log A)°.

Because G is a p-quasirandom subgraph of G, we have that uA < A(G') +VA(log A)®, so

A(G") + VA(log A)®
2

(A(;;/)) " (\/M;gms

|BE(N'(u)] < (1 — 5)( ) +2AVA(log A)®

<(1-9) +2AVA(log A)°

) + A(G)VA(log A)?

Thus we have |E(N'(u))] < (1 —9) (A(QG/)) + O(AVA(log A)?). Finally, for any &' < § we have
|[E(N'(u)] < (1-1¢") (A(f/)) provided that A is large enough. O

We are now able to prove the main Theorem of this section.

Theorem 3.21. Let e,§ > 0 be such that € < 0.5 and

1 ) 1 53/2 __7
2(1—¢) _ e 1 — — 8(1—e) .
e <2<1—e>e 6(1—e)7" >

There exists As(e,0) > 0 such that if G is a §-sparse graph of mazimum degree A > As(e,0d),
then x.(G) < (1 —¢e)A.
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Proof. For convenience we define

) 1 (53/2 — 7 __
g(€,5) = me 1-e — me 8(1-¢) (4)

Set k = | (1 —¢)A] and let C be a k-correspondence assignment for G. We will show that
G is C-colourable by repeatedly applying Lemma to the remaining uncoloured graph. We
frequently assume that the maximum degree of this graph is sufficiently large, and explain at
the end of this proof why we may do this.

To simplify the analysis, let ¢’ > 0 be such that (1 —¢’)A = k. If As is large enough, then
this can always be done in such a way that &’ and § still satisfy the conditions of the theorem
provided A > Aj. We also choose some ¢’ < § such that §" and ¢’ still satisfy the condition.
When iterating the procedure, the sparsity of the uncoloured subgraph may decrease, but by
taking As to be large enough, we will ensure that it never drops below ¢’. In this way, the
condition of the theorem is always satisfied and we can apply the naive colouring procedure
again.

Let 8 > 0 be a constant such that el 3= + 8 < g(¢’,¢). Informally, we show that in the
subgraph induced by uncoloured vertices, the ratio of number of colours available over maximum
degree increases by at least /2 after every iteration of the naive colouring procedure. Thus,
this ratio eventually reaches 1, which guarantees we can colour the final uncoloured subgraph
greedily. Additionally, note that the upper-bound on the number of iterations does not depend
on A.

Let T'= [2]+1. First we define parameters for the small constants we use as follows. Define
for each integer ¢ such that 0 < ¢ < T the following:

o EiZEI—ig

. ’Yi:é“z'e_z(Tla”ﬂLﬁ
° 5 =0-7(0-7)

Let ro = A. We now define the constants we use for the numbers of colours, degrees and
quasirandomness as follows. Define for each integer ¢ such that 0 < i < T the following;:

[ kl = (1 — Ei)Ti

b Mizlf(lfzii)”

e ;= (‘LLZ',1 + g) Ti—1 for i 7é 0
First we argue that r will be large enough provided that As(e,d) is, as follows.

Claim 3.22. For every Cr, there exists C' such that if As(e,8) > C, then ro > Cr.

Proof. Note that given € and §, we have that p; > 1 — eI > 0 for every i € {1,...,T}.
Since 741 > piri — /Ti(log )%, we have that r; 1 grows with r; for every i € {1,...,T}. O

We then argue two useful monotone properties.
Claim 3.23. If 6* > §' and e* < &', then g(e*,6*) > g(¢’,d").

Proof. It is easily checked that for fixed e, the function g is increasing in §. Therefore, it
remains to argue that g(e*,d’) > g(¢’,0’), in other words, that g is a decreasing function of
6/

for fixed 6. We point out that =z — ﬂe’% is an increasing function of x for = € [0.5,1], as

3
well as z — —%—je‘é for x € [0.5,1]. Tt follows that the sum is also an increasing function of

x € [0.5,1]. Setting x = 1 — ¢, we obtain that g is a decreasing function of ¢ for £ €]0,0.5] and
for fixed 4. O

We can similarly argue the following.
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Claim 3.24. For everyi € {1,...,T — 1}, we have v;41 < ;.

S
Proof. Since v; = g;e 20— + (B and ¢; is a decreasing function of 4, it suffices to argue that
1
the function z — x - e~ 20-2) is increasing on [0,0.5]. This is easy to check by computing its
1
derivative (z — (1 — ﬁ) e~ 2@0-9 ) and noticing that it is positive on [0,0.5][. O

Now we argue that there inductively exists by Lemma [B.8 subgraphs of G and new corre-
spondence assignments for those subgraphs whose parameters are defined as above.

Claim 3.25. There exist a family of graphs (G; : i € [0,T]) with Go = G and correspondence
assignments C; for G; with Cy = C such that all of the following hold for each i € [1,T):

1) G; is d;-sparse

2) G, has mazimum degree at most r;

3) C; is a k;-correspondence assignment

4) 1If there exists a C;-colouring of G;, then there exists a C-colouring of G

Proof. We proceed by induction on i. Hence G;_; is d;_1-sparse graph with maximum degree
ri—1 and C;_1 is k;_1-correspondence assignment for G;_; such that M) holds.

By choice of 3, we have &’ - ¢ 2 + B < g(e',d"). Since the left term is exactly ~o, we
rewrite the previous equation: vy < g(g’,9").

Note that for every ¢, we have g; < &’ and §; > ¢’. By combining Claims B.23] and B:24] we
obtain, for each i > 1,

__ 1
vi =g 2020 + B < g(e4,6;).

By the remark following Proposition Bl there exists a r;_1-regular graph G)_; of sparsity
d;—1 that contains G;_1 as a subgraph. We extend C;_; to k;_i-correspondence assignment of
G arbitrarily.

Applying Lemma B8 with v = v,-1,G = G,_,A =1r;_1,0 = §;—1,k = ki—1 and C = C;_1,
we find that there exists a p;_1-quasirandom subgraph of G._,, call it G;, such that there exists
an /-correspondence assignment C; of G; such that any C;-coloring of G; extends to C;_1-coloring
of G)_,. Hence there exists a C;_j-coloring of G;_; and € > k;_1 — (1 — pti—1 — Yi—1)Ti—1-

Since r; is large enough by Claim [3.22] Lemma B.20 implies that G; is d;-sparse and hence [I])
holds for G;. Since M) holds for G;_1, we find that [) holds for G;.

Subclaim 3.26. [2) holds for G;.
Proof. Since G; is a p;—1-quasirandom subgraph of G;_1, it follows that

7 < pio1mio1 + /Tim1(logri—1)®.

Since r; is large enough, we have that ,/r;_1 (log ri_1)5 < gri_l and hence

7y < (,Ui—l + g) Ti—1,

as desired. O

Subclaim 3.27. [3) holds for G;.
Proof. Tt suffices to show that ¢ > k;. Recall that £ > k;—1 — (1 — ptj—1 — Yi—1)Ti—1-

R
Since k;—1 = (1 —&;—1)ri—1 and v;—1 = g,_1e 20~=-1 4+ 3, we have that

-1
ki > (1 —egim1)ricn — (1= pi—1)rio1 + (gi—1e 20750 4+ By

-1
= (,ui—l —(1—e 2071 )g; y + 5) Tio1.
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R T
Since p;—1 > 1—e 2¢-=i-1  we find that

ki > (1 —eim1)pi—1 + B)rica
= (1 —ei—1)pi—1mi—1 + Bri—1.

Since r; = (ui,l + g) ri_1, we have that

ki=(1—ei—1)(ri — éh‘-ﬂ + Bri—1

2
=1 —¢&i—1)ri + gm_1
> (1 —€i—1+ §> T
= (1 — Ei)h’,
as desired. O

O

Since T' = f%] +lander =¢— Tg, we find that er < 0. Hence kr = (1 —eq)rpr > rr+1
provided 77 is large enough. Thus there exists a Cr-colouring of G using a greedy algorithm.
By Claim B25|), it follows that G is C-colourable. O

Bruhn and Joos [2] note that for § € [0,0.9], setting ¢ = 0.18276 — 0.07785°%/2 satisfies
e < g(e,0), where g is the function defined in (). Since /e < ¢ for all & > 0, we have

that setting ¢ = (0.18275 — 0.07785%/2) /e satisfies ¢ < 62(11*5)9(5,(5) for ¢ in the same range.
Therefore we deduce Theorem as a corollary.

4 Application to Strong Edge Colouring

In this section we prove Theorem [[LTTl Recall that L(H) denotes the line graph of H, that is,
the graph with vertex set F(H) and where two edges are adjacent if they were incident in H.
The square of a graph G is obtained from G by adding an edge between every pair of vertices
u,v € V(G) which have distance precisely 2 in G. In other words, two vertices are adjacent in
the square of G if and only if they are at distance 1 or 2 in G. If H is a graph, we denote the
square of the line graph of H by L?(H). Thus, a strong edge colouring of H is a vertex colouring
of L>(H). If uv € E(H), then N*(uv) denotes the strong neighborhood of uv, i.e. the set of edges
of H which have an endpoint adjacent to u or v. Equivalently, N*(uv) is the neighbourhood of
the vertex uv in the graph L?(H). We also let d*(uv) = |N*(uv)|. Given a set of vertices A and
a vertex u, we define d%(u) as d(u) — da(u). Similarly, given a set of edges B and an edge uv,
we define d%(uv) as [N*(uwv) \ Bl.

4.1 A Sparsity Bound for Squares of Linegraphs

Molloy and Reed [I1I] and Bruhn and Joos [2] gave evidence for Conjecture by improving
the constant from the trivial bound of 2A2. To do this they showed that for any graph H, the
graph L?(H) is a subgraph of a graph G such that A(G) = 2A(H)? and G is §-sparse for some
0 > 0. This was achieved directly by carefully bounding the number of edges induced by the
strong neighbourhood of an edge of H. Bruhn and Joos obtained the following inequalities and
bounds which we shall make use of later.
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Lemma 4.1. [2] Let H be a graph of mazimum degree A, and G = L*(H). Let uv € E(H) and
define X = Ng(u) U Ng(v) \ {u,v} and Y = Ng(X) \ (X U{u,v}). Letting C4+(X,Y) denote
the number of 4-cycles x1y1x2y2 such that T1,z2 € X and y1,y2 € Y, we have

d*(uv) < (2 — a — B)A? = 2A,

1/2-—a—-28-7)% ., Y
04(X,Y)2§( STEpr A—(7_§)A3)’

and

|E(GN®(uw0)])| < (2 —a-fB- %) A* Z 204X, Y) + (g - 2) A3
where aA = [N (u) N N(v)|, BA* = |[E(H[X])| and yA® = 37y dx (y)(A — dx(y)).

We first slightly improve the bound on the number of edges induced by the strong neigh-
bourhood of an edge.

Lemma 4.2. Let H be a graph of mazimum degree A, and G = L*(H). Let X = Ny(u) U
Npg(w)\{u,v} and Y = Ng(X)\ (X U{u,v}), and let C4(X,Y) denote the number of 4-cycles
T1y1T2y2 such that x1,29 € X and y1,y2 € Y. Ifuv € E(H), then

2

\B(GIN® (un)])] < (2 N %) At = 204(X,Y) - mN + (% ) 2) AB,

where aA = |N(u) N N(v)|, BA% = |E(H[X])| and yA3 = > yey Ax (Y)(A —dx(y)).

Proof. By the remark following Proposition Bl we may assume that H is A-regular. Let
Z = N*(uv).

We denote by P the number of all (directed) paths pgrs such that pq € Z. We denote by B
the number of all paths pgrs such that pg € Z and r,s € X.

Claim 4.3. We have 2| E(G[N*(w)])| < P — B — 4|C4 (X, Y)|.

Proof. We note that 2|E(G[N?®(uv)])| is at most the number of paths pgrs where pqrs is a path
with pg € Z and rs € Z. Since every edge in Z has an endpoint in X, this is at most P — B.
In fact, if pgrs is a cycle, then we count both paths pgrs and gpsr for the edge (pq,rs). If
pgrs is a cycle in Cy(X,Y), then this double couting is repeated for each directed pair of opposite
edges on the cycle. We derive 2|E(G[N?®(uwv)])| < P — B — 4|C4(X,Y)|, as desired. O

We note that P < 2A? - |Z|. From Lemma BTl we know that |Z| < (2 — a — B)A% — 2A,
hence P <2A? - ((2 — a— B)A? — 2A). We focus on lower-bounding B.

We will lower-bound B by considering two distinct types of such paths, as follows. We denote
by B; the number of all paths (p,z,y,q) such that x € X, y € Y and ¢ ¢ X. We denote by By
the number of all paths (z,y,w, z) such that x € X, y € Y and w,z ¢ X. See Figure 2l for an
illustration of both types.

Note that both types are indeed taken into account in B, and that no path can be of both
types: the second vertex belongs to X in the case of By, to Y in the case of By. Therefore, we
have B Z Bl + B2.

Claim 4.4. We have By > yA* — yA3.

Proof. We prove this claim following Bruhn and Joos [2, Lemma 2.1]. Since H is A-regular, for
every fixed path zyq with x € X, y € Y and g € X, there are A — 1 choices of p to extend it.
The number of such xyq is

Y dx(y)(A —dx(y)) = vA%

yey

It follows that By > yA3 - (A — 1), hence the conclusion.
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Figure 2: An example of a path pxyq (dotted, top) and of a path xywz (dotted, bottom).

42
(2—a=p)

Claim 4.5. We have By > A%

Proof. Each vertex y € Y can be extended to a path in R by choosing a neighbour of y in X,
and a path of length two starting at y and avoiding X. Thus, since H is A-regular, we have

|B2|=Z dx (y) Z dx (w)

yey weN (y)\ X

=> ldxly) > (A-dxw)]. (5)

yey weN (y)\X
Expanding the sum, equation (&) becomes
Bol = > dx(m)Adg(y) =D D> dx(y)dx(w). (6)
yey YyEY weN (y)\ X

If, for some y € Y, w is adjacent to y and not in X, then either w € Y, or dx(w) = 0. Thus,
the second sum in (@) is really a sum over the edges of H[Y].

S Y dxdxw) =Y Y dx(y)dx(w)

YeEY weN (y)\ X yeY weN (y)NY

= Z 2dx(y)dx(’w).

ywEE(H[Y])
Since 2ab < a? + b? for all integers a and b, we have
Yoo 2x(ydx(w) < Y (dx(y)® +dx (w)?)
yweE(H[Y]) yweE(H[Y])

=) dy(y)dx(y)®

yey

<Y dx(y)dx(y)*. (7)

yey

Substituting the expression in ([7) into (@]), recombining and simplifying gives
Bo| > > (dx(y)Adg (y) — dx (y)dx (y)°)

= > dx(y)dx (y)(A - dx(y))

yey

=Y dx(y)dg(v)*. (8)

yey
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Let us denote by E(X,Y) the set of edges with an endpoint in X and the other in Y. If
e € E(X,Y), we denote by y. the endpoint of e in Y. Writing the sum in (8) as a sum over
edges we obtain

Bo| =) dx()dx ()’ = Y dx(ye)*.
)

yey e€E(X)Y

Now using the Cauchy-Schwarz inequality, we have

2
ZeeE(X,Y) dx(Ye) )

|Ba| = [E(X,Y)] (

[B(X,7)
= BT E% )
:w&yﬂﬁﬁf- ©)

By Lemma ] we have that |[E(X,Y)| < d*(uv) < (2 — a — B)AZ%. Substituting this into (@)
gives that |Ba| > @#Z_KE)A‘l as claimed. O

Combining Claims B3] 4] and 5 with the fact that P < 2A% - ((2 — a — B)A? — 2A), we
obtain the desired bound.
|

4.2 Restricting the Set of Interesting Edges

Let G be a graph with maximum degree r such that for every vertex u € V(G), the graph
induced by the neighbourhood of u has at most (1 —6)(5) edges. Theorem [LG shows that there
is some v > 0, which increases with the sparsity, such that G is colourable with (1 —v)r colours.
However given this fact, one need not colour all the vertices. Indeed if A C V(G) is the set
of vertices with degree at least (1 — 7)r, then it suffices to colour A. After this, the remaining
vertices of G can be coloured greedily without introducing any new colours. In fact, we can
repeat this argument to show that we only need to colour the maximum subgraph F' of G with
minimum degree at least (1 —~)r (note that F' may be empty). We show that in our application
to the strong chromatic index, the graph F' thus obtained is even sparser than G.

Lemma 4.6. Let H be a graph with mazimum degree A, and set G = L?(H). Let n € [0,0.3] be
a fived constant and let F C E(H) be the mazimum set of edges e such that dp(e) > (2 —n)AZ2.
Finally, for e € E(H), let F, be the set F N Ng(e). If e € E(F), then

31 128

mwmmé<gyﬁiﬁ

+4n — 772> At

Proof. Let e be an edge uv of H such that e € F. Let X = Ng(u) U Ng(v) \ {u,v} and
Y = Ng(X)\ (X U{u,v}). We define an auxiliary graph Cy(e) whose vertex set is F(X,Y), and
whose edges consist of those pairs {f1, fa} € F(X,Y) such that f; and f; are opposite edges of
a 4-cycle in C4(X,Y). For an edge f € E(H), we have dg(f) < 2A% —de,(¢)(f). If f belongs
to F, by definition of F' we have (2 —7)A? < dg(f). Therefore, for any edge f € F, we have
deye)(f) < nA2. Note also that

Yo dnewle) = D deyelo)
geE(X,Y)\F geE(X,)Y)\F

and

4C,(X.Y) = D deoN+ Y deo(9):

FEE(X,Y)NF gEE(XY)\F
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Combining these observations we have

D dnel9) = 4CH(X,Y) — | F|A®.

gEE(X,Y)\F
Finally,
|E(GIF)| < |E@GIN* (D= > dyeo(9) + [EGIEX,Y)\ F))|
gEE(X,Y)\F
< |B(GIN®(e)])] = 4C4(X,Y) + | F|A% + %IE(X’ Y)\FP. (10)

Note that |[E(X,Y)\ F| < |Ng(e)\ F|. Since e € F, by definition of F' we have |[Ng(e)NF| >
(2 — n)A2. Thus, using Lemma FLT] we have

IE(X,Y)\F| < (2-a-B)A* = (2-n)A? = (- a - B)A%,

where, as usual, A = |N(u) N N(v)| and SA% = |E(G[X])|. We can now bound the last two
terms in equation ([I0).

WIFIA? + LB(X,Y)\ PP < gl FIA + L(n—a — )| E(X,Y)\ FIA?
<n(|F|+ |B(X,Y)\ F)A?
< nIN*(e) A7
<n(2—-a-p)At

Therefore, by Lemma 2] and the above, inequality (1) becomes

¥ 72 iy
|E(G[Fe])|§(2fafﬂf§)A4 e ( 2)A37604(X,Y)+77(27afﬂ)A4

Now, using the expression for C4(X,Y) from Lemma [Tl gives

|E(GIF))| < f(a, B,7,mA" + (19 — 7)A%, (11)
where
7 32-a-28-7)? 7
—2-a-f-2L— - 2—a—fB). (12
It remains to show that f(«, 3,7,n) 0 ( 50— 377)). By Lemma [£1] and the
definition of F, we have (2—n)A? < dg(e ) (2— )A2 Thus o+ < 0. Lettingz = 5+ 3

equation ([I2)) simplifies to

_ _ 2 _ 2
f(aaﬁa’y’n) = fO(aaBan’x) =2-a—z— 3(22(2a a)22x) - z(iEOé ﬁ)ﬂ +77(2 —« _6) (13)

We first investigate the dependence on a. First, note that

of 3 22 20 Ae—b)
ER R T A e P
B 6 2z 2(‘T_ﬁ)2
_1—‘_(2704)2 '(1_2704)_ @-a-pp "
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For any positive a, the function z + x- (1 —a-x) reaches a maximum of 4—1a at x = i Therefore,
for all v in the range considered, the term
6x 2z
> (1=
(2—a)? 2—«
attains its maximum at x = QTTO‘. As a < 1 by definition, we have
6x(2 — a — 2z) 6-(2—04)~2_Ta_ 3 <1
2—-a)3 ~ 2—-a)3  42-a)
whence g—(’; < 0. Thus, defining f1(8,n,2) = fo(0, 5,1, x) we have
1 3 2(x — )2
fola, By, 2) < fi(Bim,2) = 5 T2 - 5902 - (275) +n(2 - B). (14)
For fixed 8 and 7, we calculate
0 4(x —
Oh _y g, Aa=0)
ox (2-7)
so one can check that % = 0 only when z = 140t23%. The second derivative %Qmj;l is easily seen

to be negative, so f1 attains its maximum at z = 140";23%. Thus we have f1(8,n,z) < f2(58,n),
where

4+ 28
10 — 33

(pon) = i (5o )=-mit B g e

(10 —3p)
Now,
% 128

95 > " (0_3p

Since 8 <1, we have 2 —n — ﬁ >2—-n— (101_#577)2 which is positive for n < 0.3. Thus f5

is increasing in 3. Again, since < 7, we conclude that

h%mﬁhmm=%—f+%—§%§%-

O

This refined sparsity bound combined with our new colouring procedure is enough to prove
Theorem [LIT}

Proof of Theorem .11l Let H be a graph of sufficiently large maximum degree, and G = L?(H).
Let n = 0.164 and let F' be the set of edges described in Lemmald.6l By the argument preceeding
Lemma 6] it suffices to colour G[F]. By Lemma 48] for each edge e € E(H) we have

1 12
B(GIE.])| < (477 _pg S 128

— 2 ) AY £ (19 — 4)A3 < 1.309A%
- 3(103n)) + (19 — 7)A® < 1.309A%,

provided A is large enough. Thus, |E(G[F.])| < (1 — ) (232), where § = 0.345. Note that

§ = 0.345 and £ = 0.0825 satisfy the conditions of TheoremB.21] so G[F] is (1—¢)2A2-colourable.
We derive that H admits a strong edge colouring with at most 1.835A2 colours. O
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« 9 (0% 9 (0% 9

0.02 0.0029 0.32  0.0375 0.62 0.0603
0.04 0.0058 0.34 0.0393 0.64 0.0615
0.06 0.0085 0.36 0.0411 0.66 0.0627
0.08 0.0112 0.38 0.0428 0.68 0.0639
0.10 0.0138 0.40 0.0445 0.70  0.0651
0.12 0.0163 0.42 0.0461 0.72  0.0662
0.14 0.0187 0.44 0.0477 0.74 0.0673
0.16 0.0210 0.46 0.0492 0.76  0.0684
0.18 0.0233 0.48 0.0507 0.78 0.0694
0.20 0.0255 0.50 0.0522 0.80 0.0704
0.22 0.0277 0.52  0.0536 0.82 0.0715
0.24 0.0297 0.54 0.0550 0.84 0.0724
0.26 0.0318 0.56 0.0564 0.86 0.0734
0.28 0.0337 0.58 0.0577 0.88 0.0743
0.30  0.0356 0.60 0.0590 0.90 0.0752

Table 1: Values of o and € which satisfy the conditions in Lemma [(5.2]

5 Reed’s Conjecture

In this section we prove Theorem [[L7] by combining Theorem and Theorem B.21] with the
technique of King and Reed [I0]. The key idea in King and Reed [10] is that for any ¢ > 0, a
smallest counterexample to Theorem [[2] cannot contain an independent set S which hits every
maximal clique. Otherwise one can check that deleting a maximal independent set containing
S produces a smaller counterexample. Thus, by the following result, we may deduce that a
smallest counterexample has small clique number.

Theorem 5.1. [9] Every graph satisfying w(G) > %(A(G) + 1) contains an independent set
hitting every maximum clique.

Using Theorem and Theorem [[L6] we deduce a bound on the chromatic number of these
graphs.

Lemma 5.2. Let G be a graph of mazimum degree A, and clique number w = (1 — a)(A +1).
There exists Ag(e, ) such that if A > Ag(g,a), then x(G) < [(1 —€)(A + 1) + ew], provided

e <0.30125(1 — 2¢)2 — 012832 (1 — 2¢)°.

Proof. Let k= [(1—¢)(A+1)+ew]. Weset &/ =ea so that k= [(1—¢')(A+1)]. It suffices to
show that G is k-colourable. To do so, we may first assume that G is a critical graph. Now by
Theorem [[LH, we have that G is d-sparse where § = %(a — 2¢’)2. By Theorem [L6] such a graph
can be coloured with (1 —¢’)(A + 1) colours, provided ¢’ < 0.30126 — 0.12836%/2. This simplifies

to e <0.30125 (1 — 2e)% — 0.1283%(1 — 2¢)3, which is satisfied by assumption. O

Since the condition in Lemma, is somewhat involved, Table 1 lists values of & and € which
satisfy it. Before proving Theorem [I.7l we mention the following result which we require.

Theorem 5.3. [13] There is a constant Ay such that any graph G with A(G) > A7 and w(G) >
(1- TI(V)A(G) satisfies x(G) < %.

We are now ready to prove Theorem [L7}

Proof of Theorem[I.7, Let Ay = max(1.4-10%- Ay, A7) and let G be a graph with A(G) > A,.
First note that if w(G) > A(G)—2A1, then by the choice of Ay we have w(G) > (1—++57)-A(G).
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By Theorem B3] the conclusion strongly holds. Therefore, from now on we can assume that
w(G) < A(G) — 2A,.

If G has clique number w(G) < 2(A(G)+1), then we set G = G in what follows. Otherwise,

if w(@) > 2(A(G) + 1), then by Theorem B.1] there is an independent set S C V(G) which

contains a vertex of every clique of size w(G). Extend S to a maximal independent set S’ and
set G’ = G—S5'. Since S’ is maximal, A(G’) < A(G) —1, and since S’ contains a vertex in every
maximal clique, w(G') = w(G) — 1. Furthermore, x(G’) > x(G) — 1 since S is an independent
set. While w(G’) > %(A(G') + 1), we repeatedly apply this reduction until we obtain a graph
G" with w(G") < 2(A(G”) +1). Since the clique number decreases by precisely one each time,
the process terminates after p steps, where p < w(G).

Note that A(G") < A(G) — p, w(G") = w(G) — P and x(G") > x(G) — p. If A(G") > Ay,
then Lemmaimplies that x(G”) < 22A(G") + 55w(G") provided 5z < 0.30125(1 — )% —
0. 128320\‘[(1 — %)%, This is easily seen to hold for all 1/3 < a < 1. We deduce that x(G) <
SAG") + 2w(G") +p < BAG) + 550 (G).

Thus we may suppose that A(G”) < A;. In this case, we have

X(G) <A +p
S Al +W(G)
<A1+ (1-¢) w(G)+e w(G).

Finally, by the assumption on w(G), we have

X(G) <A1+ (1—¢)- (A(G) —24A1) + ¢ - w(G)
=(1-¢)-A(G)+ec-w(@)+(2c—-1)- A
<(1-¢)-AGQ) +¢-w(G),

hence the theorem holds.
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