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[  3 8 5  ]

X II. Colours in  M etal Glasses and  in M etallic .

B y  J . C. M a x w e l l  G a r n e t t , B.A Trinity College, Cambridge. 

Communicated by Professor J . L a r m o r , Sec.R.S.

R e c e iv e d  A p r i l  1 9 ,— R e a d  J u n e  2 , 1 9 0 4 .

Introduction.

§ 1 .  T h e  presen t paper contains a discussion of some optical properties of a m edium  

contain ing  m in u te  m etal spheres. The discussion is divided in to  tw o P a r ts  : th e  first 

P a r t  dealing w ith  colours in m eta l glasses, in which th e  proportion of volume 

occupied by  m etal is sm a ll; th e  second P a r t  dealing w ith  m etal films, in which th is  

proportion m ay have any  value from zero to  un ity .

In  P a r t  I. th e  observations of S i e d e n t o p f  and Z s i g m o n d y  beyond th e  lim it of 

microscopic vision (‘ Ann. der P h y s.,’ Jan u ary , 1903) are discussed. I t  is shown th a t  

th e  partic les seen in a gold ru b y  glass are partic les of gold which, w hen th e ir  

d iam eters are less th a n  OTp,, are accurate ly  spherical. I  have endeavoured to  show 

th a t  th e  presence of m any of these  m inute spheres to  a w ave-length  of lig h t in th e  

glass will account for all th e  optical properties of “ re g u la r” gold ruby  glass, and th a t  

th e  irregu larities in colour and in polarisation effects sometimes exhib ited  by  gold 

glass are due to  excessive distance betw een consecutive gold partic les or to  excessive 

size of such particles, th e  la tte r, however, involving th e  former. I t  is also shown 

th a t  th e  rad ia tion  from rad ium  is capable of producing in gold glass th e  ruby  colour 

which is generally  produced by re-heating. The m ethod adopted enables us to 

p red ic t from a knowledge of th e  m etal present in m etallic form in a glass w hat 

colour th a t  glass will be in its  “ regu lar ” sta te .

In  P a r t  II. th e  optical properties, and th e  changes in colour on heating, of th e  

silver and gold films observed by Mr. G. T. B e i l b y  (‘ Boy. Soc. P roc.,’ vol. 72, p. 226), 

and of th e  potassium  and sodium films deposited on glass by Professor B. W .  W o o d  

(‘ Phil. M ag.,’ p. 396, 1902), are discussed, w ith  a view to  showing th a t  th ey  can be 

accounted for by  supposing th e  films to  be composed of m inute m etal spheres of 

vary ing  sizes.

v o l . c c i i i .— a  370. 3 d 1 7 .8 .0 4
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3 8 6 M R . J .  C . M A X W E L L  G A R N E T T  O N

P A R T  I.

§ 2. Consider th e  incidence of lig h t of w ave-length  X on a sphere ol m eta l o f 

rad ius a. Suppose th e  constan ts  o f th e  m eta l re la tive to  th e  su rrounding  m edium , 

which we m ay first suppose to  be sether, are n, th e  coefficient of refraction , and  , 

th e  coefficient of absorption. L e t us w rite

N  EE n (1 — l k ) ( i ) .

w here, as usual, i denotes s /  — 1.

W e shall use th e  following no ta tion  to  denote th e  electric vector :—

Inciden t l i g h t .............................. E0 {X0 =  exp {ip (t — z/c)} , Y 0 =  0, Z 0 =  0}.

T ransm itted  +  reflected l i g h t . . E x {X1? Y 1} Z 1j.

H ere p  ~  "Znc/k, c  being th e  velocity  of lig h t vacuo.

H e r t z  ( ‘ A usb re itung  der electrischen K ra ft ,’ Leipzig, 1892, p. 150) has shown th a t  

th e  electric and  m agnetic  forces a t  any  poin t y, z) due to  an  oscilla ting electric 

doublet of m om ent Aeipt along th e  axis of x  are given by

a n
e  =  v

dx

H  =  - ( 0 ,  
c

-  ( v 2n ,  o, o) . . . . . . . .  (2),

32n  _  32n \
. . . .  (3),

dz dt’ dy dt)

w here
n  =  A jr . e x p  {cp (t — r / c ) } ,  

for t h e s e  e x p r e s s io n s  s a t i s f y  M a x w e l l ’s  e q u a t io n s  

dE 1 „  c/H

dt
c curl H, =  — c curl E and  div E =  div H =  0,

and  w hen r  is very  sm all com pared w ith  th e  w ave-length  (X =  of th e  em itted

waves th e  expression for E reduces to

E =  v  (dn/dx),

which is a t any  tim e th e  electric force which would be e lectrostatically  due to  th e  

doublet if its m om ent rem ained constan t and  equal to  its value a t  th a t  tim e.

Lord R a y l e i g h  ( ‘ Phil. M ag.,’ X L IY ., pp. 28-52 , 1897, and ‘ C ollected P apers,’ 

vol. 4, p. 321) has ex tended  th is  theorem  to  th e  case of a very  sm all sphere. In  th e  

region for which th e  distance, r , from th e  centre of a sm all sphere of rad ius a excited
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C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 3 8 7

b y  a n  e le c t r ic  f i e ld  E  =  (&pt, 0 , 0 ) ,  i s  s m a ll  c o m p a r e d  w i t h  t h e  w

e le c t r ic  fo r c e  d u e  t o  t h e  s p h e r e  is

0 /K  -  1 a 3
. e 1

dx \K  -f- 2 r  J 

B y  c o m p a r in g  t h i s  w i t h  H e r t z ’s  c o r r e s p o n d in g  r e s u l t

7) f  pl ̂

E =  V # - ( -
ox \ r

for an  oscilla ting double t of m om ent eipt, as given above,

th a t  th e  electric and  m agnetic  forces a t  any  point, due to  waves em itted  by th e  

sphere, m ust be given  by  th e  equations

E j =  V

w here now

( v 2n ,  0, 0),

K - l  a 3

H , =  b o ,  | A ) 3'! n ^
c\ ' '  

n  =  e x p  {ip  (t -  r/c )} .

R eplacing K  by  N 2, w here N is th e  q u a n tity  defined by equation (1), we conclude 

th a t  w hen a m etal sphere is excited  by a periodic electric force E0, it  em its th e  waves 

which would be em itted  by a H ertz ian  doublet which a t tim e t was of m om ent 

equal to
N 2 -  1 

N 2 +  2
a 3E 0.

The same resu lt can be proved d irec tly  by adap ting  th e  analysis given by 

L . L o r e n z  (‘ Vidensk. Selsk. S k r.,’ Copenhagen, 1 8 9 0 )  to  th e  electrom agnetic theory . 

The problem  has also been tre a te d  by S t o k e s  (‘ Camb. T rans.,’ vol. 9 , p. 1, 1 8 4 9 , and 

‘ P ap ers,’ vol. 4 , p. 2 4 5 ,  p. 2 6 2 ) .

A t a g rea t distance from th e  origin, when r  is g rea t compared w ith  X,

equation (4 )  reduces to  \cf. R a y l e i g h , loc. cit., equation ( 1 0 6 ) ]

E x =
4 tr2a 3 N 2 -  1 

X2r  N 2 +  2
exp {up(t — r/c)} +

^3
_  x v

:

xz
1.2 }  • • ( 0 -

I f  we transform  to  spherical co-ordinates X, Y, Z in th e  respective directions of 

increase of r , 6, (j) (fig. 1) we obtain, a t a g rea t distance from th e  origin,

Y  _  4 t t2g 3 N 2 —  1 

1 ”  XV N 2 +  2
exp {ip (t — r/c)} cos 6 cos <f>,

47r2a 3 N 2 -  1 f ,

Y r  N i +  2 BI>

/ \ )̂
( n
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3 8 8 M R . J .  C . M A X W E L L  G A R N E T T  O N

I t  appears from equations (6) or (7) th a t  such a sm all sphere, in common w ith  any  

o ther m inu te  system  whose m om ent is proportional to  th e  electric  vector of th e  

incident lig h t, em its lig h t w ith  an in ten s ity  proportional to  th e  inverse fourth  power 

of th e  w ave-length , provided th a t  N  is independen t of I t  is th is  p roperty  which, 

as L ord  R a y l e i g h  has shown, accounts for th e  blue colour of th e  lig h t received from 

th e  sky.

z

§3 . In  th e  ‘ A nnalen der P h y s ik ’ for Ja n u a ry , 1903, H. S i e d e n t o p f  and  

R. Z s i g m o n d y  publish some observations on th e  m eta l partic les in gold ru b y  glasses. 

B y th e ir  m ethod  of illum ination th e y  were able to  see partic les whose dimensions 

were of th e  order of from 4 to  7 /a/x, w here /x/x rep resen ts 10~6 millim.

The arrangem en t consisted of a system  of lenses following a s trong ly  illum inated  

and  very  narrow  slit. The system  of lenses, of which th e  last is a low power 

microscopic objective, serves as a condenser and  forms a very  narrow  im age of th e  slit 

inside th e  glass under observation. This im age of th e  slit m ay no t be more th a n  

one or tw o w ave-lengths thick .

The observation is m ade w ith  a microscope hav ing  th e  tu b e  perpendicu lar to  th e  

incident ligh t, so th a t  only th e  lig h t em itted  by  th e  m etallic partic les trave ls up th e  

tube. This is th e  lig h t th e  electric vector of which has been d istinguished  by  th e  suffix 

u n ity  in th e  preceding analysis. The image of th e  slit, which is paralle l to  in 

fig. 2, comes directly  under th e  microscope tube, which is in th e  direction 0y ; th u s  

only th e  partic les illum inated  a t  th e  im age of th e  slit send lig h t up  th e  tube. The 

diffraction discs do not pile up on top  of one ano ther if  th e  average distance betw een 

tw o m etal partic les is g rea te r  th a n  th e  th ickness of th e  im age of th e  slit. In  th is  

case, then , th e  num ber of partic les per u n it area can be counted.

On pp. 11 and 1 2  of th e  paper referred  to, S i e d e n t o p f  and Z s i g m o n d y  discuss th e  

appearances in th e  second focal plane of th e  microscope when th e  lig h t incident in 

th e  glass is plane polarised. The figs. 3 -6  above are reproduced from th e ir  paper. 

In  fig. 3 th e  plane of polarisation of th e  inciden t lig h t was th a t  of incidence, th e  

plane of incidence being th e  plane containing th e  axis of th e  microscope and th a t  of
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C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 3 8 9

th e  in c id en t pencil of l i g h t ; in figs. 4 and  5 th e  plane of polarisation  of th e  incident 

lig h t w as inclined a t  45° to  th e  plane of in c id en ce ; while in fig. 6 th e  tw o p lanes 

w ere perpendicu la r.

In  th e  figs. 3 -6  th e  upper d iagram  represen ts th e  second focal plane of th e  

microscope w hen th e  d iam eters of th e  partic les o f m etal in th e  glass are less th an  

OT [x, th e  sm all lines being  paralle l to  th e  planes of polarisation of th e  em ergent 

lig h t in various p a rts  of th e  field, th e  “ em ergent lig h t ” here m eaning th e  lig h t sen t 

up  th e  microscope tu b e  by  th e  m eta l partic les in th e  glass under observation. The

F ig .  5 . F ig .  6 .

lower diagram s in th e  same figures represen t th e  appearances of a diffraction disc for 

th e  same respective positions of th e  plane of polarisation of th e  incident light.

I t  is to  be noticed th a t  th e  lig h t em itted  in any  particu lar direction comes to  a 

focus a t  a corresponding point in th e  second focal plane of th e  microscope. Conse

quen tly  a black spot in th a t  plane means th a t  no lig h t is em itted  in th e  corresponding 

direction.
I f  all th e  partic les are spheres sending up no ligh t in some particu lar direction, 

there  will th u s  be a black spot m  th e  second focal plane, as well as in each diffraction 

disc, a t th e  point corresponding to  th a t direction.

Suppose now, as in § 2, th a t  th e  incident ligh t travels  in th e  direction 0z and is 

polarised in plane yOz,fig. 1. In stead  of conceiving th is  plane to a lte r as we consi

th e  various cases of figs. 3-6 , we shall imagine th e  microscope tu be to* move in th e  

plane xOy.
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3 9 0 M R . J .  C. M A X W E L L  G A R N E T T  O N

T hus in fig. 3 th e  microscope is along 0 in fig. 6 along while in figs. 5 and  4 

th e  tu b e  lies in th e  in te rm edia te  positions, nam ely, 0 =  90°, =  .45° respectively.

I t  will now be shown th a t  th e  figs. 3 -6  are com pletely accounted for if  th e  partic les 

are spheres sm all com pared w ith  a w ave-length , appreciably  sm aller th a n  0T  p.

From  equations (7) th e  character of th e  lig h t em itted  by  such a sphere in th e  

direction 0, <f> (fig. 1) is determ ined  by th e  electric force E x whose composition i s :

w here
Xj =  0, Yj =  B cos 0 cos (f>, — — B sin <f>

47r2a 3 N 2 — 1

. . ( 8 ) ,

B =
XV ' N 2 +  2

. exp {t p{t, — r/c)}.

Suppose first th a t, as in th e  case corresponding to  fig. 3, th e  microscope tu b e  is 

along 0 y(fig. 1), th e  cen tre  of th e  field th e n  corresponds to  =  90°, </> =  90°.

The fig. 7 represen ts  th e  direction of E x, as deduced from equation  (8), for positions, 

th e  co-ordinates of which are 0, <f>, th e  centre of th e  d iagram  corresponding to

Z

v f <ev

0 =  <\> — 90°, th e  axis of y. The same figure will therefore represent th e  directions 

of th e  electric vector in various p a rts  of th e  second focal plane of th e  microscope.

From  equation (8) it  appears th a t  w hen e ith er 0 — 90° or <f> =  90°, we shall have 

Yx =  0, and  therefore E x becomes (0, 0, Z x) and  only has a com ponent in th e  d irection </>. 

This is represen ted  by th e  arrow s for positions on th e  axes in fig. 7.

In  th e  m iddle of th e  quad ran ts  th e  directions of th e  electric vector are no longer 

parallel to  th e  axis of <£ b u t are til te d  as in th e  figure, being tilted  in th e  same 

m anner in opposite quadran ts.

Now th e  planes of polarisation are perpendicular to  th e  electric vector, and  th e  

small lines in fig. 3 are perpendicular to  the  arrows in fig. 7. W hen, therefore, th e  

incident lig h t is polarised in th e  plane of incidence, th e  appearances are accounted for 

if  th e  partic les are sm all spheres.

N ex t consider th e  case corresponding to  fig. 6, w hen th e  microscope tu b e  is 

above Ox. The centre of th e  field is th en  0 =  90°, <f> 0. The arrow s represen t th e

direction of E 1 in various p a rts  of th e  field. A ll these  arrow s point nearly  tow ards 

th e  centre. A long th e  tw o axes th e y  point accurate ly  tow ards th e  centre. There is 

no force a t  th e  centre, for th e n  both  Y 1 and  vanish. C onsequently, a black spo t 

should appear a t  th e  centre, if  th e  partic les were spheres. F inally , lines perpendicular 

to  th e  arrow s in fig. 8 are parallel to  th e  lines in fig. 4. C onsequently, in th is  case 

also th e  appearances are explained by supposing th e  partic les to  be spheres.
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C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 3 9 1

In  t h i s  c a s e ,  n a m e ly ,  w h e n  t h e  in c id e n t  l i g h t  is  p o la r is e d  p e r p e n d ic u la r  t o  t h e  p la n e  

o f  in c id e n c e ,  i t  f u r t h e r  a p p e a r s  t h a t  i f  a n  a n a l y s in g  n ic o l  b e  in t r o d u c e d  s o  a s  t o  

p o la r is e  t h e  e m e r g e n t  l i g h t  in  t h e  p la n e  o f  in c id e n c e ,  t h e n  t h e  a n a l y s in g  n ic o l  r e m o v e s  

t h e  Y j  c o m p o n e n t  o f  E L a n d  t h e  v a n i s h i n g  o f  Z j a ls o ,  fo r  0  c a u s e s  a  d a r k  b a n d  

t o  c r o s s  t h e  f i e ld  o v e r  t h e  d if f r a c t io n  d i s c  i f  t h e r e  b e  o n ly  o n e  p a r t ic l e  s e n d in g  l i g h t  

u p  t h e  t u b e ,  t h e  d a r k  b a n d  l y i n g  a lo n g  t h e  a x i s  o f  0 in  fig . 8 , i.e., in  t h e  p la n e  o f  

in c id e n c e ,  a n d  t h i s  a ls o  w a s  o b s e r v e d  b y  S i e d e n t o p f  a n d  Z s i g m o n d y  fo r  t h e  p a r t ic l e s  

in  g o ld  g l a s s  (Joe. cit., p . 1 2 ) .

T h e  d i s c u s s io n  o f  t h e  c a s e s  o f  f ig s . 4  a n d  5 p r e s e n t s  n o  d i f f ic u lty .  T h e  p h e n o m e n a ,  

in c lu d in g  t h e  c o r r e c t  p o s i t io n  o f  t h e  b la c k  s p o t ,  a r e  a g a in  e x p la in e d , b y  m e a n s  o f  t h e  

h y p o t h e s i s  t h a t  t h e  s m a ll  p a r t i c l e s  a r e  s p h e r e s .

T hus all th e  phenom ena, observed in th e  second focal plane of th e  microscope, due 

to  partic les sm aller th a n  O'lp,, are exactly  those which would be produced by  spheres 

of m eta l of rad ius sm all com pared w ith  th e  len g th  of a wave of lig h t in th e  glass.

I f  now th e  partic les w ere sm all spheroids, or crysta lline in s tru c tu re , th en  th e  

position of th e  black  spots, if indeed any  existed , and  th e  positions of th e  plane of 

polarisation of th e  lig h t em itted  from th e  partic les, would depend on th e  orien ta tion  

of th e  particles. U nless, therefore, th e  o rien ta tion  of all th e  partic les were th e  same, 

we should, if  m any partic les were sending lig h t up th e  tube, g e t no black spot in th e  

focal plane, because th e  black spot, supposing there  to  be one, due to  one particle, 

would no t coincide w ith  th a t  due to  another. A nd fu rther, even if  th e  orien ta tion  

of all th e  partic les w ere th e  same, and  if  every  partic le alone did send off no lig h t in 

some p articu lar d irection, so th a t  th e re  were a black spot in th e  second focal plane, 

then , unless th e  common orien ta tion  were such th a t, for every plane of polarisation 

of th e  incident ligh t, th e  black  spot were in th e  same plane as if  th e  particles were 

spheres, which is an  im possibility, spheroidal or crystalline partic les could not account 

for th e  effect observed.

These considerations show, therefore, th a t  th e  small particles in gold ruby  glass are 

really  spheres of gold, so long as th e ir  dimensions are considerably sm aller th an  OT̂ u, 

(1 0 ~ 5 centim .).

This resu lt is of considerable in te rest in connection w ith  th e  formation of crystals. 

W hen  a m etal crystallises ou t of a v itreous solution, it appears th a t  un til the  

dimensions have increased beyond a certain  lim it, th e  forces of surface tension 

overcome th e  crystallic forces, and th e  partic les of m etal are spherical and not 

crystalline.#

Mr. G . T. B e i l b y  has arrived  a t th e  same conclusion from microscopic exam ination

*  [Note added 14  thMay, 1 9 0 4 .— T h e  p r e se n c e  o f  c r y s ta ls ,  w h e th e r  o f s i l ic a te s  or o f r e d u c e d  m e ta l ,

m a n y  p o t t e r y  g la z e s  s u g g e s t s  t h a t  m in u te  sp h e r e s  o f th e  sa m e m a te r ia l  a s th e  c r y s ta ls  w e r e  p r e se n t  b e fo re  

th e  fo r m a t io n  o f  th e s e  c r y s ta ls ,  a n d  th a t  so m e  m a y  c o -e x is t  w ith  th e  c r y s ta ls . T h e  c o lo u rs  o f th e  g la z e s  

m a y  th e r e fo r e  b e  w h o l ly  or  in  p a r t  d u e  to  th e  p r e se n c e  o f th e se  m in u te  sp h eres , in  th e  sa m e  m a n n e r  as a  

g o ld  r u b y  g la s s  d e p e n d s  fo r  i t s  c o lo u r  on  th e  p r e se n c e  o f m in u te  sp h e r e s  o f g o ld .]
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3 9 2 M R . J .  C , M A X W E L L  G A R N E T T  O N

of th e  films of m etal deposited from solutions (‘ Proc. Iloy. Soc.,’ vol. 72, 1 9 0 3 ,  

p . 2 2 3 ) .

In  th e  m anufactu re of gold and copper ru b y  glasses and  of silver glass, th e  gold or 

copper or silver is m ixed w ith  th e  o ther ingred ien ts of th e  glass before th e  first firing. 

If, w hen th e  glass is formed in th e  furnace, th e  whole be quickly cooled, th e  glass w ith  

th e  m etal in it  is colourless and  exactly  resem bles clear glass. I  have had  in m y 

possession several pieces of such clear gold glass, and  some of clear silver glass. One 

of th e  former was used in an  experim en t w ith  th e  em anation  from rad ium , to  be 

described la ter.

In  th is  clear glass th e  gold or silver is probably  in solution in th e  glass. B u t 

w hen th e  glass is re -heated  th e  m eta l “ c ry s ta llise s” ou t o f solution, or, as we shall 

say, is “ excre ted  ” from th e  glass and  appears in th e  sm all partic les observed by 

S i e d e n t o p f  and Z s i g m o n d y . These partic les of m etal, as we shall show, account for 

th e  colour of th e  glass.

I  have seen a piece of copper glass w hich was allow ed to  cool down slowly in th e  

glass po t along w ith  th e  furnace, tak in g  a week or more in th e  process. The glass 

formed a dark  brown, nearly  opaque, mass w ith  m inu te  crysta ls  of b righ t, sh in ing 

copper sca tte red  th ro u g h o u t its  substance, th e  crysta ls being large enough to  be easily 

distinguishable  w ith  th e  naked eye, w hile th e  appearance of th e  whole mass som ew hat 

resembled th a t  of th e  well-known African stone, aven tu rine.

I t  is suggested  th a t  th e  second heating , w ith o u t m elting  th e  glass, confers sufficient 

freedom on th e  molecules of th e  glass to  enable th e  forces o f surface tension to  ex e rt 

them selves in b rin g ing  th e  molecules of th e  m etal, which have been d is trib u ted  

am ongst those of th e  glass, to g e th er in to  heaps, th e  phenom enon being sim ilar to  th a t  

exh ib ited  w hen a m etal film is hea ted  to  3 0 0 °  or 4 0 0 °  w ith o u t being m elted, when, 

as will be described la ter, th e  m etal forms itse lf  in to  m in u te  granules, which,

in th e  lig h t of w h at we have proved for th e  partic les in  gold glass, m ust be

spheres or spheroids w ith  axes norm al to  th e  film. The la tte r  form is possible

for th e  films of m etal, though  no t for th e  m etal in th e  gold glass, because a

th in  film, as opposed to  a piece of glass, is no t sub jected to  sim ilar conditions in all 

directions.

§ 4. W e have th u s  to  consider th e  problem  of lig h t trav e rs in g  a m edium  contain ing 

m any small m etal spheres to  a w ave-length  of ligh t.

I t  has been seen (§ 2) th a t  a sm all m etal sphere produces in all su rrounding  space 

th e  same effect as would be produced by  a H ertz ian  doublet placed a t  its  centre. 

W e m ay therefore im agine th e  spheres replaced by  such electric doublets and  th u s  

avoid considering th e ir  finite size.

L e t th e  average (for a large num ber of doublets) m om ent of a doublet be, a t  tim e t,

f (f) =  {A (0> M l)> / s ( 0 1 -
Then if  th e re  be 91 spheres per u n it volume, th e  polarisation of th e  m edium  will be 

f' ( t) =  9lf (t). I f  E', due to  th e  regu lar force E0 to g e th e r w ith  forces due to  th e
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neighbouring  doublets , be th e  force causing th e  polarisation f  (t), th en  we have 

proved  (§ 2 ) th a t

f  (t) =  a6 —  E . 
v ' N 3 +  2

N ow  by m eans o f th e  analysis given by  H . A. L o r e n t z  (‘ W ied. A n n ./ 9, 1879, 

p. 641) an d  by  L a r m o r  (‘ P hil. T ra n s ./ A, 1897, p. 238), and  which has been fully 

verified in L o r e n t z ’s  own paper and  by  o thers, i t  can be proved th a t  (see § 7 below)

C O L O U R S  I N  M E T A L  C L A S S E S  A N D  I N  M E T A L L I C  F I L M S .  3 9 3

E' -  E0 +
47T

3'

N 3 -  1

W + 2
E' (9).

provided th e  m edium  under consideration ex tends th ro u g h o u t a space of dimensions 

which in no d irection are of an  order of m agn itude so sm all as a w ave-length  of light. 

This provision is satisfied except in th e  case of very  th in  films. W hen dealing w ith  

such films in a la te r  portion  (§ 7) of th is  paper we shall re tu rn  to  th e  consideration of 

th is  point.

From  equation (9) we obtain

E' =  e „ / ( i - f * « *  ] £ + ! } .

so th a t

f = E F !  — 1 a?
E # B ; + 2

Vl  g w  F i n 1
3 Ji N 2 +  2

C l e r k  M a x w e l l ’s  e q u a t io n s  w r i t t e n  w i t h  H e r t z ia n  u n i t s  fo r  t h i s  medium, now, 

therefore, are

e' ^  =  c curl II a n d  =  — c curl E,
dt dt

w here

« ' = ( *  +  4 r f ')/E  =  1 +  ^  { 1 ~  f  ^ 2 } '

W e have therefore proved th a t  a medium consisting of small m etal spheres 

d istribu ted  in  vacuo, m any to a w ave-length  of ligh t, is optically equivalent to a 

m edium  of refractive index n' and absorption k given by N r EE??/(l — EE s/

w here

d =  1 -)-

47r9ia3
N 3 -  1 

N 2 +  2

1 -  y  S(!a2 F A l 1
3 N 3 - f  2

( 1 0 ).

W e shall th roughou t use th e  symbol [x to  denote the  volume of m etal per u n it 

v o l . co m .— a . 3 E
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3 9 4 M R . J .  C. M A X W E L L  G A R N E T T  O N

volume of th e  m edium  (except when /x is ev iden tly  used to  denote  th e  th o u san d th

477-
p a r t of a m illim etre). T hus \± =  —  91a3, and  equation  (10) becomes

3

c '  =  l  +

3 /x
N 2 4-_2 

N 3 -  I 

^  N s +  2

( 10 ') .

I f  th e  m etal spheres be s itu a ted  in glass of refractive index v  in stead  of vacuo, 

th is  equation  becomes

{ » ' ( ! A 12 t '  =  V- +

o ,  N 2 -  X2

W +  2 ?  

2SP -  

N 3 +  2 ,-'

( 1 1 ) .

The constan ts  rt! and  k of th e  m edium  th u s  depend only on /x, th e  re la tive  volum e 

of m etal, and  no t on th e  rad ii of th e  indiv idual spheres. I t  is clear th a t  th e  spheres 

m ay now be supposed to  be of qu ite  various radii, provided only th a t  th e re  be m any 

spheres to  a w ave-length  of lig h t in th e  medium.

W e have given th e  genera l resu lt w hich holds for all values of p, as we shall 

requ ire it la ter. B u t in th e  case of m eta l glasses, by  w hich nam e we shall describe 

glasses in which a m etal is p resen t in m etallic  form, th e  value of /x varies from about 

10~4 for a silver glass down to  abou t 10” 6 for a soda glass coloured by  radium . The 

last equation g iv ing  th e  optical constan t N ' — n' (1 — of th e  m etal glass m ay be 

w ritten
N 3 -  v3

f » ' ( i 3 ^ +  2p  =  3/i >'3 (« -  2/3t)> say ( 1 2 ) ,

w here N is th e  optical constan t of th e  m etal and  v th e  index of refraction of th e  glass 

by itself.

§ 5. E quation  (12) m ay now be w ritten

n '~( 1  —  k '2)  —  v 3 —  2 i n f~Kf

-  3  ixv~ n2“  ! )  Zin~K  2

“  3 *v n* (K* _  i)  _  2 ,3 +  2 ~  0lXV (a

Thus, equating  real and  im aginary  parts, we find, a fte r some reduction,

nr>,~̂  —  k '~) —  v2,  { n2 ( k 2 —  l ) } 2 —  (/c2 —  1 )  

3/xv2 ”  ~  ~{n2 ( k 2 -  1 ) -  2 ? } r + ~ i

3?i2k v 2

a —

n 'V
>■ (13)-

3/ut', .2 (n2 (k~ -  I) — 2/v2; 2 4- 4n V j

N'2 _ v2 N2 _ v2
iVote 1G/A i l/a y ,  1 9 0 4 .— T h is  e q u a t io n  m a y  b e  w r it t e n  =  /x ^ 2q r b v 2
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C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 3 9 5

W e  h a v e  n o w  t o  s e e  w h e t h e r  b y  m e a n s  o f  t h e s e  e q u a t io n s  ( 1 3 ) ,  a n d  o f  t h e  v a lu e s  

o f  n  a n d  k  fo r  v a r io u s  m e t a l s ,  w e  s h a l l  b e  a b le  t o  p r e d ic t  t h e  c o lo u r  o f  a  g la s s  w h ic h  

c o n t a in s  a  n u m b e r  o f  s m a l l  m e t a l  s p h e r e s ,  w h o s e  l in e a r  d im e n s io n s  a n d  d i s t a n c e s  

a p a r t  a r e  s m a l l  c o m p a r e d  w i t h  a  w a v e - l e n g t h  o f  v i s ib l e  l i g h t .

In  th e  annexed  tab le  th e  refrac tive  index of th e  glasses has been tak en  to  be 

v =  U 5 6 .

T h e  v a lu e s  o f  n 2 (i<2 —  1 ) a n d  o f  u 2k  fo r  t h e  m e t a l  a r e  t h o s e  g i v e n  b

( ‘ P h y s i k a l i s c h e  Z e i t s c h r i f t /  J a n u a r y ,  1 9 0 0 ) ,  fo r  y e l l o w  l i g h t  (X =  '0 0 0 0 5 8 9  c e n t im .) ,  

a n d  fo r  r e d  l i g h t  (X =  ' 0 0 0 0 6 3 0  c e n t im .) .  F o r  t h e  p o t a s s iu m - s o d iu m  a m a lg a m ,  

h o w e v e r ,  b lu e  a n d  y e l l o w  l i g h t  w e r e  u s e d  in s t e a d  o f  y e l l o w  a n d  r ed .

N ow  le t us suppose th a t  /x, th e  q u a n tity  of m etal per u n it volume, is very  small 

If, th en , a and  fi rep resen t th e  num bers in th e  penu ltim ate  and last columns of 

Table I. respectively , we have

n '2 ( l  — k '2) — v2-f- 

H ence

n r2 ( \  - f  k '2) =  {jJ  -f- 2 v 2 .3 

=  v2-f- 3 [xp2a 9 [ x 2p22 -j- 27/x" (. . .

H ence, neglecting  h igher powers of /x,

yi'k  =  3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( 1 4 ) .

• Now, suppose th a t  lig h t of w ave-length  X vacuo travels  th rough  th is  composite 

m edium , whose constan ts  are n'and k . The lig h t vacuo being given 

X  =  A exp {2t — z/k)},

in th is  m edium  it  is given by

X — A ' exp {2m {t/T — N'^/X)}

=  A e " a exp [2 —

so th a t  nWmeasures th e  absorption. In  fact, th e  in tensity  of the  ligh t sinks to 

c~2 ( =  nearly) of its  original value in traversing  a distance

d =  -  =  — X— ... . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 ’UTl! K G l T

of th e  medium.
W e have now to apply th e  formulae to  the  observations, in order to te s t th e  

valid ity  of our analysis as regards th e  ac tual phenomena. S i e d e n t o p f  and Z s i g m o n d y  

give (‘ Ann. der P hysik ,’ Jan u ary , 1 9 0 3 , pp. 3 3 , 3 4 )  a table of various gold glasses 

exam ined by them . This table is reproduced in Table II.

3 E 2
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tc -ICOLOURS IN METAL GLASSES AND IN METALLIC FILM
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3 9 8 M R , J .  C . M A X W E L L  G A R N E T T  O N

I f  P denote th e  volum e of th e  gold particles , so th a t  l is given in th e  8 th  or 9th 

column of th e  Table I I ., according as /x, th e  gold con ten t, is tak en  from th e  6 th  or 

7 th  column , th en  th e  num ber 91 of gold partic les per cubic (10~ 4 centim .) is given by

91 =  10V A 3*

W e have said th a t  for our analysis to  be applicable th e re  m ust he m any spheres to  

a w ave-length . S ince th e  spheres in glasses A , B, Ca, Cb, Cc (Table I I .)  can be 

separa ted  by  a Zeiss y^-th objective, th e y  m ust be a t  a d istance a p a r t g rea te r  th a n  

‘2/x, or h a lf  a w ave-length  o f violet ligh t. W e shall therefore no t expect our 

analysis to  apply  to  them . I t  is fu rth e r ap p aren t th a t  th e  partic les are m ore w idely 

separa ted  in D a th a n  Db. I f  we tak e  for l th e  m ean of th e  tw o num bers given, we 

have

91Db= -0 1 9 , 9?e — 2 ’48, 91F — 6 ‘24, 91G =  8 '40, 91„ =  6*35,

so th a t, since 91F, 91G, and  91H are la rger th a n  91Db and  91E, th e  glasses F , G, H  

satisfy  our condition best.

B u t here we are p resen ted  w ith  a difficulty. The w ave-length  of th e  yellow ligh t, 

\  =  '0000589 centim ., is in our glass (y =  1*56) only, X' =  '00003775 centim . or 

'3775/x. Thus to find th e  num ber of gold partic les in X/3, we m ust m ultip ly  91 by 

( '3775 )3 =  '0538. W e shall thus, even for glass G, have less th a n  one partic le  to  a 

w ave-length . On th e  o th er hand, S i e d e n t o p f  w arns us ( . ., p. 27) th a t  th e

linear dim ensions of th e  partic les are only to  be tak en  as upper lim its and  m ay he 

th ree  tim es too large.

Suppose th is  is th e  case, th en  th e  num ber of partic les in a yellow  w ave-length  in

th e  glass is 27 X "0538 ( =  1 *45) tim es th e  above num bers, 91, w ith  of course a still

g rea te r  value for red  ligh t.

On th is  hypothesis th e n  th e  glasses F, G, FI alone of th e  series satisfy  our 

condition. If, therefore, th e  th eo ry  is correct, it should explain th e  colour and  o ther 

optical properties of these th ree  glasses as se t out in th e  first five columns of 

Table II.

L e t us, for instance, consider th e  colour of glass G. From  equation (15) we have 

as th e  d istance d  in which th e  in ten sity  of lig h t of w ave-length  X is reduced to 

1/ 7 '4 of its  original value X/67r/xr/3 given by  (15).

From th e  Table I. we have, supposing v — 1*56,

ft — '5854, for yellow lig h t X =  1 0 ~ 7 '589 centim .

/3 =  '2501, for red  lig h t X =  10 ~ 7 '630 ,,

T h e  value of /xfound by colorim etry is 72 .10-7 . C onsequently we have

Yellow, d — '48 centim ., nearly.

B ed, d  =  1*19 centims. ,,

Since th e  la tte r  num ber is g rea te r th a n  th e  former, it follows th a t  th is  glass, and
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indeed  all gold glasses for w hich our condition is satisfied , should be much more red 

th a n  yellow. Presum ably, therefore, th ey  are s till m ore yellow th a n  green, and more 

green  th a n  b lue.# W e should  therefore  expect th e  gold glasses F, G, H , which 

satisfy  our cond ition, to  be red,as in fact th e y  are.

I he above values for d  are ce rta in ly  of th e  r ig h t order, b u t th e y  m ay be som ew hat 

too large. If we had  ta k en  th e  value of g, called th e  T otal Gold C on ten t in Table II ., 

th e  corresponding values of d  would have been only h a lf  those given above.

I t  is to  be rem em bered th a t  m anufactu rers, in m aking  gold ru b y  glass for “ flashing ” 

on to  clear glass, use m uch more gold. A  common value for th e  to ta l gold con ten t is 

abou t 3 .10 -5 .

By m eans of equation  (15) an d  Table I. we can in th is  w ay pred ic t w hether a gold, 

silver, or copper glass for which v — P 56  will tran sm it more red  or more yellow ligh t, 

and  w hether such a glass con tain ing  sm all spheres of “ po tassium -sodium ” will 

tran sm it more yellow or m ore blue.

W e th u s  find th a t  w hen th e re  are several m etal spheres to  a w ave-length 

Silver glass tran sm its  yellow (/3/A. yellow <  red),

Copper ,, ,, red  (/3/'A red <  /3/A. yellow),

Gold „ „ „ (f3/X „ <  „ ),

Potassium -sodium  glass tran sm its  blue (/3/A. blue <  /3/A. yellow).

From  th e  values of /3 on Table I., p. 396, we see th a t  for a silver glass to absorb as 

much red lig h t as a  gold glass does yellow, /x would have to be -7-3̂ -, or, roughly , 

e igh t tim es as g rea t for th e  silver glass as for th e  gold. And, since the  values of /3 

for yellow and  red  lig h t are more nearly  equal for silver th an  for gold, in order to 

produce th e  same coloration th ere  would have to  be even more th an  eigh t tim es as 

much silver (by volume) as gold. I am  to ld  th a t  m anufacturers p u t in ten  tim es as 

m uch silver by  w eight into a silver glass as th ey  p u t gold into  a gold glass.

A gain, th e  very  large value of /3 for yellow lig h t in a potassium -sodium  glass shows 

th a t such a glass would absorb as much yellow light as a gold glass w ith only yq  of 

th e  am ount of m etal excreted.

Thus a very  sligh t excretion of th e  potassium -sodium  m etal would give a very 

strong  blue or violet coloration. This probably explains the  colouring of soda glass 

by  radium , th e  rad ia tion  causing th e  excretion of the  metal.

In  order to  te s t  th is  hypothesis I  a s k e d  Mr. F. S o d d y , on 9 th  November, 1903* a t 

U n iversity  College, London, to  exam ine w hether the  em anation from radium  was 

capable of colouring qu artz  glass in which there  could evidently be no possibility of 

t h e  excretion o f  m etal. H e s ta ted  th a t  he and Professor R a m s a y  had already m a d e  

t h i s  experim ent and  had  found no coloration.

A t m y  r e q u e s t  M r. S o d d y  t h e n  p la c e d  a  s m a ll  p ie c e  o f  c o lo u r le s s  g o ld  g la s s  in  a

*  S e e  A p p e n d ix .
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4 0 0 M R . J .  C. M A X W E L L  G A R N E T T  O N

tu b e  containing  some em anation. W ith in  tw o days an unm istakable  ru b y  tin t 

appeared  in th e  glass.#

Tt seems probable th a t  th e  violet coloration of soda glass bulbs used in th e  

production  of R o n tg en  rays m ay be due to  th e  excretion of m eta l caused by  th e  f3 

rays from th e  cathode.

The observations of E l s t e r  and G e i t e l , ‘ W ied. A nn.,’ 59, p. 487, 1896, quoted  by 

J . J . T h o m s o n , ‘ C onduction of E lec tric ity  th ro u g h  G ases,’ p. 496, th a t  sa lts of th e  

alka li m etals coloured by  exposure to  cathode rays exh ib it photo -electric  effects, 

suggestive of th e  presence of traces of th e  free m e tal, support th is  view as to  th e  

cause of th e  coloration of m eta l glasses exposed to  th e  rad ia tion  from radium .

From  equation (6 ), as modified for th e  case w hen th e  m etal sphere is surrounded 

by  glass o f refractive index v, it appears th a t  th e  am plitude  a t  a

N*
em itted  from th e  sphere is proportional to  _^3 _j_ 21 ’ w^ ere denotes th e

modulus, -f- \A C -f- v2.U sing  a and  /3 as defined in equation  (13), we have

J p  _|_~ 2 2 — a2 4/33, w here a  and  (3 are to  be found 

v — 1*56. T hus a t any  poin t th e  in ten sity  of lig h t em itted  by a sphere of rad ius a  

is p roportional to  ( a 3 -j- 4/32)/Af EE I, say. M easuring  A. in millim./lOOO, th e  Table 1. 

gives th e  following values of I :—

S ilv e r .

Yellow (A. =  *589) Iy =  27'95

R ed  ( X = * 6 3 0 ) U  =  38 ’81

C o p p e r . G o ld .

62T 1 70-88

2 1 7 5  34-79.

F rom  these values of I  i t  appears th a t  when w hite lig h t falls on a sm all sphere th e  

lig h t em itted  is, for

Silver, m o r e  r e d  th an  yellow , I ; >  Iy,

Copper ,, yellow ,, red, I  >  R,

Gold ,, ,, ,, ,, Iy 7  ̂ R*

The presum ption is th a t  for th e  tw o la tte r  th e  lig h t m ay be more green th an  

yellow.

In  th e  tab le  given by S i e d e n t o p f  and Z s i g m o n d y  ( . cit.), o f which a copy is

given (Table I I ., p. 397), it is seen th a t  of th e  five glasses Cc, E , F , G, H , whose 

partic les are sm all com pared w ith  a w ave-length  of lig h t in th e  glass, th e  four glasses 

Cc, F , G, H  contain partic les which send ou t a green cone of ligh t, and th e  glass E  

contains some partic les which send out green and some which send o u t brown.

Thus far we have confined a tten tio n  to  glasses for which th e  condition of hav ing

*  [Note added 14th May, 1 9 0 4 .— S ir  W i l l i a m  R a m s a y  h a s  la t e ly  e x p o s e d  so m e  c le a r  s i lv e r  g la s s  a n d  

so m e  so d a  g la s s  a t  th e  sa m e  t im e  to  th e  e m a n a tio n  fr o m  r a d iu m . A f t e r  a  fo r tn ig h t ’s e x p o s u r e  th e  s ilv e r  

g la ss  h a d  tu r n e d  a fa in t  y e l lo w  a n d  th e  so d a  g la ss  a d e e p  b lu e -v io le t .]
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C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 4 0 1

m any m etal partic les to  a w ave -leng th  is satisfied. W e have shown th a t  w hen th e  

m etal is gold such glasses should be p ink  ( column 3 of Table I I .)  by tran sm itte d  

l ig h t ;  and  th a t  th e  sm all gold spheres should send up th e  microscope lig h t which is 

p re -em inen tly  yellow  or g reen  (c f  colum ns 4 and 5 ); and  we have rem arked th a t  for 

th e  same reason th a t  expla ins th e  polarisation  of sky  ligh t, such small spheres send 

no lig h t d irec tly  up th e  microscope tu b e  w hen th e  electric vector of th e  inciden t ligh t 

is in th a t  direction , so th a t  in th is  case th e  cone of lig h t as exam ined w ith  th e  low- 

power objective will be cu t off (c f  column 5), a lthough  th e  large num erical ap e rtu re  

of th e  Zeiss yf>th oil imm ersion lens will allow some lig h t to  go up th e  tube, b u t so 

as to  leave a black spot in th e  cen tre  of th e  focal plane of th e  microscope as shown 

in fig. 6 .

A ll these deductions from our analysis are confirmed in every deta il by th e  th ree  

glasses F , G, H  (Table II.). A nd it  is th ese  very  glasses, of all th e  glasses in th a t  

tab le , for w hich, according to  th e  num bers th e re  given, th e  partic les are both sm allest 

and  closest together.

§ 6 . L e t us now briefly notice th e  rem ain ing  glasses of Table II. F or these  glasses 

th e  num ber of m eta l partic les to  a w ave-length , m easured by  (gold co n ten t)’ 4- size 

of particle , as determ ined  from th e  6 th  and  8th  or from th e  7th  and 9 th  columns of 

th a t  tab le, is sm aller th a n  for th e  glasses F, G, H , which show th e  regular p ink  

colour. F or th e  glasses A  to  E  th is  num ber is g rea te s t for th e  glasses Cc and E , of 

w hich th e  former and p arts  of th e  la tte r  do show th e  regu lar p ink colour.

E ven  glasses which do no t satisfy  th e  condition of m any partic les to  a w ave-length , 

and which consequently do n o t exh ib it th e  “ regu la r ” (pink) colour of gold glass, 

have m any of th e ir  p roperties co-ordinated by  th e  resu lts we have obtained for 

regu lar glasses.

Take, for instance, th e  glasses A and  B (Table II .) . Com parison of th e  gold 

con ten t /x w ith th e  size of th e  observed partic les shows th a t those partic les a t any 

ra te  are so far a p a rt as not to  sa tisfy  our condition. The fact th a t  glass A is 

colourless shows th a t  if th e re  are also m inute  spheres presen t which escaped 

observation, th ey  also lie so far ap a rt as not to  be m any to  a w ave-length. On th e  

o ther hand  th e  pink colour of glass B suggests the  presence of m inute unobserved 

spheres which are sufficiently close to g e th er to  sa tisfy  our condition, th e  absorption 

of th e  glass being proportional to  th a t  small p a r t of th e  gold content (/x) which is 

associated w ith  th e  m inute spheres.

In  both glasses the  large particles reflect much more ligh t th an  is em itted  by th e  

m inute spheres. The colour of th is reflected lig h t is the  usual yellow-red metallic 

reflection from gold. Therefore th e  colour of the  cone of ligh t should be gold- 

yellow (i).

W hen  th e  Nicol is introduced parallel to  the  plane of incidence, presum ably half 

th e  incident lig h t is cu t oft. Oonsequently the  large particles send only hah  me 

yellow-red lig h t up th e  tube th a t  they  previously sent. Owing, however, to th e  fact

V O L . C C I II .— A . 3  F
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4 0 2 M R . J .  C . M A X W E L L  G A R N E T T  O N

th a t  th e  m inute spheres send no lig h t d irec tly  up  th e  tu b e  w hen th e  electric vector 

of th e  incident lig h t is paralle l to  th e  microscope tu b e  (Nicol perpendicular to  p lane of 

incidence), less th a n  h a lf  th e  green  lig h t from any  sm all spheres will be cu t off. The 

cone of lig h t w ill therefore have more green  in proportion  to  th e  yellow -red th a n  

before th e  in troduction  of th e  Nicol. Therefore th e  colour of th e  cone o f lig h t will be 

more w hite  th a n  before (ii).

W hen  th e  Nicol is perpendicu lar to  th e  p lane of incidence, th e  green  lig h t from th e  

small spheres is cu t off, so th e  colour of th e  cone of lig h t will be more red  th a n  

w ith  no Nicol, and  therefore th e  to ta l q u a n tity  of lig h t sen t up th e  tu b e  will be 

ra th e r  lessened (iii). The conclusions (i), (ii), (iii) are in accordance w ith  th e  

phenom ena tab u la ted  in th e  3rd, 4th , and  5 th  colum ns of Table II.

The glasses Ca, Cb, Cc p resen t no special difficulties. W e have seen (§ 3) th a t  

those m etal partic les in a gold glass whose d iam eters are less th a n  0 *lp ( 10“ 5 centim .) 

are spherical, and  (§ 5) th a t  sm all gold spheres send green lig h t up  th e  microscope 

tube. In  th e  above-nam ed glasses th e  figures in th e  7 th  column of Table II . show 

th a t  th e  partic les are so sm all as to  approxim ate  to  th e  spherical form. This is 

confirmed by th e  green  cone of lig h t and  its  approxim ate  ex tinction  w hen th e  electric 

vector of th e  inciden t lig h t is in th e  d irection of th e  microscope tube.

As here, too, th e  observed partic les are far enough ap a rt to  be d istingu ished  under 

th e  microscope, it is necessary to  postu la te  add itional m inu te  spheres to  explain  th e  

p in k  colours of these glasses.

In  glasses D and E  th e  blue and  violet colours of th e  tran sm itte d  lig h t p resen t a 

difficulty which I  have no t y e t been enabled com pletely to  su rm oun t.# I t  is probable 

th a t  th e  partic les in th is  glass are  not sufficiently th ick ly  d is trib u ted  to  satisfy  th e  

condition of th e re  being m any partic les to  a w ave-length  of blue light. W hen  th e  

incident lig h t is blue, th e  absorption th a t  we have in v estiga ted  is therefore no t 

present. W hen, however, th e  inciden t lig h t is red, th e re  are sufficient partic les to  a 

w ave-length  for absorption  to  tak e  place. Thus, a lthough  if  lig h t o f all w ave-lengths 

were absorbed, th e  red  would be least ab so rb ed ; y e t here i t  is only th e  larger w ave

leng ths th a t  suffer th e  absorption whose n a tu re  we have investigated .

P A R T  II.

§ 7 . W ith  a view to  exam ining w hether these principles app ly  to  th e  colour changes 

exhib ited  by  tran slu cen t films of m etal w hen heated , observed by Mr. G . T. B e i l b y  

(‘ Roy. Soc. P roc.,’ vol. 7 2 ,  1 9 0 3 ,  p .  2 2 6 )  and by Professor R. W . W o o d  (‘ Phil. 

M ag.,’ vol. 3 ,  1 9 0 2 ,  p. 3 9 6 ) ,  we proceed to  consider th e  transm ission of lig h t by  films of 

m etal, th e  m etal being in th e  form of small spheres, m any to  a w ave-length of lig h t 

in th e  film

*  S e e  A p p e n d ix  a d d e d  J u l y  8 th  fo r  e x p la n a t io n  o f  B lu e  a n d  V io le t  C o lo u r s .
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C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 4 0 3

W e shall first confine a tte n tio n  to  very  th in  films, defining very  th in  films to  be 

such th a t  7 7  -d/X'may be tre a te d  as small, d  being th e  th ickness of th e  film, and  A' th e  

w ave -length  of lig h t in th e  film.

I t  has a lready  been noticed  th a t  equation  (9), p. 393, does not hold for very  th in  films. 

T h a t equation  is ob ta ined  by  observing th a t  th e  average action of its  neighbours on 

a partic le  is th a t  due to  a m edium  which is perfectly  uniform ly polarised in th e  

neighbourhood of th e  particle , and  whose ex te rnal boundary  is th a t  of th e  ac tual 

m edium , and  whose in te rn a l boundary  is a sphere of rad ius r 0, equal to  th e  sm allest 

d istance betw een th e  cen tres o f tw o particles. P o i s s o n  has shown th a t  th e  effect 

of such a uniform ly polarised m edium  is equivalent to  th a t  of a surface d istribu tion  

over its  in te rn a l and  ex te rnal boundaries.

The m edium  ac tually  p resen t here can only be tre a te d  as uniform ly polarised 

th ro u g h o u t th e  region inside a sphere whose radius, , is sm all com pared w ith  th e  

w ave-length  of lig h t in th e  m edium. W hen  th e  ou ter boundary  of th e  m edium  is 

in all directions m any w ave-lengths d is tan t from th e  partic le  under consideration, 

th e  effect of th e  periodically v ary ing  polarisation outside r =  can be allowed for 

by neg lecting  th e  Poisson d istribu tion  on the  ou ter boundary  of th e  medium. 

C onsequently, in th is  case, th e  effect on any  partic le  of th e  rem aining partic les 

is th a t  due to  a Poisson d istribu tion  over th e  sphere r  ■=■ r 0, which leads to 

equation (9).

W hen th e  ex ternal boundary  of th e  m edium  is, in any  direction, a t  a very  small 

d istance from th e  average particle, we are no t justified  in neglecting the  Poisson 

d istribu tion  over th a t  boundary . In  th e  case of a th in  film of th e  medium in th e  

plane of xy  it is, however, clear th a t  w hen th e  electric force is parallel to  th a t  plane, 

th e re  is no Poisson d istribu tion  over th e  surfaces of th e  film. C onsequently th e  film 

has (complex) dielectric constan ts  in th e  direction of th e  axes of x  and y, which are 

th e  same as for th e  m edium  in bulk. O m itting  the  accent in equation  ( 10 '), th is  

constan t is given by

n 2 -  i /  r 1 _  n 2 -  i i
« - X _ 3 / » n , +  2 / | X  /‘ j p + . j J (1 6 ) .

The dielectric constan t e', parallel to  Oz, m ay he different from e ; if so, the  film 

behaves optically like a uniaxial crystal whose th ree  (complex) dielectric constants 

are e, e, e', th e  optic axis being norm al to  th e  film.

§ 8 . P u ttin g  v — 1 in equations ( 12) and (13), we have

where

N 2 -  1 
N 2 +  2

— 2/3i ( i n

{n2(k* — l )}2-  n2 (k2-  1) +  4n V - 2  R _ ____ 3 _  /
“  {n2 (k2 — 1) — 2}2 +  4n V  ’ P {n2 ( 2 — 1) — 2}2 +  4» V  *

3 F 2
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4 0 4 M R . J .  C. M A X W E L L  G A R N E T T  O N

W e shall henceforw ard find it convenient to  use n and  k  to  denote th e  con stan ts  of 

th e  m edium  contain ing  th e  spheres. The constan ts of th e  m eta l itse lf  will therefore 

be denoted  by  ?i1 and k {, and  it will appear , as is a priori ev iden t, th a t  th e  la

th e  values of n and  k  w hen p =  1. Since therefore e = E { u ( l  

gives us on su b s titu tin g  from ( 1 2 ')

n* ( l  — k 2) — 1 — 2 m 2/c =  e — 1 =  3 ^  n
V '  1 -  p a  - f  2

from which , by equating  real and  im aginary  p arts ,

n2K —
(1 — p a ) 3 -f- 4 p 3/33

w h e n c e

(k2_ 1 \ _  9 _  3 ( 1 ~  p « )
(1 — p a ) 3 -j-

y,} ( , p  I l U 2   Q °  ^  4

' (K + 1,} -  ( 1 -  v /s*+ 4 •

(17) ,

( 1 8 )  ,

(19) ,

( 2 0 )  .

T h e  fo l lo w in g  t a b le  g i v e s  t h e  v a lu e s  o f  a  a n d  /3 a s  fo u n d  b y  m e a n s  o f  fo r m u la  (1 3 ')  

fr o m  t h e  c o n s t a n t s  nan d  k  o f  t h e  s o l id  m e t a l  a s  g i v e n  b y  D i i u d e  (  . :—

T a b l e  I I I .

M e ta l . C o lo u r . « . P-

.

G o ld .  .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . .. . . <j r

r

Y e l lo w  A =  ‘5 8 9 1 - 4 5 9 3 • 0 8 1 6

R e d  A =  -6 3 0 1 - 3 6 2 6 • 0 4 4 6

S i l v e r . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . <j

Y e llo w  A =  -5 8 9 1 - 2 5 7 4 • 0 1 5 0

R e d  A =  -6 3 0  1 - 2 1 6 0

i  ________  . . . .  J

• 0 1 2 7 7

P o ta ss iu m -so d iu m  . . . . <jr
B lu e 3 - 2 6 9 • 5 3 1

Y e l lo w 2 - 0 6 8 • 1 0 7

In  order to determ ine th e  values of nand  k  for vario

values of th e  functions rj, £, w here

£ _  V -  £ — 1
p/3 1 — p a  1 (1 — p a ) 3 -j- 4 p 3/33

( 2 1 )
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C O L O U R S  TN M E T A L  G L A S S E S  A N I )  I N  M E T A L L I C  F I L M S . 4 0 5

were ca lcu lated  for gold and  for silver for th e  following values o f :

/* =  •! , ^  =  ‘5, \x =  '6 , g  =  7 ,  ix ~  '8 , g  =  *9, /a =  1 0 .

E quations (19) an d  (2 0 ) m ay be w ritten

(k3 — 1) =  2 — 3 r/.................................................. (19'),

^ 3 (/c3 +  1) =  {3 (3£ -  4>?) +  4 } ^ ......................... (20'),

whence th e  values o f n and  u k  for gold and  for silver were calculated for th e  above 

values o f g. The values of ii2k thence obta ined  were checked ag

by m eans of equation  (18), nam ely,

nlK — 3 ^ . (isO-

in  th e  case of silver w ith  /u, less th a n  '8 it  was, however, seen to he b e tte r  to  obtain  

UK as th e  qu o tien t o f th e  value o f ri2x g o t from (18'), by th e  value o f n  go t from (19') 

and (20 '), owing to  th e  la rge probable error w hen t lk was determ ined  d irectly  from 

(19') an d  (2 0 ').

F rom  equation  (13') we find

o 3/8
nf Ki “  ( l  — a)o _|_ 4^-: 5 n{2(Ki3 — 1) =  2

3 (I — )

( l  -  a )3 +  4/S2 ’

which are th e  same as equations (19) and  (2 0 ) w ith  g, =  1. C onsequently, as should 

he th e  case, th e  m edium  of spheres is equivalent to  th e  solid m etal wherein the  

spheres are of such varied sizes th a t  th ey  fill th e  whole space. A no ther check on the  

tab u la ted  num bers is afforded therefore by a 

com parison of th e  calculated and observed 

values of and  n v

I  believe th a t  nearly  all th e  num bers here 

given for silver and  for gold are subject to  an 

error of less th a n  1 per cent.

The values of n2K = 3 ^  and  of r) for the  

potassium -sodium  am algam  of Dr u d e ’s table,

‘ P hys. Z eitschrift,’ Jan u ary , 1900, are less 

carefully calculated.

§ 9 . Consider now th e  incidence of plane 

polarised lig h t on a p la te  of th is  medium. W e shall first suppose the  p la te  to be 

very th in  and therefore optically crystalline.

Suppose th e  tw o surfaces of the  film are z — 0 and z =  d, and th a t zx is the  plane 

of incidence.

Fig. 10.
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F irs t le t th e  in c iden t lig h t be polarised  in th e  plane of incidence, so th a t  th e  incident 

wave is

X  =  0, Y =  exp [t p  {t — (x sin 0 - f  z cos 0)/c}], Z =  0,

01 =  cos $ exp [tp  (xsin 6 z cos 0)/c}], =  0, =  sin 0 exp 

The reflected w ave is

X =  0, Y =  B exp [tp {t — (xsin 0 c

a  — B cos 0 exp [ip {t — (x  sin 0-zcos 0)/c}], =  0, =  B sin

Inside th e  film, i.e., betw een z =  0 and  z =  d

X  =  0, Y =  A ' exp [tp  {t — (xsin +  z cos

+  B ' exp [tp {£ — (x sin cos </>)/Y}], Z =  0,

a  {A' exp [tp \ t  — (xsin 

y  =  sin 0 {A' exp [ . . .]  -f- B' exp [ ...]} .
T ran sm itted  wave

X =  0, Y =  C exp [tp  {t — (xsin co

a  =  — C cos 0 exp [tp — (xsin 0 - f  2 cos 0)/c}], f3 — 0, C sin 0 e

In  these expressions we have

V 2 =  c2/e and  sin <£/Y =  sin 0 / c .............................. (a).

Since Y and  a are  continuous a t  z =  0,

1 +  B =  A ' +  B' and  (1 — B) cos 0 =  (A ' — B') c j V cos . . (b).

Since Y and  a  are continuous a t z =  d, if  we replace 

exp [3t LP djY  cos </>] by  1 ^  tp d /Y  cos </>, and exp [ — tp cos 0] by 1 — tp djc cos 0,

we obtain, when th e  square of 2tt d/X is neglected, th e  equations

{ A ' +  B' -  (A ' -  B ') tp d /V  cos } =  

c cos </>/Y {(A' — B') — (A ' +  B ') tp d /V  cos </>} =  cos 

From  th e  la s t pair of equations we find, neglecting  squares of p  djc , th a t

A ' +  B' =  C

^ 4  (A ' -  B') =  c  {1 _  Lp'd™  0(cos* e -cS 

on using ( a ) ; then  elim inating A', B', B from th e  equations (b) and (d), we finally 

have

C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S .  4 0 7

C  =  1 — t77 d/X. sec 0 . (e — 1).
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4 0 8 M R . J .  C . M A X W E L L  G A R N E T T  O N

On ta k in g  th e  m odulus and  su b s titu tin g  for e from (17) we obtain

| C | 2 =  1 — 47t  sec . v ? k .............................. (2 2 ).

Secondly, suppose that, th e  incident lig h t is polarised perpendicular to  th e  plane of 

incidence, a, /3, y  being th e  m agnetic  force.

The incident wave is

a — 0, /3 =  exp [t 

The tran sm itted  wave is

a  =  0, (3 =  C exp [yp [t — (x sin +  z cos 0)/c}~\, =  

The velocity V inside th e  film is connected w ith  th e  angle of refraction by  th e  

equations

t t o o / cos2<i . sin 3< 4 \ c2t'

v  = c' (- r  +  ~ f )  =  *  +  t y

The final resu lt afte r using  th e  tw o sets  of boundary  conditions is 

C =  1 -  ln d xsec 0 jc o s20 (e -  1) +  s i n ^ £' “  1 1, 

whence, using  (17), we obtain

I C I s =  1 -  4,r d °os 0 |  n V  +  ta n 26> *' y i j .................... (23).

W hen  th e  lig h t is norm ally inciden t, th e  crysta lline characte r of th e  film does not 

m anifest itself, and we have from (22) or (23)

| C | 2 =  1 — 47r . u~k ...................................  (24).

The absorption o f d irectly  incident lig h t by a th in  film is therefore governed

by n2x.

Ow ing to  th e  difficulty of knowing w hether any p articu lar m etal film whose changes 

of colour have been observed , b u t whose th ickness has no t been recorded , for 

example, tb e  films observed by Professor Ji. W. Wood  or by Mr. G. T. Be il b y  

(loc. cit.), is to  be regarded  as very  th in  for th e  purpose of th is  section , formula? for 

th ick  films will now be found.

W e consider here only th e  case of d irectly  incident plane-polarised ligh t, and

proceed to  obtain  an equation corresponding to  (24), reserving th e  full discussion of

th e  behaviour of th ick  films under obliquely incident lig h t till la ter. U sing th e  axes 

shown in fig. 10 , suppose th a t

Inciden t wave is

E =  0, exp {ip  ( t — z/c)\, 0 ; H =  — exp — z/c}, 

Reflected wave

E =  0 , B exp {ip ( t +  z/c)}, 0 ; H =  B exp -|- z
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W ave in f i lm , i.e .,b e tw een  z =  0  a n d  z =

E =  0 , A ' e x p  { up (t— 

H =  — c /Y  [A ' exp \ ip (t — z /Y )  j- — B' exp ] 4 - 

T ran sm itted  wave

E =  0 , C exp {up (t — z/c)|, 0 H =  — C exp j ip , 0 , 0 ,

w here c /Y  =  n(1 — l k ).

The boundary  conditions a t z — dgive

C O L O U R S  I N  M E T A L  G L A S S E S  A N D  I N  M E T A L L I C  F I L M S . 4 0 9

A'e 2’rdB*/A exp { — l . 2n dn jk } +  B'e2" dnK/k exp {<,. '2n — C exp { — i2i

n (1 — l k) [A  >e-̂dnKa e x p  { — l . 2 tt dn/k} — B/e27r<;wWA exp

— C exp [ l2tt d/k} ^

(25).

I t  follows from these equations th a t  B' is of th e  order of A /e_47rdft*/A; if  therefore 

7rd-UK/k >  1 we shall be correct w ith in  2 per cent. (e~4) when we neglect B'. Thus 

referring  to  th e  Table IV . it  appears th a t  if  a piece of gold leaf before annealing  

be so th ick  th a t  d >  A/1 *5 or d  >  |  \k,then , so far as yellow and red

irdnK/k will be >  1 for all values of g >: *5, if  we suppose d  to  vary  inversely as /x, 

th e  num ber 1 ‘5being th e  sm allest value of for gold for values of /x from ‘5 up

to  un ity .

E lim inating  B /e2,rdn'c/A from th e  last tw o equations above,

2A 'e~2,riteK/A =  C exp {— l2tt d/k  (1 — n )j.
L n(1  — 

From  th e  boundary  condition a t z 0 we obtain

A ' [1 +  (1 — =  2.

E lim inating  A ' from th e  last twm equations

C exp { — l 2u  d /k  (1 — n)} =  4e‘-‘lirdriK/k n(1 — l k)

L{ 1 +  n{l-  « j ) 8J

T ak ing  th e  moduli, th e  ra tio  | C | 2 of th e  in tensity  of the  tran sm itted  to  th a t  of 

th e  inciden t lig h t is given by

I (J  I ~ —  \ § n //( 1  +  k2)
I I  “  {(1 +  nf +  nW

■47r dUK/k (26).

I t  appears th a t  w hen th e  th ickness exceeds § of th e  w ave-length, the  absorption is 

governed by uk  ; bu t, to  th e  same order of approxim ation, by u2k when is less 

th a n  ~2 ^k.

3 GV O L . C C III .--- A .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



4 1 0 M R . J .  C . M A X W E L L  G A R N E T T  O N

The (com paratively) sm all effect o f th e  coefficient

M =  +  *“)
0 “  {(1 +  n f  +  n V }2

on th e  colour by  tra n sm itte d  lig h t w ill be considered la ter. F or th e  p resen t i t  is 

sufficient to  observe th a t  M0 becomes sm all w hen  1/a  for any  colour, and hence 

th a t  th e  varia tions of M0 in tensify  th e  absorp tion  bands , w hich will be shown to 

occur for gold and  silver near p.a =  1.

§ 10 . In  order to  illu s tra te  th e  discussion of th e  colours exh ib ited  by  films of 

m etal for various values of fx, g rap h s are given of and  for gold

for th e  am algam , potassium -sodium , th e  constan ts  o f which for =  1 were given by 

Dr u d e  ( loc.cit.). The g rap h s of nx an d  

lig h t is red  or yellow  are p lo tted  from th e  values given  in th e  accom panying tab le , 

w ith  th e  help of th e  add itiona l poin t corresponding to  /xa =  1.

This last po in t is easy to  plo t, for we see from equations (18) and  (19) th a t

n2x — r> — and  ?i2 ( x2 — 1 ) =  2 w hen =  1/a . 
ifx/3 4 (3'v ’

C onsequen tly  for

[x — 1 /a , n2 (/c2 -j- l )  =  2 \ /  -f- 1 ,

so th a t

n2x2 =  \ /  n4x2 + 1  +  1 and  — |  \ J   ̂

This poin t is also very  near th e  m axim um  of u2k , ow ing to  th e  sm allness of j8 in 

com parison w ith  a, and  is also, in th e  g raph  of nx, n o t far from th e  m axim um , and  in 

th e  g raph  of M0 no t far from th e  m inim um. I t  will be shown th a t  for each of these 

reasons th e re  is in genera l an absorption band in th e  colour whose a =  lfax.

The g raph  for u2k when blue lig h t is inciden t on gold is su rm ised ; ?

constructed  on th e  supposition th a t  th e  constan ts  n and  k for gold, w hen =  1 , are 

continuous from red  th ro u g h  yellow to  blue. The curve for r k  for gold under blue 

lig h t is m ade of th e  same shape as for yellow and  red, th e  value ot nx for /x =  a -1 

being p lo tted  from th e  m axim um  value of n'2x assum ed in th a t  graph.

The curves for n~x for potassium -sodium  are p lo tted , again  w ith  th e  help of th e  

points for fx — 1/a , th e  inciden t lig h t being blue or yellow. The g raph  of for 

red  is again surm ised.

rLdie g raphs of vx  for potassium -sodium  are shown by analogy w ith  those for gold, 

th e  only points p lo tted  being for /x — 1/a , /x 1. The

th a t  for n2x in th e  same m anner as th e  blue curve for nx for gold was got from th e  

assum ed curve for n2x for gold.
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X  s
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§ 11. In  a paper on “ The  Effects of H e a t and  of Solvents on T hin  Film s of 

M etal,” ‘ Hoy. Soc. P roc .,’ vol. 7 2 , 1 9 0 3 ,  p. 2 2 6 ,  Mr. G. rf .  B e i l b y  gives an  account-ol 

some experim en ts on th e  behaviour of gold and  silver films w hen hea ted  to  tem p era

tu re s  far below th e ir  m elting  points. H e suggests  th a t  a t  such tem peratu res 

sufficient freedom  is conferred  on th e  molecules .by th e  h ea ting  to  enable them  to 

behave as th e  molecules of th e  liquid  m eta l w ould do, an d  to  arrange them selves 

u nder th e  influence of surface tension  e ith er in films or in drop-like g ranu la r 

forms.

W e have already  shown, w hen dealing  w ith  th e  colours in m etal glasses, how th e  

sm all partic les of m eta l excre te  them selves from th e  glass in to  spherical forms.

Mr. B e i l b y  records th a t  th e  resistance o f silver and  gold films increased, on 

annealing, from a few ( 0 ’2 up to  5 0 )  ohms up to  m any thousands of megohms. This, 

of course, s trong ly  supports th e  th eo ry  th a t  th e  m eta l breaks up under surface 

tension  in to  m inu te  granules. Professor W o o d  observed no conductiv ity  in his films 

as orig inally deposited. Mr. B e i l b y  fu rth e r  s ta te s  th a t  in one of th e  gold films th ere  

appeared  to  be a considerable dep th  o f granules, and  Professor W o o d  records absence 

of conductiv ity  in a film in which granules appeared  in contact w ith and piled upon 

top  of one another. These observations support our hypothesis as to  th e  s tru c tu re  

of th e  films, a lthough  th e  granules observed m ay have been larger th a n  those which 

are  effective in producing th e  colour phenom ena which we are to  investigate.

L e t us now see w hether our hypothesis as to  th e  s tru c tu re  of th e  films is in 

agreem ent w ith  th e  colour effects observed by Mr. B e i l b y  and Professor W o o d .

F irs t, then , consider a very  th in  film of gold.

A ccording to  th e  resu lt given in equation (24) th e  dim inution in in tensity  of 

lig h t of w ave-length  X is, for such a film, 4 . n2K.

From  the  graphs of n~K  for yellow and for red, it is seen th a t  for the  solid m etal for 

w hich / X  = 1 , i.e., before annealing, n~«/X is less for red  th an  for yellow, and th is is 

tru e  from /x =  1 nearly down to  jx — *9. Thus, a very  th in  

show th e  green  colour d istinctive of gold leaf, b u t th e  red colour should predom inate 

over th e  yellow. The a rb itra ry  g raph  for for blue would, if  correct, show th a t  

blue should predom inate over e ith er yellow or red.

The colour off a very th in  film of gold leaf would, therefore, be chiefly blue, less 

red, and  least yellow, i.e.,blue-purple, and th is  is th e  colour observed by Mr

in th e  th in n est piece of gold leaf he possessed p. 227).

I t  should be noticed th a t  it has been proved  th a t  a very  th in  film will le t th rough  

more red  th a n  yellow ligh t, and  th a t  it, therefore, will no t exhib it the  green colour of 

gold leaf. I t  has only been s ta ted  th a t  it seems probable th a t  it will le t th rough  

more blue th a n  either.

W e now suppose th a t  w hen the  film is being annealed, surface tension acts and 

causes th e  gold to form into spherical drops, m any to a w ave-length, b u t of quite  

vary ing  sizes. Thus /x, th e  volume of m etal in a un it volume of th e  film,
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41.6 M R . J .  C. M A X W E L L  G A R N E T T  O N

continuously  dim inishes from u n ity  dow nw ards so long as th e  m etal is k ep t a t  a 

tem p era tu re  of abou t 400°.

J u s t  before /x has reached ‘9 th e  yellow begins to  g e t th ro u g h  b e tte r  th a n  th e  red , 

b u t th e  absorption of bo th  increases rap id ly . The value of v '2k  for red becomes 

equal to  24 w hen /x =  *734 about. I t  alm ost im m ediately s ta r ts  to  dim inish , being 

only 15'88 when /x =  '7. T here is th u s  a s trong  and q u ite  narrow  absorpt

th e  red  for /x =  ’734.

S im ilarly, u 2k , w hen th e  incident lig h t is yellow, rises to  a h ig h  value near 

/x —  ‘6 8 6 , and  w hen /x has th a t  value, n zK — 15 nearly.

B etw een fx — *7 and  /x — ‘734, red  and  yellow are absorbed to  th e  same large ex ten t. 

I t  seems probable th a t  blue will no t be absorbed so g rea tly  for th is  value of /x. The 

film should therefore probab ly  be blue. Mr. B e i l b y  finds ( . c it., p .  228) th a t  a

gold film tu rn s  blue or purp le  (absorp tion chiefly of yellow) in th e  earlier stage of 

annealing, though , presum ably , th e  films for which th is  effect was observed fall in to  

our class of th ick  films. The tu rn in g  blue will therefore  be again  referred  to  when 

we come to  consider th ick  films of gold.

W h en  fx — '6 , th e  red  lig h t is m uch less d im in ished in in ten s ity  th a n  th e  yellow, 

and  probably less th an  th e  blue. The film is therefo re  pink, and  rem ains p ink  down 

to  th e  dim ensions of coloured glass for which /x is of th e  order of 10~ 5. The th in  film 

observed by  Mr. B e i l b y  was rose p in k  a fte r  annealing  (p. 227).

The h ig h  tran sp a ren cy  observed by  F a r a d a y  an d  by Mr. B e i l b y  corresponds t o  

th e  very  sm all values o f u 2k  for values o f  /x <  *5.

C onsider n ex t a th ick  film of gold.

The absorption  being now, according to  th e  re su lt given on p. 409, dependent 

principally  upon th e  value of tdc/A, we see from th e  tab le  for uk  or from th e  graph  

th a t ,  for th e  solid m etal, yellow  lig h t is less absorbed th a n  red. The colour of th ick  

gold leaf is, in fact, olive-green by tran sm itte d  light. As fx dim inishes th e  absorption 

of both yellow and red  increases, th e  la t te r  m ore rap id ly . N ow  w hen /x =  '734, th e re  

is a g rea t absorption of red, according to  th e  values of ?l k , w hich is intensified, since M0 

is for th is  value of nreduced to  T 7 7 . The colour should th e n  be m ore ye

red, and  probably  m ore blue th a n  either. W h en  /x is <  '7, th e  colour is m uch more 

red  th a n  yellow. I f  our assum ed curve for u k  for blue is correct, th e  colour of th e  

film should be blue betw een  /x =  '85 and  '7, purp le  a t  '7, and principally  red from 

/x — '65 th ro u g h  all th e  range of values of /x from gold glass down to [x =  0 . ( I f  our 

curve for blue is correct, th e  figure shows th a t  th e  film is red  w hen th e  blue curve 

crosses th e  yellow.)

A ccording to  Mr. B e i l b y , a gold film, originally green, tu rn ed  blue-purp le a fte r 

annealing. Gold leaf tu rn ed , by annealing , p ink  w ith  brow n-green patches, th e  

la tte r, presum ably, corresponding to  large and  th e  form er to  small values of /x.

The rise in th e  absorption  as /x begins to  diminish from u n ity  was noticed by 

Mr. B e i l b y  (loc. cit.,p. 232).
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I t  has th erefo re  been show n th a t  all th e  observed colour changes in gold films are 

in accordance w ith  th e  th eo ry  an d  num erical resu lts  se t fo rth  in th is  paper.

The po in ts corresponding to  p a  =  l ,  referred  to  on p. 410, which were p lo tted  in for 

red  and  yellow , were

)ik  — 4 '89 for p  — *734 for red.

riK =  3*80 ,, fM =  '685 ,, yellow.

L e t us now consider silver films.

The resu lts  for thin  films are no t of m uch in te rest, as probably none of 

observed came in to  th is  class. W e m ay , however, notice th a t ,  according to th e  

g rap h s o f n~x, th e  th in  film should s ta r t  by  being more yellow th a n  red. T here is an 

absorp tion  band  in th e  red  abou t p  =  *822, for which value of p ,  rrx 71 '4 for red. 

T here is g re a t absorption in th e  yellow  for p  =  *795 w hen — G2'9. The nearness 

of these values of p for th e  m axim a of th e  absorption of yellow and  red suggests th a t 

th in  films of silver should he blue or else very  opaque w hen p  is about *8. The th in  

film should tu rn  more red  th a n  yellow for p  slig h tly  >  ‘8 and rem ain red  down to 

sm all values of p ,  a t  least as far as p  =  *1.

P assing  to  th ick  films, for which th e  absorption is m easured  by nx/X, we observe 

from th e  g rap h s th a t  as p dim inishes from u n ity  th e  absorption a t  first increases 

rapidly . This m ay be correlated w ith  th e  increased conductiv ity  m anifested  by a 

silver film in th e  early  stages of annealing. S hortly  before p  =  *8 the  film becomes 

more red  th a n  yellow, and  alth ough  by  th e  tim e p  — *6 th e  absorption has a lready  

become ex trem ely  small, th e  film rem ains more red th a n  yellow un til p  vanishes.

P u ttin g  p  =  1/a, we find th e  additional points on th e  graphs of

for red  . . . .  nx — 8*51 w hen p  =  *822,

,, yellow . . . nx — 7*99 ,, p  =  *795.

T he red  colour of silver films for low values of p  is observed in those obtained by 

depositing  silver on glass in th e  m anner described by Professor Wood  ( ‘ Phil. M ag.,’ 

A ugust, 1903). I t  is also often seen in fogged photographic plates.

§ 12. W e proceed to consider th e  potassium  and  sodium films discussed by 

Professor It. W . W ood, in th e  ‘ Phil. M ag.,’ 1902, p. 396, et seq. Owing, however, 

to  th e  inavailab ility  of th e  num erical values of th e  constants for potassium  or

sodium  for more th a n  one colour w hen p =  1, the  num bers used are those given by

Dr u d e  (loc. cit.)for “ potassium -sodium ,” for blue and yellow light. C onsequently

th e  same degree of num erical accuracy as for gold and silver lias not been aimed at.

The yellow and  blue curves for rrx are p lo tted  from th e  num bers tabu lated  in 

Table IV ., p. 406.

The g raph  of nx has been constructed to pass th rough  th e  u n tabu la ted  points 

Yellow . . . riK — 3*811 for p  =  1/a — *484, =  2*18 for p  — 1.

Blue . . . . 'llx — 2*225 ,, p  =  1/a =  *306, nx =  1*78 ,, 

3 HV O L . C C I I I .— A .
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The films m ade by Professor W o o d  were ob ta ined  by  th e  condensation o f th e  

vapour o f th e  evaporated  m etal on th e  insides of exh au sted  glass bulbs. W e should 

therefore expect th e  film in its  orig inal form to  be in drops, wh ich , in accordance 

w ith  P a r t  I., § 3, w hen very  small, approx im ate  to  th e  spherical form.

The absence of conductiv ity  in th ese  films supports th is  view  of th e ir  s tru c tu re . 

The effect of hea tin g  up to  and  beyond th e  m elting  po in t w ould be to  fuse these 

drops in to  continuous m eta l, and  a lthough  surface tension ten d s to  a re-form ation in to  

spheres, i t  is probable th a t  /x will genera lly  be considerably increased by th e  fusion.

I t  appears, from our g raphs of u2k  and  t ik , th a t  th in  or th ick  “ potassium -sodium  ” 

films should tran sm it more blue th a n  yellow ligh t, provided th a t  /x >: *4, th e re  being a 

very  s trong  absorp tion  of yellow  for /x =  *49 (about) in both  cases. I t  is in te restin g  

to  note th a t  Professor W o o d  alw ays refers to  th e  yellow  absorp tion  bands as 

p articu la rly  strong. As /x increases, th e  absorption of yellow  re la tive  to  blue 

increases in  bo th  th ick  and  th in  films.

I f  now we in troduce our hypo the tica l curves for n~K and for u k  for red  ligh t, we 

find th a t  for /x <  ’4 th e  film should be red. N ear th e  g rea te s t absorption of yellow 

(g =  ’49), red  and blue should  be equally  absorbed and  th e  film be purple. As /x 

increases fu rth er, red  should be m ost absorbed, and  blue least, so th e  film should be 

blue. Thus, in general, th e  film should  tu rn  from purple  to  blue w hen heated , as 

was th e  case w ith m ost of th e  films observed. Professor W o o d  ( . ., p. 407)

fu rth e r  s ta tes  th a t  th e  partic les w hich he observed were d istin c tly  closer in th e  blue 

th a n  in th e  p ink ish-purp le  p art, th u s  again  suggesting  th a t  a change from purp le  to  

blue accompanies an increase in p.

So far, then , as th e y  go, our resu lts  are in good accordance w ith  observation. 

W hen , however, num bers can be obta ined  for n  and uk  for potassium  and  for sodium 

for blue, yellow, and red  ligh t, i t  m ay be possible to  s ta te  w ith  more ce rta in ty  th a t  

our exp lanation  of th e  colours of th e  films and of th e  changes in colour due to 

h ea tin g  is th e  tru e  one.

§ 13. By considering th e  oblique incidence of plane-polarised lig h t on th ick  films of 

m etal by th e  m ethod adopted  in § 9 in th e  case of th in  films, it  can be shown th a t  

equation  (26) is replaced by

(1.) W h en  th e inciden t lig h t is polarised in th e  plane of incidence

I O  I 2    " l b  (M' ~ 1”  k  )   iirdv/K . co s  / ' ) r7 \
I I -  { ( 1  +  uy + ...

(2.) W h en  th e  inc iden t lig h t is polarised perpendicu lar to  th e  plane of incidence

1 6  ( l i n~ - f -  V'~) -indvlK . cos 0

{(1  +  u'f_|_ ( 2 8 ) ,

where u,v and u \ v' are certain  functions of n, k , such th a t  w hen th e  angle of 

incidence, 0, is zero,
u —  io' =  n and  v —  
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I t  can fu rth e r  be proved th a t  th e  varia tions w ith  /x of th e  coefficients

M -  1 6 ( ? r + r 2)

9 {(I +  u)2 r 3}2
and m '  —  - *  6  ( '  4 * v ,z)

6 -  {(1 +  +  F 2}2

nre  such th a t  a change in (27) from  M e to  M / would s tren g th en  th e  absorption 

bands. T he com plete analysis is som ew hat len g th y  ; I  have therefore  refra ined  from 

reproducing  it here.

T his resu lt, how ever, shows th a t  in genera l th e  absorption band should 'be w eaker 

w hen th e  incident lig h t is polarised in th e  plane of incidence th a n  when it is 

polarised perpendicu lar to  t h a t  plane. A nd th is  effect Professor W o o d  observed in 

alm ost every  film.

P A R T  II I .

§ 14. M etallic m edia composed of sm all spheres of m etal, m any to  a w ave-length, 

have m any in te restin g  properties in add ition  to  those a lready  referred  to. The very 

v iv id  colour effects which are exhib ited  according to  th e  g raphs given above for h k  

for gold , silver and “ potassium -sodium  ” w hen ligh t traverses such media, m 

consequence of th e  different absorptions of different colours, suggest enquiry  w hether 

m etals in bu lk  have ever been obta ined  giv ing b rillian t colours by tran sm itted  and  

reflected lig h t, such m etals being ord inary  m etals w ith /x less th a n  unity . For 

instance, have any of th e  m etals we have discussed been obtained in s ta tes  in which 

th e  specific g rav ity  was no t th e  norm al value for th a t m etal and in which th e  colour 

changed  w ith  th e  specific g rav ity  ?

I hope in th e  near fu tu re  to  exam ine C a r e y  L e a ’s  w o r k  in  detail w ith  a view to 

finding o u t w hether his allo tropic silver is a m edium  of th e  ty p e  we have con

sid ered — silver w ith  fx less th a n  unity . B u t th e  first glance a t  h is  papers (‘ Am erican 

Jo u rn a l of Science,’ 1889) shows th e  following rem arkable correspondence between 

th e  properties he observed and th e  properties which should, according to  our 

•calculations for yellow  and red  ligh t, be possessed by silver w ith  /x <  1 :—

( i . )  C a r e y  L e a ’s  silvers were obtained from so lu tion ; and  we have shown th a t  

gold, and  therefore, presum ably, silver, crystallises out of solutions into 

partic les which are spherical if  th ey  are very  small. O ur silver (/x <  1) is 

composed of m inute spheres.

(ii.) C a r e y  L e a ’s  silver can be changed by pressure or heating  into normal silver. 

W e should expect /x to be increased by pressure.

(iii.) The specific g rav ities of th e  tw o principal forms of allotropic silver were 

appreciably less th a n  th a t  of normal silver.

(iv.) From our g raph  of u k  for silver we see th a t red and yellow ligh t are about 

equally, and very  powerfully, absorbed w hen /x =  81. The ratio  of th e
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specific g rav ities  o f  C a r e y  L e a ’s  gold-coloured silver, C , and  norm al silver is 

given by  him  to  be 8'51/10*62 =  *81. This s trong ly  supports  th e  th eo ry  

th a t  allotropic silver is o f  th e  n a tu re  o f th e  m edia we have discussed.

(v.) C a r e y  L e a ’s  silvers w ere very  b rittle , b u t could be toughened  by  hea ting . 

F u rth e r, his gold-coloured silver could be transform ed in to  norm al silver by 

s h a k in g ; and th is  transfo rm ation  could be g rea tly  im peded by packing th e  

gold-coloured silver in co tton  wool. These properties suggest a discontinuous 

s tru c tu re  for allotropic silver.

(v i.) If we m igh t assum e an absorption g rap h  of for blue ligh t, th e  fact th a t  

if  lig h t is obliquely reflected from a film of “ B ” silver, th en  th e  yellow  lig h t 

is polarised in th e  plane of incidence and  th e  blue perpendicu lar to  th a t  plane 

can, I  th in k , be explained  by  our th eo ry  : b u t th e  proof is no t y e t complete.

(vii.) The red  colour exh ib ited  by  all th e  more d ilu te  forms of th e  allotropic silver 

is in  accordance w ith  th e  fact, exh ib ited  by th e  g raph , th a t  is sm aller for 

red  th a n  for yellow lig h t for sm all values of p .

| A p p e n d i x , added 28th Ju ly, 1904.— U sing  th e  values of th e  refra

and  absorption coefficient of gold for red  (C), green  (E), and  blue ligh t, as given by  

R u b e n s  (‘ W ied. A nn.,’ 1889), th e  following values of th e  q u a n tity  /8/A, which 

governs th e  absorp tion  of th e  gold glass, have been calculated :—

R e d  (C ). R e d  ( -6 3 0 ) . Y e l lo w  (D ) .  G r e e n  (E ) . B lu e  ( F  +  G ).

1f  n. •38 •31 •37 *53 •79

Gold -<
11K

' _
. 2-91 3*15 2-82 1*86 1-52

P  ■ • •48 •25 •59 1-07 •46

J8/X . . •73 •40 •99 21)3 1-01

The refractive index of th e  glass has been tak en  to  be L56, as in Table II ., from 

which th e  values of /8 for red  and  for yellow have been copied.

The colours, in th e  order of th e  degree in which th e y  are tran sm itte d  by  gold glass^ 

therefore are
R ed, Yellow, Blue, Green.

The corresponding order for silver as obta ined  by  calculation is

Yellow, R ed, G reen, Blue.

The orders accord w ith  observations on gold -ruby glasses and  silver glasses respectively..

I t  will be seen th a t  large partic les of gold (diam eter >  0'1 p) in a gold glass would, 

by  reflecting out th e  red  and  yellow ligh t, give th e  glass a blue colour by  tran sm itted  

ligh t, and  a brown tu rb id ity  by reflected lig h t— as in glasses D of Table I.]
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