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ABSTRACT
For present-day micro-electronic designs, it is becoming ever
more important to accurately model substrate coupling ef-
fects. Basically, either a Finite Element Method (FEM) or a
Boundary Element Method (BEM) can be used. The FEM
is the most versatile and flexible whereas the BEM is faster,
but requires a stratified, layout-independent doping profile
for the substrate. Thus, the BEM is unable to properly
model any specific, layout-dependent doping patterns that
are usually present in the top layers of the substrate, such
as channel stop layers. This paper describes a way to in-
corporate these doping patterns into our substrate model
by combining a BEM for the stratified doping profiles with
a 2D FEM for the top-level, layout-dependent doping pat-
terns, thereby achieving improved flexibility compared to
BEM and improved speed compared to FEM. The method
has been implemented in the SPACE layout to circuit ex-
tractor and it has been successfully verified with two other
tools.

Categories and Subject Descriptors
I.6.5 [Simulation and Modeling]: Model Development—
Modeling Methodologies; B.7.2 [Integrated Circuits]: De-
sign Aids—Verification; I.6.4 [Simulation and Model-
ing]: Model Validation and Analysis

General Terms
Verification, Design

Keywords
substrate noise, modeling, finite element method, boundary
element method

1. INTRODUCTION
In present-day micro-electronic designs, substrate noise

can have a significant impact on the functionality of the
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Figure 1: Highly doped (p+) channel-stop layer in-
creases VT of the parasitic FET being formed under
the Oxide.

design. For example, in a mixed-signal design, the noise in-
jected into the substrate by the digital part can seriously
influence the functionality of the analog part. Thus, accu-
rately modeling the behaviour of the substrate as a ”noise-
propagator” is becoming ever more important in the field of
layout-to-circuit extraction [1, 2, 3, 4, 5, 6, 7, 8]. Basically,
there are two principal ways of obtaining such a model: the
Finite Element Method (FEM; applied in e.g. [6]) and the
Boundary Element Method (BEM; described in e.g. [5]).
The FEM, which makes a full, in-depth 3D discretization of
the substrate, is usually slow, but very versatile and flex-
ible, whereas the BEM, which only discretizes the contact
areas on the boundary of the substrate, is much faster but
requires a uniform, stratified substrate.

However, in many cases, a uniform stratified substrate is
not a realistic assumption, because specific, layout-dependent
doping profiles in the top-layers of the substrate are widely
applied. An example of this is presented in Figure 1. It
actually shows two layout-dependent doping patterns, i.e.
the channel-stopper and the source/drain diffusions. Other
examples include trenches, sinkers and buried layers.

While FEM based modeling could accurately model such
structures, it can often be too slow. On the other hand,
the BEM might not always be accurate enough. Therefore,
we have developed a combination of BEM and FEM that is
faster than FEM but can be more accurate than BEM based
methodologies. We describe a new combination of BEM and
FEM for substrate resistance extraction, but note that other
BEM/FEM combinations can be found in the literature, see
e.g. [9]. Reference [10] presents a combined BEM/FEM
approach to capacitance extraction.

In fact, we have developed a 3D BEM/2D FEM combina-
tion. That is, we treat the top layer of the substrate as 2
dimensional. This will even be faster than a 3D BEM/3D
FEM combination, and we show, by comparison of results
obtained by our method to those obtained with Momentum
[11] and Davinci [12], that in many practical situations the



a) b)

Figure 2: A triangular mesh with a piecewise lin-
ear potential distribution for the FEM (a) and a
rectangular mesh with a piecewise constant current
distribution for the BEM (b).

accuracy is still good enough. The method has been imple-
mented in the SPACE layout-to-circuit extractor [13].

This paper is structured as follows. Section 2 will briefly
present some relevant background information on the FEM
and BEM methodologies. Section 3 describes our new method.
Section 4 presents comparisons of our new method, as im-
plemented in the SPACE layout-to-circuit extractor, to the
two other tools mentioned above. Finally, Section 5 states
our conclusions.

2. BEM AND FEM BACKGROUND
The finite element method in its simplest form subdivides

the conductor domain into triangles (or tetrahedrons in the
3D case) and approximates the potential distribution in the
conductor domain by a piece-wise planar (1st order) func-
tion that is defined over these triangles (see Figure 2a). The
minimization of a functional that relates to the consumed
energy in the conductor domain is then used as an alterna-
tive formulation for the Laplace equation. This is equivalent
to modeling each triangle by a delta-type resistor network
[14, 15] and solving the final resistances from the relation
between the potentials and currents in the total resistor net-
work.

The so-obtained resistor network is sparse. That is, the
number of resistors is proportional to the number of nodes in
the network. The network solution is typically accomplished
by Gaussian elimination, or equivalently, star-delta trans-
formation. All nodes but the terminal nodes (connected to
circuit or device ports) are subsequently eliminated. By ex-
ploiting the properties of VLSI interconnect patterns, this
can be done efficiently [16, 17] without destroying the spar-
sity of the network too much.

The BEM for resistance extraction [5] is derived from an
integral equation form of the Laplace equation. Note that we
will here consider the 3D case. The BEM only requires a dis-
cretization of that part of the boundary of the domain where
(inhomogeneous) Dirichlet conditions hold. These Dirichlet
conditions hold at those parts of the boundary where current
can enter/leave the substrate (i.e. at the substrate contacts,
which can be formed in many ways, see [4, 1]). At the re-
mainder of the boundary, homogeneous Neumann conditions
hold.

The BEM uses a so-called Green’s function as the kernel

in the integral equation. This Green’s function can be in-
terpreted as the potential in a certain point due to a unit
current injected somewhere else. In order to approximate an
arbitrary current distribution over the Dirichlet part of the
boundary, the substrate contacts are discretized into panels
and a shape or basis function for the current is assumed.
In its simplest form, this models the current as a piecewise
constant (0-th order) current distribution (see Figure 2b).
That is, the current is constant on each panel but discontin-
uous between panels. Because of the Dirichlet condition, the
potential over a panel must also be constant — the panels
form an equipotential region.

Based on this discretization, the collocation method or
the Galerkin method [18] can be used to obtain a system
of equations with U as the vector of N panel potentials,
X as the vector of (unknown) panel currents and G as the
elastance matrix describing the potential at panel i due to
a unit current in panel j:

U = GX (1)

The BEM then continues by defining an incidence matrix F
relating panels and contacts. By denoting V as the contact
potential vector and I as the contact current vector, we can
write

U = FV (2)

I = F T X (3)

It follows that

I = F T G−1FV = Y V (4)

where Y is an admittance matrix for the resistive substrate
with the substrate contacts as ports.

Thus, we see that also with the BEM the result is a re-
sistance network. Compared to the FEM, however, this is
a full resistance network, and each node is in principle con-
nected to every other node. All the nodes are port nodes;
there are no internal nodes. Model order reduction should
be used to simplify this network, and/or a windowing tech-
nique such as [5] can be used to a-priori extract a reduced
order model.

3. A COMBINED FEM/BEM METHOD
We will consider layout-dependent doping patterns with

the following properties

1. they are situated in the top layer of the substrate

2. they are thin compared to e.g. the thickness of the
epi-layer or their horizontal dimensions

3. their resistivity is low compared to the resistivity of
the surrounding substrate

Under these conditions, the noise voltages in the neighbor-
hood of such structures are mainly dominated by the shape
and resistivity of these structures and the noise current is
flowing mainly horizontally along these structures. Thus,
we could approximate the substrate behavior locally with a
2D model. Globally, we would still need a 3D model.

The above observation motivates the combination of a lo-
cal 2D method (i.e. 2D FEM) with a global 3D method (i.e.
3D BEM). In Section 4 we will experimentally investigate
the validity of the 2D approach.



Figure 3: Illustration of a dual FEM/BEM mesh.
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Figure 4: Schematic representation of the combined
BEM/2D FEM modeling approach.

For the development of this method, we will consider 1st
order elements for the FEM and 0th order elements for the
BEM, as they are more common.

Equation 4 actually forces the potential of the panels on
the same contact to be equal; contacts form an equipotential
region. However, we are free to treat each panel as a sep-
arate ’subcontact’, also when they touch each other. This
corresponds to F being the unity matrix. The result is a full
network of resistances with all the panels as ports.

Thus, we can identify nodes in the FEM mesh with panels
in the BEM mesh, and it is natural to make the meshes each
other’s dual. Stated otherwise, with each node of the FEM
discretization exactly one BEM panel is associated, which
geometrically consists of all the points in the plane closer
to this FEM node than to any other FEM node. Thus, a
BEM panel is actually the Voronoi polygon [19] of a FEM
node. In fact, the dual of the Voronoi diagram, with an
edge between each node and all the nodes ”closest” to it,
is a so-called Delaunay triangulation which is in a certain
sense optimal for FEM modeling as it avoids sharp angles.

Figure 3 illustrates two dual meshes. The solid lines form
the FEM mesh, while the dashed lines form the dual BEM
mesh. Note that, in general, the edges from the Voronoi
polygons (i.e. BEM panels) are constructed from the per-
pendicular bisectors of the Delaunay triangulation on the
set of nodes.

Given this correspondence of FEM and BEM discretiza-
tions, the resistance networks from both procedures may be
connected together, as is illustrated in Figure 4. The result
is a mixed sparse/dense resistance network, that will model
the current flow in the top and deeper layers of the substrate
respectively.

Figure 3 illustrates that the resulting BEM panels are, in
general, not rectangular. This is allowed from a theoretical
point of view, although it makes the numerical calculation
of the entries of the matrix G, using either the collocation
or the Galerkin method, less efficient. One practical way
of performing these computations might be by decomposing

SUB
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Figure 5: Simple example of the star-delta transfor-
mation; by eliminating node N, a simpler but equiv-
alent network remains.

the irregularly shaped BEM panels into independent rect-
angular and triangular panels and connecting them with
the incidence matrix. An alternative solution, but proba-
bly less accurate, would be to construct independent FEM
and BEM meshes, and to join the associated resistance net-
works based on proximity of the FEM nodes and, say, the
center of gravity of the BEM panels. That is, each BEM
panel is associated with the closest FEM node.

The FEM/BEM combination produces a combined resis-
tance network, of which the FEM part is sparse and the
BEM part is full. Nearly the simplest of such a combined
FEM/BEM network is illustrated in Figure 5a. Here, the
resistances between A and N and B and N are parallel con-
nections of a FEM and a BEM resistance, the others are
from the BEM only. We assume that nodes A and B are
the port nodes, connected to the rest of the circuit. Node
N is an internal node.

This network can be simplified using Gaussian elimina-
tion or, equivalently, star-delta transformation. The result
is shown in Figure 5b. Care should however be taken when
interpreting the results quantitatively. This is explained as
follows.

Consider the numerical example as in Figure 6. Figure 6a
and 6b show the two originally unconnected FEM and BEM
networks respectively, where the >> notation means that
the value of the resistor is very large compared to the other
values. Figure 6c shows the resulting combined network
before star-delta transformation. Figure 6d shows how the
delta network from eliminating the star node N is connected
in parallel to the other resistors, and Figure 6e shows the
final result.

Now, it is important to note that the resulting direct re-
sistance between A and B (i.e. 41k) is actually larger than
the 28k from the FEM method alone. Thus, by connecting a
BEM network to the FEM network, the direct resistance is
actually increased. This possibly counter-intuitive fact can
be understood by noting that there is also a path from A to
B via node SUB. After elimination of SUB, the resistance
between A and B would actually be smaller than the 28k
obtained from the FEM. In addition, a more detailed anal-
ysis shows that when adding more internal nodes the value
between A and B actually converges to still greater values.

Furthermore, note that it may not be allowed to eliminate
node SUB when it is connected to a bias or ground supply.
In that case, the coupling between A and B in Figure 6e
would actually be weaker than in the pure FEM case of
Figure 6a. This is however precisely what is intended and
accomplished by fixing the substrate potential.
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Figure 6: Illustration of star-delta transformation
for combined FEM/BEM network
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Figure 7: A simple strip of channel-stop with termi-
nals A and B at the ends.

4. RESULTS
We have implemented the new method as described above

in the SPACE layout-to-circuit extractor and performed a
number of experiments to assess the validity and efficiency
of the method.

The convergence behavior as discussed in Section 3 is ac-
tually confirmed in the following experiment. Consider the
layout shown in Figure 7. It represents a line of channel-
stop which has terminals A and B at the ends. The line
is 30 µm long, 2 µm wide and 0.5 µm thick, and it has a
sheet resistivity of 2000 Ω/sq. The substrate is uniform with
conductivity of 10 S/m and a thickness of 250 µm, with a
backplane metalization. The corresponding terminal in the
netlists is called ’SUB ’. The FEM resistance between A and
B (i.e. for the channel stop alone) is 28K. Table 1 shows
the result of the combined FEM/BEM method for an in-
creasing number of discretization sections, as indicated in
the first column labeled ’#’. Columns 2-4 give the resistor
values in the extracted netlist. The last column presents the
effective resistance value if node SUB would be eliminated.
Both columns 2 and 5 clearly show convergence behavior, as
also illustrated in Figure 8.

We have verified the results above with Momentum [11], a
2.5D EM simulator for passive circuit analysis. The results

Table 1: Resistances in kΩ.
# R(A,B) R(A,SUB) R(B,SUB) Reff (A,B)
1 16.93 8.145 8.146 8.302
2 26.90 9.632 9.785 11.28
3 34.09 10.17 10.28 12.78
4 37.63 10.42 10.50 13.45
5 41.07 10.58 10.64 13.99
9 44.91 10.81 10.85 14.61
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Figure 8: The effective resistance between nodes A
and B under increasing refinement.

were as follows:

R(A,B) R(A,SUB) R(B,SUB) Reff (A,B)
40.3 kΩ 11.0 kΩ 11.2 kΩ 14.3 kΩ

Clearly, this data is consistent with the SPACE data for the
finer discretization levels.

Figure 9 compares the results of our method, as imple-
mented in SPACE, with those of Momentum as a function
of channel stop resistivity. The results were obtained using
a 9 section discretization for SPACE and we ensured that
the Momentum mesh was comparable (by visual compari-
son) to the SPACE mesh. Upon varying the resistivity of
the channel stop layer from 100 Ω/sq until 10, 000Ω/sq, we
see a slight increase of the error, but the difference stays
within 6%.

Figure 10 shows another layout where the channel stop
region is only located in the middle between A and B but
not directly connected. A and B are still of size 2 µm×2 µm
and 30 µm apart (center to center). The channel stop region
is of size w × w and has resistivity 1000 Ω/sq.

We have varied w between 0 µm (no island present) and
24 µm, and we have calculated the resistance network be-
tween A, B and SUB again, with both SPACE and Mo-
mentum. The results can be found in Figure 11. We can
see clearly that SPACE and Momentum both show similar
behaviour; the difference is typically within 8%. As it ap-
pears, there is some offset between SPACE and Momentum.
At this moment, we are not yet able to fully explain this
offset, but it might be caused by a minor difference in the
handling of the terminals (A and B).

Both our new method as well as Momentum both model
the channel-stop layer on top of the substrate and cannot
accurately model an actual doping pattern in the substrate.
Therefore, we have to investigate how good this is as an ap-
proximation. This investigation was performed by compar-
ing our method to Davinci [12], a 3D FEM device simulator.

Davinci, because of its adaptation to the task of device
simulation, severely limits the size of the structure that can
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Figure 9: The direct resistance between terminals A
and B for increasing values of the resistivity of the
channel-stop strip (see Figure 7).
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Figure 10: Basic setup of the ”island” structure.
The parameter ”w” determines the size of the is-
land, while keeping it square.
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Figure 11: Direct resistance between terminals A
and B for increasing values of w (see Figure 10).
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Figure 12: Top view of the experiment setup for
the comparison between SPACE and Davinci. a) 2
separate terminals, b) 2 terminals ”connected” by
highly doped pattern

Table 2: Resistance values and computation times
for different experiments. RAB = resistance between
terminals A and B, RAS = resistance between ter-
minal A and the backplane.

Experiment Figure 12a Figure 12b
method SPACE Davinci SPACE Davinci
RAB (kΩ) 187 177 5.22 4.08
RAS (kΩ) 22.2 38.0 21.1 33.0
time (s) 31 351 58 382

be analyzed. We have used a version that is restricted to
30k grid points, and for simplicity we have applied a uniform
grid.

The basic layout is shown in Figure 12a. It has two termi-
nals A and B on top of a uniform substrate. All dimensions
are (multiples of) 2 µm, the substrate has a conductivity
of 10 S/m and is 5 µm thick. Again, there is a backplane
metallization. The dashed box in Figure 12 corresponds to
the FEM domain boundary. For Davinci, we have assumed
n-type silicon with Nd = 4.6 ∗ 1014cm−3, which should cor-
respond to the conductivity of 10 S/m.

Figure 12a shows the layout without, and Figure 12b with
a channel-stop doping. This doping (0.5 µm thick and with
Nd = 4.6 ∗ 1016cm−3 which corresponds to a conductivity
of 1000 S/m) will ”connect” A and B like in the example of
Figure 7.

The results can be found in Table 2, which was obtained
using suitable mesh settings such that the results from both
methods had converged (Davinci used 26011 grid points).
The table clearly shows that the results of the FEM method
and the FEM/BEM method are reasonably close. There can
be many reasons for the remaining differences, including the
fundamental fact that the FEM (Davinci) needs a bounded
domain (a cuboid) and the BEM (SPACE) assumes a do-
main laterally extending to infinity.

The bottom row of the table shows that the new method
can be considerably faster.

5. CONCLUSIONS
In this paper, we have addressed the problem of how to

model layout-dependent doping patterns in the top layers of
the substrate. A full 3D FEM method would easily be able
to incorporate these doping patterns into a model, but this
method is not fast enough for large-scale problems. To in-
crease the speed, a BEM method would be more convenient



to use, but this method is not capable of dealing with the
layout-dependent doping patterns.

This paper describes a method that makes a combination
between a 2D FEM method for the layout-dependent doping
patterns and a 3D BEM method for the lower levels of the
substrate. Our main assumptions upon which the validity of
this approach is based, are that the layout-dependent doping
patterns are thin, and that their resistivity is significantly
lower compared to the underlying substrate.

A number of experiments have shown that the results of
our method compare very well to those generated by Mo-
mentum and Davinci, and that the new method will be a
valuable addition to the repertoire of methods/models that
are useful for layout-to-circuit extraction.

Our future research will concentrate on determining the
limitations of our method and how we can circumvent them.
In particular, we will investigate the behaviour of our method
when varying the thickness and the resistivity of the specific
doping patterns and we will investigate the possibilities of
extending our 2D FEM/BEM method to a 3D FEM/BEM
method for more accuracy and flexibility. Also, the problem
of model reduction for the resulting large, mixed sparse/dense
networks will have to be addressed as well.
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