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ABSTRACT Due to its complexity, financial time-series forecasting is regarded as one of the most
challenging problems. During the past two decades, nonlinear modeling techniques, such as artificial neural
networks, were commonly employed to solve a variety of time-series problems. Recently, however, deep
neural network has been found to be more efficient than those in many application domains. In this
article, we propose a model based on deep neural networks that improves the forecasting of stock prices.
We investigate the impact of combining deep learning techniques with multiresolution analysis to improve
the forecasting accuracy. Our proposed model is based on an empirical wavelet transform which is shown to
outperform traditional stationary wavelet transform in capturing price fluctuations at different time scales.
The proposed model is demonstrated to be substantially more effective than other models when evaluated
on the S&P500 stock index and Mackey-Glass time series.

INDEX TERMS Deep learning, multiresolution analysis, long-short term memory, financial time series,
forecasting.

I. INTRODUCTION

A time-series is a sequence of data values taken at equally
spaced successive points in time. Time-series analysis has
many applications in areas such as speech recognition, elec-
trical signal processing, traffic analysis, weather forecast-
ing, unemployment rate analysis, inflation dynamics, seismic
signal processing, economics, business and finance [1]–[3].
A branch of time-series analysis, called financial time-series
analysis, is used extensively to predict future stock prices.
This enables managers, traders, and investors to lay bet-
ter plans, make better decisions, minimize risks, reduce
costs, save resources, maximize profits, meet objectives, and
achieve goals [4], [5]. In the context of this article, financial
time-series data is a sequence of stock prices or index values
taken at successive equally spaced points in time.

Financial time-series data is frequently used to predict
future stock prices. However, predicting future stock prices
using financial time-series data is very challenging [6]. This
is because the price of a stock is influenced not only by
the fundamentals of the company but also by the mood
or sentiments of short-term and long-term investors [7].
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Positive sentiments can drive prices up and vice versa.
Some researchers have adopted techniques from natural lan-
guage processing to study the impact of sentiments on stock
prices [8]. Modeling investors’ sentiments is a very chal-
lenging problem and predicting future prices based only on
fundamental analysis is not sufficient. That is why many
investors buy and sell stocks based on technical analysis.
Decisions of buying and selling by technical analysts is based
on reading charts which they believe help them to predict
future stock prices. There are also other investors who base
their decisions on several other factors, such as news, proba-
bility and statistics, pure fundamentals, and machine learning
techniques. Depending on the time frame they use, market
investors can be of different categories such as scalpers, day
traders, swing traders, or positional traders. The rules to buy
and sell shares are also different which adds to the complexity
of predicting future stock prices.

Researchers have proposed notable models for financial
time-series data using linearmodeling techniques such as uni-
variate Autoregressive (AR) and Autoregressive Integrated
Moving Average (ARIMA) [9], [10]. However, due to the
inherent complexity of financial time-series, design based
on linear modeling can result in poor prediction. With the
advance in computational power, other nonlinearmodels have
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been proposed [11]–[13]. Recently, new nonlinear modeling
techniques, such as deep learning, have been used for predic-
tion using complex training data. Due to the unprecedented
performance achieved by deep learning networks (DNNs),
they have attracted considerable attention to build more effi-
cient solutions for a variety of application domains, such as
speech recognition, signal processing, image classification
and financial time series forecasting. Some researchers pro-
posed using deep recurrent neural network (RNN) along with
data preprocessing techniques to reduce and denoise the input
data [14], [15]. RNN has the ability to remember its previous
states. A variation of RNN, called Long-Short TermMemory
(LSTM), has memory units that enables very deep RNNs
to remember previous states and use them to perform more
accurate forecasting operations.
Data preprocessing is a very important step before

performing data modeling. It can increase performance
and improve prediction accuracy. Multiresolution Analy-
sis (MRA) is a data preprocessing technique used for
time-series data decomposition and denoising. It decomposes
time-series data into low-frequency and high-frequency sub-
series in the wavelet domain. Each data sub-series can then
be used separately to improve forecasting.
In this article we are proposing a more accurate stock

prices forecasting model that combines MRA with deep
RNN. To demonstrate the performance of the proposed
approach, we implemented, compared and evaluated two
types of multiresolution analysis methods, namely station-
ary wavelet decomposition (SWT) and empirical wavelet
transforms (EWT). SWT has been previously used in other
studies, e.g. [16]. To the best of our knowledge, the proposed
approach is the first to combine EWT multiresolution anal-
ysis with deep learning for both short- and long-term stock
market forecasting. The proposed methodology performs
data processing in two phases using several LSTM networks
based on data decomposition levels. For our experiments,
we used the bench mark datasets, namely S&P500 stock
index dataset and Mackey-Glass time series.
The remaining sections of this article are as follows.

Relevant literature is reviewed in Section II. The proposed
methodology is explained in Section III. Experimental results
and analysis of the proposed solution are discussed in
Section IV. Conclusions and future works are stated in
Section V.

II. LITERATURE REVIEW

Time-series data is used not only to predict future stock
prices but also to predict long- and/or short-term trends of
weather, wind speed, water demand, electricity consump-
tion and many other application. Time-series data process-
ing techniques developed for one application are frequently
used for other applications. For instance, techniques used to
predict weather forecasting can also be used to predict wind
speed or water demand or electricity consumption with slight
modification [1]–[3].

Time-series forecasting involves different linear modeling
techniques such as AR, moving-average (MA), ARMA, and
ARIMA. Many researchers [17]–[20] used ARMA mod-
eling technique for time-series forecasting. Chen-Xu and
Jie-Sheng [18] built a model based on ARMA to predict
bank cash flow. Kim [19] discussed the symmetric maximum
likelihood (ML) loss function and proposed asymmetric loss
function to build ARMA model to forecast stock returns.
Chen et al. [17] applied an adaptive approach to build ARMA
model by deriving the error based on the theory of minimum
mean square error (MMSE). Similarly, ARIMA modeling
was used by many studies [21]–[23] for time-series fore-
casting. The designed models were evaluated on different
application domains including stock market forecasting. In
time-series forecasting, many studies show that non-linear
modeling techniques when compared with linear techniques
show superior performance and better accuracy [24]–[26].
Thus, many non-linear modeling techniques were employed
for time-series forecasting. For example, Santos and dos
Santos Coelho [25] investigated the advantages of integrating
non-linear Multilayer Perceptron (MLP) neural network with
Radial Basis Function Neural Network (RBFNN) and the
Takagi-Sugeno fuzzy system to exchange-rate forecasting.

Artificial Neural Networks (ANNs) are widely used for
time-series analysis and forecasting due to their ability to
model non-linearity in time-series data. Many researchers
proposed the use of ANNs in time-series forecasting.
Xiao-Ming and Cheng-Zhang [27] combined ten ANNsmod-
els together to learn a highly accurate stock price fore-
casting model. They used AdaBoost technique to train the
combined models by selecting several technical indicators
of Shanghai Stock Exchange and international stock mar-
kets. Another study conducted by Pao and Chih [28] com-
pares the performance of ANN using linear and non-linear
models. They compared two nonlinear ANN models and
three linear time-series cross-sectional models and showed
that the ANN models exhibit higher forecasting accuracy.
Guo et al. [29] also used ANN to build a hybrid dimensional
reduction technique. The model combined two-directional
and two-dimensional principal component analysis (2DPCA)
with RBFNN to forecast daily stock closing prices. The pro-
posed model input features consisted of many stock market
technical variables and used a sliding window to shape the
input data. The evaluation used the Shanghai Stock Market
index. Some other modeling techniques such as Adaboost
and Hidden-Markov Model (HMM) were also employed to
time-series forecasting. Hassan and Nath [30] used HMM to
predict next day stock price through searching for patterns
in the dataset that matches specific query. Huang et al. [31]
used Support Vector Machine (SVM) to train a model
to forecast the direction of the weekly movement of the
NIKKEI 225 index. Moreover, Majhi and Anish [32] intro-
duced a non-dominated sorting genetic algorithm version-II
(NSGA-II) and multi-objective particle swarm optimiza-
tion (MOPSO) to efficiently design models for stock price
prediction to adjust four performance constrains.
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In general, ANN based techniques outperform linear
techniques and produce better time-series forecasting mod-
els. However, according to Singh and Srivastava [33],
the performance of ANN based models is not high enough
due to the complexity of financial time-series data. Deep
Neural Networks (DNNs), on the other hand, showed supe-
rior performance in many applications, such as signal
processing, speech recognition, and image classification.
Therefore, adoptingDNNs techniques to financial time-series
forecasting seems a promising approach. As a result, many
researchers studied the use of DNN for time-series forecast-
ing. Singh and Srivastava [33] compared Recurrent Neu-
ral Network (RNN) and ANN based models and concluded
that DNNs models are better than ANNs. Chong et al. [13]
explored the potential advantages and limitations of integrat-
ing DNNs into stock price forecasting by extracting features
from high frequency raw data collected from intra-day stock
prices. They conducted experiments to study the impact of
three unsupervised feature extraction techniques on the net-
works to predict the market direction. The results showed
that DNNs can improve the results of the autoregressive
model and enhance its prediction ability. Shen et al. [34]
proposed a model using an improved Deep Belief Net-
work (DBN) to forecast exchange rates. They used contin-
uous restricted Boltzmann machines (CRBMs) to construct
and improve the DBN. Tsantekidis et al. [35] applied Con-
volutional Neural Network (CNN) on a special kind of high
frequency data collected by limit-order-book (LOB). The
proposed model outperformed both SVM and MLP models.
Li et al. [36] developed a prediction model using Long
Short-Term Memory (LSTM) neural network. The proposed
model was improved by integrating a Naïve Bayes (NB)
modeling technique to include and extract market factors and
investor sentiment from forum posts. Other researchers used
different kinds of data representation to train deep learning
models. For example, Chen et al. [37] transferred time-series
data into 2D images and fed them to CNN for training.
Characterizing, modeling, and extracting features of

time-series data was better achieved by integrating signal
processing methodologies into time-series analysis and
decomposition. Time-series data can be represented using dif-
ferent kinds of signal transforms such as Fourier and wavelet
transforms. Wavelet transform has been found to outperform
Fourier transform in analyzing non-stationary data; thus mak-
ing it a good candidate for time-series decomposition [38].
Wavelet methodologywas first introduced byGrossmann and
Morlet [39]. This pioneering work was followed by present-
ing MRA byMallat [40]. Combining multiresolution wavelet
methodology showed a significant improvement in data anal-
ysis and decomposition in many scientific areas including
time series. Ismail and Dghais [41], for example, attempted
to characterize financial time series using MRA. The study
used Linear ARIMA with wavelets to address forecasting
results using a multi-resolution fitting approach. Kılıç and
Uğur [38] conducted experiments to analyze S&P500 dataset
using MRA with some other descriptive statistical modeling.

They also conducted experiments to investigate and compare
the integration of MRA with linear as well as nonlinear fore-
castingmethods. They concluded that using nonlinear models
with MRA can produce better results. Bekiros et al. [42]
applied MRA to linear and nonlinear models using neural
networks and concluded that nonlinear modeling techniques
and ANNs result in better performance. Zhang et al. [43]
found out that the integration of wavelet transforms with
ANN produces better forecasting results. They used shift
invariant scale-related wavelet transform representation. The
transformation established was based on Auto-correlation
Shell Representation (ASR). They used two layers of MLPs
for prediction and classification. The proposed approach
transformed the financial time-series and extracted wavelet
coefficients by ASR and applied Bayesian method of auto-
matic relevance determination (ARD) to select best features
for the first layer that is composed of multiple MLP predic-
tors. The output of this layer is input to the second layer that
consists of one MLP predictor. The proposed model proved
to be efficient when compared to anotherMLPmodel without
wavelet transform. Zhang et al. [44] used wavelet neural
networks along with other forecasting techniques such as,
LSTM, GRU, and MLP to perform prediction of multi-step
ahead hydrologic time series acquired by means of an IoT
network. The study concluded that LSTM and GRU mod-
els can achieve better performance. Reis and Da Silva [45]
applied multiresolution analysis to do feature extraction. The
study aimed at forecasting electrical short-term load. Multi-
ple forecasting models developed to perform forecasting on
different time scales. The multiresolution approach is used
to forecast certain scales of the decomposed time series-and
builds a separate model for each scale and combines the pre-
dicted sub-values to form the final predicted target. Aussem
and Murtagh [46] proposed a simple time-series forecasting
strategy based on multiresolution analysis. They decomposed
time-series data into multiple series based on multiple res-
olution levels. Multiple prediction models were trained for
every resolution scale. The predictions of all subseries were
combined to perform final prediction step. A dynamic RNN
was used to predict subseries at each resolution. The proposed
model was compared to two other forecastingmodels, namely
the MLP network and a simple autoregressive. The dynamic
RNN was found to outperform both models.

Few researchers proposed combining wavelet transforms
with deep learning techniques to learn financial time-series
forecasting model. Persio and Honchar [47] investigated the
merits of applying wavelet analysis with deep learning tech-
niques in financial time-series forecasting. They conducted
many experiments comparing the forecasting performance
of LSTM and CNN. The results show that the combination
of CNN and MRA outperforms the compared DNNs. Other
types of DNNs such as Stacked Autoencoders (SAEs) were
used by Bao et al. [15] to develop a forecasting model using
LSTM combined with wavelet transform to denoise input
features. The combined model outperformed the other three
separated single models. Yan and Ouyang [14] combined
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wavelet analysis with LSTM network to forecast the daily
closing prices of the Shanghai Composite Index. The applied
methodology is based on using the reconstructed data from
the wavelet analysis. They compared the proposed wavelet
LSTM network with many other models, trained on the same
data, and they found it to be superior.

III. METHODOLOGY

The proposed methodology is a combination of multires-
olution analysis for data decomposition and deep learning
architectures for data modeling and training. The financial
time-series data is decomposed using multi-scale wavelet
analysis. A set of deep learning networks is trained for each
scale to perform the forecasting per each level. We applied
empirical multiresolution wavelet analysis method and com-
pared the results to stationary wavelet analysis. The training
process includes two stages. In the first stage, the learning and
forecasting of each sub-level of the time-series is done in iso-
lation. In the second stage, forecasts from the previous stage
are combined to predict the final target value. The proposed
methodology was evaluated by conducting experiments for
both short- and long-term forecasting using two benchmark
datasets, namely S&P500 dataset and Mackey-glass time
series.

A. WAVELET DECOMPOSITION

Data preprocessing is an important step in learning forecast-
ing models. It plays a significant role in determining the most
relevant features and models. Multiresolution analysis is a
data preprocessing step used to decompose time-series data
on different scales to model the data according to several
variations of representation. Multiple representations of data
are generated depending on the scaling parameters. Using
multiple data representations enables more information to
be captured and can thus produce better forecasting results.
The proposed methodology uses multiresolution analysis for
data decomposition. However, finding the best configuration
of parameters, that gives the highest possible performance,
relies on conducting several experiments.
Two types of wavelet decomposition are explored. During

this process, the decomposition of the data is accomplished
by defining basis functions called mother wavelet and the
data multi-scale resolutions extracted by the projection of
the given signal onto the basis function. The main advantage
of wavelet decomposition is that it extracts the trend from
the data and separates the spurious short fluctuations [48],
[49]. The wavelet basis function translation and dilation are
parameterized by b and a, respectively [48]. Such a basis
function is given by,

ψa,b(t) = 1√
a
ψ

(

t − b

a

)

(1)

Equation 1 conveys a basis for a continuous wavelet trans-
formation. In order to get a multiresolution representation
for the data, all the input data are decomposed based on
translation and dilation parameters. In contrast, a Discrete

Wavelet Transform (DWT) basis function at time location n
and dyadic level m is given by [49],

ψm,n(t) = 2
m
2 ψ(2−m · t − n) (2)

The wavelets of the DWT generated by the dyadic grid sam-
pled wavelets are orthonormal. Based on the basis function in
Eq. 2, the inner product between the time-series data denoted
by x(t) and the basis functionψm,n expressed in Eq. 2 is given
by,

τm,n =
∫ ∞

−∞
x(t)ψm,n(t)dt (3)

The wavelet coefficient, Tm,n, is defined by Eq. 3 and param-
eterized by dilation m and translation n so that it returns
detailed information of the time series. Eq. 4 defines the
scaling function based on level and shift parameters denoted
by m and n, respectively.

φm,n(T ) = 2
m
2 φ(2−m · t − n) (4)

where φm,n has the property
∫ ∞
−∞ φm,n(t)dt = 1. For the

translations, the scaling function is orthogonal to itself but
not to its dilations. The smoothing of the time-series data is
produced by the inner product of the time series with the scal-
ing function. The obtained samples are called approximation
coefficients and are defined by,

sm,n =
∫ ∞

−∞
x(t)φm,n(t)dt (5)

The following equation is used to obtain a smooth, scaling
function-dependent, continuous approximation of the data,

xm(t) =
∞
∑

n=−∞
Sm,nφm,n(t) (6)

Knowing the approximation coefficients Sm,n generated at
levelm0 and chosen arbitrarily, and the wavelet detailed coef-
ficients Tm,n at levels 1, 2, ..,m0, the final multiresolution
representation of the data can be obtained as,

x(t) =
∞
∑

n=−∞
Sm0,nφm0′n(t) +

m0
∑

m=1

∞
∑

n=−∞
Tm,nψm,n(t) (7)

There are many wavelet families, such as Haar, Daubechies,
Symlets, etc. Daubechies wavelets are used by many
time-series forecasting applications [43], [45], [46]. The
Daubechies wavelets are a family of orthogonal wavelets
whose vanishingmoments number is maximal for some given
support. There are scaling and wavelet functions for each
wavelet family of this class. The scaling function generates
an orthogonal multiresolution analysis and is called the father
wavelet. We use Daubechies-20 wavelet to perform the mul-
tiresolution analysis using stationary wavelet transform. The
index number 20 refers to the number of coefficients. Figure 1
illustrates the scaling and wavelet functions [50]. DWT may
suffer from noise. Alternatively, the stationary wavelet trans-
form is an extension of the typical discrete wavelet transform
which is commonly used for exploratory statistical and signal
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FIGURE 1. Scaling and wavelet functions. [50].

analysis [49].We noticed that this type of wavelet transforma-
tion is commonly used in time-series analysis and decomposi-
tion due to its shift-invariant property [43], [46]. The number
of resolution levels used for data decomposition in many
previous studies is up to four levels [43], [45], [46]. The block
diagram of the undecimated wavelet decomposition represen-
tation is shown in Figure 2, where Dj and Aj represent the
detail coefficients and approximation at level j, respectively.
The high frequency components, Dj, are generated from the
high-pass filterHj, and the low frequency components,Aj, are
generated from the low-pass filter Lj. Figure 3 shows the data
before applying wavelet decomposition and Figure 4 shows
the decomposition of the data into four detailed coefficients
and approximation coefficients at level four which are used
for multiresolution analysis. It can be noticed that the higher
the level of decomposition, the smoother the approximation
coefficients, and the lower the level of detailed coefficients,
the higher the captured frequency.

FIGURE 2. Decomposition block diagram of stationary wavelet transform.

Applying different types of wavelet transforms and
multiresolution analysis methods aims at investigating,
exploring, and deducing better forecasting results based
on several potential developed forecasting models. Thus,
we apply empirical wavelet transform (EWT) to perform
multiresolution analysis of data to build and compare mul-
tiple forecasting models. EWT is an adaptive wavelet trans-
form developed by Gilles [51]. The main advantage of this
transform is that the wavelet and scaling functions adap-
tively analyze the data according to the information contained
in the time-series without any prior information about the
data. It facilitates time-series processing and forecasting by
generating higher time-frequency resolution. EWT approach
performs data analysis to define a set of adaptive filter banks
extracted from data based on its prominent frequency com-
ponents. It identifies a set of maximum Fourier spectrum
(X (ω)) of the signal with a set of corresponding frequency

indices (ωi) by defining frequency and magnitude thresh-
olds. The frequency axis, which is in the range [0 − π ],
is divided into N segments defined as 3i = [ωi−1, ωi]
using boundary values defined by a selected number (N )
of maxima [52]. The boundaries ωi are obtained by setting
ω0 = 0 and ωN = π . The Fourier segments will be
[0, ω1], [ω1, ω2], . . . [ωN−1, π]. The filter bank represented
byN−1 band pass filters and one low pass filter is constructed
depending on boundaries. The supports (τn) for the filters can
be calculated using the following equation [52],

τn = 2γωn (8)

where γ parameter is defined to ensure that no two consecu-
tive transition bands are overlapping. The value of γ can be
computed using the following equation,

γ ≤ min
i

[

ωi+1 − ωi

ωi+1 + ωi

]

(9)

The wavelet functions are defined using the β function which
is calculated as follows,

β(γ, ωi) = β

(

1

2γωi
(|ω| − (1 − γ )ωi)

)

(10)

where β(x) is defined by,

β(x) = x4(35 − 84x + 70x2 − 20x3) (11)

Many functions can be defined by satisfying the following
conditions,

β(x) =











0, if x ≤ 0

1, if x ≥ 0

β(x) + β(1 − x) = 1 if x ∈ [0, 1]

(12)

The empirical scaling function ϕ1(ω) and the wavelets func-
tions ψi(ω) are given by,

ϕ1(ω) =























1, if |ω|(1 − γ )ω1

cos
[π

2
β(γ, ω1)

]

, if (1 − γ )ω1 ≤ |ω|
≤ (1 + γ )ω1

0, otherwise

(13)

ψi(ω) =























































1, if (1 + γ )ωi ≤ |ω|
≤ (1 − γ )ωi+1

cos
[π

2
β(γ, ωi+1)

]

, if (1 − γ )ωi+1 ≤ |ω|
≤ (1 + γ )ωi+1

sin
[π

2
β(γ, ωi)

]

, if (1 − γ )ωi ≤ |ω|
≤ (1 + γ )ωi

0, otherwise

(14)

Based on the defined set of band filters, the EWT can be
defined in a similar way as the normal wavelet transform. The
approximation coefficients are obtained by the inner product
of applied signal X (ω) with the empirical scaling function as
given by [52],

Wx(1, t) = 〈x, ϕ1〉 = IFFT (X (ω) ∗ ϕ1(ω)) (15)
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FIGURE 3. Curve of part of the actual S&P500 data before performing wavelet analysis.

FIGURE 4. Stationary wavelet decomposition for part of the data.

The inner product of the empirical wavelets with applied
signal X (ω) produces the detailed coefficients as given by,

Wx(i, t) = 〈x, ψi〉 = IFFT (X (ω) ∗ ψi(ω)) (16)

The decomposition of the input signal to Intrinsic Mode
Functions (IMF) is performed using equations 15 and 16. This
decomposition approach is characterized by using basis func-
tions generated according to the information contained in the
signal [52]. Figure 3 shows the data before applying wavelet
decomposition and Figure 5 shows part of the decomposition

of S&P500 data into 18 resolution levels using empiri-
cal wavelet transform which are used for multiresolution
analysis.

B. DEEP NETWORK ARCHITECTURE

Deep learning networks are built using several stacked hidden
layers to train on huge amount of data. Each intermediate
layer extracts certain kind of patterns from the data and redi-
rects the learned patterns to the following layers to perform
other types of pattern extraction. A hierarchy of patterns is
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FIGURE 5. Adaptive wavelet decomposition for part of the data.

extracted from the training data and employed to perform
forecasting. The decomposition of data into sub-patterns
simplifies learning more complicated hierarchies. The input
features are fed into the deep neural network to learn network
weights. Selecting the best network design topology depends
on the performance results of the conducted experiments.
Many deep learning solutions have been developed to pro-

cess and model patterns from data sequences. Deep RNN is
a commonly used deep learning technique to process sequen-
tial data. It is widely employed to map input sequences to
target values or output sequences. It has been used in image
captioning, sentiment classification, and language transla-
tion. It has also been used to develop various forecasting
models to different kinds of time-series data, such as power
consumption, traffic analysis, and wind speed as well as
financial time series. It is characterized by its ability to
preserve network preceding states and retain information in
its hidden network cells while cascading forward through
data sequences. It uses a training algorithm mainly based on
backpropagation through time (BPTT). Training operations
align with the order and sequence of time series by link-
ing time steps sequentially. Capturing long-term dependen-
cies is infeasible using RNN due to the vanishing gradient
problem. This problem is solved by enhancing the hidden
states of the RNN to remember longer sequences of data.
The enhanced version of RNN is called LSTM, which is
devised by Hochreiter and Schmidhuber. It adds input, forget,
and output gates that control information to or out of the
memory cells using pointwise multiplication and sigmoid
neural net layer. The gated cells act on the current input data
by allowing or blocking its information to pass based on
its importance to the target value. Unlike RNN, LSTM uses

truncated BPTT (TBPTT) that allows faster and more stable
results. The LSTM transition equations are as follows:

it = σ (Wixt + Uiht−1 + Vict−1) (17)

ft = σ (Wf xt + Uf ht−1 + Vf ct−1) (18)

ot = σ (Woxt + Uoht−1 + Voct ) (19)

c̃t = tanh(Wcxt + Ucht−1) (20)

ct = f it ⊙ ct−1 + it ⊙ c̃t (21)

ht = ot ⊙ tanh(ct ) (22)

where it denotes the input gate and ot denotes the output gate,
ft , ct , and ht denote the forget gate, memory cell, and hidden
state, respectively [53].

C. TRAINING THE NETWORK

The methodology followed to construct the network archi-
tecture is illustrated in Figure 6. The proposed architecture
consists of three stages. The first stage performs data analysis
and decomposes the data into many sub-series. The sec-
ond stage learns multiple intermediate networks based on
the number of resolution levels generated from the previous
stage. Each intermediate network is constructed using two
layers of LSTM and one dense layer to learn each sub-series.
To choose the best network configuration, we varied the
number of memory units of the first LSTM layer between 8,
16, and 32. The number of memory units in the second layer
of the LSTM was half of the first layer. The forecast of each
resolution level is produced by a dense layer which uses a
linear activation function. The third stage of the proposed
architecture receives forecasts produced by the second stage
as input features. It is constructed using two layers of LSTM
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FIGURE 6. Outline of the proposed methodology.

FIGURE 7. Sliding window and features reshaping to perform forecasting.

and one dense layer to produce the final output using a
linear activation function. The LSTM output layer uses tanh
transfer function, while the hard sigmoid transfer function is
used for the recurrent activation. Input features are formed
according to time lag methodology adopted by this work.
We use a sliding window of size k constructed from t1 to tn
time steps to forecast the tn+1 time step in the future. Each
data sample formed by sliding window consists of k time
steps denoted as (xt−k , xt−k+1, . . . , xt−2, xt−1) to forecast xt
in the future. We utilize k time steps of each resolution level
to perform the forecast as illustrated in Figure 7. The third
stage of the proposed architecture combines the forecasts of
each resolution level to produce the final forecast value. The
values of the time steps used are five and ten working days,
i.e. working days of one and two weeks, respectively.

IV. EXPERIMENTS

To evaluate the proposed approach, we conducted several
experiments using two time series datasets (Mackey-Glass
and S&P500 datasets). We implemented the proposed fore-
casting approach in Python using Keras open-source pack-
age for deep learning with TensorFlow backend. The sta-
tionary wavelet analysis was performed using PyWavelets
open-source library [50]. The empirical adaptive wavelet
analysis was accomplished using the MATLAB toolbox for
empirical wavelet transforms [51]. Data was normalized
using the mix-max normalization (Eq. 23) and framed into
five and ten days sliding windows with overlapping.

norm(x) = x−mini
maxi − mini

.(nmaxi − nmini) + nmini (23)

where mini and maxi denote the original interval, nmini and
nmaxi represent the new interval, x represents the value,
norm(x) denotes the normalized value. The applications of
EWT converts the time series into many intrinsic mode func-
tions (IMFs) and all returned functions were used in the

construction of the forecasting model. The evaluation process
used four performance measures to assess how well the fore-
casts represent the actual data. These measures are the Mean
Absolute Error (MAE), Root Mean Square Error (RMSE),
Mean Absolute Percentage Error (MAPE), and coefficient of
determination denoted as R2. The lower the error measures
(MAE, RMSE and MAPE) are and the closer the value of
R2 to one is, the better the forecasting performance is. These
measures are defined mathematically as follows:

MAE = 1

n

n−1
∑

t=0

|yt − ŷt | (24)

RMSE =

√

√

√

√

1

n

n−1
∑

t=0

(yt − ŷt )2 (25)

MAPE = 1

n

n−1
∑

t=0

|yt − ŷt |
yt + ǫ

(26)

R2 = 1 −
∑n−1

t=0 (yt − ŷt )2
∑n−1

t=0 (yt − ȳ)2
(27)

where yt and ŷt represent the actual and predicted values at
step t for 0 ≤ t < n, respectively, ȳ =

∑n−1
t=0 yt/n, and

ǫ is a infinitesimal value to avoid dividing by zero. Several
experiments were carried out using stationary and empirical
wavelet transforms for the data analysis and decomposition
phase. The proposed network architecture was tuned using
different numbers of cells (8, 16, and 32) for both intermedi-
ate and final stage deep networks. Each resolution level data
was reshaped into supervised learning and fed into the inter-
mediate deep network. The training process was performed
using training data and the best network weights were deter-
mined based on the results generated from the validation data.
The number of epochs used to train all developed networks
was 800.

First, the proposed approach was evaluated and compared
to other methods using Mackey-Glass (MG) chaotic time
series [54], which was first introduced to model the pro-
duction of white blood cells. It is defined by the following
time-delay ordinary differential equation,

dx(t)

dt
= β

x(t − τ )

1 + x10(t − τ )
− γ x(t) (28)
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TABLE 1. Results of short-term forecasting using deep learning with empirical wavelet transform (EWT) or stationary wavelet transform (SWT) for
Mackey-Glass time series normalized and original test data.

FIGURE 8. Plot of data generated by the Mackey-Glass time series.

where τ is a delay parameter which must be greater
than 16.8 for generating a chaotic time series. The parameters
selected to generate this time series for our experiment were
β = 0.2, γ = 0.1, τ = 17, and x(0) = 1.2. The adopted
time series was composed of the last 2000 of 2123 samples
generated from Eq. 28. Figure 8 shows a plot of this MG
time series, where the first 75% was used for training and
validation, and the remaining 25% for testing. The short-term
forecasting results of the proposed approach are as shown
in Table 1 for both EWT and SWT analysis methods. The
results are grouped based on different number of neurons for
the intermediate and final layers and on different window
sizes (5 or 10 time steps). They are also grouped based on
normalized (Norm) and original (Origin) data and on the
multiresolution analysis method EWT or SWT. Figure 9 illus-
trates the difference between actual data and forecasts of the
two best short-term forecasting models produced using EWT
and SWT based approaches.

The following experimental work was then conducted for
a real dataset. The S&P500 dataset was used to evaluate the
proposed approach. We downloaded and used the historical
data for the period from 01/01/2010 to 20/02/2018 from

Yahoo finance. This dataset is one of the important bench-
mark datasets and contains the stock prices of 500 companies
in the US market. Figure 3 shows the curve of the data used
to evaluate the model forecasting of future closing prices.
The decomposed data generated from the multiresolution
analysis phase were reshaped using sliding windows of size
five and ten working days, respectively. The data was split
into two parts: the first 80% for training and the remaining
20% for testing. A number of experiments were conducted
on this dataset for short-term and long-term forecasting. The
short-term forecasting aims at predicting the closing price
of the next day whereas the long-term forecasting aims at
predicting the closing price 30 days ahead.

The short-term forecasting results generated from the
proposed architecture for both EWT and SWT are shown
in Table 2. Considering all trained network architectures
using S&P500 dataset for short-term forecasting, the best
performance (based on minimumRMSE) was achieved using
EWT analysis method. As shown in Table 2, the best achieved
performance reaches RMSE of 10.089 (above 97% improve-
ment), MAE of 7.319, MAPE of 0.305, and R2 of 1.0. These
results were produced using ten time steps input features to
LSTM network architecture designed of 32 neurons in the
intermediate network and 8 in the final network. For the
SWT analysis method, the best performance for short-term
forecasting was achieved using ten time steps input features
to a network architecture composed of 16 neurons in both
intermediate and final LSTM networks.We can see in Table 2
that the best SWT results are 342.018 for RMSE, 174.695 for
MAE, 7.058 forMAPE and 0.981 for R2. Figure 10 illustrates
the difference between the actual data and forecasts of the two
best short-term forecasting models produced using EWT and
SWT analysis approaches.
For the long-term forecasting using S&P500 dataset,

experiments were conducted to predict the closing price
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FIGURE 9. Mackey-Glass data curves of actual prices versus forecasts using best selected models of SWT and EWT analysis
approaches.

TABLE 2. Results of short-term forecasting using deep learning with empirical wavelet transform (EWT) or stationary wavelet transform (SWT) for
S&P500 normalized and original test data.

30-days ahead. We reserved the last 30% of the whole data
for testing and the remaining 70% was used for training
and validation. The results of both stationary and empirical
wavelet transforms are shown in Table 3. These results show
that the highest performance of the EWT analysis method
is achieved by the model using 10 time steps window size
as input features and consisting of 32 neurons in both inter-
mediate and final LSTM networks. The best achieved per-
formance (minimum RMSE) has RMSE = 169.951 (approx.
73% improvement), MAE = 134.16, MAPE = 5.481, and
R2 = 0.977. On the other hand, the best results of the SWT
analysis method were achieved using 10 time steps features
as input to a network architecture consisting of 16 neurons in
both intermediate and final LSTM networks. This produced
RMSE = 550.97, MAE = 356.71, and R2 = 0.976.
After comparing the results of the two approaches, we can

notice that significant forecasting improvement was achieved

when using the empirical wavelet transform for data decom-
position. The results produced from the evaluation experi-
ments conducted using Mackey-Glass and S&P500 datasets
demonstrate that using empirical wavelet analysis has sig-
nificantly enhanced the performance compared to station-
ary wavelet analysis. EWT segments the Fourier spectrum
of the data and constructs adaptive filter bank to perform
data decomposition and separate each mode. Consequently,
it helps finding sparse representations of the data based on
information included in the dataset. On the contrary, SWT
uses basis functions designed independently of the data rep-
resentation which may result in a weak multiresolution rep-
resentation of the data. The wavelet coefficients include very
large redundancy which increases the computational cost.
It also lacks directionality and has persistent oscillation. The
optimal number of resolution levels of SWT is not easy to
determine. On the other hand, EWT has the ability to design
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FIGURE 10. S&P500 data curves of actual prices versus forecasts using best selected models of SWT and
EWT analysis approaches (Actual and EWT curves mostly overlap).

TABLE 3. Results of long-term forecasting using deep learning with empirical wavelet transform (EWT) or stationary wavelet transform (SWT) for
S&P500 normalized and original test data.

basis wavelet functions constructed based on the information
in the data. The number of resolution levels depends on the
Fourier spectrum.

V. CONCLUSION

This article proposed a novel approach for financial
time-series forecasting using multiresolution analysis and
deep recurrent learning techniques. We implemented, eval-
uated and compared two multiresolution analysis methods
using stationary as well as empirical wavelet transforms.
Applying deep learning for financial time-series forecasting
produced higher accuracy for both short-term and long-term

forecasting. In addition, combining multiresolution analy-
sis and data decomposition further enhances the forecasting
accuracy. The proposed learning approach uses two stages
of stacked LSTM. The first stage performs learning for each
resolution level whereas the second stage produces the final
forecasts based on the components of each resolution level.
The proposed approach was evaluated using two different
benchmark datasets. It was found that using the empirical
wavelet transform for data multiresolution decomposition
outperformed stationary wavelet transform. Being adaptive
methodology, EWT helps modeling techniques to extract
more representative patterns from the data to construct more
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effective forecastingmodels. Though the proposedmethodol-
ogy has been evaluated on stock market index data, it did not
consider the behavior of individual stocks. As future work,
it is recommended to combine other trading data sources and
technical analysis of stock markets.
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