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3D direct numerical simulation data obtained from statistically stationary, planar, weakly turbulent,

premixed flames, which are characterized by two different density ratios (7.53 and 2.50) and are

associated with the flamelet combustion regime, are analyzed to investigate differences between

velocity and pressure variations (i) in flamelets in a weakly turbulent flow and (ii) in the counterpart

laminar flame. Results show that while the thermo-chemical structure of the flamelets is weakly

affected by turbulence under the studied conditions, the local velocity, vorticity, and pressure fields

within the flamelets differ significantly from the velocity, vorticity, and pressure fields, respectively,

within the laminar flame. In particular, local shear layers appear within flamelets in the turbulent flow

because acceleration of a reacting mixture by the local pressure gradient is inversely proportional to

the mixture density and, hence, depends on the mixture state. The shear layers are characterized by

large velocity gradients (both the tangential gradient of the normal velocity with respect to the flamelet

surface and the normal gradient of the tangential velocity), whose magnitudes may be comparable

with the magnitude of the velocity gradient across the laminar flame. In flamelet zones characterized

by a relatively large magnitude of the locally normal gradient of the tangential velocity, the local

vorticity magnitude is also large and such zones contribute substantially to the overall generation

of vorticity due to baroclinic torque. These results cast doubts on the validity of a simple common

modeling approach that consists in directly invoking expressions derived for the laminar flames in

order to describe the influence of combustion-induced thermal expansion on weakly turbulent velocity

and pressure fields. Published by AIP Publishing. https://doi.org/10.1063/1.5040967

I. INTRODUCTION

When a premixed flame propagates in a turbulent medium,

(i) the turbulence affects the flame and can significantly accel-

erate its propagation, while (ii) pressure perturbations due to

combustion-induced thermal expansion affect the turbulent

flow also. Although these two types of effects are closely

linked with one another, e.g., combustion-induced changes of

turbulence characteristics are widely assumed to substantially

change the flame speed, the vast majority of available models

of premixed turbulent burning place the focus of consideration

on one of them. Pioneering models of the influence of turbu-

lence on a premixed flame were developed by Damköhler1

and Schelkin2 almost 80 years ago and significant progress

made in studying such effects is reviewed elsewhere.3–6

About ten years after the seminal work by Damköhler1

and Schelkin,2 Karlovitz et al.7 and, subsequently, Scurlock

and Grover8 attracted attention of the combustion commu-

nity to the influence of thermal expansion on turbulence

in flames. Since that, the problem of the so-called “flame-

generated turbulence,” posed in those pioneering studies, was

a)Electronic mail: lipatn@chalmers.se.

examined by various research groups, as reviewed else-

where.9,10 However, developments in this area were rather

moderate and have not yet resulted in elaborating a well-

recognized comprehensive approach with well-documented

predictive capabilities.

The present paper aims at revealing one of the eventual

causes of such a moderate progress in that area. The point is

that almost all models of the influence of premixed combus-

tion on turbulence, reviewed elsewhere,9,10 see also a paper

by Tian and Lindstedt11 as a recent example, rely somehow

on theoretical expressions that describe velocity and pressure

variations in the laminar premixed flames. Such an approach

is widely accepted, in particular, due to the lack of an alter-

native, sufficiently well developed theory of the influence of

combustion on turbulence. However, as will be shown later,

the approach is oversimplified because the local velocity and

pressure variations within flamelets (i.e., within thin inherently

laminar zones that separate fresh reactants and equilibrium

combustion products in a turbulent flow and retain the struc-

ture of a perturbed laminar flame12–14) can significantly differ

from local velocity and pressure variations within the purely

laminar premixed flame even if the turbulence weakly perturb

the thermo-chemical structure of the flamelet.
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The specific goal of the present paper is to show such

differences by analyzing Direct Numerical Simulation (DNS)

data computed by Nishiki et al.15,16 about 15 years ago.

The choice of this database which may appear to be out-

dated when compared to recent DNS data17–23 generated in the

case of complex combustion chemistry and a high ratio of the

rms turbulent velocity u′ to the laminar flame speed SL requires

comments. Since the focus of the following discussion is

placed on the influence of combustion-induced thermal expan-

sion on the velocity and pressure fields, a detailed description

of complex combustion chemistry appears to be of secondary

importance when compared to two other major requirements.

First, in order to make the studied thermal expansion effects

as strong as possible, heat release and density drop should

be localized to sufficiently thin zones and the velocity jump

across such zones should be sufficiently large when compared

to the rms turbulent velocity u′. In other words, the flamelet

regime12–14 of premixed turbulent combustion associated with

a low u′/SL should be addressed. The selected DNS data were

indeed obtained for this regime, as discussed in detail else-

where,24 whereas the vast majority of recent very advanced

DNS studies attacked other combustion regimes characterized

by a large u′/SL. Second, to better explore the thermal expan-

sion effects, data obtained at significantly different density

ratios σ = ρu/ρb are required. The selected DNS database

does satisfy this requirement because cases of σ = 2.5 and

7.53 were simulated, with all other things being roughly equal.

Therefore, the selected DNS data appear to be fully ade-

quate to the major goal of the present study. Here, subscripts

u and b designate unburned reactants and burned products,

respectively.

The paper is organized as follows. In Sec. II, the DNS

attributes are reported. Simulated results are discussed in

Sec. III, followed by conclusions.

II. DNS ATTRIBUTES

Since the DNS data were discussed in detail elsewhere15,16

and were already used by various research groups,24–38 we will

restrict ourselves to a brief summary of those compressible

3D simulations. They dealt with statistically planar, equidif-

fusive, adiabatic flames modeled by unsteady 3D continuity,

Navier-Stokes, and energy equations, supplemented with a

transport equation for the mass fraction Y of a deficient reac-

tant and the ideal gas state equation. Temperature-dependence

of molecular transport coefficients was taken into account, e.g.,

ν = νu(T/Tu)0.7. Combustion chemistry was reduced to a sin-

gle reaction. The Lewis Le and Prandtl Pr numbers were equal

to 1.0 and 0.7, respectively. Accordingly, the mixture state was

characterized with a single combustion progress variable c =

(T − Tu)/(Tb − Tu) = 1 − Y /Yu.

The computational domain was a rectangular box

Λx × Λy × Λz, where Λx = 8 mm and Λy = Λz = 4 mm. It

was resolved using a uniform rectangular (2∆x = ∆y = ∆z)

mesh of 512 × 128 × 128 points. The flow was periodic in y

and z directions.

Using an energy spectrum E(κ) proposed by Kraichnan,39

homogeneous isotropic turbulence was generated15 in a sep-

arate box and was injected into the computational domain

through the left boundary x = 0. The generated turbulence

was characterized15 by u′
0

= 0.53 m/s and an integral length

scale

L =
3π

4

∫ ∞0 κ−1E(κ)dκ

∫ ∞0 E(κ)dκ
(1)

equal to 3.45 mm. Accordingly, the turbulent Reynolds number

Ret = u′L/νu = 96.

At t = 0, a planar laminar flame was embedded into sta-

tistically the same turbulence assigned for the velocity field

in the entire computational domain. Subsequently, the mean

inflow velocity U was increased twice, i.e., U(0 ≤ t < tI ) =

SL < U(tI ≤ t < tII ) < U(tII ≤ t) = UT (tII ), in order to keep

the flame in the computational domain until the end tIII of the

simulations. Here,

UT (t) =
1

ρuYuΛyΛz

∫
Λx

0

∫
Λy

0

∫
Λz

0

W (x, y, z, t)dzdydx (2)

is the turbulent burning velocity and W is the mass rate of

consumption of the deficient reactant.

Three DNS data sets H, M, and L associated with high,

medium, and low, respectively, density ratios were originally

generated by Nishiki et al.15,16 Since the focus of the present

study is placed on thermal expansion effects, the following dis-

cussion will be restricted to comparison of the results obtained

in two cases characterized by the highest and the lowest

density ratios, i.e., flame H [σ = 7.53, SL = 0.6 m/s, δL = 0.217

mm, UT (tII ≤ t ≤ tIII ) = 1.15 m/s] and flame L [σ = 2.5,

SL = 0.416 m/s, δL = 0.158 mm, UT (tII ≤ t ≤ tIII ) = 0.79

m/s]. In both cases, UT (tII ≤ t ≤ tIII )/SL = 1.9. Here,

δL = (Tb − Tu)/max{|∇T |} is the laminar flame thickness. The

two flames are well associated with the flamelet combustion

regime, e.g., various Bray-Moss-Libby (BML) expressions

hold in cases H and L; see Figs. 1–4 in a recent paper by Lipat-

nikov et al.24 Since turbulence decays along the direction x of

the mean flow, the turbulence characteristics are slightly dif-

ferent at the leading edges of the H- and L-flame brushes, e.g.,

u′ = 0.33 m/s, λ = 0.43 mm, η = 0.075 mm, Ka = 0.06, and Da =

17.5 in case H and u′ = 0.38 m/s, λ = 0.47 mm, η = 0.084 mm,

Ka = 0.10, and Da = 10.0 in case L. Here, Da = τT /τc and Ka =

τcu′/λ are the Damköhler and Karlovitz numbers, respectively,

τT = k̄3/2/(u′ε̄) and τc = ν/(PrS2
L
) are turbulence and flame

time scales, respectively, λ = u′
√

15ν/ε̄ and η = (ν3/ε̄)1/4

are the Taylor and Kolmogorov length scales, respectively, k

= (ukuk − ūk ūk)/2 and ε = 2νSijSij are the turbulent kinetic

energy and its dissipation rate, respectively, the rms turbulent

velocity u′ is equal to
√

2k̄/3, Sij = 0.5(∂ui/∂xj + ∂uj/∂xi)

is the rate-of-strain tensor, q̄ designates the mean value of a

quantity q, and the summation convention applies for repeated

indexes.

The DNS data were processed as follows. Mean quan-

tities q̄(x) were averaged over a transverse plane x =

const. and over time (221 and 200 snapshots in cases

H and L, respectively, stored during a time interval of

tIII − tII ≈ 1.5L/u′0 ≈ 10 ms). Subsequently, x-dependencies

were mapped to c̄-dependencies using the spatial pro-

files of the Reynolds-averaged combustion progress variable

c̄(x).
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To generate a 3D joint Probability Density Function

(PDF) P[q1, q2, c̄(x)] for quantities q1 and q2, intervals of

q1,min ≤ q ≤ q1,max and q2,min ≤ q ≤ q2,max (e.g., 0 ≤ c ≤ 1

if q2 = c) were divided into 100 bins each and sampling was

performed in each point x for each snapshot. If one of the

quantities is solely defined at 0 < c < 1 (e.g., the components

of the unit normal vector n = −∇c/|∇c|), sampling was limited

to points where ǫ < c(x, t) < 1 − ǫ . Results reported in the

following were obtained for ǫ = 0.001, with weak sensitivity

of the results to variations in ǫ ≪ 1 being checked. Using the

3D joint PDF’s, conventional PDF’s P(q1) and values 〈q1|Q2〉
of the quantity q1 conditioned to a value Q2 of the quantity

q2(x, t), i.e., Q2 − 0.5∆q2 ≤ q2(x, t) < Q2 + 0.5∆q2, were

evaluated as follows:

P(q1) =

∫ q2,max

q2,min

P(q1, ζ , c̄)dζ , (3)

〈q1 |Q2〉 =
∫ q1,max

q1,min

ζP(ζ , Q2, c̄)dζ








∫ q1,max

q1,min

P(ζ , Q2, c̄)dζ








−1

,

(4)

at various c̄(x) or x. Here, ∆q2 = (q2,max − q2,min)/100.

III. RESULTS AND DISCUSSION

A. Velocity and pressure jumps at flamelets

Shown in Fig. 1 are mean normalized velocity and pres-

sure “jumps” at flamelets, evaluated as follows. First, a reaction

surface xf = xi(yj, zk , tn) was determined using the following

constraints: (i) 0.6 < c(xi, yj, zk , tn) < 0.9, i.e., the reaction

surface is inside the reaction zone characterized by substan-

tial rate W (x, t) of product creation and (ii) W (xi, yj, zk , tn)

> W (xi+1, yj, zk , tn), i.e., the reaction surface is associated

with the local peak of W (x, t) along a ray {y = yj, z = zk},

which is normal to the mean flame brush. Second, for each

grid point xf = (xi, yj, zk) that belongs to the reaction surface

at instant tn, the most close grid points xu and xb characterized

by c(xu, tn) < ǫ and c(xb, tn) > 1 − ǫ , respectively, were found.

Third, the jump magnitudes ∆q = |q(xu, tn) − q(xb, tn)| were

evaluated for various quantities q such as (i) the velocity un =

u · n locally normal to the reaction surface, (ii) the magnitude

ut = (ut · ut)
1/2 of the tangential velocity ut = u − unn, and

(iii) the pressure p, with the unit vector n = n(xf , tn) being

normal to the reaction surface. Fourth, the obtained values of

∆q(xf , tn) were averaged over all grid points xf on the reaction

surface and over all instants tn.

The solid line in Fig. 1(a) indicates that the mean jump

|un,b − un,u | in the locally normal velocity agrees well with the

velocity jump ∆uL = (σ − 1)SL at the Unperturbed Laminar

Flame Front (ULFF) in case H, thus, supporting the Sim-

ple Common Approach (SCA), i.e., the use of the results

obtained from the laminar flames for modeling the influence

of combustion-induced thermal expansion on a turbulent flow.

The double-dashed-dotted line in the same figure shows sub-

stantial differences in |un,b − un,u | and∆uL at c̄ < 0.5 in case L.

These differences appear to result from the relative weakness

(due to a low σ = 2.5) of the combustion-induced velocity

perturbations when compared to the magnitude of turbulent

velocity fluctuations. However, due to the relative weakness

of the former perturbations in case L, requirements to pre-

cision of modeling them could be reduced. Accordingly, the

DNS data plotted as a double-dashed-dotted line in Fig. 1(a)

do not seem to refute the SCA. Other curves shown in Fig. 1

will be discussed later.

The results reported in Fig. 2 do not seem to refute the SCA

either. Indeed, broken curves indicate that, at various mean

c̄, normalized conditioned values |∇p|−1
L
〈Tn |c〉 of the normal

component Tn = T · n of the vector-term T on the Right-Hand

FIG. 1. Mean (a) velocity and (b) pres-

sure jumps at flamelets, normalized

using∆uL = (σ − 1)SL and (σ−1)ρuS2
L

,

respectively.

FIG. 2. Normalized values

|∇p |−1
L
〈Tn |c〉 of the normal com-

ponent Tn = T·n of the vector-term

T on the right-hand side (RHS) of

the Navier-Stokes equation, condi-

tioned to the local value of c(x, t)

and evaluated at various values of

the Reynolds-averaged combustion

progress variable c̄ (broken lines),

specified in legends, in cases (a) H and

(b) L. Black solid lines show the results

obtained from the laminar flames H and

L. |∇p |L = (σ − 1)ρuS2
L
/δL .
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FIG. 3. Normalized values

|∇p |−1
L
〈Tt |c〉 of the magnitude T t

of the tangential component Tt = T

− Tnn of the vector-term T on the

RHS of the Navier-Stokes equation,

conditioned to the local value of c(x, t)

and evaluated at various values of

the Reynolds-averaged combustion

progress variable c̄, specified in

legends, in cases (a) H and (b) L.

Side (RHS) of the Navier-Stokes equation

ρ
∂ui

∂t
+ ρuk

∂ui

∂xk

=

∂τi,k

∂xk

− ∂p

∂xi
︸        ︷︷        ︸

Ti

(5)

are sufficiently close to dependencies Tn(c) computed in

the ULFFs (black solid lines). Here, qi designates the ith

component of a vector q,

τij = ρν

(

∂ui

∂xj

+
∂uj

∂xi

− 2

3
δij

∂uk

∂xk

)

(6)

is the viscous stress tensor, δij is the Kronecker delta, and

|∇p|L = (σ − 1)ρuS2
L
/δL is a characteristic magnitude of the

pressure gradient in the ULFF.

While differences between Tn(c) obtained from the lam-

inar and turbulent flames are observed and are increased by

|c̄ − 0.7|, such effects are sufficiently weak when compared

to the effects that will be discussed later. For instance, Fig. 3

shows that, contrary to the ULFF, the normalized conditioned

tangential component |∇p|−1
L
〈Tt |c〉 of the vector-term T does

not vanish in the turbulent flames. While the magnitude of

〈T t |c〉 is substantially less than the magnitude of 〈Tn|c〉, both

magnitudes are of the same order. It is also worth noting that

the results plotted in Figs. 3(a) and 3(b) are sufficiently close

to one another in spite of the fact |∇p|L used to normalize these

results is larger by a factor of about 6.6 in case H. Since the sta-

tistical characteristics of the turbulence are close in both cases,

a comparison of Figs. 3(a) and 3(b) implies that 〈T t |c〉 scales

with |∇p|L to the leading order; i.e., the magnitude of 〈T t |c〉
is significantly affected by the combustion-induced thermal

expansion. Nevertheless, differences between curves plotted

in Figs. 3(a) and 3(b) are also well pronounced, thus, indicat-

ing that the aforementioned scaling is approximate and effects

of turbulence are not negligible.

Furthermore, Fig. 1(b) shows that the mean pressure

jump |pb − pu | differs substantially from the pressure jump

∆pL = (σ − 1)ρuS2
L

at the ULFF in both cases H and L. More-

over, the dashed and dotted-dashed lines in Fig. 1(a) indicate

a significant mean jump |ut,b − ut,u | in the locally tangential

velocity, whereas the tangential velocity does not change at

the ULFF.

Thus, the above results indicate that equations that

describe local jumps in velocity, pressure, and vorticity at the

ULFF do not hold in the case of turbulent burning even in

the flamelet combustion regime characterized by u′ ≪ σSL.

Physical mechanisms responsible for the failure of the ULFF

equations are explored in Sec. III B.

B. Local shear layers and vorticity generation

Figures 4 and 5 report the conditioned PDF’s

P(c = 0.5, ∂u/∂y, c̄) and P(c, ∂u/∂y, c̄ = 0.5), respectively,

for a typical shear component ∂u/∂y, with the results obtained

for other shear components being qualitatively similar. The

curves plotted in Figs. 4 and 5 are not smooth because selec-

tion of double-conditioned [to the local c(x, t) and to the mean

c̄(x)] data significantly reduces the sampling ensemble. Nev-

ertheless, the non-smooth shape of the curves does not seem

to substantially affect the two qualitative trends emphasized in

the following.

In particular, Figs. 4 and 5 show, first, that the condi-

tioned PDF’s P(c = 0.5, ∂u/∂y, c̄) and P(c, ∂u/∂y, c̄ = 0.5)

are sufficiently wide at various mean c̄ and various local c(x,

t). Second, the PDF half-widths are comparable in cases H

(with the exception of c̄ = 0.9) and L, whereas the characteris-

tic velocity gradient |∇ · u|L = (σ − 1)SL/δL within the ULFF,

used to normalize the shear, is larger by a factor of about four

in the former case. If the PDF’s were solely controlled by tur-

bulence, the H-half-widths would be smaller by approximately

FIG. 4. Probability density func-

tions for the normalized local shear

|∇ · u |−1
L

(∂u/∂y) calculated in the

middle of flamelets (0.495 < c(x,

t) < 0.505) at various values of

the Reynolds-averaged combustion

progress variable c̄, specified in

legends, in cases (a) H and (b) L.
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FIG. 5. Probability density func-

tions for the normalized local shear

|∇ · u |−1
L

(∂u/∂y) calculated in the

middle of flame brushes, i.e., at

c̄(x) ≈ 0.5, at various local c(x, t)

specified in legends in cases (a) H and

(b) L.

the same factor of about four. Therefore, not only turbulence

but also the combustion-induced thermal expansion affect the

considered PDF’s.

Figure 6 shows PDF’s for the local shear associated with

the magnitude |∇tun| of the tangential (to the local flamelet

surface) gradient of the normal velocity, evaluated within

flamelets at various c̄ and normalized using |∇·u|L. While the

PDF’s peak at |∇tun|/|∇·u|L ≪ 1, they are sufficiently wide and

there are non-negligible probabilities of finding the tangential

gradient |∇tun| comparable with the normal gradient |∇·u|L
in the ULFF. In case H, the effect is much more pronounced

at c̄ = 0.9 due to appearance of unburned mixture fingers

discussed elsewhere.32,38 Moreover, the PDF half-widths are

smaller by a factor of about two in case H (with the excep-

tion of c̄ = 0.9) when compared to case L, whereas |∇·u|L
is larger by a factor of about four in the former case. If the

PDF’s were solely controlled by turbulence, the H-half-widths

would be smaller by approximately the same factor of about

four. Therefore, Fig. 6 also implies that large magnitudes of

the local shear within flamelets are substantially affected by

the local thermal expansion.

The discussed effects are more pronounced for the local

shear associated with the magnitude |n·∇ut | of the normal gra-

dient of the tangential velocity. Indeed, Fig. 7(a) shows that its

PDF’s peak at non-zero values of |n · ∇ut |/|∇ · u|L, which are

increased from about 0.05 to 0.31 when c̄ is increased from

0.1 to 0.9. Comparison of Figs. 7(a) and 7(b) clearly indicates

the influence of the density ratio and, hence, of combustion-

induced thermal expansion on the PDF shape. At the same

time, the fact that the PDF shapes are significantly different at

σ = 7.53 and 2.5, cf. Figs. 7(a) and 7(b), respectively, implies

that the use of the laminar |∇·u|L to normalize |n·∇ut | is not suf-

ficient to describe statistics of the latter gradient in the turbulent

flames. In other words, it is difficult to model such statistics by

directly using expressions valid for the laminar flame.

A physical mechanism of local shear generation due to

combustion-induced thermal expansion is depicted in Figs. 8

and 9. The former figure shows iso-surfaces of (i) the peak

rate W (x, tB), i.e., the reaction surface, and (ii) c(x, tB)

= 0.01 (flamelet leading edge) in planes z = zB and y = yB

that cross an “extreme” point B that has been found using the

following two constraints: (i) the extreme point B lies on a

FIG. 6. Probability density functions

for the magnitude |∇tun | of the tangen-

tial gradient of the normal velocity, eval-

uated within flamelets (ǫ < c(x, t) <

1− ǫ ) at various values of the Reynolds-

averaged combustion progress variable

c̄, specified in legends, in cases (a) H and

(b) L. The gradient is normalized using

|∇·u|L = (σ − 1)SL /δL .

FIG. 7. Probability density functions

for the magnitude |n ·∇ut | of the normal

gradient of the tangential velocity, eval-

uated within flamelets (ǫ < c(x, t) < 1

− ǫ ) at various values of the Reynolds-

averaged combustion progress variable

c̄, specified in legends, in cases (a) H and

(b) L. The gradient is normalized using

|∇·u|L = (σ − 1)SL /δL .
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FIG. 8. Flame shapes in (a) xy and (b)

xz planes that cross the extreme point B

(black filled circle) characterized by ny

≈ 1 and by a high magnitude |n ·∇u| of

the normal (to the local flamelet) gra-

dient of the axial velocity u, which is

almost tangential to the flamelet in the

vicinity of that point. Reaction surface x

= xi(yj , zk) is characterized by the max-

imal reaction rate W (c) along a ray of (y

= yj , z = zk). Case H, c̄ = 0.5.

transverse plane x = xB that is most close to the mean flame

surface c̄(x) = 0.5 and (ii) the extreme point B is charac-

terized by the maximal (over various y, z, and t) magnitude
�
�
�
〈n · ∇u|√nyny > n∗‖√nznz > n∗〉��

�
of the normal (to the local

flamelet) gradient of the axial velocity u conditioned to either

|ny| or |nz | being larger than a threshold value n∗. Since the

threshold value is set to be very close to unity, i.e., n∗ = 0.995,

the iso-surface c(xB, tB) = const. is almost parallel to the x-axis

in the extreme point B. In particular, the iso-surface is almost

normal to the y-axis in Fig. 8(a).

Therefore, the local x- or z-profiles of various quantities

are almost tangential to the local flamelet, whereas the local

y-profiles are almost normal to it. This feature of the extreme

point B significantly facilitates exploring local flow perturba-

tions because (i) coordinate transformations are not required

to obtain the locally tangential or normal profiles and (ii) the

perturbations are well pronounced due to selection of the max-

imal conditioned |n·∇u|. Accordingly, the solid, dashed, and

dotted-dashed lines in Fig. 9 show instantaneous x (tangential),

y (normal), and z (tangential) profiles, respectively, i.e., q(x, y

= yB, z = zB, t = tB), q(x = xB, y, z = zB, t = tB), and q(x = xB, y =

yB, z, t = tB), respectively, of pressure p, see Fig. 9(a), velocity

components u (red curves), v (black curves), w (blue curves),

see Fig. 9(b), and vorticity components ωx (red curves), ωy

(black curves), ωz (blue curves), see Fig. 9(c).

Figure 8(a) shows that the axial distance |xB − xC | between

point B and the flamelet leading edge, i.e., point C, is suffi-

ciently long; see the dashed straight line. On the contrary, a

neighboring point A characterized by the same axial coordi-

nate, i.e., xA = xB, the same zA = zB, and by a lower value of

the combustion progress variable, i.e., cA < cB, is close to the

flamelet leading edge. Accordingly, an infinitesimal gas vol-

ume that comes to point B is likely to move within the flamelet

during a time interval ∆tB, which is significantly longer than

time interval ∆tA required for another gas volume to move

from the flamelet leading edge to point A. When a fluid volume

moves within the flamelet, the density in the volume is less than

ρu and decreases with increasing the local c. Consequently, the

volume acceleration ρ−1∂p/∂x by the axial pressure gradient

induced due to combustion in surrounding volumes, see the

local axial profile p(x, y = yB, z = zB, t = tB) of pressure, shown

as a red solid line in Fig. 9(a), is significantly stronger than axial

acceleration that a volume of unburned reactants would expe-

rience under the influence of the same axial pressure gradient.

Therefore, the infinitesimal volume associated with point B

(A) is likely to be subject to an increased axial acceleration,

see the local axial profile u(x, y = yB, z = zB, t = tB) of the axial

velocity, shown as a red solid line in Fig. 9(b), during relatively

long (short, respectively) time interval∆tB (∆tA, respectively).

As a result, uB is significantly larger than uA, yielding a strong

locally normal (i.e., in the y-direction) gradient of the axial

velocity u, which is locally tangential to the reaction surface;

see the locally normal profile of u(x = xB, y, z = zB, t = tB)

shown as a red dashed line in Fig. 9(b). This physical mecha-

nism appears to be responsible for the substantial widths and

the locations of peaks of PDF’s plotted in Fig. 7. It is basi-

cally similar to physical mechanisms suggested by Scurlock

and Grover8 to explore generation of turbulence in combustion

products due to local shear layers or by Libby and Bray40 to

explain countergradient turbulent scalar transport in flames.

In addition to the axial pressure gradient and the gradi-

ent of the axial velocity, discussed above, there are significant

locally normal (to the flamelet) gradients of (i) pressure, see

the local profile of p(x = xB, y = y, z = zB, t = tB) shown as a

black dashed line in Fig. 9(a) and (ii) the normal velocity v ,

see the local profile of v(x = xB, y = y, z = zB, t = tB) shown as

FIG. 9. Normalized profiles of (a) difference ∆p in the local pressure and pressure averaged over the inlet plane, and components of (b) velocity u = {u, v, w}
and (c) vorticity ω = {ωx , ωy, ωz} vectors along the three axes. All profiles cross the extreme point B shown in Fig. 8, with distance being counted from this

point. Negative distance is associated with lower (or higher) values of the combustion progress variable c for the x and z (or y, respectively) profiles. The velocity

and vorticity profiles are normalized using SL and Du/SL , respectively.



085101-7 Lipatnikov et al. Phys. Fluids 30, 085101 (2018)

FIG. 10. (a) Maximal (over transverse plane and various instants) absolute values of the normal (to the local flamelet) gradient of the axial velocity
�
�
�
〈n · ∇u |√nyny > n∗ ‖√nznz > n∗〉��

�
, normalized using (σ − 1)SL /δL and conditioned to either |ny | or |nz | being larger than a threshold n∗ specified in leg-

ends. (b) Magnitude |ω| of the vorticity vector, normalized using Du/SL and evaluated in points where
�
�
�
〈n · ∇u |√nyny > n∗ ‖√nznz > n∗〉��

�
reaches the maximal

values. Case H.

a black dashed line in Fig. 9(b), in the vicinity of the extreme

point B. The local gradients ∇yp > 0 and ∇yv > 0 result from

the local density drop within the flamelet. However, the magni-

tude of the local change of the locally normal velocity v in the

locally normal direction y is about 4SL, see the black dashed

line in Fig. 9(b), i.e., less than ∆uL = 6.5SL, thus, indicat-

ing local perturbations in the velocity field when compared to

the ULFF.

Moreover, the black solid line in Fig. 9(b) shows that the

magnitude of the locally tangential gradient of the locally nor-

mal velocity, i.e., |∂v/∂x|, is also large in the extreme point

B, thus, explaining substantial widths of PDF’s for ∇tun, plot-

ted in Fig. 6. This observation is not surprising because the

z-component ωz = ∂v/∂x − ∂u/∂y of the vorticity vector ω

is large in the vicinity of point B; see the blue curves in

Fig. 9(c). The point is that an angle between (i) vector ∇ρ,
which is almost parallel to the y-axis, as shown in Fig. 8(a),

and (ii) vector ∇p, whose components ∇xp and ∇yp have com-

parable magnitudes in point B, cf. the red solid and black

dashed lines in Fig. 9(a), is sufficiently large in this region.

Consequently, vorticity is locally generated by a physical

mechanism known as baroclinic torque and discussed in detail

elsewhere.9,10,31,41–43

Figure 10 shows that significant perturbations (i.e., shear

layers and regions with a high vorticity) of the local veloc-

ity field within flamelets that are almost normal to the mean

flame brush exist at various c̄ with the exception of the leading

part (c̄ < c∗) of the flame brush. An increase in the threshold

normal n∗ results in increasing the boundary value c∗ because

flamelets characterized by a very low |nx | do not reach regions

characterized by a low c̄.

However, such strong velocity perturbations induced due

to thermal expansion are accompanied by relatively moderate

perturbations of the flamelet scalar structure under conditions

of the present simulations (adiabatic burning, Le = 1, single-

step chemistry, and the reaction rate is solely controlled by c).

While an increase in the distance between the reaction sur-

face and flamelet leading edge is observed in the vicinity of

the extreme point B in Fig. 8(b), Fig. 11 shows that the local

perturbations of the normalized displacement speed

ρSd

ρuSL

=

∇ · (ρD∇c) + W

ρuSL

(7)

and, especially, consumption velocity

uc

ρuSL

=

∫ δ−δ Wdζ

ρuSL

(8)

are sufficiently weak in the vicinity of the extreme point B,

discussed earlier. Here, the distance δ is counted from the

extreme point B in the y direction. An increase in uc/(ρuSL)

from a value about unity in the vicinity of the extreme point

B to a value about 2.2 at distances larger than 0.4 mm is

caused by the second reaction zone, which is shown in the

bottom part of Fig. 8(a). The second jump in uc/(ρuSL) is

larger than unity due to inclination of the second reaction zone

with respect to the y-axis along which integration in Eq. (8) is

performed.

Figure 12 also indicates that local perturbations in both

|∇c| and uc are sufficiently weak in flamelet points character-

ized by a low |nx | and a strong local shear, i.e., a large |n·∇u|.

The consumption velocity reported in Fig. 12(b) was evaluated

using Eq. (8), with the distance δ being counted from the local

FIG. 11. Profiles of (a) the normalized

local displacement speed ρSd /(ρuSL)

vs. distance from the extreme point B

in x, y, and z directions and of (b) the

normalized local consumption velocity

uc/(ρuSL) vs. distance in the y-direction.

All profiles cross the extreme point B

shown in Fig. 8.



085101-8 Lipatnikov et al. Phys. Fluids 30, 085101 (2018)

FIG. 12. (a) Local gradient |∇c| of the

combustion progress variable, normal-

ized using δL , and (b) local normalized

consumption velocity uc/(ρuSL) evalu-

ated in points where �
�〈n · ∇u |√nyny >

n∗ ‖√nznz > n∗〉�� reaches the maximal

(over various y, z, and t) values. Case H,

a threshold n∗ is specified in legends.

peak of the reaction rate along either the y-axis if |ny| > |nz |

or the z-axis otherwise. Calculations of the local consumption

velocity were terminated at a distance δ required in order for

uc(δ) to reach a plateau; see Fig. 11(b).

While neither Fig. 11 nor Fig. 12 indicates significant

perturbations of the local scalar structure of flamelets in

regions where the local velocity field is strongly perturbed,

i.e., in flamelet zones characterized by a large normal gra-

dient
�
�
�
〈n · ∇u|√nyny > n∗‖√nznz > n∗〉��

�
and a low |nx | ≪ 1,

the lack of the former (scalar) perturbations may stem from

too simple conditions of the present DNS. Under more realis-

tic conditions that are more favorable for flamelet structure

perturbations and even local quenching (e.g., Le , 1, heat

losses, and/or complex combustion chemistry), strong per-

turbations of velocity and pressure fields could cause strong

perturbations of the local flamelet structure, Sd , and uc. This

issue is worth further studying by analyzing appropriate DNS

databases.

Finally, since the results reported in Figs. 8–12 were

obtained by selecting extreme points characterized by the

largest
�
�
�
〈n · ∇u|√nyny > n∗‖√nznz > n∗〉��

�
and |nx | ≪ 1, the

statistical importance of the studied local effects may be

put into question. To address such a concern, the following

ratios

R(g) =
∫ ∫ ∫ 〈T | |∇tun | = g|∇ · u|L〉dVf

∫ ∫ ∫ TdVf

(9)

were calculated for various values g = |∇tun|/|∇·u|L of the

normalized locally tangential gradient of the locally normal

velocity, with the term T being equal either to the magnitude

|Tω | = |ρ−2∇ρ × ∇p| of the baroclinic torque term in the trans-

port equation for vorticity ω or to the baroclinic torque term

Tω = ρ−2
ω·(∇ρ × ∇p) in the transport equation for enstrophy

ω·ω. Integration in Eq. (9) was solely performed over flamelet

volume V f where ǫ < c(x, t) < 1 − ǫ . Accordingly, the two

ratios Rω and Rω characterize relative contributions to vortic-

ity and enstrophy, respectively, generation due to baroclinic

torque from flamelet regions characterized by particular mag-

nitudes g − 0.5∆g ≤ |∇tun|/|∇·u|L < g + 0.5∆g of the locally

tangential (to the flamelet) gradient of the locally normal veloc-

ity un. Similar ratios were also evaluated for the magnitude

|n·∇ut | of the locally normal gradient of the locally tangential

velocity.

The dashed lines in Fig. 13(a) show that, while the ratio

Rω (the results obtained for Rω are very similar and are not

reported for brevity) has a sufficiently sharp peak at low g =

|∇tun|/|∇·u|L, notable values of Rω are still observed at tan-

gential gradients of the normal velocity, whose magnitudes

|∇tun| are comparable with the magnitude |∇·u|L of the velocity

gradient across the laminar flame. Therefore, contribution of

flamelet regions associated with significant local shear |∇tun|

to the total generation of vorticity due to baroclinic toque is

not negligible. This trend is more pronounced in case L, see

the black dashed line, probably, because vorticity generation

due to baroclinic torque is weak in other regions in this case

characterized by a low density ratio.

Solid lines in Fig. 13(a) show that the ratio Rω peaks at

g = |n·∇ut |/|∇·u| about 0.3 in case H. Therefore, contribution of

flamelet regions associated with significant local shear |n·∇ut |

to the total generation of vorticity due to baroclinic toque is

substantial in this case.

FIG. 13. Relative contributions to enstrophy generation due to baroclinic torque from flamelet regions characterized by (a) g − 0.5∆g ≤ |∇tun |/|∇ · u|L < g +

0.5∆g (dashed lines) or g − 0.5∆g ≤ |n ·∇ut |/|∇·u|L < g + 0.5∆g (solid lines) and (b) |∇tun |/|∇·u|L < g + 0.5∆g (dashed lines) or |n ·∇ut |/|∇·u|L < g + 0.5∆g

(solid lines) vs. the value g of the locally tangential gradient of the locally normal velocity (dashed lines) or the locally normal gradient of the locally tangential

velocity (solid lines), normalized with |∇·u|L .
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Contribution of the strong-shear-regions to vorticity gen-

eration in the studied premixed turbulent flames is even more

pronounced if ratios like

R(g) =
∫ ∫ ∫ 〈T | |∇tun | ≤ g|∇ · u|L〉dVf

∫ ∫ ∫ TdVf

, (10)

which is simply equal to the sum of the ratios R for all tan-

gential gradients weaker than g|∇·u|L, are considered. Indeed,

the dashed lines in Fig. 13(b) show that flamelet regions char-

acterized by |∇tun| > 0.2|∇·u|L are responsible for about 20%

of volume-integrated baroclinic torque term Tω in case H and

even 50% in case L. Moreover, the red solid line indicates

that more than 50% of volume-integrated baroclinic torque

term Tω stem from flamelet regions characterized by |n·∇ut |

> 0.3|∇·u|L in case H. Thus, flamelet regions characterized by

a strong local shear |n·∇ut | induced due to thermal expansion

may play a substantial role in vorticity generation in premixed

turbulent flames.

IV. CONCLUSIONS

DNS data obtained from turbulent premixed flames asso-

ciated with the flamelet combustion regime were analyzed

in order to explore differences between velocity and pres-

sure variations (i) in flamelets in a weakly turbulent flow and

(ii) in the counterpart laminar flame. Obtained results show

that, while the scalar structure of flamelets is weakly per-

turbed when compared to the laminar flame under conditions

of the present DNS, the local velocity, vorticity, and pressure

fields within the flamelets may be significantly different from

the local velocity, vorticity, and pressure fields, respectively,

within the laminar flame. In particular, in the former case,

there appear local shear layers characterized by large velocity

gradients (both the tangential gradient of the normal velocity

with respect to the flamelet surface and the normal gradient

of the tangential velocity), whose magnitudes are compara-

ble with the magnitude of the velocity gradient across the

laminar flame. In flamelet zones characterized by a relatively

large magnitude of the locally normal gradient of the tangen-

tial velocity, the local vorticity magnitude is also large and

such zones contribute substantially to the overall (in the entire

flame brush) generation of vorticity due to baroclinic torque.

These results cast doubts on the validity of a simple com-

mon approach that consists in directly invoking expressions

derived for the laminar flames in order to model the influ-

ence of combustion-induced thermal expansion on turbulent

velocity and pressure fields.

It is worth stressing that such doubts concern solely veloc-

ity and pressure fields, whereas expressions derived for the

thermo-chemical characteristics of laminar flames appear to

be valid in the flamelet combustion regime addressed in the

present paper. Indeed, Figs. 11 and 12 indicate weak pertur-

bations in the local flamelet structure. Accordingly, the latter

(i.e., thermo-chemical) expressions are widely used in explor-

ing turbulent combustion; e.g., see recent models44,45 that

invoke theoretical expressions for the cutoff length scale of

the hydrodynamic instability46 of laminar premixed flames.

Moreover, the doubts concern expressions derived by study-

ing the unperturbed laminar premixed flames. Theoretical

research into velocity and pressure fields within laminar

premixed flames that propagate in more complicated flows

could be of great interest for developing better models of the

influence of combustion-induced thermal expansion on tur-

bulence. The present paper calls for more attention to this

problem.

As a future task, it will be of interest to explore whether or

not the aforementioned shear layers can significantly affect the

local flamelet structure in the cases of non-unity Lewis number,

heat losses, and complex combustion chemistry. Moreover,

investigation of the shear layers in more intense turbulence will

also be of interest. It is worth remembering that the conditions

of the present DNS (u′ ≪ σSL in flame H) are beneficial for

effects due to combustion-induced thermal expansion, but such

effects could be of less importance in the opposite case of

u′ ≫ σSL, as discussed elsewhere.9,10
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