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A low lying excited state in a superconductor with a classical magnetic spin is studied
in connection with the ground state problem. The occurrence of a level crossing between
them is pointed out.

Low lying excited states in BCS superconductors with magnetic impurities
are recently investigated by several authors. Soda, Matsuura and Nagaoka® were
the first who found such a state within the gap in the superconducting state of
an s-d exchange interaction system. Their approach was along a perturbational
one corresponding to Yosida’s approach” in a normal s-d system. Fowler and
Maki® and Zittariz and Miiller-IHartmann® examined the system in terms of the
dispersion relations and of the two-time Green functions respectively. Although a
satisfactory theory for the s-d system in superconducting state has not yet been
obtained, all their results support the existence of low lying excited states.

On the other hand a classical spin in a superconductor was studied by
Shiba,” who exactly showed the existence of a low lying excited state and point-
ed out that it remains In a quantal s system. In this exactly soluble model,
as well as in a quantal system treated approximately, the level in the gap moves
towards the Fermi level and crosses over it as the interaction strength is in-
creased (for antiferromagnetic interaction in the s-d system and for both ferro-
and antiferromagnetic interactions in the classical system). However, the physi-
cal interpretation of this behavior scems not to have been discussed by these
authors.

This short note is aimed to clarify the features of the low lying excited
state with special emphasis on a problem how the ground state changes with the
interaction strength. As a soluble example we take an s-d system containing a
classical impurity spin, where the essential formalism has been given by Shiba.”

Let us consider a BCS superconductor with a classical spin 8 orientated
to the z-axis at the origin:

.
H =3 gpaisan —4 2 (aka® s+ apam) — JS > (abawy—akaw,), (D
& i ¥ v 2N iE
where 4 is the order parameter considered as given in this paper, though,
in principle, it should be determined from {a*a*™) self-consistently. In the ac-
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tual system the summation over % of the second term is to be confined by the
phonon frequency cutoff, but it makes no essential change in the following dis-
cussion. We also neglect the spatial variation of the order parameter. The in-
teraction strength J is taken as JS=const, while S—>c0 in a classical limit of
the s-d model.

For later convenience we use a method of equation of motion which is in
principle equivalent to the Green function approach. Then the Hamiltonian (1)
is easily diagonalized by taking

B = ; f aelliy T g n!.:afm,)

PI: 2 w’ran*Bn "!" JS’/Z . (1/)

All of the eigenmodes are classified into two types: F,= +G,, where F,=> i fus
and G,= 49, The coefficients are determined by

o = W+ & 4 F,, Oy d o~

C e I = :
w732—8k2 — v w?f~€,c2 — »
where ¢= —JS/2N. The eigenfrequencies w, are obtained from a secular equa-
tion
A*(w) =0, (2)

where

A*@)=1—cFH> 1, ©)

R0 S P

Fym AT 2.
Here we assumed a symmetrical conduction electron band, which is later treat-
ed as a square type with a band width 2D. It is enough to examine the sys-

tem for ¢>0 (antiferromagnetic coupling). Then there exists one mode [, within
the gap with the energy

o= _1_,524 , g = _JSmo (4)
1+¢ 2N
The origin of the one-particle energy is chosen so as to be the chemical poten-
tial of the system; there is a degeneracy with respect to the particle number.
Now let us remember that if an operator A fortunately satisfies the relation
[A, H] =wA, then, A corresponding to w>0 (or <{0) is an annihilation (or
creation) operator for the excitation of the system. The ground state @ is na-
turally determined by A®=0 for all A of »w>0.
Since this is indeed the case for our system, the ground state ¥ or ¥’ is
determined by
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0T, B 6% s Byy T=0

or

1<C9 BO: Bi*a"'S )8‘7'3“'%,:

Bi -+ and By, -+~ are the operators corresponding to w;, -+ <0 and w,, -+ >0, re-
spectively. We can recognize ¥ =f,%. Notice that the ground state abruptly
changes to ¥” from ¥ at {=1, when the level (8, crosses the Fermi level. |y
denotes the lowest excited energy of the system in any case.

The total energy change of the system consists of the contributions from
continuum and the bound state. Together with the second term of the Hamiltonian
(1”), we can obtain the energy change for ¥,

7, 1 — -4 X 1 Im AS((D) JS’
AE (W) == f do tan™! : + (wy+ 4) +75, 5
( ) T SZJL VD2 42 v ]{(‘) AS ((J)) ( ? ) 2 ())
where
Re A* (w)
anet nocy (0 F 4) / (w+4)

14 e/ (0 F 4) /(0 4) log| (D + Vol — 42 /(D — o — £)|
(6)
is the phase shift of the continuum mode of the type F'= 4+ G. For ¥, we have
AE@) =AEW) —w,.  AE(P) and AE(¥’) are numerically calculated and plot-
ted by Fig. 1. As seen there, ¥ and ¥’ are perturbationally not connected at
the critical value =1.

LED, The occupied B, level localizes a half
up-spin electron and a half down-spin hole

021 Y . o . ; . .
v in the vicinity of the impurity. We can

5 : ¢ also show that the total electronic spin is
0 for ¥, (in accord with the result of the
zero paramagnetic susceptibility at 7'=0,%)
but —1 for #7.® Then, the continuum is
considered to localize —1 electronic spin
because of the local property of the per-
turbation. That 1is, a down electronic
-0t spin is captured by the impurity in the
state ¥/ (see Fig. 2). We should remark
here that the phase shifts (6) at the top
of the continuum band, — 4, below the

Fig. 1. Total energy changes with the in-
teraction strength ¢ in the states ¥ and
W for A/D=02. FFermi level are —z/2 and 0 for + and

® The total number of the electrons is unchanged (=N) for both,
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¥4
14 continuurn v continuum

Fig. 2. Electronic spin localizations around the impurity in the states ¥ and 7.

— types of the modes respectively. This fact is independent of the interaction
strength ¢(C>0) or the gap parameter, and results from the divergent state den-
sity at w—> — 4.

To examine the localized mode [, we introduce the difference of the expec-
tation value, (A y={A)>,—{(A),,, which represents the contribution to A of g,
only. For the bulk order parameter it is

S e a 2
2 zlz: <a§l}af,‘¢>0 = 1=

1+¢

Therefor, 8, contributes to destroy the superconducting parameter by one in N
in the ground state when {-—>1. The ground state is always more superconduct-
ing than the lowest excited state.

For the total energy of the system, {Ud);=w, It comes from just the pair-
ing energy of the superconductor; the kinetic energy term and the coupling term
of spins have been cancelled by each other. The magnetic eflect of the impurity
to B, is indirect in this sence.

The order parameter or the spin density at the impurity site changes like
ocl/(1+2 if only the (8, mode is taken into account. The mode is most
localized at the interaction strength ¢=1/+/3. On the other hand the total con-
tribution (including both [, and the con-
tinuum) to the number of the electron  os¢
spin at the impurity site in the state ¥
decreases from 0 and approaches —1 .
when the interaction £ increases, as plot- /

ted in Fig. 3. For large {, even in the 0 0 20 30 ¢
state ¥, the total electron spin is strong-
ly localized mainly due to the continuum
and gains the coupling energy.

As shown, the state ¥/ is the lowest
excited one for weak interactions. How- \
ever, it becomes the ground state for {>1 —
naturally. The situation would be the -0

same in a quantal s-d system. Then, it
s . [P N ) . .
would be quite reasonable that the wave Ilg.‘3. N.umb‘er '01 the electronic spm‘at ‘.che
. d d by Sod M v impurity site in the state ¥. (Contribution
function considere y wodd, atsuura only from f mode is plotted by a dotted

and Nagaoka behaves as representing an line.) 4/D=0.2.
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excited state for weak interaction (7%< 1) and the ground state for strong
interaction.”

If one treats the same problem in terms of Green functions in Nambu space,
two symmetrical poles will appear in the gap. They correspond to (8, and the
conjugate, [3,*, modes in our formalism and nothing else.” The interchange ¥
—¥ for the ground state is automatically considered by means of the Green
function formalism.

The author would like to express his sincere thanks to Professor K. Yosida
for suggesting the problem. Ile also wishes to thank Professor A. Yoshimori
and Dr. H. Ishii, Dr. N. Ohata and Dr. Y. Kuroda for helpful discussions and
special interests in the work.
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