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FURTHER  COMMENTS  ON THE  CONTINUITY  OF
DISTRIBUTION FUNCTIONS  OBTAINED  BY

SUPERPOSITION

BARTHEL  W.  HUFF

Abstract. Let {X(t)} be a differential process with discontinuous

distributions and Y a nonnegative random variable independent of

the process. The superposition A"( Y) has a continuous probability

distribution if and only if the process has nonzero trend term and

Y has continuous distribution. The nature of discontinuities of the

probability distribution of the superposition is indicated.

We continue the notation and terminology of [1] and [3]. Let

{X(t)jt e [0, oo)} be a differential process (homogeneous process) with

discontinuous distributions. Then

Txt +   X*(t),

expíf ((e"" - l)dMx(x)\

and the Levy spectral function satisfies

foe /*0 i"co
dMx(x) =       +      dMx(x) = /u + Â< oo.

-co */—co       Jo

tx is the trend term of the process. Let Y^.0 be independent of the {X(t)}

process and consider the superposition X(Y). We shall show that X{Y)

has continuous distribution if and only if the process has nonzero trend

term and Y has continuous distribution. The nature of discontinuities

will be indicated.

Lemma 1. Let {X*(t)} be a differential process with discontinuous

distributions and no trend term. Then

Cont ¿V(i)(0 = Cont Fx.(1)(-),       Vi > 0.
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x(t) =
where

/*.,„(«) = £e^*(i)

561

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



562 B.  W.   HUFF [October

Proof. Reviewing the argument of Theorem 2 in [1], we see that

Fx*u)(') ¡s the distribution function of the random sum Z(t)=Xl+- • • +

XYU), where Xlt X2, ■ ■ • are independent with common distribution

G(x) = Mx{x)l(f¿ + A), x < 0,

- ftK/t + A), x = 0,

= (/i + A + Mx(x))l(fi + A),       x > 0,

and   i?(7(i))=^(/(/u+A)).   Thus /x'(t)(«)=2£.o(/x1(«))fc/'tlr(0=^.

Let jx'(t)(a)=Fx'u)(a)-Fx'u)(a-) be the jump of Fx*w(') at a.

Applying Theorem 3.2.3 of [2], Fubini's Theorem, and the Lebesgue

Dominated Convergence Theorem, we obtain

jx.m{a) = lim ¿; (Te-iayx>lt)(u)du

= Hm ¿ re-to"2(/A-1(«)mno = fc]^
r-oo 2T J-T       ft=0

= lim 2 -Í- fVio"(/Xl(iO)*¿u P[7(0 = /c]

=îiim ¿ r«-*,"(/x1(«))td"i'[ir(o=fc]
^oT-oo 2T J-r

= ^(*+A) + 2-/xi+~+x.(0)P[y(0 = H     « = o>
t=i

= Z./xi+-+x»(«W(0 = k], a ?« 0.

Thus Fx*(t)(") has a jump at a if and only if some Fx +...+X (") has a jump

at a; i.e.,

Com FA-.(t)(-) = {0} u Co^Tt FXl(-) u • • •,       Vi > 0,

and the lemma is proved.    □

Note thaty'x»,/,(a)=2£.oy'A'1H-+xi(a)^[y(0=*] and the Helly-Bray

Theorem imply that/x«(.)(a) is continuous for a fixed.

Lemma 2. Let [Ar(/)=TA-<+Af*(/)} ¿e a differential process with dis-

continuous distributions and nonzero trend term. Then for each fixed a,

{t/jXu)(a)^0} is at most countable.

Proof. Applying Lemma 1, we note that a $ Cont FXU)(-) if and only

if a—TXt $ Cont /rA-«(f)(-)=Cont Fx>{1)(-). Thus jX(t)(a)9i0 if and only

if t=(a—x)¡TX for some x $ Cont Fx'uÂ')-    □
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Theorem 1. Let Y^.0 be independent of the differential process {X(t)}.

Then for each fixed a

(!) Jx(Y)(a) = \   Jxw(a)dFr(t).
Jo

Proof.   Using the arguments of Lemma 1, we obtain

1    [T    ■
JxirÁ") = Hm —       e mufX(Y)(u) du

T->co 2T J-T

= lim ¿ \Te-iaAXfX(t){u)dFY{t)du
T->oo ¿I   J-T JO

= lim   P¿ ¡Te-iaJxm(u)dudFY(t)
T->oo Jo   2T J~T

= Plim ¿ \Te-ia"fXít)(u)dudFY(t)
Jo r-*co 21 J-T

= \™Jx«){a)dFY(t).    D
Jo

Corollary 1. Let {X(t)\ be a differential process with discontinuous

distributions and nonzero trend term. Suppose Y^.0 is independent of the

process and has continuous distribution. Then the superposition X(Y) has

continuous distribution.

Proof. The integrand in (I) vanishes a.e. by Lemma 2 and Y has no

point masses.

Corollary 2. Let {X(t)} be a differential process with discontinuous

distributions and nonzero trend term. Suppose YttO is independent of the

process and has a discontinuous distribution. Then X( Y) has a discontinuous

distribution with jumps occurring at precisely those points of ^ the form

a = t0TX + a., where t0 $ Cont FY(-) and a e* Cont Fv>(u(')-

Proof. The indicated points are precisely those where a positive value

of the integrand in (I) coincides with a point mass of Y.

Corollary 3. Let {X*(t)} be a differential process with discontinuous

distributions and no trend term. Suppose Y^.0 is independent of the process

andP[Y=0]<\. Then X*( Y) has discontinuous distribution and

Cont FA-(i-)(') = Cont FA-«(1)(-).

Proof. The integrand in (I) vanishes if a e Cont FA <(<)(')• If a£

Cont Fa'»(d(')> tnen 0) ana" the observation that /.\"*<-)(a) is continuous

and positive imply thaty'A«(r)(t7)>0.

We also note that (I) immediately yields Corollary 1A of [1].
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