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1 Introduction

Supersymmetric indices [1] are simple yet powerful tools for studying supersymmetric field
theories [2-7]. In this paper, we consider the twisted index of three-dimensional N' = 2
supersymmetric theories with an R-symmetry on a closed orientable Riemann surface X,
of genus g:

Iy (yis wi) = Tr[zg,nz]< Fl_[yZ ) : (1.1)

The theory is topologically twisted along ¥, by the U(1 ) Rr Symmetry in order to preserve
two supercharges, and one can introduce complexified fugacities y; and quantized back-
ground fluxes n; for any continuous global symmetries with conserved charges ; commut-
ing with supersymmetry. This index was recently computed by supersymmetric localization
for any N = 2 (ultraviolet-free) gauge theory in the g = 0 case [8]. In this paper, we discuss
the generalization to higher-genus Riemann surfaces. We also use the index, and similar
localization results for line operators, to study infrared dualities for theories with A/ = 2
and N = 4 supersymmetry.

Twisted index, localization and Bethe equations. The quantity (1.1) was first
computed in [9] in the context of the Bethe/gauge correspondence [10, 11], using slightly
different topological field theory methods. In this work, we recompute the twisted index
for generic N' = 2 supersymmetric Yang-Mills-Chern-Simons (YM-CS) gauge theories with
matter, using supersymmetric localization on the classical Coulomb branch [8, 12]. The
index is equal to the supersymmetric partition function of the N = 2 theory on X, x S L
which can be computed as:

T )= 3 g ol (12)

schematically. Here the sum is over GNO—quant1zed fluxes m for the gauge group G, and

the integral is a Jeffrey-Kirwan residue at the singularities of the classical Coulomb branch
M = (C*)™*(G) /Weyl(G), including singularities ‘at infinity’ associated to semi-classical
monopole operators. The integrand Zy,(z,y) contains classical and one-loop contributions.
The derivation of (1.2) closely follows previous localization computations in related con-
texts [6-8, 12-16]. By summing over the fluxes m in (1.2), one recovers the result of [9]:

Zs,wsr(y) = > My, (1.3)
T €SBE

where H is the so-called handle-gluing operator.! The sum in (1.3) is over solutions to the
Bethe equations of the A = 2 theory on R? x S!, which are essentially the saddle equations
for the two-dimensional twisted superpotential W(z;y) of the theory compactified on a
finite-size circle. It is clear from (1.3) that much of the physics of the twisted indices is
encoded in the twisted superpotential.? N = 2 theories on Y4 have also been studied
recently in [20, 21].

IThis is a slight simplification valid for vanishing background fluxes. The general case will be discussed
in the main text.

2For the same reason, the twisted superpotential W plays an important role in the study of holographic
black holes at large N in 3d N/ = 2 quiver theories with an holographic dual [17-19].



The 3d Witten index. In the special case g = 1 and n; = 0, the index (1.1) specializes
to the Witten index on the torus:

Ig=1 (yi5 0) = Trya (=1)7 . (1.4)

Note that no twisting is necessary in this case. While the standard Witten index is generally
not defined for the theories of interest, which have interesting vacuum moduli spaces in flat
space, it turns out to be well-defined in the presence of general real masses m; [22], which

enter the index through the complexified fugacities y; with |y;| = e 2mBmi

. For any generic-
enough choice of m; so that all the vacua are isolated, the index counts the total number of
massive and topological vacua, which does not change as we cross codimension-one walls
in parameter space. We will compute the Witten index of a large class of abelian and
non-abelian theories, generalizing previous results [2, 22, 23]. Note that the localization
computation is an ultraviolet computation, complementary to the infrared analysis of [22].
Whenever it is well-defined, the Witten index of an N' = 2 YM-CS-matter theory is the
number of gauge-invariant solutions to the Bethe equations [9, 10], as we can see from (1.3).
The Witten index can also be computed from (1.2) truncated to m = 0, because the terms

with m # 0 do not contribute to (1.4).

Dualities and Wilson loop algebras. The twisted index on X, x S s a powerful tool
to study infrared dualities, since the twisted indices of dual theories must agree.® One of the
most interesting such dualities is the Aharony duality between a U(NV,) Yang-Mills theory
with Ny flavor and a dual U(Ny — N.) gauge theory [24]. More generally, we will consider
a general three-dimensional U(N.);, YM-CS-matter theories with N; fundamental and N,
antifundamental chiral multiplets, which we can call SQCD[k, N., Ny, N,]. This three-
dimensional N = 2 SQCD enjoys an intricate pattern of Seiberg dualities [25] depending
on k and k. = %(N ¢ — N,) [26-28], which can be precisely recovered by manipulating the
twisted index. This provides a new powerful check of all of these dualities.

We will also study half-BPS Wilson loop operators wrapped on the S! for any N = 2
YM-CS-matter theory. The quantum algebra of Wilson loops is encoded in the twisted
superpotential YW and corresponds to the S' uplift of the two-dimensional twisted chiral
ring [29, 30]. In particular, we will give an explicit description of the quantum algebra of
supersymmetric Wilson loops in SQCD[k, N., N¢, N,], generalizing the results of [30].

N = 4 mirror symmetry Another useful application for the twisted index is to three-
dimensional N/ = 4 gauge theories and mirror symmetry. We consider the twisted index
with a topological twist by either factor of the SU(2)y x SU(2)¢ R-symmetry [31]. More
precisely, we shall consider the A/ = 2 subalgebra with either U(1)gr = 2U(1)g or U(1)g =
2U(1)¢. The corresponding N = 2 twists along ¥, are called the A- or B-twist, respectively.
Let H and C denote the generators of U(1)y C SU(2)gy and U(1)¢c € SU(2)¢, respectively.
We define the A- and B-twist (integer-valued) R-charges:

Rj =2H, Rp =2C . (1.5)

3Up to a possible sign ambiguity that we will discuss below.



Either twist on X, preserves two supercharges commuting with H — C'. We can introduce
a fugacity ¢ for U(1); = 2[U(1)g — U(1)¢], and consider the twisted index:

I, 4/ (yi, t) = Trs, ((—1)Ft2<H—C> 11¥ > . (1.6)

for either choice (1.5) of U(1)g. Here all the background fluxes n;, n; are left implicit. The
fugacity ¢t # 1 breaks N’ = 4 supersymmetry to N’ = 2*, and is necessary in order to apply
the localization formula.

Three-dimensional N' = 4 mirror symmetry [32] is an infrared duality of 3d N' =4
theories, composed with an exchange of SU(2)y and SU(2)¢. The latter operation maps
any supermultiplet of N' = 4 supersymmetry to the corresponding ‘twisted’ supermultiplet.
Consequently, the A-twisted index of a theory T must equal the B-twisted index of its
mirror T according to: .

1ty =1L ) (1.7)

where y and ¢ are the flavor fugacities and their mirror — for instance, real masses are
exchanged with Fayet-Iliopoulos (FI) parameters. Similarly, we can study the mapping
of half-BPS line operators wrapped on the S' under mirror symmetry. We will verify in
a simple but non-trivial example that half-BPS Wilson loops in the B-twisted theory are
mirror to half-BPS vortex loops in the A-twisted theory, as recently studied in [33].

Finally, we will argue that the genus-zero A- and B-twisted indices — the A- and
B-twisted S? x S! partition functions [8]— with vanishing background fluxes are equal
to the Coulomb and Higgs branch Hilbert series, respectively? [35-40]. It is relatively
easy to show, for a large class of theories, that the B-twisted S? x S' partition function
only receives contribution from the m = 0 flux sector in (1.2) and is indeed equal to the
Higgs branch Hilbert series. Similarly, we conjecture that the A-twisted S? x S' partition
function, which generally receives contribution from an infinite number of flux sectors, is
equal to the Coulomb branch Hilbert series [38]. (Naturally, this would follow from mirror
symmetry (1.7) when a mirror theory exists.) We will show in some examples that the
A-twisted index reproduces the Coulomb branch monopole formula of [38]. It would be
very interesting to study this correspondence further.

Note added: during the final stage of writing, we became aware of another closely related
work by F. Benini and A. Zaffaroni [41]. We are grateful to them for giving us a few more
days to finish writing our paper, and for coordinating the arXiv submission.

This paper is organized as follows. In section 2, we study 3d N = 2 theories on X, x S 1
preserving two supercharges and we present the N' = 2 localization formula (1.2) and
explain some of its key properties. We also discuss the quantum algebra of Wilson loops.
Much of the details of the derivation of (1.2) are relegated to appendix B. In sections 3
and 4 we consider the twisted index of some of the simplest U(1) and U(N) theories,
respectively. We also briefly discuss how (1.3) reproduces the SU(N) Verlinde formula. In
section 5 we discuss 3d /' = 2 SQCD in great details, including an explicit description

“This was also observed by [34].



of its Wilson loop algebra. In section 6, we study N' = 4 theories and the index (1.6).
We also consider mirror symmetry for line operators, and the relation between the genus-
zero twisted index and Hilbert series. Various appendices summarize our conventions and
contain useful complementary material.

2 Three-dimensional N/ = 2 gauge theories on ¥, x S*

In this section, we summarize some useful results about supersymmetric field theories on
Yy xS 1 and we present the explicit formula for the twisted index and for correlation
functions of supersymmetric Wilson loops wrapped on S' in the case of N' = 2 Yang-Mills-
Chern-Simons-matter theories.

2.1 Supersymmetry with the topological twist

Consider any three-dimensional A/ = 2 supersymmetric gauge theories with an R-symmetry
U(1)g on ¥, x S, with X, a closed orientable Riemann surface of genus g. Let us take
the product metric:

ds? = B2t + 2g.(, 2)dzdz = (°)? + elel . (2.1)

with ¢ ~ ¢ + 27 the circle coordinate, and z, z the local complex coordinates on ¥, with
Hermitian metric g.;. We also choose a canonical frame (e, e, ei). (See appendix A for
our conventions.) One can preserve two supercharges on Mz =%, x S 1 corresponding to
the uplift of the topological A-twist on ¥,. In the formalism of [42], this corresponds to
choosing a transversely holomomorphic foliation (THF) of M3 along the circle:

K = nd, = ;at . (2.2)

The full supergravity background is given by:
1
H=0, V., =0, 00, ALY = — TR . (2.3)

The last equation in (2.3) determines the R-symmetry gauge field A,(AR) up to flat con-

nections, which must vanish to preserve supersymmetry. In other words, A,(LR) is taken
to vanish along S and is equal to %w,(fd) along g, with w,(fd) the two-dimensional spin
connection. Due to the AELR) flux:

1

2T Eg
the R-charges are quantized in units of g%l. This background preserves two covariantly-
constant Killing spinors ¢ and Z of R-charge +1, respectively:

(V,—iAf)¢ =0, (Vu+iAP)=0. (2.5)

In the canonical frame, the Killing spinors are given by:

0 ~ 1
.

The real Killing vector K = erg d,, constructed out of (2.6) is equal to (2.2).



2.1.1 Supersymmetry algebra and supersymmetry transformations

Let us denote by § and § the action of the two supercharges on fields. We have the
supersymmetry algebra:

§2=0, =0, {66}=-2i(Z+Lx), (2.7)

with Z the real central charge of the N' = 2 superalgebra in flat space, and Lk the Lie
derivative along K. For a vector multiplet V in Wess-Zumino (WZ) gauge, the real scalar
component o also enters (2.7) as Z = Zy — o, where Zj is the actual central charge and
o is valued in the appropriate gauge representation. All supersymmetry transformations
and supersymmetric Lagrangians are easily obtained by specializing the results of [42]. We
will use a convenient “A-twisted” notations for all the fields [12].

Let G and g = Lie(G) denote a compact Lie group and its Lie algebra, respectively.
In WZ gauge, a g-valued vector multiplet V has components:

Vz(au,a,A#,Ku,D). (2.8)

The A-twisted fermions A, are holomorphic and anti-holomorphic one-forms with respect
to the THF (2.2),° which means that:

Apdat = Adt + Apdz = Age + Aqel,

~ ~ ~ ~ - (2.9)
Ajdat = Aydt + Azdz = Age® + Agel .
We mostly use the frame e, e!, el in the following. Let us define the field strength
fuvr = Opay, — Opay, —ilay, a,)] . (2.10)

We denote by D, the covariant and gauge-covariant derivative. The supersymmetry trans-
formations of (2.8) are

da, = iA/N\# , 5~au = —iA,

50:1~Xo, SUZ—AOa

§Ao =i (D — 2if,7) + iDyo, §Ao =0,

6A1 = 2fo1 +2iDyo, 6A; =0, (2.11)
§Aog =0, 6Ao =i (D — 2ify7) —iDoyo

§A; =0, 6A; = — 2fo1 — 2iD50,

§D = — DoAg — 2D1 A5 + [0, A] , 6D = — DyAg — DiA1 + [0, A) -

The explicit form of the super-Yang-Mills Lagrangian %3\ can be inferred from [42] and
will not be needed in the following. The important fact for our purposes is that the YM

action is Q-exact,
Av=0(---) . (2.12)

®See appendix A and especially [43] for a general discussion.



like all D-terms. The Chern-Simons (CS) term is given by:

k 21 ~ ~
Log = y <ieWﬂ <a#8,,ap — ;a#a,,ap> —2Do + 2iAgAo + 2iA1A1> , (2.13)

for any gauge group G.% In the presence of an abelian sector, we can also have mixed CS
terms between U(1); and U(1),, with I # J:

Log = A (ieﬂ”f’ag>ayay) — DD — DD 1 XD 4 z’X(J)A(”) . (2.14)
T

with ADA) = ADAS) + RO,

Matter fields enter as chiral multiplets coupled to the vector multiplet V. Consider a
chiral multiplet ® of R-charge r, transforming in a representation R of g. In A-twisted
notation [12], we denote the components of ® by

®=(A,B,C,F) . (2.15)
The supersymmetry transformations are:
JA =B, JA=0,
0B =0, 0B= —2i(—0o+Dp)A,
sC=r, 5C = 2¢D1,(4, ! (2.16)
§F=0, 0F = —2i( — 0+ Dy)C — 2iD1B — 2iA1 A,

where D, is appropriately gauge-covariant and o and Kg act in the representation *R.
Similarly, the charge-conjugate antichiral multiplet ® of R-charge —r in the representation
R has components

& — (,Z,E,ﬁ, ﬁ) : (2.17)
with _ o
SA=0, JA =B,
0B = —2i(c+Dp)A, SB=0,
_ ~ L (2.18)
0C = —2iD1 A, 6C = F,
0F = —2i(0 + Do)C + 2iD1 B + 2iA1 A, dF=0.

Using the vector multiplet transformation rules (2.11), one can check that (2.16)—(2.18)
realize the supersymmetry algebra

§2=0, 82=0, {63)=-2 (—a +£§§)) : (2.19)

where E%) is the gauge-covariant Lie derivative, and o acts in the appropriate representa-
tion of the gauge group. The standard kinetic term for the chiral multiplet reads:

Lz =A(~DoDo — 4D\ D1 + 0 + D — 2ify7) A— FF
- %g(a + Do)B + 2iC(0 — Do)C + 2iBD1C — 2iCD1B (2.20)
— iBAgA + i ANoB — 2iANC + 2iCATA .

In general, we have a distinct CS level for each simple factor and for each U(1) factor in G.



The trace over gauge indices is implicit. This Lagrangian is d-exact:
~ (i ~ ~
Ly = 00 <2A(0 + Dy)A — CC) . (2.21)

2.2 YM-CS-matter theories, twisted superpotential and localization

Consider a generic NV = 2 YM-CS theory coupled to matter fields in chiral multiplets. The
theory contains a vector multiplet V for the gauge group G with Lie algebra g, and some
matter multiplets in chiral multiplets ®; transforming in representations R; of g and with
R-charges r;. We can also have a superpotential W (®) of R-charge 2.

The UV description of the theory includes Yang-Mills terms with dimensionful
gauge couplings, as well as arbitrary Chern-Simons terms. For definiteness, consider a

gauge group

G=][G, x[Jum: (2.22)
Y I

possibly up to discrete identifications, where G, are simple Lie groups. For each G,

we have a Chern-Simons level k., while we can have arbitrary mixed CS levels kY =

k’T in the abelian sector. In addition to these CS interactions for the gauge fields, we
must also specify “global” CS levels for all the global symmetries of the theory, including
the R-symmetry [44]. This might include mixed CS terms between the abelian gauge
and global symmetries. All the CS levels are either integer or half-integer, depending on
parity anomalies.

For future reference, let us introduce the Cartan subgroup szz(f') U(1), and the cor-

responding symmetric matrix of CS levels k%’ which is given by
b b
KOl =k h® 0 abery, (2.23)

on each semi-simple factor, with h“bh the Killing form of g, and by ko =k (a=1,b=
J) in the abelian sector. (Moreover, k% =0 for a € y and b = I.)

It is natural to couple the theory to an arbitrary supersymmetric background vector
multiplet for any global symmetry U(1)p. This includes a background flux ngp over X, as
well as the real mass op = mp paired together with a background U(1)p flat connections
along S! into a complex parameter vp. In particular, for any U(1); gauge group there exists
a topological symmetry U(1)7,. The corresponding background real mass corresponds to
a Fayet-Iliopoulos (FI) parameter for the abelian gauge group U(1);, provided we turn on
a unit mixed CS level between U(1); and U(1)7;:

ar, ] = 5]7 k]T] = 17 (224)

using a convenient normalization for the FI parameters:

L1 = —% tI‘[(D) . (2.25)



2.2.1 Classical Coulomb branch

The ‘classical Coulomb branch’ of any YM-CS-matter theory on R? is spanned by the
constant expectation values of the real field o, such that:

o = diag(o,), a=1,---,1k(G), (2.26)

and of the dual photons ¢, of the effective [[, U(1), abelian theory, modulo the Weyl
group Wg. The fields o, and ¢, are paired into chiral ‘bare’ monopole operators, which
take the form: 9

TE = etda b = _ei;oa i, (2.27)

semi-classically, with e? the Yang-Mills coupling and T, T,” = 1, Va. Here ¢, is the
lowest-component of a chiral multiplet ®, related to the field-strength linear multiplet by
Yo = —%((I)a + ®,). In particular, the dual photon is defined by:

62

{ .
— %81180 = ie,ul/pfup + ZT]M.D . (228)

Since the dual photons are periodic, the classical Coulomb branch has the topology of
(C*)*X(G) /W, a cylinder quotiented by the Weyl group.

Consider instead the same theory compactified on a circle S* of radius . In this case,
one can turn on flat connections ag for the gauge field along S, and the Coulomb branch
coordinates (2.26) have a natural complexification:

ug = iB(0q +iag,q) - (2.29)

Due to the periodicity ag,q ~ ag,q + B~1 under large U(1), gauge transformations around
S1, it is natural to define the complexified fugacities:

T, = 2Ta (2.30)

Similarly, for any global symmetry U(1)r we can turn on some background flat connections
and background real field o7, and we denote the corresponding fugacity by yp = e*™%r.

Under the supersymmetry (2.11), we have:

ou =0, 0 0
~ ~ (2.31)
du = 2\, ou = —2ifBA\g .

S
I

Note that u transforms as the lowest component of a twisted chiral multiplet of two-
dimensional N = (2,2) supersymmetry on ¥, with the A-twist. Let us denote by

M = {(uy)} = (C*)™S) (2.32)

the covering space of the complexified classical Coulomb branch 9t = i/DVT/ Wa, spanned
by the u,’s. This classical moduli space has the same topology as the one spanned by
the chiral monopole operators (2.27). This is no coincidence, as the two descriptions are
essentially related by a T-duality transformation [22, 45|, mapping chiral multiplets (of



lowest component ¢,) to twisted chiral multiplets (of lowest component u,) in the two-
dimensional description.

The ‘holomorphic’ properties of the low-energy theory on 91 are determined by the
effective twisted superpotential, which can be obtained by integrating out all the massive
fields at generic values of ug, including all the Kaluza-Klein (KK) modes on S* [10, 46].
One finds:

1
W = fk:“buaub + kg_l?uayp

—i—Z Z [ 5 Lia (2 y,)—i—%(pz )+ vi) ]—FZ

i pi€R; a>0

(2.33)

Here the last sum is over the positive roots of g, and we introduced fugacities for the flavor

2mivi - The mixed gauge-flavor CS levels are denoted

symmetries, with v; = vp[®;] and y; = e
schematically by kgfg , which includes the FI terms according to (2.24). We also introduced

2mip;(u)

the convenient notation z”* =[], i =e The physically meaningful quantities are

the first derivatives:

8uaW = kabub —+ kafVF
27{'@ Z Z pl log 1 - ':Upl ) — T (p’L( + V’L Z Oé . (234)

a>0

Note that this is invariant under large gauge transformations ug ~ u,+1 (and vp ~ vp+1
for background gauge fields) if and only if the CS levels are properly quantized (that is,
integer or half-integer depending on the parity anomalies). We shall also need the Hessian

1/1 Piyy;
OuduW =+ 5 oy (o5 (2.35)

:Upz yl

matrix of W:

whose determinant we denote by:
H(u) = debt Oy Ou, WV (2.36)

Much of physics of the supersymmetric indices, and of correlation functions of supersym-
metric Wilson loops, is encoded in this twisted superpotential.

2.2.2 Localization, fugacities and classical actions

The path integral of any N = 2 YM-CS-matter theory on ¥, x St can be localized onto
the simplest supersymmetric configurations for the vector multiplet. Since the YMs action
is Q-exact, we can take the e — 0 limit so that the vector multiplet localizes to [8, 14, 47]:

o = constant , D = 2if7, for=fo1=0. (2.37)

We can diagonalize the background field ¢ as in (2.26), which Higgses the gauge group
to the Cartan subgroup H = [[ U(1), at generic values of o,. As discussed in [48, 49],
there is an obstruction to diagonalizing the vector multiplet globally on ¥, x S 1 due to the
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presence of non-trivial principal H-bundles (even for a trivial G bundle, for instance if G
is simple), and we must therefore sum over all such non-trivial H-bundles. For G Abelian,
we just have a standard sum over topological sectors. As a result, the localization locus is
divided into topological sectors indexed by GNO-quantized fluxes over ¥,:

1 1
m= - /Eg a= o /Eg z/9(=2if11) €Ta (2.38)

The fluxes take value in the magnetic lattice Tgv = Z'™*(&)| which can be obtained from

I'c, the weight lattice of electric charges of G within ih* by [50, 51]
T'aqv :{k : p(k)GZ VPGF(;} . (239)

We denote by (m,) the projection of m onto the magnetic flux lattice 7Z™(G) of the Cartan
subgroup [], U(1)q.

Note that (2.37) implies that the dual photon appearing in (2.28) is constant. In
other words, we are localizing onto the classical Coulomb branch using the ‘T-dual’ vari-
ables (2.29), in every topological sector. The U(1), flat connections along S*,

ap,q = 27r1ﬁ . aydzt (2.40)
are included into the complex variables (2.29). One must also sum over arbitrary flat
connections on ¥4, but we will see that they have little impact on the final answer. (Sim-
ilarly, the final answer cannot depend on flat connections along >, for background vector
multiplets [43], therefore we set these to zero from the start.)

For future reference, it is interesting to evaluate the classical action onto the super-
symmetric locus (2.37). We will also turn on general background fluxes, real masses and
Wilson lines for flavor symmetries. For any U(1) g global symmetry (which might be part
of the Cartan of a non-abelian group) with background vector multiplet Vg, we have:

ngp = — dap, v = ZB(O'F + Z'CL()’F) R Yyp = €2mVF . (2.41)
The only terms in the action that contributes on the supersymmetric locus are the Chern-

Simons levels for gauge and global symmetries (including the FI terms), which are not
@-exact. In a given topological sector,

Z&lassical(u) = exp (_Séasuge . éasuge—ﬁavor _ Sgaévor o S%asuge—R i Sgasvor-R> . (2‘42)
The gauge CS terms reads:
e 9" = [T (wa)* ™ . (2.43)
a,b

Similarly, for the mixed flavor-gauged and flavor CS terms:

auge-flavor am avor mn
e ST = I (ymeatm e ™S = T (ym) e (2.44)
a,m

m,n
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where the indices m, n run over the flavor group, including the topological symmetries. For
each topological symmetry U(1)r,, we introduce the fluxes ny, and the fugacities:

X 0
qr = ¥ T = i +iB¢r (2.45)

where 605, the U(1)y, Wilson line, is also a two-dimensional §-angle. The last two terms
in (2.42) are mixed CS terms between abelian vector multiplets and the R-symmetry gauge
field in the new-minimal supergravity multiplet [42, 44], which is given by

k 1
R R (. uv R
Log = o (ze” pauayAE, ) — 40R> (2.46)
on the background (2.3). This gives:
S M | El ST T M (247)
I M

with g the genus of ¥, where I runs over the abelian part of G (2.22) and M runs over the
abelian part of the flavor group. Finally, we note that the purely gravitational CS terms
of [44] evaluate to zero on our ¥, x S! background. This implies that the overall phase
of the twisted index is unambiguous (except possibly for a sign ambiguity to be discussed
below), unlike for instance the phase of the 3 partition function [52].

2.3 Induced charges of the monopole operators

Consider the ‘bare’ monopole operators 75 in the abelianized [[, U(1), theory. Each
operator Tf carries charges under any abelian (gauge or global) symmetry which can mix
with the gauge symmetry U(1),, either classically through Chern-Simons interactions, or
at one-loop in the presence of matter fields [53-56]. These charges are:

1
Q) = Quz" = £k =23 > Il
[ASUH

a 1 a
QFITH = Qus™ = £kgf — 5> > IotlQl

. pi€R;

(2.48)

under the gauge and flavor symmetries, where Qf is the charge of the chiral multiplet ®;
under a flavor symmetry U(1)z. The monopole operators also acquire an induced R-charge
(see e.g. [57-60]) given by:
RITE) = ras = #h%— 5 37 3 Iofl (e =1) = 5 Do, (2.49)
i piER; acg
with r; the R-charge of ®;. The last term in (2.49) is the contribution from the gaugini
(which carry R-charge 1).

For a generic value of o, on the Coulomb branch, we can also compute the effective
CS levels by integrating out the massive fields:

1 .
) =1+ 13 Y sign(oo) + mi)
T piER;

1 .
Kehor(o) = K+ 5 32 3 sian(pi(o) + ma) i@
i piER;

(2.50)
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with m; = o¥'[®;], and

kRew(o) =k + 5 Z Z sign(pi(o) +m;) pd(r Zagn a® . (2.51)

1 pENR; OéEQ
We directly see that
Qusl = + lim kS (o), Qut’ =% Tim kg F (@), (2.52)

and similarly for the induced R-charge (2.49). Equivalently, the charges (2.52) can be
extracted from the twisted superpotential:
Qus’ ==+ lim 8,,0,WW, Quif ==+ lim 8,0, W . (2.53)
0qa—>F00 Oqa—>F00

It is therefore natural to associate the asymptotics of the Coulomb branch with the
monopole operators T [22, 53].

2.4 The algebra of Wilson loops

In any YM-CS-matter theory with N' = 2 supersymmetry on R? x S', one can define half-
BPS Wilson loop operators wrapped over the circle. For a Wilson loop in the representation
R of G, we have’

Wy = Tre Pexp(—i/ dz" (a, — in,p)) , (2.54)
S1

which preserves half of the supersymmetry. Such operators also preserve the A-twist su-
persymmetry on X, X Sl as one can see using (2.11). When evaluated on the Coulomb
branch covering space ﬁ, the Wilson loop (2.54) becomes a Laurent polynomial in z,
corresponding to the character of the representation fA:

Wy = Try (z Z z’ . (2.55)
pPER

More generally, we can consider any insertion of Wilson loops wrapping S' at distinct
points on X,. Any such insertion corresponds to a Weyl-invariant Laurent polynomial
in z:

W(z) € Clzr, 2y, @) Ty © - (2.56)

While the classical algebra of Wilson loops is infinite dimensional, corresponding to the
algebra of representations of G, the quantum algebra of supersymmetric Wilson loops of
an N = 2 YM-CS-matter theory is generally finite dimensional, with relations encoded in
the twisted superpotential (2.33). The quantum algebra relations are the relations satisfied
by the solutions to:

exp (2mi 0, W) =1, a=1,---,1k(G), x*#1, Vaeg, (2.57)

"Note that a Wilson loop is defined in terms of a representation 9 of the gauge group G instead of the
algebra g, although we will not discuss any of the interesting subtleties associated to this fact — see for
instance [51, 61].
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with the second condition imposing that we stay away from the Weyl chambers walls in M.
These equations are known as the Bethe equations of the theory compactified on S* [10].
The quantum algebra takes the form:

AW = C[xlal'flv"' 7xrk(G)7x;k1(G)]WG/IW7 (258)

with the ideal Iy generated by the relations determined from (2.57). We will derive these
relations directly by localization on X, x S1, and we will give an explicit presentation
of (2.58) in some interesting examples. Note that the quantum algebra generally depends
on all the fugacities for the global symmetries of the theory. Closely related discussions
have appeared previously in [29, 30].

Note that the Verlinde algebra [62, 63] of Wilson loops in pure Chern-Simons theory
with gauge group G at level kis a special case of (2.58). It can be obtained by considering
an N = 2 supersymmetric Chern-Simons theory with gauge group G and CS level k, with
k=k—nh sign(k) and h the dual Coxeter number of G.® In the absence of matter fields, the
ordinary Wilson loops are equivalent to the supersymmetric Wilson loops (2.54) because
o = 0 on-shell.

2.5 The localization formula on X, X St

One can use supersymmetric localization to compute the X, x S1 partition function of
a generic NV = 2 YM-CM-matter theory. More generally, we can consider a correlation
function of Wilson loops along S, collectively denoted by W as in (2.56). The localization
formula reads:

<W>g:’1 Y % TK-Res [Q(us), 1] In(W) . (2.59)

W
G ‘ mEFG\/ Use Eﬁﬁm

sing
in terms of a Jeffrey-Kirwan (JK) residue on the differential form:

]m(W) — (—QWi)rk(G) Z&lassical(u)

2.60
x <H Zﬁ%u)) Z3tr () H(w)? W (@) duy A+ A dugg) (2.60)

on M = (C*)™(&) in each topological sector m. The first factor is the classical contribution

zclassical () given by (2.42). The second factor is the product of the one-loop determinants
1,4 pi(m)+n;+(g—1)(r;—1)

. x2Piy;

zvw =TI (=

_ , (2.61)
pPi€R; 1= abiy,

for chiral multiplets ®; in the representation ‘R; of g, of R-charge r;, and with the appro-
priate fugacities y; and background fluxes n; for the global symmetries. The third factor

8More generally, the matrix of CS levels ¥ shifts to k*° = k® —sign k‘ab)% >

aco a®al after integrating
out the gaugini. For G semi-simple, we have k*® = h®k and %Z

a, b __ pab . ab .
weg Q7 = h*’h, with h*® the Killing
form.
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is the one-loop determinant for the W-bosons and their superpartners,

Z:}qector(u) _ (_1)Za>0 o(m) H (1 o xa)l—g ’ (2.62)
acg

with « the simple roots of g. These one-loop determinants were computed in [8]. Finally,
the function H (u) appearing in (2.60) is the Hessian of the effective twisted superpotential
W as defined in (2.36), that is:

1 /1 + xPiy;
H(u) = det | k® apt = [ —— 2 2.63

while W(z) is a Laurent polynomial in x corresponding to the Wilson loop insertion (2.56).
The contribution H(u)Y in (2.60), which arises because of additional gaugino zero-modes
on ¥4, is the main new ingredient with respect to the S? x S! computation of [8].

2.5.1 Singular hyperplanes and JK residue

There are three types of singularities of the integrand (2.60) on the classical Coulomb
branch covering space 9:

Matter field singularities. Whenever x”iy; = 1, the one-loop determinant (2.61) may
develop a pole (depending on the flux sector m). For any field component p; of a chiral
multiplet ®;, we define the hyperplanes:

Hyn={ueM|piu)+vi=n, neZ}. (2.64)

These singularities signal the presence of massless modes associated to vortices, which can
appear at these loci. See for instance [22] for a detailed discussion of BPS vortices.

Monopole operator singularities. The singularities of the second type are located at
z, = 0o and z, = 0 (that is, at o, = Foo) and correspond to the monopole operators T,
and T, respectively, which can condense in those limits:

Hyr ={uce m | ug = Fioo} . (2.65)

It is useful to think of M as a (CP")™®(&) by including these hyperplanes at infinity. The
integrand (2.60) has singularities of the form

Iy ~ xf(Qai(m)‘LQai“FJr(g*l)rai) duy as 0y — F0O, (2.66)
which are determined in terms of the induced charges (2.48)(2.49) of T.-.

W-boson singularities. The singularities of the third type are the zeros of the vector
multiplet one-loop determinant (2.62) (if g > 1). They are located at:

Hoyp={ueM|alu)=n, ncZ}, (2.67)

for any simple root «. These hyperplanes are the walls of the Weyl chambers in the
covering space M, where part of the non-abelian symmetry is restored. Poles including
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this hyperplane need a special treatment in the path integral. Indeed one can easily check
that singularities involving H,, are always non-projective (see below for a definition) so that
the JK-residue operation is ill-defined. We claim that we should simply exclude these poles
from the residue integral. We checked in many examples that this prescription gives the
expected answer. This is consistent with discussions in previous literature, in particular
with the study of CS theory [20, 64, 65] and two-dimensional theories [66].

Consider the Coulomb branch covering space compactified as M = ((CPl)rk(G), with
the hyperplanes at infinity included as the poles of each (CP'),. In each topological sector,
we denote by Sﬁsmg the set of codimension-rk(G) singularities coming from the intersection
of s > rk(G) hyperplanes (2.64) and/or (2.65), and such that they are not located on the
hyperplanes (2.67).

The localization formula in (2.59) is given by a contour integral on M in each topo-
logical sector. The contour of integration is determined by the Jeffrey-Kirwan residue

prescription [67-69] around each singularity u. € IM™ . Consider any singular point u, at

sing*
the intersection of s singular hyperplanes Hg,,--- , Hp,, whose directions and orientations

are determined by the charge vectors

in the electric weight lattice. These charge vectors Q; are either weights p; from matter
field singularities, or induced charges QQ,+ from monopole operator singularities. For the
JK residue to exist, we assume that all the relevant singularities are projective. This means
that, for any w., the s charges (2.68) are contained within a half-space of ib*. A singularity
with s = rk(G) is said to be non-degenerate.

For completeness, we briefly review the definition of the JK residue. (We refer to [6—
8, 12] for further discussions.) We consider the case u, = 0, while the general case can
be obtained by translation. Let us denote by Qg any subset of rk(G) distinct charges in
Q(6+4), and let us define:

H Oy Y N Nungey (2.69)
QR;j€Qs

the corresponding singular holomorphic rk(G)-form. The JK residue on wg is defined by

1
—~__if g€ Cone(Qs),
JK-Res [Q(u), 7] ws = { 1 4et(@s)] A (2.70)

o 0 if ¢ Cone(Qs),

in terms of an auxilliary vector n € h*, which we can choose at our convenience as long
as it is not parallel to any of the charge vectors. For degenerate singularities where more
than rk(G) hyperplane meets, we refer to the prescription in [6, 68, 69] for an algorithmic
determination of the JK contour. The definition (2.70) is often sufficient to determine the
JK contour in practice.
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2.6 Relation to the Bethe equations and to the Wilson loop algebra

Note that all the factors in (2.60) that depend on the gauge flux m organize themselves
into the twisted superpotential:

e2miOW(m) — exp (271'2' Z (;ZV ma> , (2.71)

reproducing (2.34). We can formally perform the sum over fluxes (see [12] for a similar
discussion) to obtain:

wy= > f

iGSBE z

I [ 4Za ! 1] et(8, 0, W) CU () H()?~ W (),

2mi xq €2 0uaV —

(2.72)
where we pick the Grothendieck residues at * = & € Spg, with Spg the set of distinct
solutions (up to Weyl equivalences) of the Bethe equations (2.57). Here we defined:

1 1 Ry
auge auge-flavor Aavor xﬁplyQ
CU — o S&s ¥ —8gs"® —5¢8 s S 273
(x) ‘ m=0 H 1— {I;Piyi ( )
pi€ER;
and
1 1 rifl
auge- _ 3Pig,2 1
I iyl Y -
H(r) =e FQHH R Hl—xa (W) .  (2.74)

7 Pi ER; acg

We assume that the two-dimensional theory is fully massive, such that H(z) # 0, Vi € Spg.
This leads to:
(W)g= Y CU@&) H(@) " W(k) . (2.75)
T €SBE
This result was first obtained in [9] in the case Y = 1 —that is, for vanishing background
fluxes. The quantity #H(x) is the three-dimensional handle-gluing operator [9], allowing us
to write down genus-g correlation functions in terms of the genus-zero result:

(W)= (WH)o . (2.76)

According to (2.75), the Witten index (1.4) is given by the number of distinct solutions
to the Bethe equations:

Trre (-1)F = > 1. (2.77)

T € SBg

As we will see in the examples, this directly reproduces the results of [2, 22, 23]. This simply
reflects the one-to-one correspondence between three-dimensional vacua in the presence of
generic real masses and two-dimensional vacua of the theory compactified on a circle of
finite size [22].
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The formula (2.72) directly implies the quantum algebra (2.58) of Wilson loops. By
definition of the ideal Iy in (2.58), any insertion of an element Z of this ideal has vanishing
correlation function with any other Wilson loop:

(WZ), =0, it Z(z) € Ly . (2.78)

Conversely, if (W Z), = 0 for every possible insertion W, it implies that Z(z)|,=; = 0, Vz,
so that Z(z) € Iy.

2.7 Sign ambiguities of the twisted index and dualities

We just explained how to compute the twisted index (1.1) as a path integral on X, x S1:

Ig = TI'Eg ((—I)Fnlel) = Zzgxsl . (279)

The overall sign of the 3d partition function seems ambiguous, although we have chosen
it such that the Witten index (2.77) is a non-negative integer. Whenever the gauge group
G contains abelian factors U(1);, the index suffers from a sign ambiguity in the sum over
topological sectors, corresponding to shifting the fugacities g; for the topological symme-
tries U(1)r, by arbitrary signs [8, 70], ¢; — (—1)"qr with n; € Z. This can be thought of
as a shift of the two-dimensional #-angles by multiples of w. These sign ambiguities lead to
a possible ambiguity when checking dualities, and generally we will find that, for any pair
of dual theories T' and T, we have’

Z17]

si(@y) = (1) 200 (ap,yp) (2.80)

1
g xS

for some theory-dependent integers n,,n;. In principle, any such ambiguity should be ac-
counted for by an appropriate supersymmetric counterterm [44, 52] but the precise mech-
anism in this case is unclear to us at this point.!’ An interesting special case of (2.80)
is for a theory of two chiral multiplets ®;, ®5 with R-charges r and 2 — r, gauge charge
@ and —@Q under a flavor U(1) with fugacity y and background flux n, and a superpo-
tential W = ®1®5. This theory is infrared “dual” to an empty theory, but the partition

function reads:

1P 1) (r—
2 0al ) = (~1)rtlomen (2:81)
We leave a more precise understanding of these signs as an interesting question for fu-

ture work.

3 N =2 U(1) theories and elementary dualities

In this section, we study N’ = 2 CS-matter theories with a gauge group G = U(1). These
theories were recently studied extensively in [22]. This will serve as an interesting warm-up
to the non-abelian theories of the next sections.

9Here the fugacities ¢, y are mapped to ¢p, yr in some way, which might involve some convenient choice
of sign for q, qp.
0Potentially related issues have been discussed in [71].
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Ule | ULa Ud)r UD)r

Qi n; n; 0 i

Q| -7y n; 0 T

Table 1. Gauge, axial, topological and R-charges of the matter fields in the U(1); CS-matter
theory.

3.1 U(1)x CS-matter theory

Consider a U(1) theory with CS level £ > 0 and charged chiral multiplets @; and @j, of
gauge charge n; and —n;, respectively, with n; > 0 and n; > 0.'' Tt is useful to define:

kC:;;n?—;Zﬁ?. (3.1)

J

Without loss of generality, we assume that k. > 0. The theory has a large flavor symmetry,
depending the choice of n;,nj, but we can focus on the axial symmetry U(1)4 defined in
table 1. Let us denote by ¥, L and y; the flavor fugacities for @; and @j, respectively. If
we are only interested in U(1) 4, then y; =y, and y; = yzj . To cancel a potential parity
anomaly for U(1) 4, we also turn on the mixed flavor-CS term kg4 = —k.. We also redefine
q — (—1)Zi™ ¢ for convenience. The Bethe equation (2.57) for this theory reads:

) —3 . n2 = JUN-S
P(.%’) _ H (xnl B yi)m —qy,, > xk+kc H(l,n] N yj)nj —-0. (3'2)
i J
The twisted index is easily evaluated using the general results of the previous section. In
particular, it follows from (2.77) that the Witten index of this theory is equal to the degree
of the polynomial P(x):

1 9 19 ,
k+2;ni+2;nj if k> k.,

> n} if  ke>k.

This reproduces the Witten index computed in [22] by a careful analysis of the vacuum

Trr2 (—1)F = deg (P) = (3.3)

structure of the theory.

3.2 SQED/XY Z-model duality

As an interesting special case, consider three-dimensional SQED, a U(1) gauge theory
without CS interaction and with two charged scalar multiplets Q,@ of charges +1 and
R-charge r. The theory has an axial symmetry U(1)4 and a topological symmetry U(1)p,
with associated fugacities y4 and ¢ (and background fluxes ny and nr), respectively, and
we have an FI parameter turned on according to (2.24).

" The gauge charges n;,n; should not be confused with the background fluxes n;,n;. Moreover, here and
in later sections we often use ® to denote chiral multiplets of negative charges and not anti-chiral multiplets
like in the last section. This should cause no confusion.
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The twisted index (2.59) for SQED reads:

L1 m+na+(g—1)(r—1)
SQED dx T2y}

ZZ?xsl == Zjé S (=q)"a" | ——

—m+na+(g—1)(r—1)
2 1 /14 2ya 1 /x+ya\]?
T —YA 2\1—-zya 2\z—ya
(3.4)
Note that we introduced a convenient sign in front of g. With n > 0, the JK residue picks

the pole at x = y;l form > —ny —r(g — 1). There is no contribution from infinity on 9t
because the monopole operators TF are gauge invariant. Following [8], we can perform the
sum over m first, which gives:

ZSQED _y{ dx P’(x) nT< YA na+(g—1)(r—1)
2 (

TgxSt T _z 2mx P(x) o 1—zya)(z —ya) (3.5)
" 1 /1+axya —1—1 z+ya\]7! '
2 \1—aya 2 \z—ya ’
where Z = (1 — qya)/(ya — ¢) is the solution to the Bethe equation:
Plx)=z -y —qy (x—ya)=0. (3.6)
The expression (3.5) gives:
2 —1)(2r—1
ZSQED _ (—1) YA na+(g—1)(2r—1)
g% St 1— y124
1 1 annA%»(gfl)(T‘Tfl) ;1 fannAJr(gfl)(rTfl)
o [ ?Ya” 4 2Yy”
1—qyy' L—qtyy! ’
(3.7)

with rp = —r + 1. Up to a sign (—1)"7, this is simply the twisted index of three chiral
multiplets (X,Y, Z) = (M, T",T~) with charges:

UDa UDr UQD)r
M 2 0 2
' (3.8)
T+ -1 1 —r—+1
| -1 —1 —r+1

These charges are compatible with the cubic superpotential W = MT+TT~. This is ex-
pected since 3d N =2 SQED is dual to the XY Z model [53].

3.3 U(1). with a single chiral multiplet
2

Consider a U(1) theory with a Chern-Simons level k& = % and a single chiral multiplet @
of gauge charge 1. We also choose () to have R-charge r, and we turn on a mixed gauge-R
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CS level kgr = —%(r — 1), although the R-charge can be set to any value by mixing with
the gauge symmetry. This theory has a flavor symmetry U(1)7, the topological symmetry
of the U(1) gauge group. It is dual to a single free chiral multiplet T of U(1)7 charge
1, corresponding to the lowest gauge-invariant monopole operator for the ‘half’ Coulomb
branch of the gauge theory [28, 72]. Importantly, the dual free theory also contains the

flavor CS terms:

1 T
Ak = —3 Akrp = —3 - (3.9)

This is a special case of a more general Seiberg duality [28], that we shall discuss in
more details in section 5.6 below (and in appendix C). The twisted index of the U(1)1

2
theory reads:

U(l) 1 )Q

1 m+(g—1)(r—1)
= ™ prmnr—3(g-1)(r-1) [ T2
ngsl mze:ZfK 27Tf£ <1—IL‘)
1 1 /1+2\]
§ [2+2<1—x>] ’

where we redefined ¢ — —¢ for convenience. Note that the monopole operators T+ of this

(3.10)

theory have gauge charges 0 and —1, respectively. If we take n > 0, the JK residue has
contributions from @ only, at x = 1. If we take n < 0 instead, we pick the poles at z = 0.
Either way, we can perform the sum over the fluxes as above, to obtain:

U(l)%,Q
YyxSt

1\ net(g—1(r—1)
_1)(e=D)r grrAkr(g=1)AkTR (ﬁq) ; (3.11)

with the CS levels Akpp, Akrg given in (3.9), in perfect agreement with the duality.

4 Chern-Simons theories and the Verlinde formula

In this section, we consider a supersymmetric Chern-Simons theory without matter. Con-
sider the N’ = 2 Chern-Simons theory with gauge group G at level k > 0. As we recalled
at the end of section 2.4, that theory is IR-equivalent to an ordinary CS theory at level:

k=k—h, (4.1)

with h the dual Coxeter number of G. The genus-g supersymmetric index should give the
dimension of the Hilbert space of a G; CS theory on %:

Z;Gfgl = dimH (Sg; Gi_y) (4.2)

which is famously given by the Verlinde formula [62, 64]. This provides an nice consistency
check of our localization formula at higher genus. Here we shall focus on G = U(N) and
G = SU(N), for simplicity.
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4.1 U(N) N = 2 supersymmetric CS theory

Consider the N’ =2 U(N) vector multiplet with Chern-Simons interaction at level k > 0.
Due to the U(1) factor, the theory has a topological symmetry U(1)7, and we can turn on
the associated fugacity ¢ and background flux ny. The twisted index reads:'?

N _
ZINK] (q) [ dzq kmﬁw] H ( La )g ' LIN (4.3)
YgXxS a — . .
g mEZN 2mix, ab=1 Tp — Tq
aFb

The factor of k9% is the contribution from H = k™ for a U(N) CS theory. The monopole
operators T.© have gauge charges Qut? = +o7k. If we take n = (1,---,1) in the JK
residue, we only have contributions from z, = co. After performing the sum over the fluxes
explicitly, the pole at x, = 0o are all relocated to the solutions of the Bethe equations:

P(z,) =0, a=1,---,N, To #ap, if a#b, P(z)=1—qzF. (4.4)
(One can check that the solutions to the Bethe equations go to x, — oo as ¢ — 0.) Using

the fact that:
0 k \NM
k m (xaCJ)
= yrad/ 4.5
Z (qxa) P(x) ’ ( )
me=M

for any fixed integer M, we find:

[N K] drq P Ta N
Zzgx51 q) N fH [2771 P(x HT} H <$b _ $a) ko= ) (4.6)

a,b=1
a#b

where the integral becomes a sum of iterated residues at x, = &, with

2mia

xa:q_%wa, a=1,---,k We=€ F (4.7)

the roots of P(z). The partition function thus reduces to a sum over choices of N distinct

integers among {a} = {1,---,k}. Let C% denotes the set of all choices of N distinct
integers among {a}, and let I = {ay, - ,ay} be any element of C. We have:
N i wa'\'*
Zngsl( ) — ke-DN g Z H Wa H (1 — w) . (4.8)
reck \ael a,ieﬁ[ B

In particular, Z;N’f]sl (q9) =0if N > k. As a small consistency check, we note that (4.8)
g9

implies the Witten index:
Trpe (1) = (;) , (4.9)

2Here we used the freedom to shift ¢ to (—1)"~'gq, for convenience. This cancels the sign factor in front
of (2.62).
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in agreement with [23]. In the case ny = 0, the dependence on ¢ drops out from (4.8) and
it turns out that the resulting numbers Z, v ]Sl for £ > N are positive integers, consistent
with the interpretation (4.2).

The U(N);, supersymmetric CS theory enjoys level rank duality:
U(N)g — U(k—N)_ . (4.10)

The duality also exchanges the sign of the topological current. We can show that:

[N,k]

_ —N)(g—1), — k—N,—K],
ngsl(q): (—1)k=Dnr+(k=N)(g=1) g=nr Z[zgx]\;l ](q 1 (4.11)

The factor ¢7"7 is interpreted as a relative CS level Akrr = —1 for the U(1)r background
gauge field. This duality is a special case of a more general three-dimensional Seiberg
duality [26, 28], which we shall study thoroughly in section 5. To prove (4.11), we write
down the twisted index as:

Zgtale) = Y CUG@ (4.12)

acESBE

with

CU(z) = ﬂ 207 _ kN H <xb " x) (4.13)

a=1 a,b=1
a#b
following the notation of section 2.6. We can easily show that, for & = {2}, C {Za}r_,
a set of N distinct roots of P(z), and &p = {4 }*=Y its complement, we have:
CU() = (-1)* "™ Up(ap) H(@) = ()" MHp(ip),  (414)
where
-N
2T Hp(zp) = (—k)FN ( ) (4.15)
H alb_Il o~ Ta
a;éB

are the quantities (4.13) in the dual U(k — N)_j theory. The duality relation (4.11) follows
by exchanging any set I € CX, with its complement ¢ in {a}. One can similarly study
Wilson loop correlation functions and verify that they satisfy the Verlinde algebra [8, 30].
(See section 5.7 below for a general discussion in 3d /' =2 SQCD.)

4.2 The SU(N) Verlinde formula

It was noted in [8] that the S? x St twisted index for an U(N) theory with matter fields
neutral under its center is equivalent to the S? x S! twisted index for the corresponding
SU(N) theory (if np = 0). On X, x S1, we can similarly show that:

suNye (NN v
Zngslk - (k}) Zzgxsl(Q) n . (416)

=0
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From (4.8), we directly find:

SUN), N N 27”(04 B)
2 () kDN T (1- ) . (4.17)

a,BeT
o#B

In particular, this reproduces the correct Witten index [2, 23]:

k—1
Trp2(—1)F = (N_ 1) : (4.18)

One can check that (4.17) agrees precisely with the Verlinde formula for SU(N)_n pure
CS theory on Y,. In particular, it is easy to show that

SU(2) SU(2) k+2 e (j+ D 2%

. B .

Zzgxsl N Vg,ff - < 2 ) ZO (Sl k+2 > : (4.19)
]:

in the special case N = 2, with k = k—2. One can also check level-rank duality like in [73].

4.3 The equivariant Verlinde formula

Another interesting theory is the N' = 2 Chern-Simons theory at level & with an adjoint
chiral multiplet ® of real mass m > 0 and R-charge r. For r = 2, the ¥, x § ! twisted index
computes the “equivariant Verlinde formula” introduced in [20]. That formula was also
computed in [20] using the results of [9], therefore it is obvious from the general discussion
in section 2.6 that we should reproduce this result as well. We briefly show this here.

Consider G = U(N) at CS level k£ > 0. Let U(1); be the symmetry that rotates the
chiral multiplet ® with charge 1, and let us introduce the corresponding fugacity ¢ and
background flux n;. (We have [t| = e 2™ with m the real mass.) To make contact
with [20], we choose to turn on a mixed U(1)-R CS level:

kip = —%N2(T —1). (4.20)

We also allow for an arbitary gauge-R CS level kyg for the U(1) C U(N) gauge group. The
twisted index reads:

UN)a], ot RR(-DN N da, et (o- 1k
ZE xSl (Q7t) - Z H 27721'(1

mezZN

mg—mp+ng+(g—1)(r—1)

g—1 x2a:2t2 R g

a-"p
X | | | | — det Hy(x) )
(xb—:na) Tp— gl (ab ab ))

a,b=1 a,b=1

a;ﬁb a#b
(4.21)

where we defined:
. 1 Y zewg(l —12)
H, = kdgp + = OabOac — Oach = . 4.22
b(2) bt 3 c%::l (Gab bd) Ery e— (4.22)
e£d
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The Bethe equations of this theory are:

N
Pu(x) = [[(e— = H a—xt)=0, a=1,---,N, (4.23)

and x, # xp if a # b. By resumming the fluxes and using the property:

- _71_[ a ab
mb

satisfied by the solutions to the Bethe equations, we indeed find:

[U( d.ra nT+(g 1)k N xa g—l
ZZ ><S1 a1 Z f H 271i (2) dfbt(asza) H (:C )

Oy Pa , (4.24)

=3 =z

z€SBE a,b=1 b~ Ta
aFb
N 1 1 1 l’lt-‘r(g—l)(?”—l) g 1
xlxit2 N -
x ¢~ Dker i R det Hp(z . (425
alb_Il Tp — Tat ab () ( )
a£b

The sum is over the distinct solutions # to the Bethe equations (4.23), and each residue
is taken at the isolated singularity x = &. (More precisely, at each = & we have a local
Grothendieck residue for the ideal {P,}Ye, in Clz,].) This gives:

U(N),®
Zy S, = Y cuG : (4.26)

T € Spr

with:

a=1 a,b=1
N i N T T r—1 (427)
Hx) = (1 —1 —N(r—1) TR a < a )
( ) ( ) ;1[[1 albll Tp — Tg \Tp — Tyl
a£b

This formula precisely agrees' with [20] in the case np = n, = 0 and ¢ = 1, provided that
we choose kgp = —(IN — 1)r.

5 N =2 U(N.) YM-CS-matter theories and Seiberg dualities

In this section, we study the three-dimensional N' = 2 supersymmetric version of SQCD on
¥, x S1. This theory consists of a U(N,) vector multiplet with a Yang-Mills kinetic term
and an overall Chern-Simons level k, coupled to Ny chiral multiplets @; (i = 1,---, Ny)

13Note that, following [7, 8], we have slightly different one-loop contributions from the ones in [9, 20]. In
the present case, this difference was accounted for by turning on the mixed CS levels kir and kgr.
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U(Ne) SU(Ny)  SUWN.) UM)a  Ul)r U)g
Qi N, Ny 1 1 0 r
Q7 N, 1 N, 1 0 r
T* | (Ng)*hhe 1 1 Q4 +1 T+

Table 2. Charges of the chiral multiplets of 3d N' = 2 SQCD. We also indicated the charges of the
bare monopole operators T+,

in the fundamental representation of the gauge group and to N, chiral multiplets @j
(j=1,--+,N,) in the antifundamental representation. The global symmetry group is:
SU(Ny) x SU(Ng) x U(1)4 x U(1)r x U(1)R . (5.1)

Here U(1)4 is the axial symmetry (which becomes trivial if Ny = 0 or N, = 0), U(1)7
is the topological symmetry of U(N,), and U(1)g is the R-symmetry. Both @; and QJ
are taken to have R-charge r € 7Z, and the superpotential vanishes. To cancel the parity
anomaly for the gauge symmetry, we must have:

k+k €Z, ke =

N | =

(Nf — N,) . (5.2)

In order to cancel potential parity anomalies for the flavor symmetry, we turn on some
mixed CS terms:

kgA 9 kgR 9 (5-3)

between the U(1) C U(V,) factor of the gauge group and the U(1)4 and U(1)r symmetry,
respectively. Note that the choice of mixed CS levels (5.3) is an important part of the
definition of the theory. In particular, it affects the quantum numbers of the monopole
operators. We will make a convenient choice in the next subsection. Finally, we also need
to specify the global CS levels for (5.1).1

As we will show momentarily, the Witten index of three-dimensional N' = 2 SQCD is

given by:
Ny + Ny :
e [ n | W+ =L i R >k
Trpe(—1)" = N with n=
¢ max(Ny, Ny) if |k <k .

For N, = 1, this was computed in [22]. When n > N, there exists a Seiberg-dual descrip-
tion of the theory [24, 26, 28] with dual gauge group U(n — N.) at CS level —k, leaving
the Witten index invariant. The details of the Seiberg dual theory depend on the relative
values of k£ and k. in an interesting way. The matching of the twisted indices on X, be-
tween dual theories provides a powerful and intricate test of these dualities, including the
matching of contact terms for the global symmetries, which necessitates turning on certain
background CS terms [8, 28, 44, 74].

14Gee appendix C and especially [44] for a detailed discussion.
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For future reference, let us comment on the monopole operators of the U(N,) theory.
We denote by TF the bare monopole operators of charge 1 under U(1)7. Their induced

charges under U(1)4 and U(1)g are:
) 1 1
Q% = Fkga — 5Ny + Na), re = Ekgr — o

The monopole operators also have induced gauge charges, as indicated in table 2. In

Ni+N)(r—1)—N.+1. (55)

particular, 7% is gauge invariant if and only if & = +k.. In that case, the Seiberg-dual
theory contains one extra singlet (or two extra singlets if £ = 0) with the same quantum
numbers as TF, which couples to a monopole operator of the dual gauge group through
the superpotential [24, 28].

5.1 The £, X S! index of 3d N = 2 SQCD

Consider N' = 2 SQCD as defined above. Let us introduce generic fugacities y;, y; (with
i=1,---,Npand j = 1,---,N,) for the SU(Ny) x SU(Ns) x U(1)4 flavor symmetry,
such that:

Na
Hyz =y, 115 =vi", (5.6)
j=1
with y4 the U(1) 4 fugacity. We also introduce background fluxes n;, n; subject to

Z n;, = —anA ) an Ngnga, (5.7)

with ny the U(1)4 flux. We denote by ¢ and ny the fugacity and background flux for the
topological symmetry U(1)p. The twisted index of N' = 2 SQCD reads:

23RN gy ) = D z 3 H ;j;a 2 (@) Z5190, () Z15e0 (1) H ()
(5.8)
where the sum is over the fluxes my, € Z, a = 1,--- , N.. The integrand contains the
classical piece:
Ne
2% (z) = H |:(_1)(Nf+Nc*1)mu.q ankaax(g—l)k’ng’;gA"AngAma} , (5.9)
a=1

which includes the mixed gauge-U(1) 4 and gauge-R Chern-Simons terms (5.3). Any other
flavor CS term factorizes out of the index and can be ignored for our purposes. Note that
we introduced a sign (—1)Nr+Ne=1D) Xamae jp (5.9) for later convenience. The other factors
in the integrand are the one-loop determinants:

N Ny 11 ma—ni—i-(g—l)(r—l) % % —mg+n;+(g—1)(r—1)
1-1 T riy! Tay
Zimagter () = H H ﬁ H )
a=1 |i=1 \ Y @ j=1 yJ
Ne z g—1
Zgaod (x) = (—~1)NemDzame T < i > , (5.10)
a,b=1 T = Ta
a#b
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and the Hessian of the twisted superpotential W:

H@)=[[H@), H@) :k+;§: <:c+yi> +;§; (if%) . (51D

a=1 i \Yi T '
Note that the index (5.8) depends on the choice of R-charge r through the combination
n4a+(g—1)(r—1) only, therefore we could set r = 1 without loss of generality. Nonetheless,
we find it instructive to present the final formulas for an arbitrary r.

Since the gauge charges of the monopole operators T are given by:

Qby = 0h (£k — k) , (5.12)

different singularities contribute to the JK residue (5.8) depending on the relative values
of k and k.. Without loss of generality, we can consider k£ > 0, k. > 0. There are four
distinct cases:

o If £ = k. =0, we have a U(N,) gauge theory with Ny = N, and no Chern-Simons
term. The theory has a quantum Coulomb branch spanned by the gauge-invariant
monopole operators TF. Aharony duality [24] provides a dual description with a
U(Ny — N.) gauge group.

o If k > k. > 0, the CS interactions lifts the Coulomb branch. The dual theory with
gauge group U(k+Ny—k.—N,) is known as Giveon-Kutasov duality when k. = 0 [26].

o If k. > k > 0, there is no quantum Coulomb branch and the dual theory has a
U(Ny — N.) gauge group [28].

o If k = k. > 0, the theory has “half” a quantum Coulomb branch, spanned by T"".

The dualities with k. # 0 were introduced in [28]. All the dualities of [26, 28] for YM-CS-
matter theories with unitary gauge groups can be derived from the Aharony duality through
real mass deformations. Nonetheless, it will be instructive to compute the twisted index
in every case, especially because it is rather subtle to take the necessary decoupling limits
between different values of [k, N., Ny, N,] at the level of the index. For completeness,
we consider those real mass deformations — in flat space — in appendix C, where we
also re-derive the relative global CS levels that are crucial for precise checks of these
dualities [28, 44].
For definiteness, we choose the mixed CS levels (5.3) to be:

—ke if k>ke, —ke(r—1) if k> ke,
kga = kor = (5.13)

ko if k<ke, —k(r—1)  if k<ke.

There are the levels obtained by real mass deformations from SQCDI0, N.,n¢, ns] at kga =
kgr = 0 (see appendix C).
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5.2 The Bethe equations of 3d A/ = 2 SQCD and Seiberg duality

Assuming k. > 0, k > 0, let us define the ‘characteristic polynomial’:

Ny N
Q4 ~
P(x) =[x —w) = qui =" [ (= - 5), (5.14)
=1 7j=1
of degree:
N¢+ N,
f e it k> ke,
n =deg(P) = 2 (5.15)
Ny if k<k.

It is easy to verify that the Bethe equations of SQCDIk, N, N¢, N,| are given by:
P(zy) =0, a=1,---,N., ToFxp if a#b. (5.16)

Let {Zo}7_; be the set of roots of (5.14), which are distinct for generic values of the
parameters. The set Spg of distinct solutions to the Bethe equations is the set of all
unordered subsets {44}, C {ia} of N, elements.

We can easily perform the sum over gauge fluxes in (5.8). For definiteness, let us
choose n = (1,---,1) in the JK residue. The contributing poles are at x, = y; and
T4 = 00, where the latter singularities contribute only if k > k.. We first perform the sum
over the fluxes m, > M, with M € Z some fixed integer depending on the background
fluxes, which cancels out of the computation. The geometric series for each m, reproduces
the characteristic polynomial (5.14):

N
- 2miOug Wg _ (270 WM Hi:ﬂ (Ta — i)
me=M P(xa)

and the resulting contour integral has contributions from the poles at the roots of P(x).
One can check that these roots go to &, — y; and Z, — oo in the limit ¢ — 0. Using the
identity:

Oy P(ig) = —1H — ) H(2s), (5.18)

for any root &, of P(x), we can rewrite the tw1sted index as:

SQCD [k,N¢,N¢,Ng ~ AN g—
2 QNN N gy gy = Y cu@ H@)T, (5.19)

T € Spr

as anticipated in section 2.6. This directly implies the formula (5.4) for the Witten index.
Here we have:

N, [ nr—Q%na Ny Ny —2ni N, ~3%;
T | Za ILZi (i —za)V Ly 2 120 97
CU) = [] T oo 5. , (5.20)
a=1 | j=1\Ta — Yj
I S G VAR O] I B
Hw) =[] |“=x o ] (5.21)
a=1 | 121 (yi —za)" Hj:1($a — )" ab=1"7 b

a#b
with Q4 and r_ defined in (5.5). Note that we used (5.18) to massage H(z) in (5.21).
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U(n—N.) | SUN;) SUN,) Ui Uy Uz

qj n — N 1 N, -1 0 1—r

7 n— N, Ny 1 -1 0 1—r
M, 1 Ny N, 2 0 2r

Table 3. Charges of the chiral multiplets for the Seiberg dual of 3d N' = 2 SQCD. There is also
one extra singlet T+ if k = 4k, (or both, if k = k., = 0), corresponding to the Coulomb branch
operator of the ‘electric’ theory.

The expression (5.19) is the most convenient to study Seiberg dualities. The dual
theory has a gauge group U(n — N.) with dual matter fields as indicated in table 3. Let x5
(@a=1,---,n—N,) denote the gauge fugacities for the dual gauge group. The corresponding
Bethe equations take the form:

Pp(xg) =0, a=1,---,n— N, g Ay if a#b. (5.22)
with!®
Ne oA Ny
Pp(z) =@ =) —apy, Ta= " [ [ (@ —wi) - (5.23)
j=1 i=1

We directly see that P(x) and Pp(z) have the same roots {#,}"_; if ¢p = ¢~ !. Indeed,
the duality identifies the topological currents of the U(N,) and U(Ny — N.) gauge groups,
with a relative sign. If we denote by U(1)r, the topological current of U(Ny — N,), we
have Tp = —T, and therefore:

a=4q ', ng, = —nr, (5.24)

for the fugacities and background fluxes, respectively. We denote by SgE the set of distinct
solutions to the dual Bethe equations (5.22), which is the set of all unordered subsets

{ia}Z;{VC C {Za} of n — N, elements.

The twisted index of the dual theory takes the form:

dual CS inglets /,SQCD [—k,n—Ne¢,Na,Ng] 1 ~
Zzlgli Sl ((L Y, ZA/) - Zngsl Z;Zigls Zngsl f (q Y, y) . (525)

The first factor is the contribution from the relative flavor CS terms, which are discussed in
Zsinglets

xSt
the gauge-singlet fields that are part of the dual theory. This includes the contribution

more details below and in appendix C. The second factor is the contribution from

from the ‘mesonic’ gauge-singlet fields M7;, which reads:

73! st = uar(bar)? 1 (5.26)

5Note that we used the freedom to multiply ¢ and gp by a sign. We chose ¢ — (—1)N/TVe"1g in (5.9),

Ng4n—Ne—1

and similarly ¢gp — (—1) ¢p in the dual theory.
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where we defined:

Ny N y%gé Ny N 1 2r—1
K3
uMEHH y-—jfyv‘ , hMEHl_I(y‘_g.) ) (5.27)
i=1j=1 v J i=1j=1 7" J

We have Z;nilgtf ZM g1 if k # k¢, while in the limiting case k = k. > 0 (or k = k. = 0)

we must also include the contribution from an extra singlet T (or two extra singlets
T+, respectively). The last factor in (5.25) is the contribution from the dual gauge group
U(n — N.) with its charged matter fields. Note the exchange of the fugacities y and y
n (5.25).

By a similar reasoning as above, we can show that the gauge contribution in (5.25)
can be expressed as a sum over the solutions to the dual Bethe equations:

SQCD [—k,n—Ne,No,N
Zzgxsl[ ! g™ 5.y) = Y Up(&p)Hp(dp) ", (5.28)
xDESBE
with
N, [ tQina N, o~ % 7TV 3% TTNa ~— 31
il AHj:1(yj —za)" [[,2, v? [y
Up(xp) N; ; (5.29)
a=1 | [T:2 (wa —yi)™
—N¢ i _—1) ke _QA _ —N.
B O I G VAR ()
Hp(xp) N N ™ H (5.30)
a=1 Hz V(@a —y) T T2 (5 — 2a) ™7 a,b= b
a;éb

This can be obtained from (5.20)—(5.21) by exchanging i and j indices together with the
substitutions:

k— -k, Ne—n—N., Ng< Ny, yi<ry;, r—1—r, qg—q ', (5.31)

and similarly for the background fluxes. The identity of twisted indices across Seiberg du-
ality can be shown by replacing the set of N, roots # = {4}, of P(x) by its complement
ip = {#a} =) C {Z4}. In appendix D, we prove that:

CU(2) = uldp(ip), H(i) = h Hp(ip), (5.32)

for any partition {Z,} = £ UZp of the roots of P(x). The quantities u and h only depend
on the fugacities (and fluxes) for the global symmetries, and are such that:

1 CS let
uhd~ ZE <5l Zszmigls, (5.33)
with an extra (ambiguous) sign included in the definition of Z. Sl The exact expression

for u and h are given in appendix D. The relations (5.32)7(5.33) directly imply the equality
of twisted indices for the dual theories:

SQCD [k,Ne,N;,Na] _
Zoresr ey 9) = 285 (a7 0) - (5.34)
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U(N; — Ne) | SU(Ny) SU(Ny) U(1)a U(D)r U()r
q Ny — N 1 Ny -1 0 1—r
g | Ny— N, Ny 1 -1 0 1—r
M7, 1 Ny Ny 2 0 2r
T+ 1 1 1 —N; 1 —Np(r—1)—N.+1
T 1 1 1 ~N; -1  —Np(r—1)—N.+1

Table 4. Charges of the matter fields in the Aharony dual theory.

These results also imply the equality of Wilson loop correlators. For any Wilson loop W
of the U(IV,) theory, there exists a dual Wilson loop Wp such that:

W(z) =Wnp(ip), (5.35)

where & and Zp of P(x) are complementary sets of roots defined as above. Using the
expression (2.75), we easily see that the dual correlation functions on ¥, x .S' must coincide:

(W)g = (Wp)g™ . (5.36)

We will discuss this duality map in more details in subsection 5.7 below.

5.3 Aharony duality (k = k. = 0)

Consider SQCD with k = k. = 0. This is a U(N,.) YM theory with N pairs of fundamental
and antifundamental chiral multiplets @;, @j and a vanishing superpotential. We choose
the mixed gauge-flavor CS terms kqq = kyr = 0 according to (5.13). We also set all the
global (flavor and U(1)g) CS levels to zero.

The dual theory is a U(N¢—N.) YM theory with Ny fundamental and antifundamental
chiral multiplets g;, ¢, NJ% singlets M7; transforming under SU(Ny) x SU(N,), and two
extra singlets 7% charged under the topological symmetry U(1)7. These fields interact
through the superpotential (C.4) given in appendix C.1. All the gauge and global CS levels
vanish as well. The gauge and global charges of all the dual matter fields are summarized
in table 4. The singlets M7; and T* are identified with the gauge-invariant mesons @j Q;
and with the lowest gauge invariant monopole operators of U(N,), respectively.

The ¥, x S ! partition function of the electric theory is given by:

SQCD [0,N¢,N¢,N ~
Zzgxsl[ ! f](Qa YY), (kga = kgr = 0), (5.37)

a special case of the SQCD index (5.8). The partition function of the magnetic theory is
given by:

_ —N, singl SQCD [0,Nf—N.,N¢,N 1 ~
Zg;;?(lsl (q’ y7@ — (_1)1’1T+(g 1)(Nf N) Z;gigtls Zzgxsl[ f f f]<q 17y’y>’ (538)
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with the singlet contribution:

1 N; Ny % % —ni+n+(9—1)(2r—1)
smg ets
E xSt ™ HH

i=1j5=1

L *le np—Ngna+(g—1)(r+—1) 1 7le —np—Ngna+(g—1)(r——1)
A q 2y,°
-N -N ’
1—qy, "’ 1—qty,
(5.39)

with ry =7_ = —Ny(r—1)— N.+1 the R-charge of the gauge-singlet chiral multiplets 7+.

The first line in (5.39) is the meson contribution (5.26)—(5.27) and the second line is the
contribution from T and T, respectively. To complete the proof of the equality (5.34)
for the twisted indices, we need to show that:
-1 _ +(g—1)(Ns—N.) rssinglet
uh?~t = (—1)rr e DN =Ne) Z;;igf _ (5.40)
One can check that this follows from the formula (D.8) in appendix D when k& = 0,
Ny =Ny =n.

5.4 Duality for K > k. > 0

Consider SQCDIk, N., N¢, N,| with CS level k& > k. > 0. We choose the mixed
CS levels kga, kgr according to (5.13). The dual gauge theory has a gauge group
U(k + 3(Ny + N,) — Ne) at CS level —k, with mixed gauge-U(1) 4 and gauge-R CS levels:

kDy = ke, kg = ker . (5.41)

The dual matter sector consists of the dual charged chiral multiplets g;, ¢' and the N N
gauge-singlet mesons M7;, with the standard Seiberg dual superpotential W = ¢Mgq. The
gauge and global charges are summarized in table 3 above.

To fully state the duality, we need to specify the relative CS levels for the global
symmetry group (5.1). In appendix C, we show that:

Aksy(n,) = %(k + ke) Aksu(n,) = %(k —ke), (5.42)
and
Mgy = VN onn,, Akpp = —1
Akag = w(n — Ne) = N¢Ng+ (r —1)Akaa, Akar=Akrpr=0, 4%

with n = k + 3(Ny + N,). Here we omited Akgp because it does not enter the X, x S?
partition function. Assembling all the pieces, the twisted index of the Seiberg dual theory
is given by:

Cs SQCD [—k,n—N¢,No,N¢], 1 ~
Z55 51 (0,9.9) = 2551 255y s Zs5 x5t ! et ,y), (5.44)
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with ZzAlixSl defined in (5.26), and:

Ny Ny
Ak 3.
CS _ . SiBNSU(N ) 5j0ksu(NG) Ak Akaana+Akar(g—1)
Zngsl = (=1)" H?/l Hyl q= T Ty , (5.45)
-1 j=1

with the relative CS levels (5.42)—(5.43). Here (—1)"* is an unimportant sign, and we
defined the SU(Ny) x SU(N,) fluxes s; = n; + ng and 5; = n; — n4. Using the results of
appendix D, one can check that (5.33) holds, which completes the proof of the equality of
twisted indices in this case.

5.5 Duality for k. > k>0

Consider SQCD[k, N, N¢, N,] with non-negative CS level k£ < k., with the mixed CS levels
kga, kgr given in (5.13). The dual gauge theory has gauge group: U(N — N.) at CS level
—k, and with mixed gauge-U(1)4 and gauge-R CS levels:

kiy =k, ki =kr . (5.46)

The dual matter sector is like in the last subsection, as summarized in table 3 above. The
relative CS levels for this duality are:

Ak;SU(Nf) =k, AkSU(Na) =0,
A ! o (5.47)
AkAR:k<Nc+Nf)+(T—1)AkAA, Akar = —Nf,
Akrpr = — N, + (7“ — 1)Ak§AT,
as we explain in appendix C. The dual twisted index reads:
ua. SQCD [-k,Ny—N.,Nq,N 1 o~
Zggxlsl (%y’@ = ZggSXSqZ%XSl ZZQXSI[ ! f}(q l,y,y) y (548)

with Z%xsl defined in (5.26), and:

Ny
Ak
Cs _ T SiBRSUNE)  Akppnp+Akarna+Ak -1
Zzgxsl = (—1) Hyz gAkrTnT ATNA Tr(9—1)
i=1 (5.49)

Akgana+Akarnr+Akar(g—1)
X yA

)

with the relative CS levels (5.47), while (—1)"™* is another unimportant sign. One can check
that (5.33) holds in this case as well.
5.6 Duality for k =k. >0

The final case to consider is SQCD[k., N¢, N¢, No| with CS level k = k. > 0, the limiting
case between subsections 5.4 and 5.5. The dual gauge group is a U(Ny — N,) gauge group
at CS level —k and mixed CS levels (5.46). In addition to the dual charged multiplets and
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mesons M7;, there is an extra singlet 7+ and a superpotential (C.17). The relative CS
levels for this duality are:

A]{;SU(Nf) =k, AkSU(Na) =0,
1 1
AkAA:3I<:Nf—§NJ?, Akrr = — 3,
1 1 (5.50)
Ak’AR:k(Nc+Nf)—§NCNf+(T—1)Ak‘AA7 AkAT:_iNfa
1
Akrp = — §Nc + (T‘ — 1)AkAT .
The dual twisted index reads:
ingl SQCD [~k,n—Ne,Na, Nyl 1 ~
28551 (0,9,9) = Zooi 1 25y gt Zngsl[ " T 3,y) . (5.51)
The singlet contribution includes the contribution from 77:
1 iy, \ M Nmat(g-1)(re—1)
Zsinglets _ ZM qzyA2 ! 9
SyxSU = “ugxst | T -, ; (5.52)
1- qYy A

withry = — (k + %(Nf + Ng)) — Ne+1 the R-charge of T in this case. The factor Zggsxsl
in (5.51) is given by (5.49) with relative CS levels (5.50). One can check that (5.33) holds

here as well, which completes the proof of (5.34).

5.7 Wilson loop algebra and the duality map

As an illustration of the general discussion of section 2.4, let us consider the quantum
algebra of Wilson loops in SQCDIk, N., N¢, N,|. A particularly interesting case is for
k = k. = 0, which we consider in some more details below. The Wilson loop algebra
for SQCD was studied previously in [30] by considering the theory on S, and we follow
a similar logic on X, X S1. As we emphasized in section 2.4, the Wilson loop algebra is
always encoded in the Bethe equations of the theory on R? x S!.

5.7.1 Wilson loops and Seiberg duality
Wilson loops in a U(/V,) theory are in one-to-one correspondence with symmetric Laurent
polynomials in the coordinates z,:

W(@) € Clon,ai’ e o) ag)l ™ (5.53)

which are in one-to-one correspondence with Young tableaux graded by the U(1) C U(N,)
charge q € Z. For instance, Wilson loops in the fundamental and antifundamental repre-
sentations correspond to:

N, N,
c c 1
WDH(:U) = me Wﬁfl(x) = Z 7 (5.54)
a=1 a=1"%

Products of Wilson loops are given by the corresponding tensor products of U(N,) rep-
resentations. Consider first the representations R with q > 0, corresponding to all the
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symmetric polynomials W(z) € C[x1,--- ,2n,]Ne, which form a subalgebra. They are
generated by the elementary symmetric polynomials:

Sl(NC)(m) = Z LayLay * " Lay s [=0,---,Nc, (5'55)

1<a1<--<a;<N¢

which correspond to the Young tableaux with [ vertical boxes:
s @) =1, sM@) =0, SM@=H ... (5.56)

Let us define the generating function:

Nc N.
Qz) = (z —xq) = (—1)IZNC_Z SZ(NC)(:E)
1111 lz; (5.57)
— Ne _ ch—ll:H- ch—2H et (_1)ch1 N,

where we identify any irreducible Wilson loop W (z) with its corresponding Young tableau.

The quantum Wilson loop algebra is governed by the Bethe equations (5.16), which are
given in terms of the polynomial P(z) of degree n (5.14). The quantum algebra relations
f = 0 are the relations satisfied by any solution to the Bethe equations — that is, we have
f(&) = 0 for any set & = {,}2, of N. distinct roots of P(x). These relations can be
conveniently written in a gauge-invariant form [75, 76] as:

P(z) — C(q) Q(2) Q" () =0, (5.58)
where we defined:
1—qy," if  k=k.>0
Clg) =14 —qy," if k>ke>0, (5.59)
1 it ke>k>0

so that P(z)/C(q) is monic in z. Here Q”(z) is an auxilliary monic polynomial of degree
n— N, in z. Recalling that the Bethe equations of the Seiberg dual theory with U(n — N,)
gauge group are given in terms of the same polynomial P(z):

P(QJ@):O, C_L:L"',TL—NC, xrz?éﬁ?g if a,;él_), (560)

we are led to identify QP (z) as the generating function for the dual Wilson loops WP (zp)
with non-negative U(1) charge:

n—N, n—Ne
Qo) = J[ (=ma) = 3 (-1=" 7 s (ap) . (5.61)
a=1 p=0

We also use the notation:

("*Nc)(

n—Ne¢ n—Ne¢ D
s$ ep)=1, " Map) =, SSap)=H, .. (562
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Expanding both sides of (5.58) in z, one finds n relations between the quantities (5.56)
and (5.62). Solving for sz(gn_Nc)(xD) in terms of slNc)(:c), we are left with the relations
satisfied by the Wilson loops with q > 0. To obtain the full quantum algebra of Wilson
loops (corresponding to Laurent polynomials instead of polynomials), we just need to adjoin
the elements z;!. Following [30], we can write P(z) as

P(z) = C(q)z" + cp12™ + - + a1z + co, (5.63)

and we have 1 1
— =——(ClQz " +enrdl >+ + 1) (5.64)

Tq Co

-1

.~ are not inde-

for {Z,} any solution to the Bethe equations. Therefore these elements x
pendent in the quotient ring, and the quantum algebra (2.58) is the ring of U(N,) repre-
sentations with q > 0 —labelled by Young tableaux of maximum N. rows — quotiented
by the relations encoded in (5.58). The quotient ring is finite-dimensional, consisting of
Young tableaux with a maximum of N, rows and n — N, columns.

The relations (5.58) also encode the duality map (5.35) between the Wilson loops W
of U(N,) and the Wilson loops Wp of the dual theory. Seiberg duality then acts as an

isomorphism of the quantum Wilson loop algebra [30], which is rendered manifest in (5.58).

5.7.2 Wilson loops in Aharony duality

To illustrate the above considerations, let us consider U(N,.) with £ = 0 and Ny = N, in
more details. The characteristic polynomial in this case reads:

Ny Ny
P(z) =[G —wv) —ava™ [z~ %) - (5.65)
i=1 j=1

We have the quantum relations (5.58) with C'(¢) =1 — quNf. Note that we have:

Ny
P(z) =Y (~mNem <sf; - qy;Nf’gﬂ) , (5.66)

m=0

where we defined:
sE = s (), 5 =), m=0,- Ny . (5.67)

the elementary symmetric polynomials in the fugacities y; and y; for the SU(Nf) x SU(Ny) x
U(1)a flavor group. We can think of these quantities as ‘flavor Wilson loops’ for the
background gauge fields. It follows that the quantum ring relations are given explicitly by:

m

N. Nj—N. 1 ~Ny~
s (@) sl Y wp) = ——— (sh—auaVEh) . m=1 Ny (5.68)
1=0 1=ay,
.- - . (Ny—N¢) .
Here it is understood that s,"°(z) = 0 for [ > N, and s, (zp) =0 for p > Ny — N..
For instance, the first relation reads:

1 Ny N Ny
D+DD:77NJC wi—aquy Y - (5.69)

1—qyy i=1 j=1
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This is the relation between the Wilson loop W in the fundamental representation of
U(N.) and the dual Wilson loop in the fundamental representation of U(N; — N).
The relations (5.68) have an interesting property in the limit y; = y; (¢ = j), when
we have:
m
Zs Nf NC)(a;D):sﬂ, m=1,---,Ny. (5.70)
=0
The number of summands in z, xp or y is equal on either side; if we set x, = 2z = y; = 1,
we have a relation between dimensions of gauge and flavor representations.

Example: U(3) with Ny = 5. To illustrate the above, let us work out the case N, = 3
and Ny = 5. We take y; = y; = 1 for simplicity. In that case, the equations (5.68) read:

FPon + P el + E: (5.71)

The Aharony dual gauge theory has gauge group U(2). From the two first lines of (5.71)
we find the duality relations:

D
o” =5-0, H =10 — 50 + 0o, (5.72)

between Wilson loops in the dual theories. We also find the quantum Wilson loop algebra
relations:
oo=10 — 100 + 5,

H-=5 — 108 + 58, (5.73)
o110 450

Using these relations repeatedly, any U(3) Young tableaux with more than two columns
can be written as a linear combinations of Wilson loops of one or two columns. As a further
consistency check, we can verify that the total dimensions of the U(3) representations on
both sides of the relations (5.73) agree, as expected from (5.70).

5.7.3 Wilson loops in Giveon-Kutasov duality

As another example, consider the case k > 0 and k. = 0, corresponding to Giveon-Kutasov
duality [26]. The characteristic polynomial is given by:

Ny Ny
P() =]z —w) —ava 2 ]z~ %) - (5.74)
i=1 j=1
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From (5.58), we easily derive the k + Ny quantum algebra relations:

S stV @) s TN ap) = (~1)FHg Ty sh 5T (5.75)

m
m—I
0

=

for m = 1,--- ,k + Ny, similarly to subsection 5.7.2. Here it is understood that sk =0
if m < 0. This case was studied previously in [30], where the Bethe equations P(z,) = 0
appeared as relations satisfied by BPS Wilson loops on S2.

Example: U(3) with k = 2 and Ny = 2. The dual theory is a U(1) theory with CS
level —2. If we consider y; = y; = 1 for simplicity, the relations (5.75) give:

oP =2 -—n, H=g¢1-1+2H, Ej:—mfl. (5.76)

6 N = 4 gauge theories and mirror symmetry

Three-dimensional N = 4 supersymmetric gauge theories are particularly interesting be-
cause they admit different choices of topological twisting [21, 31, 77], which are often related
to each other by three-dimensional mirror symmetry [32]. In this section, we define the A-
and B-twists of N' = 4 theories on S! x ¥, —and a certain N = 2* deformation thereof.
We study the corresponding twisted indices and their behavior under mirror symmetry.
We also briefly discuss the mirror map between Wilson loop and vortex loop operators
following [33].

6.1 The A- and B-twist of 3d N/ = 4 gauge theories

The 3d N = 4 supersymmetry algebra in flat Euclidean space-time reads:
{Qat, Q5P =2e"PeAP Py (6.1)

The eight supercharges Qﬁ“i transform as (2,2) under the R-symmetry group SU(2)y x
SU(2)¢, and we introduced the indices A, B = 1,2 for SU(2)y and A, B = 1,2 for SU(2)¢.
We can preserve half of the supercharges on any three-manifold by twisting the SU(2),
Lorentz group with either SU(2)g or SU(2)¢ [31]. Let us denote by U(1)g x U(1)¢ the
Cartan subgroup of SU(2)g x SU(2)¢, and by H and C' the corresponding charges. We
define the integer-valued R-charges:

Ry =2H, Rp =2C . (6.2)

For a theory on X, x S, we can identify either R4 or Rp as the U(1)g symmetry of an
N = 2 subalgebra, and proceed as in section 2.

The SU(2)¢ twist is known as the Rozansky-Witten twist [31]. It preserves four scalar
supercharges on any three-manifold:

o, Q2 @%. (6.3)
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On 3, x S, we preserve the supersymmetry algebra:
(@Y, Q%) =2e""p, (6.4)

where E is the generator of translation along S'. This is the algebra of an N = 4 super-
symmetric quantum mechanics (QM) with U(1)¢ x SU(2)g R-symmetry [7]. We call this
Yy xS I background the B-twist. It corresponds to a topological twist along >4 by the
R-charge Rp in (6.2). Similarly, the SU(2)y twist preserves the four scalar supercharges:

QY. @%, QF, @Y, (6.5)
and preserves the algebra:
{QV,Q*Py =2 B, (6.6)

on Y, X S1, which is the algebra of an A/ = 4 supersymmetric quantum mechanics with
U(1)g x SU(2)¢ R-symmetry. We call this X, x S! background the A-twist, corresponding
to a topological twist along ¥, by R4 in (6.2).

Both twists preserve the two supercharges Qlj and Q2Q which satisfy the N/ = 2

—

supersymmetric quantum mechanics algebra:
QY Q%) =2E . (6.7)

These are the two supercharges that we use for supersymmetric localization. Importantly,
they commute with the flavor symmetry U(1); = 2 [U(1)g — U(1)¢], with conserved charge:

Qt=Ra—Rp . (6.8)

We can therefore turn on a fugacity ¢ for U(1);, which breaks N’ = 4 supersymmetry to
N = 2*. Let us define the A-twisted index:

Ty, (i 1) = Trg <<—1>FtQt I1v ) (6.9)

i

with the U(1)g charge R = R4, and the B-twisted index:
Iy, B (yi, t) = Trgp <(—1)FtQt [Tv ) : (6.10)

i

with R = Rp. The fugacity t will play a crucial role in our computation, since we generally
need t # 1 for the localization formula of section 2 to be well-defined.'6

16 Technically, this is so that all the singularities entering the JK residue be projective. The fugacity t
regulates non-projective singularities by splitting A/ = 4 multiplet masses.
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U1), UWe ULw | Sa=L+H Sp=L+C|Q
Ay 1 0 0 1 1 0
o 0 0 0 0 0 0
Dy 0 0 0 0 0 0

AT 2| fl +1 +1 0,1,—1,0 0,1,-1,0 | 0
6, & 0 +1 0 0 +1 T2
DT 0 0 +1 F1 0 +2

AZ 2| fl +1 3 0,1,—-1,0 -1,0,0,1 | F2

Table 5. Charges of the components fields of an A" = 4 vector multiplet. Here U(1)f, is the spin
along ¥4, and the combinations S4 = L+ H and Sp = L+C are the A-twisted and B-twisted spins,
respectively. Here we used the notation A\A4 for the gaugini, while the auxiliary fields (Do, DF) are
in the 3 of SU(2) .

g |UQ)r UQ)e UQ)g |Sa=L+H Sg=L+C|Q
q, 1 R 0 0 +1 +3 0 +1
e | R | F3 T3 0 +3 ~1,0,0,1 | %1
92, q2 R 0 0 +1 +1 0 +1
V2LPE | RO FE O T3 0 Fi ~1,0,0,1 | +1

Table 6. Charges of the components fields of an hypermultiplet. Here ¢; and go are the lowest
components of the 3d AN = 2 chiral multiplets @Q; and @, respectively, and §;, > are their charge
conjugates.

6.1.1 3d N = 4 supermultiplets and mirror symmetry

We consider N' = 4 gauge theories built out of N' = 4 vector multiplets and hypermultiplets.
The N = 4 vector multiplet for a gauge group G with Lie algebra g consists of an N/ = 2
vector multiplet V and a chiral multiplet ®, valued in the adjoint representation of g. An
N = 4 hypermultiplet charged under G consists of two N/ = 2 chiral multiplet (Q1, Qg) in
a representation (R,R) of g, together with the charge conjugate anti-chiral multiplets. In
N = 2 language, the coupling of the hypermultiplet to the vector multiplet includes the
superpotential:

W =Q19Q- . (6.11)

The non-abelian R-charges are assigned in the UV and do not change under RG flow. We
summarized the field content and the charges of a g-valued vector multiplet in table 5,
while the hypermultiplet field content is given in table 6. Under the B-twist, the fields

(Ao, o, Dy, DF) (6.12)
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from the vector multiplet become scalars on ¥4, which implies that the resulting one-
dimensional gauged quantum mechanics on S' enjoys N' = (0,4) supersymmetry, with
(Do, DT) transforming as a triplet under SU(2)y. On the other hand, under the A-twist
the fields:

(A07U7 (b: &a DO) (613)

become scalars, with (o, ¢, ¢) transforming as a triplet under SU(2)¢. The resulting one-
dimensional gauge theory is an A/ = (2, 2) supersymmetric quantum mechanics.!”

Some other useful representations of N' = 4 supersymmetry are the twisted vector
multiplet and the twisted hypermultiplet.!® For any ‘ordinary’ N' = 4 supermultiplet
one can construct a ‘twisted’ representation of supersymmetry by exchanging SU(2) z and
SU(2)¢. This ‘mirror automorphism’ of the supersymmetry algebra is a trivial statement,
in the sense that a gauge theory containing only vector multiplets and hypermultiplets is
isomorphic to the same theory with twisted vector multiplets and twisted hypermultiplets,
by a simple relabelling of the R-symmetry representations. The mirror automorphism
naturally exchanges the A- and B-twists.

On the other hand, N = 4 mirror symmetry is a non-trivial infrared duality of two
distinct gauge theories (of vector and hypermultiplets) [32] composed with the mirror
automorphism of A/ = 4 representations. Mirror symmetry therefore implies that the
A-twisted index (6.9) of a theory 7" must agree with the B-twisted index (6.10) of its

mirror 1"

@ty (6.14)

and similarly with A- and B-twists exchanged. Here, y; are the fugacities for the flavor

T
L0 (y. 1) =

symmetries of T and ¢; are the mirror fugacities of T' —as we will review in the examples
below, mirror symmetry exchanges Coulomb branch parameters (FI parameters) with Higgs
branch parameters (real masses).

6.1.2 The Wilson loop and vortex loop operators

Three-dimensional A/ = 4 gauge theories contain very interesting half-BPS loop operators.
The half-BPS Wilson loop on a closed loop «y can be thought of as a 1d N/ = (0, 4) quantum
mechanics living on v [33]. On ¥, x S1, such Wilson loops can be studied by wrapping
them over S'. We have the Wilson loop Wi given by (2.54) for any representation %R of
G. This amounts to inserting a factor

W(z) = Try (z) (6.15)

in the path integral localized on the classical Coulomb branch, as discussed in details in
section 2.4. Such Wilson loops preserve the four supercharges (6.3) of the B-twist on
ZgB x 81, while they only preserve two supercharges in the A-twisted theory. Consequently,

"The supersymmetry multiplets of A" = (0,4) and N = (2,2) quantum mechanics can be obtained by
dimensional reduction of the two-dimensional A/ = (0,4) and N = (2, 2) multiplets, respectively.

18The use of the term ‘twisted’ for these representations of N’ = 4 supersymmetry is standard, and should
not be confused with the A- and B-twist terminology.
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we can study half-BPS Wilson loops in the B-twisted theory, or more generally quarter-
BPS Wilson loops in the A-twisted theory. In this work, we will focus on the half-BPS
loop Wilson loop operators in the B-twisted theory.

The half-BPS loop operator which preserves the full N' = (2,2) one-dimensional al-
gebra (6.6) of the A-twisted theory is the vortex loop V along S'. This loop operator
can be realized in the UV as a 1d N = (2,2) supersymmetric quantum mechanics living
on the loop, coupled non-trivially to the bulk three-dimensional theory by gauging a 1d
global symmetry with 3d gauge fields [33]. The insertion of such a vortex loop amounts to
inserting an N = (2,2) QM index inside the localized path integral on Zg‘ x S1. For any
one-dimensional GLSM coupled to the 3d gauge field, we insert:

du’
V() = 2%z, t,y) = jé o] 14714 (w2, t,y) (6.16)
&1a

2muld

into the Eg‘ x St localization formula. The quantum mechanical index (6.16) is written in
terms of a JK residue integral over u1q according to the results of [7]. Here the u1q’s are the
complexified flat connections of the 1d gauge theory, « stands for the 3d gauge fugacities,
and y stands for the other flavor fugacities. The fugacity ¢ is a fugacity for the R4 — Rp
fugacity of the one-dimensional N’ = (2,2) algebra. Since the vortex operator preserves
the full supersymmetry algebra of the A-twisted theory, this can be identified with the Q
flavor symmetry (6.8) of the three-dimensional theory.

It is clear from symmetry considerations that half-BPS Wilson loops W should be
mapped to half-BPS vortex loops under mirror symmetry:

W)Ly =T, (6.17)

The precise mirror symmetry map between a Wilson loop W and a vortex loop V has
been thoroughly studied in [33], and we summarize some of these results in appendix E.
In section 6.5 below, we will verify the relation (6.17) for loop operators on ¥, x S* in an
interesting example. We leave a more systematic study of (6.17) using twisted indices for
future work.

6.2 The N = 4 localization formula on g X St

We can easily compute the twisted indices (6.9) and (6.10), and the corresponding expecta-
tion values of half-BPS loop operators, as a special case of the A/ = 2 localization formula
of section 2.5. Consider an N' = 4 gauge theory with gauge group G and charged hy-
permultiplets (Q1,, @27) in representations R; of g, with fugacities and background fluxes

Yy N5

6.2.1 The A-twisted index

The A-twisted index takes the form:
rk(G

Zoges = X H Mo gimer (o) 234 @) Hw)? . (6.18)

2miT,
melgv
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The factor ¢™ in (6.18) denotes the FI term contributions from the free subgroup [[; U(1);

of G:
= H qr’ . (6.19)
1

We could also turn on a background flux ny, for the topological symmetry U(1)7,, which
would contribute an extra classical factor to (6.18) like in previous sections, but we will
mostly set ny, = 0 in the following.!? The one-loop determinants are given by:

hyper H H l‘p’yz —t pi(m)+n; I’piyit n
1 — zpiy;t (1 — wPiyit)(zriy; —t)]

T (6.20)
¢ 1y (2n¢+(g—1))rk(G) 1—go \*mott 1y 2n¢
vector - n — T [
Zm,A :(t—t ) tT\g H<t—l'at1> (t—[L‘t ) s
acyg
and the Hessian determinant H(x) reads:
H(x) = det [Hvector + thper] , (6.21)
with .
1 t+ %t
vector __ a b
Ha 2;(1‘1 (t—xat—1> ’
It 1 + xply xPiy; +t (6.22)
hyper _ i i
+ .

For g = 0, an infinite number of flux sectors contribute to (6.18) in general. On the
other hand, in the case g > 0 and n; = 0, we can argue that only a finite number of
flux sectors contribute non-trivially. (A similar observation was first made in [80] for the

2 x §? partition function of 4d ' = 1 theories.) This follows from the fact that

lim H(z) = lim H(x) =0, (6.23)

z—0 T—>00
while the one-loop determinants (6.20) stay finite in that limit. It implies that the contri-
butions from the residue integral at x = 0 and x = co must vanish, meaning that there
is no wall-crossing [7] as we vary the parameter n of the JK residue integral. This allows
us to choose a convenient 7 for each m. Consider the case G = U(1) for simplicity. For
non-zero flux m, we choose = —m such that for m > 0, so we have to pick the contribu-
tions from negatively charged fields. These fields contribute poles only when 0 < m < g,
therefore there is no contribution for m > ¢. Similarly, if m < 0 we have a contribution
from the positively-charged fields, which contribute only when —g < m. To summarize, for
G = U(1) the A-twisted index with ¢ > 0 and n; = 0 receives contributions from a finite
number of flux sectors —g < m < g. Similar considerations apply for any G. In particular,
the Witten index (g = 1) only receives contributions from the vanishing flux sector on 72.

19These terms preserve ' = 4 supersymmetry. The correct mixed-CS term (also called BF term) involves
the N/ = 4 vector multiplet (V,®) and a background twisted vector multiplet (V;, ®;) coupling to the
topological conserved current of V [78, 79]. In A/ = 2 language, this includes the superpotential W = ®d,.

— 44 —



6.2.2 The B-twisted index
The B-twisted index reads:

_1 k(G rk(G)

dma h T vector
Zapes = Z i I1 5oz, ZaB" @ ZE" @, (621)

melg

where H(z) is the same as in (6.21), and the one-loop determinants are:

hyper “TI 11 (:v’"y —t )pi(m)“" [ xPiy;t ]nt_gﬂ
i 1 — xPiy;t (1 — zPiyit)(zPiy; —t) 7
Zyegor = (¢ — ¢~1)@n=(g-1)ik(G) (6.25)
1 — @ a(m) 1 g-—1 1y 2n
t—a )™
3 S

In contrast to the A-twisted index, the B-twisted theory with ny = 0at g =0o0r g =1
gets contribution from the m = 0 sector only, because the residue at infinity vanishes. (See
section 6.6.1.) This implies that those indices are independent of the fugacities ¢; associated
to the FI parameters. On the other hand, when g > 1 the one-loop determinants (6.25) in
general have poles with non-vanishing residue at infinity on the classical Coulomb branch,
and an infinite number of flux sectors generally contribute.

6.3 The simplest abelian mirror symmetry

The simplest 3d mirror symmetry is between N' = 4 SQED with one flavor and a free
hypermultiplet. Consider first a free hypermultiplet with fugacities y, t and background
fluxes n, n; for the U(1) x U(1); flavor symmetry. Its A-twisted index is given by:

20 (y,t) = (f’_ytt>n <(1 - yf)t(y - t)>m , (6.26)

and its B-twisted index reads:

0= ({0) (b t))nt(gl) ‘ (6:27)

Consider next N' = 4 SQED1, a U(1) theory with a single hypermultiplet. In N' = 2
notation, the field content can be summarized by:

UMgange | U)m UMW) | UM  U()r
Q 1 : 0 1 0
Q —1 : 0 1 0 (6.28)
o 0 0 1 -2 0
T+ 0 0 3 -1 1
T 0 0 3 -1 -1
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Here U(1)7 is the topological symmetry. The two last lines in (6.28) stand for the two
gauge-invariant monopoles operators of the theory. We see that (T, T~) sits in the twisted
hypermultiplet representation of N' = 4 supersymmetry. In fact, N'= 4 SQEDI1 is infrared
dual to this free twisted hypermultiplet, or equivalently, it is mirror to a free hypermulti-
plet [32].

The twisted index provides a nice check of this duality. Let us introduce the quantities:

Z;A(t) _ (t _ t71)2nt+(9—1) 7 Z;Ifg(t) _ (t B t,l)znt—(g—l) 7 (6.29)
and it
H(x) = m . (6.30)

We also introduce the fugacity ¢ and background flux ny for U(1)p. The A-twisted index
of SQED1 reads:

S EDl h
ZF ) == X § g e 220 250 ) H) (6.31)
meZ

with Z:;}jfer defined in (6.26), and similarly for the B-twist. We also introduced a convenient
sign for ¢ — —¢. Using the same methods as in previous sections, it is easy to show that:

Zioeon (0,1) = ()71 2B (g.17Y),
_ A _
ZéSQEDl (qat) = (_1)g e Zhyper(Q7t 1) .

It was shown in [32] that this mirror symmetry is formally a Fourier transform of the free

(6.32)

hypermultiplet path integral [32]. The relation (6.32) is the concrete realization of this fact
on X, x S'. A similar computation was done on S? in [81].
6.4 Other examples

In this subsection, we evaluate the A- and B-twisted indices of several interesting examples.
For simplicity, we will set all background fluxes to zero, n; = np = n; = 0, in the remainder
of this section.

6.4.1 The free hypermultiplet
Consider the free hypermultiplet. We see from (6.26) that

ZPP (y,t) =1, (6.33)

in the absence of background fluxes. On the other hand, the hypermultiplet B-twisted
index reads:

— _ -1
ZER () = (t+t -y —y )T (6.34)
6.4.2 G = U(1) with Ny flavors

Let us consider N' = 4 SQED — a U(1) vector multiplet coupled to Ny hypermultiplets
(Qi,Qi) (i = 1,--- , Ny) of charge 1. We introduce the fugacities y; ' such that [],y; = 1
for the SU(Ny) flavor group.
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A-twisted N = 4 SQED. The A-twisted index reads:

Ny m
SQED[Ny] _ _r,  ,-1yg-1 N\ m?{ dx T —ty; g
Z)5 (t=t)9 ) ((-1)Vrg) D iz ];[1 o H(z)?, (6.35)

mez
with
Nfl xt+ vy, T+ ty;
H(z)=) = : S :
e o3

We also introduced a sign ¢ — (—1)"7¢ for convenience, similarly to the N' = 2 case in
section 5. For 1 > 0, the JK residue picks the poles at « = y;t~!. The sum over fluxes m
can be performed like in previous examples. The Bethe equation for this theory is given by:

Ny Ny
P(x) =]t —v) —q]J(x —ty:) =0. (6.37)
i=1 i=1
We can then rewrite the index (6.35) as
SQED Nf] Z fHA .Cf? -1 HA(CE) _ (t . tfl) H(ZE) , (638)

where Sgg is the set of Ny roots of P(z), and H 4 is the A-twist handle-gluing operator.
Let us evaluate ZQS%ED explicitly in a few examples. For Ny = 1, we have:

2,5ty = ()7 (T g =g ) (6:39)

which is identified with the B-twisted hypermultiplet (6.34) according to (6.32). At genus
zero, we can evaluate (6.35) for any Ny as we shall explain in subsection 6.6.2 below.
We find: ) .
ZS(_QED[Nf}(t v.q) = — t=H (1 =tV

=04 = T G N (1 — g N
which is independent of y;. This happens to coincide with the Coulomb branch Hilbert
series (HS) of ' =4 SQCD [38].2°

At genus one, we have the Witten index:

SQED[N
ZQSLA[ f](t5y7Q) = Trpa (1) = Ny . (6.41)

(6.40)

The N = 4 SQED with Ny = 2 case is particularly interesting, since it realizes the
self-mirror T'[SU(2)] theory of Gaiotto-Witten [82]. For g = 2 we can write down an explicit

formula:
ZT80@(, 4 gy = A O)Pata™ —2)(g+ g7 —2) +4(1 — 7)) (6.42)
g=2,4 DD t(t2 —a)(t? —a1) ' ’
where we defined a = Zl In the limit ¢ — 1, we find a simple result at any genus:
29—2
lim Z [ ()}(q,at)—Q( 2 —gq %> . (6.43)
t—1 9.4
20More precisely, we have that ZgS:Q(lii[Nf](t,q) = —tﬁs HS(tus, zus) with ¢t = t;é and ¢ = zps in the

1
notation of [38]—see equation (3.2) of that paper. The factor t3y could be cancelled by turning on an
N =2 mixed CS level between U(1)r and the U(1); flavor symmetry.
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B-twisted N/ = 4 SQED. The B-twisted index reads:

SQED[N —1\—
mez

Ny m g—1
«d = 11 <:v tyz> [(yz at) (@ — ty;) H(z)?,
JK 2mix i \Yi — xt zy;t

1

(6.44)

with H(x) given in (6.36). By the same reasoning as above, this can be massaged into:

SQED[N N
2P = 37 Hp(@) (6.45)
CISESBE
with
Ny
1 (yi — xt)(x — ty:)
= H(z) . 6.46
HB(x) t— t_l paley $y2t (l') ( )
For Ny =1, this gives:
SQEDI[1 _
733 = (—1)o, (6.47)
as expected from the mirror symmetry relation (6.32). For Ny = 2 and g = 0, we find:
-1 —4
T[SU(2)] (A=t
VA = — 4
9=0.B (1—t2)(1—at=2)(1 —a"1t"2)’ (6.48)

which can be identified with the Higgs branch HS of T[SU(2)] up to a factor of —¢~!. This
is a special case of a general relation that we discuss in section 6.6.1 below. For g = 2,

we have:
1+ t2)[t? -1 _2 —1_2) 4 4(1 — t2)?
278U t):—( +t7)[t*(a+a )(q+q ) +4( )] (6.49)
g=2B t(t? —q)(1* — ¢71) ’ ‘
and in the limit ¢ — 1:
29—2
tim 2, 5" g, a,t) =2 (a7 a7 ?) - (6.50)

These expressions provide nice checks of the self-mirror property of T[SU(2)]. Mirror
symmetry exchanges ¢ and a, and sends ¢ to t~1, so that:

ZZ[EU(Q)](Q,CLJ) = Z;EU(QH(CL, gt ). (6.51)

This is indeed satisfied by the formulas above, and can be checked for any ¢ at higher genus
as well.

6.4.3 Linear quiver gauge theory

We can generalize the computation of the last subsection to the more general linear quiver
theory in figure 1, with gauge group

G=]Juw,) . (6.52)

The mirror properties of this class of theories are well understood from D-brane construc-
tions [82, 83].
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M, M, M,

Figure 1. A generic Ap-type linear quiver with A/ = 4 supersymmetry. The circles and squares
stand for U(Ny) gauge groups and SU(Mj) flavor groups (s = 1,--- , L), respectively.

A-twisted Ar quiver. Following (6.18), the integral expression of the A-twisted index

reads:
A (s) Ne gz ls
s a h er vector
Z[Eé‘LX]SIZH N' Z : ]{ HH2 @ Zna (@) Zns " (x) H(z)?,  (6.53)
s=1 s=1a=1
with:
o L M, N, L@ BN Ve ) e, mg? -
yper o i b
HHH[(S)] HHH[(SH )] )
s=li=la=1 LY; Tg 't =1 a=1 b=1 :L‘a t
(8) _(®) (6.54)

Z;/lei;cor — (t _ t—l)(g—l) > Ns H H — g

i

L N [ xl()s) (s) ]ma —my " —g+1
1

s=1a,b= xl()S)t - :L‘ELS)til

a#b
and
H(z) = det Hps(w),
(s) (r) (s) (r)
1 La t + €T Zq + tx
Hps = (61’,54—1 + 67’75—1> [ r g + S bT
2 $()_ () x((l)—txz())

(s) (s) (s)

Ms (S)
ZTo 't +y; o +ty;
Sab E i i
P [yfs) 2 2~y

i

+ % 5ad(5ab - (5bc)xc$d(t2 — t72)

(Tt — zgt =) (gt — Wt™L) |7

c,d=1
c#Ad
where R = (r,a) witha=1,--- , N, and S = (s,b) withb=1,--- , Ny (and s,7 = 1,--- | L).

Let us first consider the abelian Ay, quiver theory with (Ny,---,Np) = (1,---,1) and
(My,--- ,Mp) = (1,0,---,0,1), for which rk(G) = L. This theory is mirror to N’ = 4
SQED with Ny = L + 1 flavors. In this case, the one-loop determinants (6.54) simplify to:

h; r —1\(g—1)L
Zet" =1 | somm o I A KT

s=0

L [x(S) _ x(s+1)t] e

with the understanding that 2(® = 2L+ = y; and m(® = m(Z+D = 0. As we will explain
momentarily, we can choose n = (1,---,1) and sum over the flux sectors m) > M for all
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s, for some integer M. This gives

dz() det (8x(r) P(S))
glAL]abel _ —1 (9— 1)Lf H(z)9 1 '
saxgt = (=t H 2mi [, Piy(2) @) (6:56)

with
Py = () — 2 (267D — 28) — gy (2 — 26D (28 — =Dy (6.57)
The Bethe equations of the abelian quiver are:
Pgy(z) =0, s=1,---L. (6.58)

Since the original JK residue selects only a subset of poles of the integrand, we need to
show that all the selected poles are mapped to the solutions of (6.58).2! In order to show
this, we note that, in the large FI parameter limit (¢s — 0), the solution to the equations
Ps) = 0is continuously mapped to a particular pole of the original integrand before the flux
summation, which enables us to track the displacement of the poles. (The trivial solutions
which involve z(®) = 2(t1) = 0 should be excluded since they are always located outside
of the contour.) Taking this limit, one can see that non-trivial solutions of the equations
limg, 0 Ps) =0 for all s =1,---, L are simply classified by the L-tuple of charge sets such
that, for every component s, there exists at least one charge vector whose s-th component
is positive. This is nothing but the charge sets selected by the JK residue prescription.
Hence we can write the A-twisted index in terms of the sum over the Bethe roots:

Eﬁﬂgﬁel ST Ha(@) Ha(z) = (t —t " H(z) . (6.59)
SCESBE

These considerations can be straightforwardly generalized to the non-abelian Ay quiver.
We obtain:

Al = ¥ Haer,

TESRE
. N L Ns be)t (S) (6.60)
Haw) = (¢~ =N ] ] o | ).
s=1a,b=1 a
a;éb
with the Bethe equations:
P(s),a(x)zoa SZlv'”aL? azl?"'aNS7
MS N5+l stl NS
s s s+1 s S— s s ), —
Paa(@) = [0 =00 T @ =200 TT @& =2l [T @8- o)
i=1 b=1 c=1 d#a
Ns+1 Ns—1 Ns
S S 1 s S— _
—qH =) [T @9~ I] @)~ 90 [[@Pt—a{e ) .
b=1 =1 d#a

21Unlike the quiver with single U(1) node, there can exist a rank L singularity in (6.56) such that only
a subset of the equations P(,) = 0 are satisfied. These singularities correspond to the poles of the original
integrand (before summation over m) that does not satisfy the JK condition.
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(s) (s

Note that we should exclude the solutions with z,” = x; ) for a # b, as well as the trivial
solutions of Py ,(z) = 0. These equations are the Bethe equations of the XXZ SU(L)
spin chain. The correspondence between quantum integrable models and 3d N = 4 gauge
theories has been studied extensively in the literature [9, 70].

For this theory, the Witten index is most easily computed by considering the flux zero
sector of (6.53), which also gives the number of gauge-inequivalent solutions to the Bethe
equations.?? We have:

Z[TAgL] H N| Z m<s>y{ HH 27” 31%»5 (06(18)[{35(;5)) . (6.61)

s=1 s=1la=

with R = (r,a) and S = (s,b). Since HRs/$£LS) is a sum over simple poles with residue
+1 (for ‘negatively’ and ‘positively’ charged field components, respectively), this quantity
counts the number of poles that passe the JK condition (including the exclusion of poles
on the Weyl chamber walls), and the final answer is independent of the fugacities. For
instance, for U(N.) gauge theory with Ny hypermultiplets (that is, L = 1, Ny = N, and
My = Ny), one can explicitly check that only the charge sets consisting of the positively
charged part of the hypermultiplets only (for n > 0) contribute non-trivially to the JK

U(N,),N N
1N = ( f) , (6.62)

residue. Hence we have
Ne¢
which is the number of massive vacua of that theory.

B-twisted Ar, quiver. The B-twisted index can be described similarly to (6.53) using
the general expression (6.24). By the same reasoning as above, we find:

A ANg— A
Z[szisl = 3 Hp@) ", Hp(x) = (Z([OZD H(z), (6.63)

where Z([0 i; can be written as:

[AL] _ -1 z N, (s) () _1
Zoly = (t—t H H ( ) ( t— )t
s=1a,b=1
a;éb
L M, Ns 1 (s) (s 1
R EAWAC) )2 6.64
X H H H < (s) s) (Zs s ( )
s=1i=1a=1 t y@ t
L—1 Ng Nsi1 (s+1 an)xl(,S+1 t)%
X H s (s+l)t (s+l s)t ’
s=1a=1 b=1
22Due to the presence of solutions that trivially solve the equations (for instance 28 = mb =0), it is

not straightforward to read off the number of non-trivial solutions from the order of the polynomials, unlike
in the U(1) example of the previous section.
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This quantity coincides with the one-loop determinant of a one-dimensional NV = (0,4)
supersymmetric theory for the same quiver [7].
The mirror symmetry relation (6.14) for twisted indices implies:

A = 3 @t (6.65)

T ESBE] Ty GS][BTE]

possibly up to a sign, and similarly for A- and B-twists exchanged. From the perspective
of the Bethe-gauge correspondence [9], mirror symmetry between a pair of 3d N = 2*
theories is equivalent to a so-called bispectral duality between the corresponding integrable
models [70]. It was argued in [70] that the solutions of the Bethe equations Py ,(x) = 0
of two mirror quivers are in one-to-one correspondence. The relation (6.65) further implies
that the handle-gluing operators H[AT} and HEBT] coincide when evaluated on pairs of mirror
solutions (Z7,Z;) to the Bethe equations. This can be checked explicitly for T'[SU(2)],

that we consider in the next subsection.

6.5 Half-BPS line operators for T[SU(2)]

In this subsection we briefly discuss the matching between half-BPS Wilson loops and
vortex loops in the case of the T'[SU(2)] self-mirror theory. As in other cases, much of this
theory is governed by the Bethe equation. In the description in terms of N'= 4 SQED|2]
of section 6.4.2, we have:

P(z) = (zt — a%)(xt — a_%) —q(x — ta%)(ac - ta_%) =0. (6.66)

The mirror Bethe equation P(x) = 0 is obtained from (6.66) by the substitution a < ¢
and t — ¢~ L.
6.5.1 Wilson loops on 25 x S1

As discussed in section 6.1.2, the B-twisted theory admits half-BPS Wilson line operators.
The expectation value of the Wilson line operator W (z) can be written as:

(Whelp @ = 37 Hp@) ™ W), (6.67)
Z|P(£)=0
with
Hp(z) = (a2 +a 2)(z+a ) — 2t +t71) . (6.68)

The quantum algebra of Wilson loops is therefore given by

Arisu() = Clz,z™']/{P(z) = 0} . (6.69)

In particular, Wi (z) = z is the only independent Wilson loop. All other operators Wy (z) =
z®, k # 0,1, can be written in terms W, using the relation P(z) = 0. For instance, we
find:

2(,1/2 —-1/2
TisuE) (@ +a”/?)
<I>g:0,B - (t2 —a)(t2 — a™?) (6.70)

at genus zero.
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Figure 2. The vortex operator Vi dual to the Wilson loop W, in T[SU(2)] theory. The quiver in
the dotted box is a one-dimensional N = (2,2) GLSM consisting of a gauge group G = U(k) with
one fundamental, one anti-fundamental and one adjoint multiplet.

6.5.2 Vortex loops on E; x St

The expectation value of an half-BPS vortex loop in the A-twisted T[SU(2)] is given by:

<V T[SU(Q)] Z HA g 1v(£,) (671)
Z|P(£)=0

with

m(:c):(t—t‘l)z(lt : 0 ) (6.72)

1+t +a 222 a 2t— (1+t?)x + aza?

The vortex loop V/(x) mirror to the B-twisted Wilson loop of charge k, Wy, (z) = z¥, can
be realized by coupling a certain one-dimensional N = (2,2) supersymmetric QM to the
A-twisted theory [33]. In the UV, the coupling of a 1d GLSM defines a singularity for the
3d gauge field as

F,; = 62,Uld 62 (.CI?) ) (673)

where e is 3d gauge coupling and p1q is a moment map for 1d flavor symmetry. The
precise field contents of the 1d GLSM dual to a given Wilson loop was studied in [33] by
realizing the mirror symmetry as an S-duality on a system of D-branes. We briefly review
the relevant results in appendix E. The one-dimensional quiver theory mirror to the Wy
Wilson loop is summarized in figure 2. It consists of a 1d U(k) theory with N' = (2,2)
supersymmetry coupled to one fundamental, one anti-fundamental and one adjoint chiral
multiplet. Due to the presence of a cubic superpotential coupling the 1d fundamental,
anti-fundamental and the 3d fundamental multiplets, we assign the Q; = 2(H — C) charge
to be @ = 0 for the 1d fundamental and @; = 1 to the anti-fundamental. Since the 1d

adjoint field is not charged under any of the global symmetry in this case, is has QadJ 0.23

adj

ZHowever, we will keep Qth turned on in the integrand and take the limit Q;" — 0 at the very end of

the calculation. This is to avoid a non-projective singularity in the JK residue.
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The vortex loop of figure 2 contributes:

k
1 q 2
Vi, a,t) = 5~y
adj adj
x f[ = ﬁ e |k| Wi (6.74)
-1 . adj adj .
IK(6ra) oy 2P0 g T =t @ — @

><H< +xt>H<M>

=1

k

Note that we added a factor ¢~ 2 in front of the integral, which takes into account the flavor
Wilson line associated to the ‘left NS5 branes’ of [33]. Among the poles selected by the JK
residue for £14 > 0, only one of the rank-k singularities gives a non-vanishing residue (up
to the Weyl symmetry Si). The residue integral yields

1\ k

[zt — a2

Vie(z,a,t) = qié a al , (6.75)
r—azt

which can be inserted in the formula (6.71) for the vortex loop expectation value. One can

check by direct computation that V;(&) gives a solution of the dual Bethe equation. In

other words, if Z is a root of the polynomial P(z) defined in (6.66), then

N

t—a

>

NI

iy =W(3)=q (6.76)

~+~

~ 1
r —az2

is a root of the mirror polynomial obtained by substituting a <+ ¢, t — t~'. Therefore, the
mirror symmetry relations:

Wil 5P g a,t) = () BV @, ¢,171) (6.77)

directly follow from the statement of the mirror symmetry (at each vacuum) without the
defects.

The vortex loop defined as above is known to be invariant under the so-called hopping
duality [5, 33] described in figure 3. In the A-twisted index, this follows directly from the
Bethe equation. We have

1 1
Tt —az T —a 2t
¢ 2 R (6.78)
T —az2t It—a 2

when 2’s are solutions of the Bethe equation. This leads to
(Vihga = (Vi )g.a (6.79)

as expected.
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Figure 3. The 1d vortex loops in 3d A/ = 4 theories are invariant under the so-called hopping
duality, as shown here for T[SU(2)]. This follows from the fact that the D1-brane can freely move
along the D3-brane. The figure on the left corresponds to the D1-brane attached to the left N.S5-
brane, and the figure on the right corresponds to the D1-brane attached to the right NS5-brane.
See appendix E.

6.6 Genus-zero twisted indices and Hilbert series

We observed in a few examples in section 6.4 that the genus-zero A- and B-twisted in-
dices reproduce the Coulomb branch Hilbert series and the Higgs branch Hilbert series,
respectively. This is not a coincidence, but can be shown to be true for more general good
and ugly N' = 4 theories, in the sense of [82]. In this section, we trade the the N’ = 2*
deformation parameter ¢ with

y=t"2. (6.80)

to match with more usual conventions in the HS literature [35-40]. Since the Hilbert
series can also be obtained from certain limits of the superconformal index [84], it follows
that the twisted partition function on Sfl x St or 5’123 x S1 can be obtained from the
“untwisted” S? x S! partition function in the same limit. It would be worthwile to study
this correspondence more thoroughly.

6.6.1 The B-twisted index and the Higgs branch Hilbert series

The equivalence of the B-twisted index (6.24) with the Higgs branch Hilbert series can be
easily shown whenever the contribution from infinity vanishes in the B-twisted index. In
such cases, only the zero flux sector contributes. We then have:

3 m im r
ZS?Bxsl — ( )rk(G 2[2 dim(R;)—di (g)] (1 _ y) k(G)
de (6.81)
- 1 —2%(1 — % Imatter
\WGy [zmxa] [T =2 —2%) (z),

acy

with

Imatter H H . 1 — . (6.82)

1
e, (L—ariyiy2) (1 -z riy; ly?)

The result of the JK residue integral can be shown to be equivalent to a ‘unit contour’
integral |z,| = 1 for a large class of theories (for conveniently chosen fugacities such that
all the poles from ‘positive’ charged field components, and no ‘negative’ pole, lie inside the
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unit circle). If that is the case, the twisted index (6.81) becomes the ‘Molien formula’ for
the Higgs branch HS [35, 84]:

ZS%XSQ (yi7 y) — (_1)rk(G)y%[Zi dim(mi)—dim(g)] HSHiggs(Z/h Y) . (683)
up to a power of y that could be cancelled by turning on a bare CS level

kir = dim(g) — Z dim(R;) (6.84)

for the ' = 2* flavor symmetry U(1);.
As an example, consider the A quiver theory of subsection 6.4.3. In order to show
that only the m = 0 flux sector contributes to the g = 0 B-twisted index, we need to prove

that the residues at :pﬁf) =0 and x((ls) = oo vanish for every flux sector. Let us first examine

the limit x((f) — 0. The integrand scales as:

(2(9)) =2 Ne=)=1 (5(5)) Mo+ No1 +Nos (6.85)

in that limit, which converges when
Ms~+ Ngy1+Ng1 —2N;,+12>0. (6.86)

This is precisely the condition for the quiver to be ‘good’ or ‘ugly’ in the classification
of [82]. In these cases, there is no singularity at mﬁf) = 0, nor at :pﬁf) — 00 by a similar
argument. Then, one can choose n = —m so that all m # 0 flux sectors contribute trivially
to the JK residue. We are then left with the expression (6.81) for the A, quiver.

For the T[SU(N)] theory (the case N = (1,2,--- ,N —1) and M = (0,--- ,0,N)), we
can show that the unit circle integral defined by |z,| = 1 is indeed equivalent to the JK
residue integral. First of all, we choose n = (1,---,1) and fix y > 1. Let us start with the
condition for the first node. From the JK condition, the charge set should contain one of

the poles defined by
1—2M @) 1yl/2 =0 (6.87)

for ¢ = 1,2. If it contains another pole of the form 1 — (x(l))_leQ)yl/Q = 0 with j # 1,
@) ,1/2 _ (2 ,—1/2

then these relations impose a equation x Sy ey
zero in the vector multiplet of the second node. Hence only the chiral multiplet which are

= 0 which is the position of the

positively charged under the first node contributes. When \xl(s)| =1 for s # 1, these are all
the singularities inside the unit circle |x;| = 1. The same argument holds for the second
node. We need at least one positively charged chiral fields in a form 1 —xl@) (xg.g))*lyl/ 2=0
for each i. If there are charges in a form 1 — (m§2)>—1m§3)y1/ 2 = 0, by the same reasoning
as above, the residues are zero due to the vector multiplet. This continues to the (n — 1)-
th node of the quiver, which completes the proof of the equivalence between the two

prescriptions.
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6.6.2 The A-twisted index and the Coulomb branch Hilbert series

The relation (6.83) combined with mirror symmetry implies that the ZS?B «g1 parition
function is similarly related to the Coulomb branch Hilbert series first constructed in [38].
Since the genus-zero A-twisted index receives contributions from an infinite number of flux
sectors, a direct proof of this equivalence is expected to be rather more complicated. Here
and in appendix F, we check that relation in some of the simplest examples. We leave a
more general study for future work.

For N' = 4 SQED with Ny hypermultiplets, the genus-zero A-twisted index (6.35)
can be evaluated by trading the residues over the fundamental chiral multiplets, which are
picked by the JK residue prescription for n > 0, with the residues at infinity on 9t = C*.
For n > 0, only the flux sectors m > 0 contribute. The poles of the integrand of (6.35) (for
g = 0) are located at x =0, z = o0, and =z = yiy%, using the notation (6.80). We have:

1

y?2 > d Ny % "
SQED[Nf m z ry?2 —Y;
VA
-, (5
1

Y o yiy: —x

5 > 1
_ Z [ yngm} (6.88)
y? 1 -y

Y (1—qy2V)(1— g ly2)

This reproduces (6.40) and the Coulomb branch series of [38] as advertised. Similar ma-

nipulations can be performed for higher-rank gauge groups, as demonstrated for U(2) in
appendix F.
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A Conventions: geometry and quasi-topological twisting

We follow the conventions of [12, 42, 43] for geometry, spinors and supersymmetry multi-
plets. We consider a compact Euclidean space-time M3 = ¥,x S5 I with Riemannian metric:

ds® = Bdt* 4 2g.:(z, 2)dzdz . (A1)
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Here t ~ t + 27 is the coordinate on S' and z,Z are local complex coordinates on the
Riemann surface ¥,. We have the standard spin connection:

Wuab = ebuvueau ) (AQ)

in terms of the Levi-Civita connection V,. We generally denote by D, the covariant
derivatives on spinors and tensors in the frame basis. The Riemann tensor is defined in
the standard way.?*

We use the canonical frame e® = ej,dz* with:

eV =dt, el =1/2g.:dz, el = \/2g.zdz (A.3)

Here a = 0,1,1 are the frame indices in complex coordinates; they are lowered using gy
with dgg = 1 and &7 = % We also chose the orientation such that ¢! = —2i. The
~v-matrices in this frame are:

{(W“)aﬁ} = {voﬁlﬁi} = {(é _01> : <8 02> , <_02 8)} . (A4)

Three-dimensional Dirac spinors are denoted by:

_(v-
e (2. "

Dirac indices can be raised and lowered with €*?, €ap With €77 = ey = 1. When reducing
to two dimensions along 0, the spinor components 1)+ become kinematically independent
Weyl spinors of spin :l:%, respectively. The covariant derivative on a Dirac spinor is given by:

i
D,y = (fh — 4wuabe“b6'yc>w ) (A.6)
In section 2, we generally use explicit frame indices for all quantities including derivatives.

The coordinates (t, z,z) are adapted to a choice of transverse holomorphic foliation

(THF) on M3 as explained in [42, 43]. Let us define n* a nowhere-vanishing vector such that
nunt =1. (A.7)

We can define:

(I)'“‘V = _E'uupnp’ (Ag)
which satisfies ®*,®", = —6*, + ntn,. The THF can be characterized by such an 7,
satisfying the integrability condition:

O, (L, @) =0 . (A.9)

v
p
The object ®*, reduces to a complex structure on the normal bundle of the foliation (i.e.
for vectors orthogonal to 7,,). In our case, this is just the complex structure on the Riemann
surface ¥,. We then have natural three-dimensional notions of holomorphic vectors and

one-forms [43].

2We follow the conventions of [42] except that we flip the sign of the Ricci scalar R. In our conventions,
R > 0 on the round S or on the round S! x S2.
ZWe inverted the sign of n, with respect to [42, 43]—that is, 1, = —nfthere.
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A.1 Quasi-topological twisting

The quasi-topological twisting that we use in this paper is best understood in the context of
curved-space rigid supersymmetry [85, 86]. In section 2, we used a ‘twisted field’ notation
for all the fields. This corresponds to a field redefinition of the fermionic and bosonic
fields, where the “A-twisted fields” are obtained by various contractions with the Killing
spinors (2.6). On X, x S!, we can label the fields by their U(1);, spin L on X,. The
quasi-topological twisting is equivalent to the standard topological A-twist on ¥4, which
assigns to all the fields a twisted spin:

1
S=L+3R, (A.10)

with R the U(1)g N = 2 R-charge. We refer to the appendix of [12] for a more thorough
discussion in two-dimensions. As an example, consider the AN/ = 2 vector multiplet V. In
the standard notation of [42], it has components:

V:(au,a,)\a,xa,D) . (A.11)

Using the Killing spinors ¢, Z on X, x S1, we defined the ‘twisted’ gaugini:
A,u = EVMA7 K}L = _Cf}/ufj\/ . (A12)

They are holomorphic and anti-holomorphic one-forms with respect to the THF, as can
be shown from the Killing spinor equations or by explicit computation in components.
This gives (2.9). The A-twist of the chiral multiplets discussed in [12] can also be given a
three-dimensional uplift along the lines of [86].

B Localization of N/ = 2 YM-CS-matter theories

In this appendix, we derive the main localization formula (2.59) for the twisted index of N' =
2 gauge theories. The main technical difficulty lies in the treatment of the fermionic zero
modes, and we can mostly follow the previous literature on the subject [6-8, 12, 15]. The
new ingredient is the integration of the g additional one-forms gaugini and flat connections
present due to the non-trivial topology of 3.

B.1 One-loop determinant: D = 0

Consider a chiral multiplet of U(1) charge @ and R-charge r, coupled to a supersymmetric
background U(1) vector multiplet (2.37) with gauge flux m on X,. By supersymmetry, all
the bosonic and fermionic modes cancel out, except for some unpaired ‘zero-modes’. The
bosonic zero-modes correspond to a pair of boson and fermions (A, B) (together with their
charge conjugates), related by supersymmetry, which satisfy:
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They correspond to holomorphic sections of Kz @ L% (of total degree d = r(g — 1) + Qm)
on X4, with L the U(1) line bundle. The fermionic zero modes correspond to modes of the
fermionic field C such that:

D.C=0, (B.2)

corresponding to holomorphic sections of K5 ® L~9. Let ng and no denote the number
of bosonic and fermionic zero-modes, respectively. By the Riemann-Roch theorem:

ng—nc=Qm+(g—1)(r—1). (B.3)

Resumming the KK tower from the S!, we find the one-loop determinant [8]:

g\ @me-1)0-1)
Z‘D:< ”" ) : (B.4)

1— 2@

with x = 27t

as defined in section 2.2.1. This leads to the contribution (2.61) in a general
theory. (The W-boson contribution (2.62) is also the same as for a chiral multiplet of

R-charge 2 and gauge charges given by the simple roots [8, 12].)

B.2 Localization for G = U(1)

Consider a U(1) YM-CS-matter theory with CS level k and chiral multiplets ®; of charges
Q; and R-charges ;. (More generally, we could consider any G with rank 1.) The path
integral can be localized onto the Coulomb branch by considering the localizing action:

1 1
Boc = ?jYM + gﬁg@b . (B.5)

For a given flux m, the one-loop determinant (B.4) can have a pole at z9 = 1 on the
classical Coulomb branch, corresponding to additional massless modes. The natural way
to deal with this singularity is by keeping a constant mode of the auxiliary field D in
intermediate steps of the localization computation. We define the field D by:

D =2if;;+iD, (B.6)

so that D = 0 on the supersymmetric locus. A general supersymmetric configuration also
includes flat connections along ¥,:

g
a,dz = Zogwf, wl e HI’O(EQ,Z) ,
I=1
P (B.7)
azdz =Y apo’, o' e HY(%,,7) .
I=1
There are also fermionic zero-modes:
Ao, Ao, M=) Awl,  Ap=) Aaf. (B.8)
I=1 I=1
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Here AO,KO are constant and the one-form-valued gaugini satisfy DiA; = 0, D1KT = 0.
All these constant modes organize themselves into supersymmetry multiplets:

VOZ(O',CL07>\,X,_D), VI:(afa&I)AIaK1)7 I:]-)?g (Bg)

Consider the chiral multiplet ® with @ = 1, in the background (B.9). We have:
2%(c,a,, D, ) = / [dB]e=55s = SDet~(K) (B.10)

in terms of the kinetic Lagrangian (2.20), which can be used for localization since it is
Q-exact:

L5p= (A, B, C)K|B| - FF. (B.11)
C
Integrating out all the massive fields in the Coulomb branch background (B.9), we ob-

tain a complicated supersymmetric matrix model for the constant modes (B.9). Schemat-
ically, we find:

g ~
Zy= lim > / T / dD /~ duﬁdu / dAodAg Za(Vo, Vi), (B.12)
ez’ I=1 r m

€,e2—0

where the limit in front is a particular scaling that we will discuss in a moment. Here we
defined the measure:?°

dv; = dayddy dArdA; . (B.13)

1
Bvol(Xg)
At this point, for future convenience, we perform a change of variable u — ' and /~\0 — /~\6,
according to the relation

u=u/k* Aog=Ay/k?, (B.14)

for a small positive number k2, leaving u unchanged. Note that the measure in (B.12) is
invariant under this change of variable. The purpose of this rescaling will become clear
momentarily.

Since the one-loop determinant contributions to Z, potentially have singularities at
points where chiral multiplets become massless, let us examine these dangerous regions of
the integrand before performing the path integral, following [15]. Near a singular point
region u = 0 (any other singularity of the form u = w, in the bulk can be considered
similarly by translation) the bosonic part of the chiral multiplet reads:

N 1~ e/~ 2
I= /HdAldAl exp [—ng (v /K?) A — ) (AA—§F1> } : (B.15)

i=1

where NV is the number of chiral multiplets which become massless at v = 0. Note that the
point {u = 0} € M is singular when we take the localization limit e — 0. This singularity

26We are being slightly careless about normalization. We fixed the overall normalization in the final
formula by comparing our result to known results for pure N/ = 2 Chern-Simons theory (see section 4).
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can be regularized by keeping e finite until we perform the u integrals. Then the integral

is bounded by
C

INesz

(B.16)

where C' is a numerical factor which is independent of e. Given this, we divide the inte-
gral (B.12) into two pieces:

/~ dudi’ Z,, = [ dudi’ Z,, + / dudi’ Z,, (B.17)
M M\A, A
where A, is the epsilon neighborhood of the singular region defined by utz’ < 2. When
e is small but finite, the second factor is bounded by Cwe?/ e?N | which vanishes after we
take the limit € — 0 first. Then we are left with the contribution from the first term, given
that the condition ¢ < e’ <« 1 is satisfied. This is the scaling limit implied in (B.12).
Now, let us first perform the integral over the scalar gaugino zero-modes Ay, /N\{) Due
to the residual supersymmetry, the integrand of (B.12) satisfies:

02 = (—2wﬁga@, — Ddy, + z‘f\laa[) Zn=0. (B.18)
We can use this relations to perform the integral over A, since:

OnoO5; Zm (B.19)

:1{) (2@'68@/ + i1~\13a15x6) Zm

Ao=A)=0 Ao=Rj=0

We have the sum of two total derivatives. The integration over the X, flat connections ay
is a compact domain and the integrand has no singularities as long as € > 0, therefore the
total derivatives d3 in (B.19) do not contribute to the path integral. We are left with:

g R
dD
Z, = 1i E ||d - dudi Oy Z, N B.2
! 2 62/11 VI/F D /iﬁt\A€ s’ O Zo Ao=Ro=0" (B.20)

€,e2—0
m

which reduces the integral over M to an integral over the boundary 0A., by Stokes theorem.
Next, let us evaluate Z,. In addition to the classical contribution, the important
contributions are the one-loop superdeterminant (B.10) at Ag = 1~X0 = 0, for every chiral
multiplets in the theory. To compute (B.10), we first expand any three-dimensional field
in Fourier modes on S':
O=> P (B.21)
nez
It is convenient to define the two-dimensional variables:
Qop = zlﬂ (Qu+mn), Qo = _z'lﬁ (Qﬂ//k:2 + n) ) (B.22)
Note that we are using the rescaled variable u'. Let us also denote by {A} the spectrum of
the twisted Laplacian on X,:

—4D1D16 = ¢ . (B.23)
We then have:
Zq) Ao=Ao=0 = quz:ro Zg;assive : (B24)
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The first factor in (B.24) is the contribution from the chiral multiplet zero-modes at
Ao = Ko =0:

 _ ne QE; e
Zyero = H (an) (QQ&ZO}Z N ’LQb) . (B.25)

nez
At D = 0, this gives (B.4) after regularizing the product over n:
1 10 z@/2
H — H = ) B.26)
—0 (
nez an nez QU tn 1—=

The second factor in (B.24) is the contribution from all the other modes:

Zr(r};assive = H H

A+ Q% o,
A+ Q25 0y, +iQD

ey (Q5%)(QA1)(QAY)
(A + Q%},00) (A + Q%500 +iQD) )

neZ A
(B.27)
Note the appearance of the gaugino zero-modes, with the short-hand notation:
~ g ~
AfAy =D AA; . (B.28)
I=1

We first perform the D-integrals in (B.20). This is essentially the same the discussion
in the previous literatures [7, 8]. Let A be the union of small circular neighborhoods of
radius €2 around the potential singularities on the classical Coulomb branch 9t = C* at:

Hi=A{u|Qu+v €Z}, Vi, Hy = {u | u=Fioo}, (B.29)

corresponding to matter field and monopole operator singularities, respectively. To each
potential singularity, we associate its charge, as explained in the main text:

Hi — Qi Hi = Qx, (B.30)

where

1
Qe =tk =3 |QilQ; (B.31)

are the monopole operator gauge charges. In each flux sector m, only some of the potential
singularities are actual singularities. We have a singularity at H; if Q;m+n;+(g—1)(r;—1) >
0 and a singularity at Hy if Qm+Qinp+(g—1)re > 0 —see equation (2.66). We denote
by f/Dng}ng the union of all the singularities in a given flux sector. As alluded to in the main
text, we have to assume that each singularity is projective, meaning that to each singular
point we only associate either positive or negative charges. A non-projective singularity

can often be rendered projective by turning on generic fugacities. We denote by A, the

2TNote that the regularized product is not invariant under large gauge transformations u — u + 1. This
is a manifestation of the so-called parity anomaly [87]. In a physical theory, this lack of gauge invariance
for an odd number of Dirac fermions must be compensated by an half-integer CS level.
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Figure 4. The smgularltles in the D plane. When we choose § > 0, the D integral from A(+)
are modified to that of D = 0 and a contour that passes negative 1mag1nary ax1s, where the latter
contribution can be deformed away to give a vanishing contribution. For AE m, the contour can be
deformed away to infinity. We set 8 = 1 for simplicity.

circular neighborhood of the singularities in a given flux sector. Since every singularity is
projective by assumption, A, is the union of ‘positive’ and ‘negative’ singularities:

Aem =AM UAS]) (B.32)

The integration contour of D is taken along the real direction with a slight shift along the
imaginary axis:

I'={D|DeR+id, R, 0<]|0| <e/k}. (B.33)
The auxiliary parameter 7 in the JK residue (2.59) is such that nd > 0. Let us choose
n > 0 for definiteness. Then, for the contour GAEN%, the singularities in the D plane are
depicted on the leftmost figure in figure 4. Note that, as long as |§| > 0, the integrand
is bounded. The D contour can be deformed to the one shown in the middle of figure 4,
which consists of a small contour around D = 0 and of a contour in the lower-half plane.
The latter contribution can be deformed away along the negative imaginary axis. Since
the integrand evaluated on this latter contour is finite, the contour integral around OASZ%
gives a vanishing contribution. Hence we are left with the contour integral around D =o.
For the GAE,}% contour, the D contour is depicted in the last figure in figure 4, which can
be similarly deformed away to give a vanishing answer. To summarize, at the singularity

defined by the hyperplane H;, we get

A du Z _ if Q; >0
dD f -, m ) 2
/ 5 ng(QZ Zy = QI Quili=e Ao=Ao=D=0 (B.34)

0 if Qi<0

in the case n > 0. Similarly, in the case 7 < 0 one can show that Z; = 0 if Q; > 0 while
we pick minus the D=0 pole if Q; < 0. We will come back to the contributions of the
‘monopole singularities’ © = Fioo in a moment, but for the time being we can note that
they can be treated essentially like in [8, 12].

Note that, until this point, Zy| Ag=Ro=0 still has a dependence on the A1, /~\1 zero modes
and on the X, flat connections, which must be integrated over. In order to integrate out
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these zero-modes, let us define

_ Qo
f()\an) - (A + Q2&;10'n)(A + QQ&%O}L + ZQD) ’ (B35)
and Nt 0%
+ Qa0
9= g [)\ Q%0 + iQD} ' (B.36)
Then (B.27) reads
Zr(l};assive = gexp Z In |:1 —2if(A, n)(QKT)(QAl)}
An,Q
9 _(20)° N . (B.37)
—gexp 3 > —— [FAm)(QANQAD)] -
An,Q s=1

Fo=3 0w (B-38)

evaluated at D = 0. We can rewrite this as:

Fo(D=0) = (Q5,)*¢a(25), (B-39)

nel

where we defined

1
Cn(28) = Z}\: (A + Q25 0,)25

1 o 2~/
— dt t28—1 —tA —tQ Tp0n .
g [ ()

A

(B.40)

We can now use the fact that we have introduced a rescaled variable 4 = @'/k? with
a positive number k2. Note that we are free to choose k to our convenience in order
to compute f(\,n), since all the contributions from the one-loop determinants, from the
classical action and from the measure are independent of ¥ after the D integral. We will
take k arbitrarily small (which is equivalent to a large o, limit), so that only the small ¢

1

—tA l

E = — E t B.41
€ 47t — “ ( )

A

expansion of the heat kernel:

contributes to (B.40). The first few coefficients ag, a1, - - - of (B.41) are known to be spectral
invariants [88, 89]. In particular, we have:

ap = vol(X), (B.42)

which is also known as Weyl’s law. Performing the ¢ integral in (B.40), we obtain:

ao(Qoy,)* a1(Qay,)*

(Q9:)°6(2) = s 1) (@ T T i (25) Q%0

(B.43)
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First, let us consider contributions from s = 1. On the contour A, where ¢/,0,, = €2, the
[ > 1 terms are bounded by the expression

(5/ )s 1 k2(s+l-1)

n
(&%Jn)zsﬂfl ~ (00)° e2(s+1-1)

=0 (B.44)

which vanishes if we take the limit £ < e. When a contour is defined for the boundary com-
ponent ut’ — oo, the first term dominates as well. Therefore, only the first term remains:

L . %)
] D=0)=1 1126 n(2) = S 2
lim F1(D = 0) = lim(Q87,/2¢*)6a(2) = 3 75
neZ (B.45)
B s 1/1+29
=vls (1)
Similarly, we have
lim F,(D =0) =0, ifs>1. (B.46)
k—0
To summarize, the dependence on A; and /NXT can be written as?®
Z2 sssive| p_g = 90XP [—iﬂvol(Eg)K‘fAI{Hab(x)} : (B.47)
where Q
1 anp 1+
= . B4
2 (170) w1y

Note that it can be written in terms of the three-dimensional twisted effective superpoten-
tial Wmatter3
Hab = auaauby\}matter s (B49)

e Wassir = 5 3 | ragalila®m) + 3@ + (B.50)

i pi€ER;

in general. As an important consistency check, consider the classical Chern-Simons ac-
tion (2.13) on this background (with Ag = Ag = D = 0):

e~90s = gF™ oxp (iﬁvol(Eg) kAP K%Al{) . (B.51)

The classical and one-loop terms come with the correct relative coefficients to reproduce
the full twisted superpotential.

This one-loop contribution and the contributions from the classical action are inde-
pendent of ay, &y, and they have a simple dependence in the gaugini Ay, A 7. This allows
us to perform the integral over these zero modes explicitly, which leads to the insertion of
the Hessian determinant of the twisted superpotential:

/Hdv,z

Z8Here a, b labels the gauge group indices for any higher-rank G.

=H(u)? Zn| - . (B.52)
Ao= AO D=0 Ao=ANo=A;=A;=D=0
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Note that all the contributions are holomorphic in u after the D integral and after taking
the kK — 0 limit. This allows us to tune ¢ — 0, while the result of the u-plane residue
integral does not change.?”

The monopole singularities Hy at u = Fioo can be discussed in the similar way as
in [8, 12], which we briefly summarize below. For this purpose, we need to compute the
dependence of D linear part in the In Zas¢ive in the limit w = Fico. It reads

1Q*
PRI < L B.53
massi e|D -linear ; ()\ + Q2Un(7n) ( )

in large Im(u). This can be evaluated from the observation

Q“Q"(Qd") /8 _ 1
Oy, In Zrnassive|§a_hnear = Z W = 5Hab (B.54)
A nv¥n

with Hyy, defined in (B.48). Integrating back, we find*’

1 —~
In Zmassive’ﬁ_hnear = §V01(Zg> (auwl-loop — Oy Wl-loop) (B'55)

where
1

2mi

OugWiitoop = —5— Y > QF [In(1 — 2%;) — mi(ps(u) + v3)] . (B.56)
i Q

From here and onwards, we will set vol(¥,) = 1. Taking the limit Im(u) — Foo, we get

the D dependence at infinity which is

dD R R
/ ~ exp [—FfDQiiQiDIm(u)} : (B.57)
r(n) D e

where Q4 is defined in (2.53). It is convenient to work with the rescaled variable D =e2D).

We have .
dD’ 2272 27y
—exp |—mfe“ D" £iQie“D'Im(u)| . (B.58)
r(n) D’

For the singularity at infinity, we can take e — 0 before doing the D integral since the
matter integrals are regulated with infinite mass. We take the limit ¢ — 0 at the same
time as taking |u| — oo in such a way that e?|u| — a for some finite number a > 0. Then
we have

dD’ .
— exp | —ta D'| . B.59
| e[ @] (3.59)

Suppose that we have a D integral defined at 'y with positive d as in figure 4. Then the
D contour integral can be done as follow. When Im(u) — —oo, we have

dD’ . 2mi if >0
/ — exp [—ia QiD’} T Q>0 iy > 0 (B.60)
I'(n) D’ 0 if Q+ <0

2%We encountered several order of limits that we should be careful about. To summarize, the correct
prescription is the following: 1) perform the D-integral; 2) take k — 0; 3) take e — 0; 4) take e — 0.

30We added the anti-holomorphic piece to recover the fact that the expression is real. When we diffentiate
the formula and integrate back, we lost the information of the phase in the argument of the log.
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On the other hand, when Im(u) — oo, we have

dp’ . 27, if ~>0
/ — exp [—ia QiD'} _ ' @ , withn > 0 (B.61)
v D 0 it Q. <o

If we choose 1 < 0, the poles associated to )+ < 0 contribute instead.

Finally, let us consider theories with keg = 0 (at either infinity). In this case, we can
turn on an auxiliary (@Q-exact) FI parameter §~ /€% which only couples to D. Then the
integral at infinity reads:

dD’ PN
/r(n>0) D P [ZED] = 2mi0(=¢) . (B.62)

Since the choice of n is arbitrary, we can set n = E such that there is never any contribution
from the singularities at infinity. Since the 3d theory does not suffer from wall-crossing
phenomena, the answer should not depend on the choice of auxiliary FI parameter E =1.
The integration over Ay, Kj and aj, ay can be done in exactly same way as in the bulk
singularities discussed above, resulting in a H(u)Y insertion to the path integral.

B.3 The general case

The generalization to the higher rank G involves technical difficulties due to the non-trivial
topology of the ﬁt\ﬁ‘;}ng. However, given the detailed discussion of rank one theory, the
generalization to the higher rank G follows directly from the discussions in the previous
literatures [6-8, 12]. The additional ingredient is the insertion of the H(u)Y, resulting
from the one-form gaugino zero modes. The final answer can be written as a Jeffrey-

Kirwan residue:

1 Vi
|WG’ Z Z quf;%es [Q(u*)’ 77] Zlﬁ?)?}f(”ﬂ m, g)Zi}iloop(uv m, g) Hg(u) ’ (B.63)
meFGv U eiﬁtgng
where ﬁg}ng contains all the singularities from H; and Hy. This formula is discussed in
details in section 2.5.

C Decoupling limits for 3d A = 2 SQCD in flat space

In this appendix, we briefly review Seiberg dualities for the three-dimensional N = 2
supersymmetric SQCDIk, N¢, Ny, No| of section 5. Starting from Aharony duality [24]
for SQCDI0, N, Ny, N¢|, we derive all the other Seiberg dualities [26, 28] by real mass

deformations.3?

31We follow the analysis of [28] but choose somewhat better conventions. Thus the results of this appendix
for the relative flavor CS terms across dualities look a bit different from the ones of [28]. (In [28], the U(1)4
and U(1) g symmetries were mixed with the gauge symmetry, corresponding to setting kqr = kga = 0. For
that reason, the R- and flavor charges of the monopole operators in that reference were not necessarily
integer-quantized.)
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In three dimensions, the two-point function of conserved currents contains an interest-
ing conformally-invariant contact term, whose corresponding local term is a Chern-Simons
functional for background gauge fields [28, 44, 90]. Whenever the CS levels are quantized
— that is, if the corresponding symmetry group is compact, these contact terms are phys-
ical up to integer shifts of the ‘global’ CS levels [44]. While the global CS levels of a given
theory can be specified arbitrarily, their relative values might differ across dualities. As
part of the description of the duality, we need to specify the relative CS levels:

Akp = kP — kp, (C.1)

where kp, kll;) are the global CS levels in the original theory and in the dual theory,
respectively.

C.1 Aharony duality and real mass deformations

Consider a U(N,.) YM theory with vanishing CS level, with N pair of fundamental and anti-
fundamental chiral multiplets @; (i = 1,---,Ny) and Q’ (j=1,---,Ny), and a vanishing
superpotential. The theory has a flavor symmetry group SU(N¢) x SU(Nf) xU(1)4xU(1)7
and a R-symmetry U(1)g, under which the matter fields have charges:

U(Ne) | SUWNy)  SUWNy)  UM)a  UM)r  U()g
Qi N. Ny 1 1 0 r
Q7 N, 1 N, 1 0 r

Most of the classical U(N,.) Coulomb branch of this theory is lifted by an instanton-
generated superpotential [53, 54], but the overall U(1) direction remains, parameterized
with the two monopole operators TF with charge 41 under the topological symmetry
U(1)7. (The operator T#(z) inserts a magnetic flux (£1,0,---,0) at z € R3.) The two
operators T+ have induced U(1) 4 and R-charges given by:

Let M7; = @j Q; be the gauge-invariant ‘mesons’, which parameterize the Higgs branch.
We consider the case Ny > N, which preserves both the R-charge and supersymmetry.
For Ny = N, the IR theory can be described as a o-model for the mesons and for two
additional chiral multiplets T+ identified with the monopole operators, interacting through
the superpotential [53]:

W =TT~ det(M) . (C.3)

A particular instance is for Ny = N, = 1, which is the SQED /XY Z-model duality consid-
ered in section 3.2. For Ny > N, there is a dual description in terms of an U(N; — N,)
gauge group with Ny fundamental and antifundamental chiral multiplets q, g; and the
gauge singlets M7;, Tt and T~, with superpotential:

W=qgM¢+T t, +T t_, (C.4)
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where ¢4 are the monopole operators of the dual gauge group [24]. The quantum numbers
of the dual matter fields are summarized in table 4 on page 32. Finally, all the relative
flavor CS levels (C.1) vanish for this duality.

Starting from this duality, we derive the Seiberg-like dualities of the other NV = 2
U(N:) YM-CS-matter theories with fundamental and antifundamental matter, which we
dubbed SQCD[k, N¢, Nf, N,] in section 5. If we turn on a large real mass mq for a global
symmetry U(1)g, we generate the CS levels:

1
okry = 3 Zsign (Q?mo) Qil ;],
1 ' (C.5)
Okigp = 3 Zsign (QYmo) QF (r; — 1),

for all abelian symmetries U(1);, U(1); and U(1)g, and similarly for any non-abelian
symmetry. Here the sum runs over all chiral multiplet field components with charges QiI
and R-charge r;.

C.1.1 Seiberg duality with £ > k. > 0

Consider SQCDI[k, N, N¢, NoJ, a U(N.) theory with CS level k£ > 0, Ny fundamental and
N, antifundamental chiral multiplets. We consider k. = %(N +—Ng) > 0and k > k.. This
theory can be obtained from SQCDI0, N.,n,n| with

1
n=k+5(Ny+No), (C.6)

by integrating out k — k. fundamental chiral multiplets @, with positive real mass and
k + k. antifundamental chiral multiplets @5 with positive real mass, while the remaining
Ny fundamental chiral multiplets @; and N, antifundamental chiral multiplets ); remain
light. The corresponding real mass mg > 0 is such that:

0q—m; =0, Og — Mo = Mg, —0q +m; =0, —04 +mg =my, (C.7)
in the limit mg — oco. We also need to scale the FI term as:
5 = kaO 9 (CS)

in order for the effective FI parameter g = & — k¢|mo| to remain finite. This means that
the symmetry U(1)y contains a mixing with U(1)p. The charges of the ‘electric’ theory
U(N.) with ny flavors are:

U(N,) | SU(N;) SU(N,) | U(k —k.) Ulk+k) UM)a UML) U)gr| U1
Q; | N¢ Ny 1 1 1 1 0 r 0
Qa| N 1 1 k— k. 1 1 0 r 1
Q7| N. 1 N, 1 1 1 0 r 0
Q°| N, 1 1 1 k + k. 1 0 r 1
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U(n — Ng) [SU(Nys) SU(N,)|U(k — k) U(k+ke) U(l)a UL)r UL)gr| U(l)o

¢ | n—N. | Ny 1 1 1 -1 0 1—7 0

q“ n — N, 1 1 k— k. 1 -1 0 1—r -1

g | n—Ng 1 N, 1 1 -1 0 1-—r 0

gs | n— N, 1 1 1 E+k. -1 0 1—-7r| -1
M, 1 Ny N, 1 1 2 0 2r 0
MP#; 1 Ny 1 1 k+ke 2 0 2r 1
M, 1 1 N, k— k¢ 1 2 0 2r 1
M5B, 1 1 1 k—ke k+k. 2 0 2r 2
T+ 1 1 1 1 1 —n 1 rr | =k + ke
T 1 1 1 1 1 -n -1 rr | —k — ke

Table 7. Charges of the matter fields in the U(n — N.) Aharony dual theory used to derive the
Seiberg dual of SQCD with k > k. > 0. Here rr = —n(r — 1) — N, + 1.

Here the U(1)g charge is indicated in the last column. Sending mo — oo, we integrate out
Q. and Q° and obtain the CS levels:

kgg =k, kga = —kc, kgp = —ke(r —1), (C.9)
for the gauge CS levels. We also generate the following flavor CS levels:
kaa = Nk, kar = Nck(r—1) . (C.10)

We also generate a level krp, which we will ignore throughout because such terms do not
play any role on X, x St. All other flavor CS levels vanish.

We can follow the same RG flow in the Aharony dual U(n — N,) theory. The dual
matter fields are summarized in table 7. Integrating out all the fields with Qg # 0, we
generate the gauge CS levels:

qu =—k, ké)A = ke, ngR = ker, (C.ll)
and the flavor CS levels:
Koy = 5 (k& KD ey = (b —
suavy) = 5k +ke), Bovmy = 50k = ko),

1
kR, =kN.+ 5(Nf + Ng)n — 2NN, kPp= -1, (C.12)

Ny + N,

Rp =15 (n = No) = NpNo+ (r = Dk

and all other mixed CS levels vanishing. From (C.10) and (C.12), we find the relative
global CS levels (5.42)—(5.43).
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C.1.2 Seiberg duality with k. > k > 0

Consider SQCDIk, N, N¢, No] with CS level £ > 0 and k. > k. This theory can be obtained
from SQCDI0, N¢, Nf, N¢| by integrating out k. + k antifundamental multiplets QP with
positive real mass and k. — k antifundamental multiplets QVV with negative real mass. The
relevant real mass mg is such that:

o, —m; =0, —0q+m; =0, —0q +mg =mg, —0q+my=—mgy, (C.13)
in the limit mg — co. We also need to scale the FI term as:
&=kemg . (C.14)

The charges of the fields in the ‘electric’ theory with N, flavors are:

U(Ne) [SU(Ny) SU(Na) |U(ke + k) U(ke — k) U(1)a U(l)r U(1)r|U(1)o
Qi| N. | Ny 1 1 1 1 0 r 0
Q| N. 1 N, 1 1 1 0 r 0
Q" N, 1 1 k. + k 1 1 0 r 1
Q7| N. 1 1 1 k.—k 1 0 r -1
Integrating out the massive fields generates the gauge CS levels:
kgg =k, kga = —k, kgp = —k(r—1), (C.15)
and the global CS levels:
kaa = kN, kra = kNq(r—1) . (C.16)

The charges of the fields in the dual field theory in the UV are given in table 8. Integrating
out the massive fields, we obtain a U(Ny — N,) theory at CS level —k with the mixed CS
levels (5.46). We easily verify that the relative CS levels are given by (5.47).

C.1.3 Seiberg duality with k. =k > 0

The limiting case k = k. is obtained by the same reasoning as in the previous subsection.
The only difference is that the singlet Tt in the Aharony dual remains massless — see
table 8.

In this case, the singlet T is dual to the ‘half’ Coulomb branch that survives in the
U(N¢)k, theory. The U(N¢ — N.) dual theory also contain a superpotential

W =qM ¢ +T%t,, (C.17)

coupling 7" to a monopole of the dual gauge group. In the particular case N, = N t, the
gauge theory is dual to a free theory of NyN, + 1 chiral multiplets M J; and TF. The case
with N, = Ny =1 and N, = 0 was considered in section 3.3.
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U(n — Nc) | SU(Ny) SU(Na)|U(ke + ke) Ulke —ke) U(1)a U(L)r U)r| U(1)o

¢ | n—N. | Ny 1 1 1 -1 0 1—-7| 0

g | n— N¢ 1 N, 1 1 -1 0 1—7 0

gs | n— N, 1 1 ke + k 1 -1 0 1-r| -1
G | n— N, 1 1 1 ke—k -1 0 1-7| 1
M, 1 Ny N, 1 1 2 0 2r 0
M?B; 1 Ny 1 ke +k 1 2 0 2r 1
M7, 1 1 N, 1 ke —k 2 0 2r ~1
T+ 1 1 1 1 1 ~Ny 1 rr |~k + ke
T 1 1 1 1 1 -Ny -1 rp |—k—ke

Table 8. Charges of the matter fields in the U(N;y — N.) Aharony dual theory used to derive the
Seiberg dual of SQCD with k. > k > 0. Here rp = —Ny¢(r — 1) — N, + 1.

D Proving the equality of Seiberg-dual indices

In this appendix, we briefly explain how to prove the equality of the twisted indices between
the Seiberg dual theories considered in section 5.2. Comnsider SQCD[k, N¢, Ny, N,] with
k > 0 and k. > 0, which is governed by the characteristic polynomial of degree n:

Ny Ng
Q4 X ~
P@) = [ - ) — ayd o [ - 5). (D.1)
i=1 j=1

Let us denote by {Zs}7_; the n distinct roots of P(z). Given the quantities U, H and
Up, Hp defined in (5.20)—(5.21) and (5.29)-(5.30), respectively, we can show that:

CU(z) =ulUp(ip), H(Z) =hHp(Zp), (D.2)

where & = {44}, C {44} is a choice of N, distinct roots of P(x), and Zp = {5} =D its

complement.

Identities satisfied by P(x). From the factorization:

. 1—qy, if k=k>0
P)=C(@) [[(z -3,  Cla)=13 —qy, if  k>k>0, (D3)
a=l 1 if  ke>k>0

we obtain a useful identity for the product of all the roots:

_1\n+N
- E . (D.4)
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where we defined:

— Ny .
. Y —q ifk=k.=0
Po = éNf . . (D5)
Yy ifk+k.>0
Note that we used (5.13) in the above equations. Similarly, we find:
n N,
. 1 (=1) Ny krke TT ~
i — Ta) = P(y;) = Joythe i — Y
};[l(y ta) = P W) = Gryava vl ]1:[1(3/ i)
o (D.6)
T o~y (DT (=D ~
w—Ti) = L P;) = —L—— i — i) .

a=1 =1
We also need the following lemma. Consider partitioning the set of roots {Z,}/_; into a

subset & = {#,}2¢, and its complement Zp = {#5}"=Ne. It is easy to show that:

L 0P(E0) _ yveneno g gyenen a%P(Ea)

A A - —, (D.7)
[Lazs(Za — 2p) [Tazs(#a — p)
for any polynomial P(z).
Explicit form of u and h. By direct computation, we can show that:
u=(—1)™ uy Zog " z3IW) | h=(-1)"hyh. (D.8)

Here uy; and hy; are the contributions of the mesons M7; defined in (5.27). We also
introduced the quantities

k+ke—2(n—Na) 1(n—Ny)

SU (Ny) Hy ’ SU (Na) _ Hy ’ (D.9)

with the SU(Ny) x SU(N,) fluxes defined by s; = n; + ng and s; = n; —ny. These are the
contributions from the SU(Ny) x SU(N,) flavor Chern-Simons terms at level:

1 1
ksuy) =k + ke — 5(” — Na), ksu(n,) = (n — Ny) . (D.10)

The signs in (D.8) are given by:

(—1)5“ _ (_1)(anc)(foNa)(_1)(n+Nf)nT+N?nA 7

D.11
(_1)5}1 — (_1)(n—Nc)(Nf—Na)+N?r ( )
The remaining factors in (D.8) read:
ﬁ _ 2§Ol‘lT_QilﬂA C(q)fnT+anA q*anA yg%n(Nf'i‘Na)_NaNf—NfQﬁ]ﬂA 7 (D12)
and [ ) |
I —(r—— T -n, — — (Ng+Ne—n)(k—Q4)+Nyke
h:p (r 1)0 Ny+Nc nq rNy+n Ncy ¥
’ @ 4 (D.13)

—1D)[in(N+N)=NogN;=N Q4
nyqr D[$n(Ns+Na) 1=N;QZ]

i

with Q4 and r_ given by (5.5) and (5.13). One can evaluate these terms in the four cases
k=k.=0,k>k.>0,k.>k>0and k =k.> 0, to complete the proof the equality of
the twisted indices across the corresponding Seiberg dualities.
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E Vortex-Wilson loop duality in A/ = 4 theories

In this section, we briefly review some of the results of [33], where the duality mapping
between half-BPS Wilson loops and vortex loops under 3d N' = 4 mirror symmetry was
studied. For A/ = 4 quiver theories engineered in type IIB string theory, it was shown
that the vortex loop mirror to a Wilson loop in a given representation R of G can be
described by a 1d supersymmetric quantum mechanics, which can be read off from the
brane configuration. On general ground, such 1d GLSMs coupled to the three-dimensional
theory provide a useful UV descriptions of vortex loop operators.

For example, the charge k¥ Wilson loop in T[SU(2)] has a brane construction in terms
of k fundamental strings, shown on the left in figure 5. In the S-dual brane configuration,
the k£ D1-branes can be moved along the D3-brane, so that they end up on top of the left
NS5-brane or if the right NS5-brane. The field content of the 1d worldvolume theory on
the D1-brane can be read off in either case as a quiver shown in figure 6. The two quiver
descriptions are two distinct but IR-equivalent realizations of the vortex loop, which is
known as hopping duality [33].

One can construct the dual vortex loops for more general non-abelian theories using a
similar argument. These results have been also confirmed via the S® partition function [33].
Let us consider a U(N7) gauge theory coupled to No + N3 fundamental hypermultiplets,
which we split into two groups Na, N3 (splitting the stacks of D5-branes in two, in the analog
of figure 5). For simplicity, we consider a Wilson loop in the k-symmetric representation
of U(Ny), corresponding to k stretched F-strings. The 1d theory which is dual to that
Wilson loop can be obtained from the quiver in figure 7.

When considering vortex loops in the twisted theory on X, (as compared to vortex
loops in flat space-time), we have to be careful about the R-charge assignment. The cubic
superpotential among 3d fundamental (@), 1d fundamental (¢) and 1d anti-fundamental
() requires that the sum of U(1)y charges to be 1. Finally, the 1d the adjoint multiplet
(A) is not charged under the R-symmetries. Hence the R-charge assignment reads:

Ur UM U)o
1 1
Q 2 0 2
q 0 0 0 (E.1)
i| 3 0 2
A 0 0 0
Therefore, the QM index of the 1d theory reads:
Vk(:t) (l’, a, t) =
1 +k/2 / k ﬁ uitRadj_l _ ujt_Radj+1
R = D8 Jakea iy W gy wit™h — gt gt — gt (E.2)
" ﬁ ﬁ —uit ™' 4 x4t H H —ypt T2 4t/ .
paleiter U — Ty Pl e yptt/2 — u;t=1/2
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Figure 5. Brane construction of the charge k¥ Wilson loop for T[SU(2)], and its S-dual configuration.
The horizontal segment represents a stretched D3-brane, which is invariant under S-duality.
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(1)

>
hopping

Figure 6. Hanany-Witten brane move [83] of the S-dual configuration for T[SU(2)] theory. The
field contents in the dotted box are coupled 1d theory. If the k& D1-branes are attached to the left
(right) NS5-brane, the 1d quiver is coupled to the (anti-)fundamental and to the gauge node of

3d theory.
N, k N,

Figure 7. Quiver corresponding to the vortex loop which is dual to the Wilson loop in k-symmetric
representation. The 1d flavor symmetry N; o couple to the gauge group and flavor group of the
bulk 3d theory.

Here R,q; is a regulator, to be sent to zero at the end of the computation. Note that the
D1-branes in between two left (or right) NS5 branes induce an additional flavor Wilson
line factor in (E.2). When the defect is attached to the left (right) NS5-brane, we have

R . R
||:qk/2 IIqu/2

the flavor Wilson loop factor ¢ or qp , respectively [33]. Let us focus on
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the D1-branes attached to the left NS5-brane. The set of poles selected by the JK residue
and with non-vanishing residue are given as follows. The contributing poles are classified
by the integer set {kq, >0, a =1,---, N;}, which satisfies k = Zflvzll kq. For each set, the
positions of the poles are at

{ui:L"' ,k} = {CL'a, xat2R7 xat4R’ T a$at(ka_1)Ra for a = 1a T 7N1} . (E3)

Different mappings of u;’s to elements of the r.h.s. give the same residue due to the Weyl
symmetry, which cancels the factor % of (E.2). Evaluating the residue and taking the limit
R.q; — 0, we end up with

N1 Ny | zot N2 oot (11/2 Fa
— g k/2 § | | | | a I | e
Vk(*) (,Z') = Lo — T . al/Qt . (E4)
k=30 k071 \bFe p=t e TP

k;>0

Suppose that there exists another 3d node with rank N3 which is connected to the Ny
node by a 3d bifundamental. Then, applying the three-dimensional Bethe equation for the
U(N1) theory to each term of (E.4), we obtain an alternative expression:

ka
Ny Ny 1 N3 1/2
_ k2 —Tat + apt Ta—by "t} _
Vi@ =da"* > ]I St | =V (E85)
b kol \ba 0TSt = by

k; >0

This is simply the expression for Vj, (), the vortex loop which is attached to the right
NS5-brane in the brane construction. The existence of two distinct UV descriptions of an
IR vortex loop is known as “hopping duality” [5, 33].

F Coulomb branch Hilbert series for an A" = 4 U(2) theory

In this appendix, we show that the A-twisted index for an N' = 4 U(2) gauge theory with n
fundamental hypermultiplets reproduces the monopole formula [38] of the Coulomb branch
Hilbert series.

Consider the expression (6.53) with G = U(2). In order to perform the integral at
each flux sector, we pick the n = (1,1). In this case, the sum over the flux sectors for the
twisted index can be decomposed into the following expression

o0

1y
e = 373y > T +2 Y. Tonumy| - (F.1)

mi=1 mi1>mao>0

Let us first consider the second term. It can be written as the residue integral at funda-
mental fields:

n n

I(mhmz) = Z res Z res Zl—loop(xla 1132) . (F2)
1 mg:yqyl/Q 1 zl:ypyl/Q
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Note that the charge sets involving z1 = 22y~ do not contribute even though they pass

1

the JK condition. The hyperplane equation x; = x2y ™" evaluated at xo = aqyl/ 2 imposes

—-1/2

the condition x1 = agzy , where we have a zero of order m;. Since the order of the pole

is (14+mj —mg) + ma, this singularity always has a vanishing residue. Since the only poles

1/2

on the z1 plane are x1 = 0, oo, Yy '/*, 1 = x2y !, the residue integral on the x; plane

can be converted into:

n
Tmama) = Zm:l;eSy Lo |:_w1r:eospozl—loop(l'1,l'2):| : (F.3)
q=1 B

Then we can write (F.3) as

n
Tty ms) = Z res ” [ res Z1_100p(931,x2)]

o1 2=YaY z1=0,00
= res res  Zi-oop(®1,%2) (F.4)
r2=0,00 | £1=0,00

The last equation follows from the fact that after taking residues at z; = 0, oo, the only

remaining poles on the x5 plane are z9 = yqyl/ 2 and x = 0,00.%? Evaluating this expres-
sion gives
92 Z Ly mo) = 2 Z gmitme (y%(m1+m2)—(m1—m2) + y—%(m1+m2)+(m1—m2)
m1>mao>0 my>mo>0

_y%(ml—mz)—(ml—mz) _ y—%(ml—m2)+(m1—m2)) ]

Rearranging each infinite sums, we can show the following identities:

92 § : qm1+m2yn(m1+m2)/2f(m1fmg) — § : qm1+m2yn|m1|/2+n|m2|/27|m17m2 7
mi1>mo>0 m1>0,m2>0
mi1#ma
92 E: qm1+m2yn(—m1—m2)/2+(m1—mz) _ § qm1+m2yn|m1|/2+n|m2|/2—|m1—m2
m1>mo>0 m1<0,m2<0
mi1#£ms
0
2
+2 Y gmyniml,
m1=—00
and

_9 Z qml-‘,-mz <yn(—m1+m2)/2+(m1—m2) +yn(m1—m2)/2+(m2—m1)>
mi1>mao>0
_ mi+ma . nlmil/24n|msl/2—|mi—m mi+mao. . nlmil/24n|mel|/2—|mi1—m
_ Z ™ 2y\ 1/24njma|/2=m1—ma| | Z g™ 2y| 1l/2+n|mz|/2—|m1—m2
m1>0,m2<0 m1<0,m2>0

0o
+2 Z q2m1

mi1=1

32Note that the order in which we take the residues matters for the last expression. We choose this order
according to the magnitude of m1, ma.
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Using these, we have

) Z I(ml ) = Z qm1+m2yn\m1|/2+n|m2|/27\m17m2
m1>ma2>0 (m1,mo)ELXZ
mi#Ema
" . (F.5)
+2 Z qulyn\mﬂ +2 Z q2m1 i
mip=—oo m1:1

Next let us evaluate the first term of (F.1), for the case when the U(1)? gauge symmetry
enhances to U(2). The residue formula reads:
n n
I = res res . T1,x , F.6
(m1,m1) ;zz—yqy ;zl_ypyuz 1-loop (71, T2) (F.6)

which can be converted into

x1=0,00 T1=T2y

n
Timymy) = Z res e [( res -+ res )Zl—loop(xla$2):|

a1 T2=Yay
= res res + res | Ziieop(x1,x2) - (F.7)
r2=0,00 \ x1=0,00 T1=T2y

Then we can evaluate the residue integral explicitly, which yields

i~ 0o
Z I(ml,ml) = Z q2m1 (ynm1/2 _ yfnm1/2)2
mi1=1 mi=1
- . . (F.8)
+n§1q "™~y )élmwl [ yr—yi
Using the formal identity: N
Z q2m1ynm1 =0, (Fg)

mi=—00
which can be checked by analytic continuation, we can show that the sum of (F.5) and (F.8)
can be written in the following form:

2
1 y1/2 o0
IU(Q) — 9 (1 —y Z I(mlvml) +2 Z I(m1,m2)

mi1=1 m1>mo>0

2
y1/2
1-y

6m1,m2
(6%
mi+ma g, 2 (|Jmi|+|ma|)—|m1—ma2| dxq & —1
g ! v T payl/2 _—1/2
(m1,m2)EZLXZ lz|=1 T1 o x¥y iy

1
2

which reproduces the monopole formula of the NV = 4 U(2) gauge theory with n fundamen-
tal hypermultiplets, up to prefactor which can be defined away by turning on a background
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CS level for U(1);. Note that the integral in the last factor is a unit circle contour integral,
which includes the residue at x1 = 22y and x; = 0. This factor can be evaluated as

1 12\ ? d a_q 1
1y ?{ day z —y2. (F.10)
2\1-y ) Jioy=1 21 Llaoyl/2 —y-1/2 (I-y)(1—-y?)

where the second factor in the r.h.s. corresponds to the Casimir invariant for the U(2)
gauge group.
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