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COMMON FACTORS OF RESULTANTS MODULO p
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Abstract

We show that the multiplicity of a prime p as a factor of the resultant of two polynomials with integer
coefficients is at least the degree of their greatest common divisor modulo p. This answers an open
question by Konyagin and Shparlinski.
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Given two polynomials

F(x)=
n∑

i=0

αi x
i and G(x)=

m∑
i=0

βi x
i

of degree n and m respectively and with integer coefficients, we denote by S(F, G)
the Sylvester matrix associated to the polynomials f and g, that is,

S(F, G)=



α0 · · · αn 0 · · · · · · 0
0 α0 · · · αn 0 · · · 0
...

. . .
. . .

0 · · · 0 α0 · · · αn 0
0 · · · · · · 0 α0 · · · αn
β0 · · · βm 0 · · · · · · 0
0 β0 · · · βm 0 · · · 0
...

. . .
. . .

0 · · · 0 β0 · · · βm 0
0 · · · · · · 0 β0 · · · βm


.

We denote by Res(F, G) the resultant of F(x) and G(x) with respect to x , that is,

Res(F, G)= det S(F, G),

see [2, 3].
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Let p be a prime. It is well known that if the polynomials F and G have a common
factor modulo p then Res(F, G)≡ 0 mod p. It is natural to consider the relation
between the multiplicity of p as a factor of Res(F, G) and the degree of this common
factor. In some special case, a positive answer to this question has been given in
[1, Lemma 5.3] and the problem of extending this result to the general case has been
posed in [1, Question 5.4]. Here we give a full solution to this problem.

Let FG 6≡ 0 mod p and let dp be the degree of the gcd of the reductions of F and
G modulo p. Let rp be the p-adic order of Res(F, G). Then the immediate result is

dp > 0⇒ rp > 0.

The following theorem is our result.

THEOREM. With the above definitions,

dp ≤ rp.

PROOF. We shall prove the following result. Let H(x) be a polynomial of degree t
such that its leading coefficient is not a multiple of p. If H divides F and G modulo p,
then there exists α ∈ Z satisfying

Res(F, G)= αpt .

By the condition on the leading coefficient of H , there exist polynomials

f (x)=
r∑

j=0

b j x j and g(x)=
s∑

i=0

ai x
i

with as 6≡ 0 mod p, r + t ≤ n, s + t ≤ m and satisfying

F(x)≡ H(x) f (x) mod p, G(x)≡ H(x)g(x) mod p.

We see that
C(x)= F(x)g(x)− G(x) f (x)≡ 0 mod p.

We denote by Ri , i = 1, . . . , m + n, the row vectors of S(F, G). Recalling that

C(x)=
s∑

i=0

ai x
i F(x)−

r∑
j=0

b j x j G(x),

we immediately derive that

as Rs+1 +

s−1∑
i=0

ai Ri+1 −

r∑
j=0

b j Rm+ j+1 ≡ (0, . . . , 0) mod p.

Similarly, considering xkC(x), we obtain

as Rs+k+1 +

s−1∑
i=0

ai Ri+k+1 −

r∑
j=0

b j Rm+k+ j+1 ≡ (0, . . . , 0) mod p, (1)

for k = 0, . . . , t − 1.
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We consider the matrix T obtained by replacing the rows Rs+1, . . . , Rs+t with the
rows as Rs+1, . . . , as Rs+t in S(F, G). Clearly

det T = at
s det S(F, G)= at

s Res(F, G). (2)

Using (1) we see that, performing elementary row operations on the matrix T that
preserve its determinant, we can obtain a certain matrix whose rows s + 1, . . . , s + t
are zero vectors modulo p. Therefore det T ≡ 0 mod pt . Recalling that as 6≡ 0 mod p,
from (2) we conclude the proof. 2

The presented proof is also valid for arbitrary unique factorization domains and
modulo any principal prime ideal I = (p). In particular, we have the result for
any polynomial ring K [x1, . . . , xn][x] modulo an irreducible polynomial p(x) ∈
K [x1, . . . , xn][x], where K is an arbitrary field.

On the other hand, the naive generalization of the original result, that is, dp = rp,
is clearly false as it suffices to choose two polynomials with a common root. We
provide an example that shows that the multiplicity can be strictly higher for pairs of
polynomials with no common roots.

EXAMPLE 1. The polynomials x2
− 2x and x2

− 2x + 2 have no common roots. Let

F(x)= x · (x2
− 2x), G(x)= (x − 3)(x2

− 2x + 2).

The greatest common divisor of F and G modulo 3 is x . However,

Res(F, G)= 72= 32
· 8.

Finally, the next example shows that rp − dp cannot be bounded even if we bound
the degrees of F and G.

EXAMPLE 2. For any p > 2 and any k > 0, let F = x(x − 1) and G = (x − pk)

(x − 2). Then dp = deg x = 1 and rp ≥ k.
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