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Abstract: The purpose of this paper is to find common fixed point results for two families of multivalued
mappings fulfilling generalized rational type A—dominated contractive conditions on a closed ball in com-
plete dislocated b-metric spaces. Some new fixed point results with graphic contractions on a closed ball for
two families of multi-graph dominated mappings on dislocated b-metric space have been established. An
application to the unique common solution of two families of nonlinear integral equations is presented to
show the novelty of our results.
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1 Introduction and preliminaries

Fixed point theory plays a fundamental role in functional analysis. Nadler [1], started the investigation of
fixed point results for the set-valued functions. Due to its significance, a large number of authors have proved
many interesting multiplications of his result (see [2 - 14]).

Nazir et al. [2] showed common fixed point results for the family of generalized multivalued F-contraction
mappings in ordered metric spaces. Recently Shoaib et al. [4] discussed some theorems for a family of set-
valued functions. Rasham et al. [11] proved multivalued fixed point theorems for new F-contractive functions
on dislocated metric spaces.

In this paper, we have obtained fixed point results of two families of multivalued mappings satisfying
conditions only on a sequence. We have used a more weaker class of strictly increasing mappings A rather
than class of mappings F used in [15-22]. An example is given to demonstrate the variety of our results.
Moreover, we investigate our results in a more better framework of dislocated b-metric space (see [23]). New
results in ordered spaces, partial b-metric space, dislocated metric space, partial metric space, b-metric space
and metric space can be obtained as corollaries of our results. We give the following concepts which will be
helpful in this paper.

Definition 1.1. [23] Let M be a nonempty set and d, : M x M — [0, o) be a function. If, for any x, y,z € M,
the following conditions hold:

Tahair Rasham: Department of Mathematics, International Islamic University, H-10, Islamabad - 44000, Pakistan,
E-mail: tahir_resham@yahoo.com

*Corresponding Author: Abdullah Shoaib: Department of Mathematics and Statistics, Riphah International University,
Islamabad, Pakistan, E-mail: abdullahshoaibl5@yahoo.com

& Open Access. © 2019 Rasham and Shoaib, published by De Gruyter. This work is licensed under the Creative Commons Attribution
alone 4.0 License.


https://doi.org/10.1515/math-2019-0114

DE GRUYTER Fixed point results for two families of mappings = 1351

(i) dp(x, y) < bldp(x, 2) + dy(z, y)], (Where b > 1);

(ii) dp(x, y) = 0 implies x = y;

(i) dp(x, y) = dp(y, x).

Then d,, is called a dislocated b-metric with coefficient b (or simply d;-metric) and the pair (M, d},) is
called a dislocated b-metric space (or simply DBM space). It should be noted that every dislocated metric is a
dislocated b-metric with b = 1. Also, if x = y, then dj(x, y) may not be 0. For x € Mand € > 0, B(x, &) = {y €
M : dy(x,y) < e}isaclosed ball in M.

Definition 1.2. [23] Let (M, d},) be a D.B.M space.

(i) A sequence {xn} in (M, d},) is called Cauchy sequence if given € > 0, there corresponds ng € N such
that for all n, m = ny we have dj,(xm, xn) < € or n}nigm dy(xn, xm) = 0.

(ii) A sequence {xn} dislocated b-converges (for short dj,-converges) to x if nlifolo dy(xn, x) = 0. In this case
x is called a dj-limit of {xn}.

(iii) (M, d},) is called complete if every Cauchy sequence in M converges to a point x € M such that
dp(x,x) =0.

Definition 1.3. Let K be a nonempty subset of D.B.M space of M and let x € M. An element y, € K is called
a best approximation in K if

dy(x, K) = dy(x, yo), where dp,(x, K) = in1f<db(x, y).
ye

We denote P(M) be the set of all closed proximinal subsets of M.
Definition 1.4. [12] The function Hy, : P(M) x P(M) — R", defined by

Hy, (N, R) = max{supd,(n,R), supdy(N,r)}
nenN reR

is called dislocated Hausdorff b—metric on P(M).

Definition 1.5. Let (M, d,) bea D.B.M space. Let S : M — P(M) be multivalued mapping, a : MxM — [0, +o0)
and a(i, Si) = inf{a(i, ) : l € Si}.Let H C M, then S is said to be a«-dominated on H, whenever ax(i, Si) = 1
foralli € H. If H = M, then we say that the S is ax-dominated. If S : M — M is a self mapping, then S is
a-dominated on H, whenever a(i, Si) = 1 foralli € H.

Lemma 1.6. [13] Let (M, d;,) be a D.B.M space and (P(M), Hy,) be a dislocated Hausdorff b-metric space. For
all G, H in P(M) and for any g € G such that dj,(g, H) = d,(g, hg), where hg € H. Then Hy, (G, H) > d))(g, hg)
holds.

2 Main result

Let (M, dj) be a D.B.M space, ¢ € M, let {Sg : 0 € Q} and {Tp : B € @} be two families of multifunctions
from M to P(M). Let ¢, € SqCo be an element such that dj,(co, Saco) = dp(co, €1). Let ¢; € Tycy be such that
dp(c1, Tpcy) = dy(cy, c2). Let c3 € Sccy besuch that dy(cy, Scca) = dy(ca, ¢3). In this way, we get a sequence
{TﬁSU(CYl)} in M, where Con+1 € SiCZm Con+2 € TjC2n+1, neNieQ andj c @. Also db(CZH’SiCZn) =
dp(can, Can+1)s dp(Cans1s TjCans1) = dp(Cane1, Cane2)- {TgSo(cn)} is said to be a sequence in M generated by
Co.If{So : 0 € Q} = {Tp : f € @}, then we say {Sq(cn)} instead of {TgSo(cn)}.

Theorem 2.1. Let (M, d},) be a complete D.B.M space with constant b > 1. Letr > 0, co € By, (co,1) € M,
a:MxM—[0,00)and {So : 0 € Q}, {Tg : B € @} be two families of ax-dominated multivalued mappings
from M to P(M) on By, (co, r). Suppose that the following are satisfied:

(i) There exist T, u1, U2, U3, Mg > O satisfying buq + buy + (1 + b)bus + uy < 1 and a strictly increasing
mapping A such that

dy(e, Sge).dy(y, Tﬁ)’)) 2.1)

T+ A(Hg,(Soe, Tgy)) < A (yldb(e,y) +ady(e, Soe) + pzdy(e, Tgy) +Ha T+ dye,y)
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whenever e, y € By, (co, 1) N {TgSo(cn)}, ale,y) 21,0 € Q, B € @ and Hy, (Soe, Tﬁy) > 0.
(i) Ifn = %fg‘;:;f , then
dy(co, Saco) < m(1 - bn)r. 2.2
Then {TgSo(cn)} is a sequence in By, (co, 1), a(cn, cns1) 2 1 foralln € NU {0} and {TgSo(cn)} — u €
By, (co, 1). Also, if u satisfies (2.1) and either a(cn, u) 2 1 or a(u, cn) 2 1 foralln € N U {0}, then Sy and Ty
have common fixed point u in By, (co,r)forallo € Qand B € @.

Proof. Consider a sequence {T3So(cn)}. From (2.2), we get
dp(co, 1) = dp(co, Saco) < (1 - by)r <r.

It follows that,
€1 € By, (co, 7).

Let cz,--+, ¢j € By, (co, r) for some j € N. If j is odd, then j = 2i + 1 for some i € N. Since {Sy : 0 € Q} and
{Tp : B € @} are two families of ax-dominated multivalued mappings on By, (co, ), S0 a+(C5;, So€5;) 2 1 and
a+(Ci415 TpCai41) 2 1forallo € Qand B € @. As a«(cy;, SoCy;) 2 1, thisimpliesinf{a(cy;, b) : b € Socy;} 2 1.
Also cy;,q € Sfcy; for some f € Q, 50 a(cy;, C341) = 1. AlSO €45 € TgCyy,q for some g € @. Now by using
Lemma 1.6, we have

T+ A(dp(Cpip15 Co12)) < T+ A(Hd,, (Sszi, TgCoii1))
<A (Hldb (Cai» Co1a1) + M2dp (o1, SpCo) + U3dy (€2 TgC2is1)

dy (o1, Spe) -dp(Coi415 Tgczm))

THy
1+dp (€215 C2141)

<A <P1db (C21s C2141) + M2dp (C2i5 Coi41) + DU3dp (Cois Ci41)

dy, (Ciy Cyiq) -dp(Coipqs Co3
+b’13db(czi+1’c2i+2)+ﬂ4 b( 2i 21+1) b( 2i+1 21+2))

1+dp (Ca5 C2141)
< A((u1 + p2 + bp3)dy (€35 Coia1) + (b3 + pa)dy (Cois1s Cair2)-

This implies
A(dp(cair1 €2102)) < A((ua + 2 + bps)dy (€235 Coi1) + (D3 + Ha)dp (Coie1s C2is2))-
As A is strictly increasing, we obtain
dp(Cois1s Caiva) < (U1 + M2 + DU3)dy (€215 C2i41)
+(bus + pa)dp (Caiens Coia2) -
Which implies
(1 = bus — ua)dp(Caiv1s C2i2) < (M1 + M2 + buz)dy (Cois C141)

+Ux+Db
db(C23+1, C23+2) < (%) db (€235 C2141) -

By assumptions 1 = % < 1. Hence

2 2i+1
dp(C2ir1» C2142) < Ndp (€25 Co101) < N°dp (Co1-15 C3) <+ -+ <N~ dy (Co, €1) -

Similarly, if j is even, we have
dp(Cair2» Co1a3) < N2 dy (Co, €1) -
Summing up, we have
dy(cj, cjr1) < n’dy (co, 1) for somej € N. (2.3)
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It follows,

dp(co, Cj41) < bdy(co, c1) + b>dp(c1, ¢2) + -+ - + D dy(cy, cji1)

< bdy(co, c1) + b*n(dy(co, 1)) + -+ + bj+1’1j(db(co, 1)), (by (2.3))

_ j+1
dp(co, Cji1) < (%) n(1-bpr<r.

As 1, Uz, U3, Mg > 0, b 2 1and bpy + bus + (1 + b)bus + py < 1, so |bn| < 1. Then, we have

_ j+1
dp(co, Cji1) < <%> n(1-byr<r,

the last inequality following by bn < 1, that is the assumption (i). So ¢j,; € By, (co, 1). Hence, by induction
cn € By, (co, 1) forall n € N. Also a(cn, cns1) 2 1 foralln € NU {0}. Now,

dy(cn, cns1) < n"'dy (co, 1) foralln € N, (2.4)
Hence, for any positive integers m, n (n > m), we have

dy(cm, cn) < b(dy(Cm, Cmi1)) + b*(dp(Cms1s Cms2)) + -+ + B (dp(Cno1, Cn)),
< bn"dy(co, c1) + b2 0™ dy(co, 1) + -+ + b dy(co, €1), (by (2.4))
<bn™@1 +bn+---)dy(co, €1)

< bn™ dp(co,c1) - 0asm — oo
1-bn) b0 )

Hence {TgSo(cn)} is a Cauchy sequence in By, (co, r). Since (Bg, (co, 1), d},) is a complete metric space, so
there exists u € By, (co, ) such that {TgSo(cn)} — uasn — oo, then

lim dy(cn,u) =0, (2.5)
n—oo

by assumption, a(cn, u) > 1. Suppose that dj,(u, Tgu) > 0, then there exists a positive integer k such that
dy(cn, Tgu) > O for all n = k. For n > k, we have

dp(u, Tpu) < bdy,(u, can+1) + bdp(Cans1, Tpu).

Now, there exists some e € Q such that ¢yp41 € SeCa, and dy(can, SeCan) = dp(Can, Can+1)- By using Lemma
1.6 and inequality (2.1), we have

dp(u, Tgu) < bdy(u, cons1) + bHg, (SeCan, Tpu), for some g € @

< bdy(u, cans1) + buidy(can, u) + busdy(can, SeCan)
dp(Can, Secan)-dp(u, Tpu)
1+ dy(can, u) ’

+busdy(can, Tﬁu) +buy

Letting n — oo, and by using (2.5) we get
dp(u, Tgu) < busdy(u, Tgu) < dy(u, Tgu),

which is a contradiction. So our supposition is wrong. Hence dj,(u, Tgu) = O oru € Tgu forall § € @.
Similarly, by using Lemma 1.6 and inequality (2.1), we can show that d,(u, Sou) = 0oru € Squ forall ¢ € Q.
Hence the Sy and T have a common fixed point u in By, (o, r) forall 0 € Q and € @. Now,

dp(u, u) < bdy(u, Tgu) + bd,(Tpu, u) < 0.

This implies that dj,(u, u) = 0.
Example 2.2. Let M = Q* U {0} and let d;, : M x M — M be the complete D.B.M space defined by

dy(i,j) = (i +j)*foralli,j e M,
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with b = 2. Define, two families of multivalued mappings So, Tg : M x M — P(M) by

3m’ 3m ifxe[0,14]NnM

X 2x
Smx =
[xm,2mx]ifx € (14,00) "N M

wherem=1,2,3,---

and

4n’ 4n wheren=1,2,3,:---

{X,:”‘} ifx € [0,14] N M
TnX=
[2nx, 3nx] if x € (14, o0) N M.

Suppose that, xo = 1, r = 225, then By, (xo, ) = [0, 14] N M. Now, dp(x9, S1x0) = dp(1,S11) = db(l,%
So x; = % Now, db(Xl, T1X1) = db(l, Tlé) db( s 12) Sox; = ﬁ Now, db(X2,52X2) = db(ﬁ’SZ%) =
dy(5, 7). So X3 = 2. Continuing in this way, we have {TnSm(xn)} = {1,3, %, %....}. Take puy = &,
M2 = 355 U3 = 255 M4 = 35, then buy + bus + (1 + b)bus + py < 1and n = 3. Now

dp(xo, S1x0) =

16 11 22
56

9 <gg 1——) 225 =n(1 - bnyr.
Consider the mapping a : M x M — [0, o) by
. 1 ifj>k
k) = .
a(j, k) { 1 otherwise }
Now, if x, y € By, (x0, 1) N {TpSo(xn)} with a(x, y) = 1, we have

Hgy, (Smx, Tny) = max{ sup dp(a, Tny), sup dp(Smx, b)}
acSmx beTny

o o [0 ) ([ ] )
el (5. [5:2]) 0 (535 2)
=max{db(32:r(l 4yn),db (3%%»
{82 2}

X )2 1 (X+L)2+ 1 (x+3m) '(y+4ln)2

2 —_ —_ —_
(“y) 20(X+3m Teo " Tan) T30 1+t

x 2 1 y 3
1o+ 25 (x| 505 5] )+ g (= [ 25 2] )

1 dp (X’ [Bm’ 3m ]) -dp ()/, [%’ %YD
30 1+dpx,y) )

Thus,
dyp(x, Smx).dy(y, Tny)

1+dp(x,y)

Hg, (Smx, Tny) < u1dp(x, y) + padp(x, Smx) + u3dp(x, Tny) + py

s

which implies that, for any 7 € (0, ;—g] and for a strictly increasing mapping A(s) = In s, we have

dp(x, Smx).dy(y, Tny)
1+dy(x,y)

T+ A(Hg, (SmxX, Tny)) < A (u1dp(x, y) + padp(x, Smx) + u3dy(x, Tny) +u4
Note that, for 16, 15 € M, then a(16, 15) = 1. But, we have

T+ A(Hdb(5216, T1 15)) > A (Hldb(16’ 15) + ]lzdb(16, Sz 16) + }lgdb(16, T1 15)
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oy, dp(16,5,16).(15, T115)
4 1+d,(16, 15)

So condition (2.1) does not holds on all M but holds only on By, (1, 225). Thus all the conditions of Theorem
2.1 are satisfied. Hence Sy and T have a common fixed point forall 0 € Q and B € @.
If, we take {S¢ : 0 € Q} = {Tp : B € @} in Theorem 2.1, then we have the following result.

Corollary 2.3. Let (M, d},) be a complete D.B.M space with constant b > 1. Letr > 0, co € By, (co,1) C M,
a:MxM —[0,)and {S¢ : 0 € Q} be a family of a--dominated multivalued mappings from M to P(M) on
By, (co, r). Suppose that the following satisfy:

(i) There exist T, p1, U2, U3, U4 > O satisfying buy + buy + (1 + b)bus + uy < 1 and a strictly increasing
mapping A such that

dy(e, Soe).dy(y, Sﬂ)’)) 26)

T+ A(Hg,(Soe, Spy)) < A (yldb(e,y) +adp(e, Soe) + psdy(e, Sgy) +uy T+ dy(i,y)

whenever e, y € By, (co, 1) N {So(cn)}, ale,y) 21, 0, B € Q and Hy, (Soe, Sgy) > 0.
.. b
(i) If n = %, then
dy(co, Seco) < n(1 - byr.
Then {MSs(cn)} is a sequence in By, (co, 1), a(cn, cyv1) = 1foralln € NU{0} and {S¢(cn)} — u € By, (co, 1).
Also, if u satisfies (2.6) and either a(cn, u) = 1 or a(u, cx) = 1 foralln € Nu {0}, then {S; : 0 € Q} have
common fixed point u in Bdb(co, r).

3 Results for families of multi-graph dominated mappings

In this section we present an application of Theorem 2.1 in graph theory. Jachymski, [24], proved the result
concerning contraction mappings on metric space with a graph. Hussain et al. [25], introduced the fixed points
theorem for graphic contraction and gave an application.

Definition 3.1. Let X be a nonempty set and G = (V(G), E(G)) be a graph such that V(G) = X, A C X. A
mapping F : X — P(X) is said to be multi graph dominated on A if (x, y) € E(G), forally € Fx and x € A.

Theorem 3.2. Let (M, d},) be a complete D.B.M space endowed with a graph G with constant b = 1. Let r > 0,
Co € Bg,(co,r)and {Sy : 0 € Q}, {Tg : B € @} be two families of multivalued mappings from M to P(M).
Suppose that the following are satisfied:

(@ {So:0€ Q}, {Tp : B € @} are two families of multi graph dominated on By, (co, )N {TBSU(Cn)}.

(i) There exist T, U1, U2, U3, Hg > O satisfying buy + b + (1 + b)bus + u, < 1 and a strictly increasing
mapping A such that

dy(e, Soe).dy(y, T,By)> (3.1)

T+ A(Hg,(Soe, Tgy)) < A (ul dy(e,y) + pady(e, Soe) + usdy(e, Tgy) +py T+ dy(e,y)

whenever e, y € mm {TSo(cn)}, (e,y) € E(G), 0 € Q, B € @ and Hy, (Soe, Tpy) > 0.

(iii) dy,(co, Seco) < n(1 - bn)r, where n = %.

Then, {TSo(cn)} isasequence in By, (o, 1), (Cn, Cn+1) € E(G) and {TpSs(cn)} — m". Also, if m” satisfies
(3.1) and (cn, m") € E(G) or (m”", cn) € E(G) forall n € N U {0}, then Sy and Ty have common fixed point m"

in By, (co,r) forallo € Qand f € @.
Proof. Define a : M x M — [0, o0) by

ale.y) = if e € By, (co, 1), (e,y) € E(G)
i 0, otherwise.

As Sy and Tp are two families of graph dominated on By, (co, 1), then for e €<, (e, y) € E(G) forally € Sge
and (e, y) € E(G) forall y € Tge. So, a(e,y) = 1 forally € Sqe and a(e, y) = 1 forall y € Tge. This implies
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that inf{a(e,y) : y € Sge} = 1 and inf{a(e,y) : y € Tge} = 1. Hence a+(e, Sge) = 1, a=(e, Tge) = 1 for all
e € By, (co, 7). So, Sg, Tg: M — P(M) are two families of a~-dominated mappings on By, (o, r). Moreovet,
inequality (3.1) can be written as

dp(e, Soe).dy(y, Tpy)
T+ A(Hg,(Soe, Tpy)) < A (yldb(e,y) +uady(e, Soe) + usdy(e, Tgy) + py b 207 7h B ) ,

1+ db(e’ J/)

whenever e,y € By, (co, 1) N {TgSs(cn)}, ale,y) = 1 and Hy,(See, Tgy) > 0. Also, (iii) holds. Then, by
Theorem 2.1, we have {TgSo(cn)} is a sequence in By, (co,r) and {TSo(cn)} — m' e By, (co, 7). Now,
cn,m" € By,(co, ) and either (cn,m") € E(G) or (m", cn) € E(G) implies that either a(cn, m") > 1 or
a(m”, cn) = 1. So, all the conditions of Theorem 2.1 are satisfied. Hence, by Theorem 2.1, Sy and Ty have
a common fixed point m" in By, (co, r) and d,(m", m") = 0.

4 Fixed point results for single valued mapping

In this section, we discussed some new fixed point results for single valued mapping in complete D.B.M
space. Let (M, d},) be a D.B.M space, ¢o € Mand Sg, Tp : M — M be two families of mappings. Let ¢; = Soco,
c2 = Tpcy, €3 = Sgc,. Continuing in this way, we get a sequence cy of points in M such that c,+1 = SoCan
and cyps2 = Tgcans1, where n = 0,1, 2, .... We denote this iterative sequence by {TBSU(Cn)}. We say that
{TpSs(cn)} is a sequence in M generated by co. If {S¢ : 0 € Q} = {Tp : B € @}, then we say {MSq(cn)}
instead of {TgSo(cn)}.

Theorem 4.1. Let (M, d;,) be a complete D.B.M space with constant b > 1. Letr > 0, ¢g € Bdb(Co, r)CM,
a:MxM — [0,00) and {Sy : 0 € Q}, {Tp : B € @} be two families of a-dominated mappings from M to M
on By, (co, r). Suppose that the following are satisfied:

(i) There exist 7, U1, U2, U3, U4 > O satisfying buy + buy + (1 + b)bus + py4 < 1 and a strictly increasing
mapping A such that

dy(e, See).dy(y, Tgy)
T+ A(Hg,(Soe, Tgy)) < A (yldb(e,y) +Uady(e, Soe) + usdy(e, Tgy) +y b€, 00€).dply, 1p > , (4D

1+dy(e,y)

whenever e, y € By, (co, 1) N {TgSo(cn)}, ale,y) 21, 0 € Q, B € @ and dy(Sse, Tgy) > 0.
(i) Ifn = %, then
dy(co, Seco) < n(1 - bn)r.
Then {TﬁSU(cn)} is a sequence in By, (o, 1), a(cn, cps1) 2 1foralln € NU {0} and {TBSJ(C}'[)} —uc
By, (co, r). Also, if u satisfies (4.1) and either a(cn, u) = 1 or a(u, cn) = 1 forall n € N U {0}, then S and Tj
have common fixed point u in By, (co, r) forallo € Q and § € @.

Proof. The proof of the above Theorem is similar to Theorem 2.1.
If, we take {S¢ : 0 € Q} = {Tp : B € @} in Theorem 4.1, then we have the following result.

Corollary 4.2. Let (M, d},) be a complete D.B.M space with constant b > 1. Let r > 0, ¢o € Bg,(co, 1) C M,
a: MxM — [0,00) and {Ss : 0 € Q} be a family of a-dominated mappings from M to M on By, (co, ).
Suppose that the following satisfy:

(i) There exist T, p1, U2, M3, Hs > O satisfying buy + bus + (1 + b)bus + u, < 1 and a strictly increasing
mapping A such that

dp(e, See).dp(y, Sgy)
T+ A(Hg, (Soe, Spy)) < A ( padple, y) + uady(e, Soe) + uzdy(e, Spy) +ps——ri P2 ZF2) 0 (42)
1+dp(x,y)
whenever e, y € By, (co, 1) N {MSs(cn)}, ale,y) 2 1, 0, B € Q, and d},(Sce, Soy) > 0.
(ii) If n = Bitpiatbis “then

1-bpus—ps
dy(co, Seco) < n(1 - bn)r.
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Then {MSs(cn)} is a sequence in By, (co, 1), a(cn, Cpy1) 2 1 foralln € N U {0} and {MSs(cn)} — u €
By, (co, r). Also, if u satisfies (4.2) and either a(cn, u) > 1 or a(u, cn) = 1 forall n € N U {0}, then Sy has a
fixed point u in By, (co, r) forall o € Q.

5 Application to the systems of integral equations

Theorem 5.1. Let (M, d},) be a complete D.B.M space with coefficient b = 1. Let ¢ € M and {S, : 0 € Q},
{Tg : B € @} be two families of mappings from M to M. Assume that there exist 7, p1, U2, p3, us > O satisfying
buy+bus +(1+b)bus +p4 < 1and A : Ry — Ris a strictly increasing mapping such that the following holds:

dy(e, Soe).dy(y, Tgy)
1+dy(e,y) ) > B

7+ A(Hg,(Soe, Tgy)) < A (mdb(e, y) + uady(e, Soe) + usdy(e, Tgy) +uq

whenever e,y € {TgSo(cn)}, 0 € Q, B € @ and d;(See, Tgy) > 0. Then {TgSs(cn)} — u € M. Also, if
inequality (5.1) holds for e, y € {u}, then S¢ and T have unique common fixed point u in M forall o € Q and
Bea.

Proof. The proof of this theorem is similar to Theorem 2.1. We have to prove the uniqueness only. Let v be
another common fixed point of S¢ and Tg. Suppose d,(Ssu, Tﬁv) > 0. Then, we have

db(u,Sgu).db(v, T/;V)
1+dy(u,v) ) ’

T+ A(dy(Seu, T/;v)) <A (yldb(u, V) + Uadp(u, Seu) + usd,(u, Tﬁv) +Uy

This implies that
dp(u, v) < urdy(u, v) + usdy(u, v) < dy(u, v),

which is a contradiction. So dj,(Sou, Tgv) = 0. Hence u = v.
In this section, we discuss the application of fixed point Theorem 5.1 in the form of a unique solution of two
families Volterra type integral equations given below:

k
u(k) = / Ho(k, h, u(h))dh, 5.2
0
k
ck) = / Gy(k, h, c(m)dh (53)
0

forall k € [0,1], 0 € Q, B € @ and Ho, Gy be the mappings from [0, 1] x [0, 1] x C([0, 1], R+) to R. We
find the solution of (5.2) and (5.3). Let M = C([0, 1], R.) be the set of all continuous functions on [0, 1],
endowed with the complete dislocated b—metric. For u € C([0, 1], R), define supremum norm as: ||u||; =

sup {|u(k)| e~™8}, where T > 0 is taken arbitrarily. Then define
kel0,1]

2
d:(u,c) = [ sup {|u(k)+c(k)| e”‘}} = |lu+c|?
kelo,1]

for all u, c € C([0, 1], R+), with these settings, (C([0, 1], R+), dr) becomes a complete D.B.M space.
Now we prove the following theorem to ensure the existence of solution of integral equations.

Theorem 5.2. Assume the following conditions are satisfied:
() {Ho, 0 € Q}, {Gp, B € @} be two families of mappings from [0, 1] x [0, 1] x C([0, 1], R+) to R;
(ii) Define

k
(Sow)(k) = / Ho(k, h, u(h)dh,
0
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k
(Te)(k) = / Gy(k, h, c(W)dh.
0

Suppose there exists T > 0, such that

TN(g’ﬁ)(u, C)

|Hg(k, h,u) + Gg(k, h, c)| < W

forall k, h € [0, 1] and u, ¢ € C([0, 1], R), where

lu + Soul|? . ||u+ Tyel|?

N, u,c) = u+cl?+ u+Soul? + u+ Tyell” +

0,pW, €)= p1 | 7+ m2 || oull; + s || Bc||. + a4 el
where uq, Us, U3 U4 =0, and pg + Uy + 2bus + py < 1. Then integral equations (5.2) and (5.3) have a unique
solution.

Proof: By assumption (ii)

k
|Sou + Tye| = / |Ho(k, b, u) + Gy(k, h, ¢)| dh,
0

k

TN, u,c

< /m)erhdh
TN(g,ﬁ)(u, c)+1

0

N (u, ¢ p

T u,c

PR . il /e”’dh
TN(U’/;)(U, c)+1

0
N(G,ﬁ)(u’ 9 erk
B TN(U,ﬁ)(u, c)+1

This implies
—1k < N(o',ﬁ)(u: C)

Sou+Tgcle™ e 20—~ |
’0 ﬁ’ TN(U,’B)(H,C)+1

N(a’ﬁ)(u, C)

Sou+ Tpcllr s ———2———
ISe gCllz TN(O,ﬁ)(u,c)+1

TN(U’ﬁ)(u,c)+ 1 B 1
Niop@ 0 TSou+ Tyclle’
1 1
T

+ < ,
N p)(u, c) " Sou + Tpcllx

which further implies
1 -1

T- < :
1Sou(i) + Tgc()[[r ~ Nig,p)u, ©)

-1,
W s
families of integral equations given in (5.2) and (5.3) have a unique common solution.

So all the conditions of Theorem 5.1 are satisfied for A(c) = ¢ > 0and dr(u, c) = ||u + c||2. Hence two

6 Conclusion

In the present paper, we have achieved fixed point results for a pair of families of multivalued generalized
A- dominated contractive mappings on an intersection of a closed ball and a sequence for a more general
class of ax-dominated mappings rather than a«-admissible mappings and for a more weaker class of strictly
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increasing mappings A rather than class of mappings F used by Wardowski [17]. The notion of multi graph
dominated mapping is introduced. Fixed point results with graphic contractions on a closed ball for such
mappings are established. Examples are given to demonstrate the variety of our results. An application is
given to approximate the unique common solution of two families of nonlinear integral equations. Moreover,
we investigate our results in a new, better framework. New results in ordered spaces, partial b-metric space,
dislocated metric space, partial metric space, b-metric space and metric space can be obtained as corollaries
of our results.
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