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COMMUTATION RELATIONS OF HECKE OPERATORS
FOR ARAKAWA LIFTING
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Abstract. T. Arakawa, in his unpublished note, constructed and studied a theta lifting
from elliptic cusp forms to automorphic forms on the quaternion unitary group of signature
(1, g). The second named author proved that such a lifting provides bounded (or cuspidal)
automorphic forms generating quaternionic discrete series. In this paper, restricting ourselves
to the case of ¢ = 1, we reformulate Arakawa’s theta lifting as a theta correspondence in
the adelic setting and determine a commutation relation of Hecke operators satisfied by the
lifting. As an application, we show that the theta lift of an elliptic Hecke eigenform is also a
Hecke eigenform on the quaternion unitary group. We furthermore study the spinor L-function
attached to the theta lift.

1. Introduction. The prototype of our study in this paper is the classical work [E] by
Eichler on the commutation relation of Hecke operators for theta series associated with spher-
ical polynomials on a definite quaternion algebra over Q. This result has been generalized in
various cases. For example, Yoshida [Y] constructed a theta lifting from a pair of automor-
phic forms on a multiplicative group of a definite quaternion algebra to holomorphic Siegel
modular forms of degree two, and determined a commutation relation for his lift. Kudla [Ku]
studied such a relation for a theta lifting from elliptic cusp forms to holomorphic automor-
phic forms on SU (2, 1). Moreover, we note that Rallis [Ra] investigated in great generality
a commutation relation via the Weil representation for symplectic-orthogonal dual pairs. Our
concern here is a theta lifting from elliptic cusp forms to automorphic forms on the quaternion
unitary group Sp(l, g)g of signature (1, g), originally formulated by Arakawa ([Ar-1]). We
study this lifting for the case of ¢ = 1 along the same line as [Y] and [Ku].

Let us recall that Arakawa formulated the theta lifting mentioned above by considering
the restriction of a theta correspondence of SLy(R) x SO(4,4q) to SL2(R) x Sp(1,q)r
(cf. [Ar-1], [N-1] and [N-3]). We henceforth confine ourselves to the case of ¢ = 1. It turned
out that Arakawa’s formulation is not appropriate for proving a commutation relation, since
we do not have sufficient Hecke operators. Following T. Ikeda’s suggestion, we formulate
our lift as a theta correspondence between (GLy x B*) and GSp(1, 1), where B is a definite
quaternion algebra over Q. This amounts to the same as taking a certain average of Arakawa’s
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original lifts over the ideal classes of B. In this setting, we have enough Hecke operators to
show a good commutation relation.

On the other hand, we note that our lift can be viewed as a theta correspondence of
similitude groups. For references in this direction see [Ge], [H-K], [Ro], [Sz] and [W] etc.
In fact, the pair of the groups (GLy x B*) and GSp(1, 1) comes from the dual reductive
pair O*(4) x Sp(1, 1), where O*(4) is the inner form of the orthogonal group of degree four
which is realized as the quaternion unitary group associated with a skew-Hermitian form of
degree two over B. In addition we remark that there is a work by Pitale [P] on a lifting from
elliptic Maass forms of weight 1/2 to some class one automorphic forms on GSp(1,1) =~
GSpin(1,4), which is inspired by Saito-Kurokawa lifting or Duke-Imamoglu-Ikeda lifting
on holomorphic Siegel modular forms.

We now explain more precisely our reformulation of the lifting, which is given in the
adelic setting. Let k > 6 be an even integer and D a divisor of the discriminant dg of B. We
denote by S, (D) the space of elliptic cusp forms on GL,(A) of weight « and level D, and let
Ay be the space of automorphic forms on B: (for the definition of S, (D) and A,, see Defini-
tion 2.2). Furthermore, using a metaplectic representation of GSp(1, 1)4 x GL2(A) x BX
(cf. Sections 3 and 4), we define a theta kernel 6 on GSp(1,1)4 x GL>(A) x B: under
a special choice of a test function (cf. (4.1)). For (f, f') € S¢(D) x A, we construct an
automorphic form L(f, /') on GSp(1, 1) 4 by integrating (f, f’) against 8* (cf. (4.2)). Then
L(f, f/) belongs to the space S, of bounded (or cuspidal) automorphic forms on GSp(1, 1) 4
given in Definition 2.1 (cf. Theorem 4.1). Note that F € S, generates, at the infinite place,
a quaternionic discrete series in the sense of Gross and Wallach [G-W] (cf. [N-2, Theorem
8.7)).

Our main result is a formula for Hecke eigenvalues of £(f, f”) stated in Theorem 5.1.
For all finite places of @, we provide such a formula in terms of Hecke eigenvalues of f
and f’. This follows from our formula for the commutation relations of Hecke operators in
Propositions 6.1 and 6.2. Then we discuss an application of this formula to the study of the
spinor L-functions of L(f, f’). We define an Euler factor of the spinor L-function at a prime
p t dp (resp. p | dp), using the formula for the denominator of the Hecke series by Shimura
[Shim-1, Theorem 2] (resp. Hina and Sugano [H-S, Section 4, (I)], [Su, (1-34)]). Among our
formulas for the L-function, the case D = 1 seems to be the most interesting. Indeed, if we
assume that f and f’ are Hecke eigenforms, the spinor L-function L(L(f, f'), spin, s) for
that case admits the following simple decomposition (cf. Corollary 5.3)

L(L(f, £1), spin, s) = L(f, s)LI (', 5),

where L(f,s) (resp. L (f', s)) denotes Hecke’s classical L-function for f (resp. some par-
tial L-function for f’ whose Euler factors range only over p t dp).

This paper is organized as follows. In Section 2 we give basic notations and define
the automorphic forms we need. In Section 3 we introduce a metaplectic representation of
GSp(1, 1)xG Ly x B> over local fields. Then we define a global metaplectic representation of
the adele group and provide the adelic reformulation of the Arakawa lifting for the case of ¢ =
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1 in Section 4. Section 5 is devoted to the statement of our main results, i.e., Hecke eigenvalues
and spinor L-functions for the lifting. In Section 6 we state our result on the commutation
relations of Hecke operators, from which our main results are deduced immediately. Finally,
we prove the commutation relations at unramified finite places (resp. ramified finite places)
of Q in Section 7 (resp. Section 8).

NOTATION. For an algebraic group G over Q, G, stands for the group of @, -points of
G, where Q, denotes the p-adic field (resp. the field of real numbers) when v = p is a finite
place of Q (resp. v = 00). By G4 (resp. G4, ), we denote the adelization of G (resp. the group
of finite adeles in G4). Let ¢ be the additive character of Q 4/ Q such that ¥ (xx) = €(Xo0)
for xoo € R, where we put e(z) = exp(2miz) for z € C. We denote by v, the restriction of
to Q, fora place v of Q. We denote by diag(ay, ..., a,) the diagonal matrix of degree n with
the i-th diagonal component ;. For a finite dimensional vector space V over Q,, we denote
by S(V) the space of Schwartz-Bruhat functions on V. We also let S (Q;) be the space of
locally constant and compactly supported functions on Q;. Given a condition S, we set

1 if S is satisfied
8(8) := : ’
5 { 0 otherwise.

2. Automorphic forms. Let B be a definite quaternion algebra over Q. In what fol-
lows, we fix an identification between B := B ® g R and the Hamilton quaternion algebra
H, and an embedding H < M(C). Let B 5 b — b € B be the main involution of B, and
put tr(b) := b + b and n(b) := bb for b € B. Let B* := B\ {0} be the multiplicative group
of B. The center Z(B*) of B* is Q@ - 1. Let dp be the discriminant of B. By definition, dp
is the product of primes p such that B, := B ® ¢ @, is a division algebra.

We let G = GSp(l1, 1) be an algebraic group over Q defined by

Go=1{geMB)|'gQg=1(90, v(g) e @™},

where Q = ((1) (1)) Denote by Z the center of G.
The Lie group Géo = {g € G | v(g) = 1} acts on the hyperbolic 4-space X' :=
{z € H | tr(z) > 0} by linear fractional transformations

_ b
g-z::(az+b)(cz+d)1, g:(i d)eGéo, zeX.

Let u : GL, x X — H* be the automorphy factor given by ,u((‘; j), z) = cz+d. The
stabilizer subgroup Ko of zo := 1 € X in Géo is a maximal compact subgroup of Géo,
which is isomorphic to Sp*(1) x Sp*(1), where Sp*(1) :={z € H | n(z) = 1}.

Let k be a positive integer. Denote by (o, V,) the representation of H given as

H — M>(C) — End(V,),
where the second arrow indicates the x-th symmetric power representation of M>(C). Then

Ty (koo) = 0k (U(koo, 20)) s koo € Ko
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gives rise to an irreducible representation of Ko, of dimension « + 1.
Define w, : G, — End(V) by

we(9) == 0 (D) 'n(D(H™", geGl,

where D(g) := 271(g - zo + Du(g, zo). It is known that w, is a matrix coefficient of the
discrete series representation with minimal Kso-type (7i, Vi) (cf. [Ar-3, Section 2.6]). This
discrete series is a quaternionic discrete series in the sense of Gross and Wallach [G-W]. We
note that w, is integrable if ¥ > 4 (cf. [Ar-2, Lemma 1.1 (ii)], [Ar-3, Lemma 2.10 (ii)]).

Throughout the paper, we fix a maximal order O of B. We also fix a divisor D of dp and
let 2 be a two-sided ideal of O such that, for each p < oo, the p-adic completion 2, of 2 is
equal to O, (resp. Bp)if p { D~'dp (resp. p | D~'dp), where B denotes the maximal ideal
of O for p | dp.

Let L :="(O @& A~"). Then L is a maximal lattice of B®%. Namely, if L’ is a lattice of
B®? with L ¢ L' and {{XQX | X € L'} = Z, we have L’ = L. For a finite place p of Q,
K, ={k € Gy | kL, = Lp}is a maximal compact subgroup of G, where L, := L ®z Z .
Weset K¢ =[], o Kp.

DEFINITION 2.1. For an even integer k > 4, let S, be the space of smooth functions
F : G4 — V, satisfying the following conditions:

1. Forany (z,y,9,kf, ko) € Zg,a X Gg X G4 X Kf x Koo, we have

F(zy gk tkoo) = T (koo) "V F(g) .

2. F is bounded.
3. Forany fixed (g7, goo) € G4, 5 X Goo, We have

o f 0 goe) Fahoc)dhos = F(g700)

where ¢, 1= 27472k (k — 1) and dh is the normalized invariant measure of Géo introduced
in [Ar-3, 1.2].

Here we note that this automorphic form has been shown to be cuspidal (cf. [Ar-3, Propo-
sition 3.1]) and generates a quaternionic discrete series at the infinite place (cf. [N-2, Theorem
8.7]).

Next, let H and H' be algebraic groups over Q defined by Hgp = GL>(Q) and H,, =
B*, respectively, and denote by Zy and Z - the centers of H and H’, respectively. We define
an action of SL,(R) on the complex upper half plane h := {r € C | Im(r) > 0} as usual.
Let U :={h € SLo(R) | h-i =i} = SOQ2)and UL, :={h' € H | n(h') = 1} = Sp*(1).
Moreover, we put Uy = [], o Up and U} =[], U}, where Up := {u = (uij) €
GL2(Zp) | uz1 € DZp}and Uy, := O

DEFINITION 2.2. (1) Let S, (D) be the space of smooth functions f on H4 satisfy-
ing the following conditions:

1. We have f(zyhuyuso) = j(uoo,1) " f(h) for any (z, ¥, h,uy,us) € Zya %
Hog x HA x Uy x Uso.
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2. Foranyfixedhy € Har, b 3 hoo -i = j(hoo, i) f(hfhoo) is holomorphic for
heo € SL2(R).
3. f is bounded.
Here j((‘; S), 7) := ¢t +d denotes the standard C-valued automorphy factor of SL>(R) x b.
(2) Let A, denote the space of smooth V,.-valued functions f" on H A such that

F @y W) = o)™ f ()
holds for any (z/, y’, i/, u’f, ul,) € Zyr.a X H’Q x H x U}. x UL,.
3. Metaplectic representation. In this section, we fix a place v of Q. Whenv = p is
a finite place (resp. v = 00), | * |, denotes the p-adic valuation (resp. the usual absolute value
for R). For X ='(x,y) € Bjez, we put X* := (&, y). For a finite place p of Q,let V, be the
space of functions on B;‘fz X Q; generated by ¢1(X)@2(t), where ¢ € S(B;‘fz) (= S(Q?,))
and ¢ € S( Q;). We also let V o be the space of smooth functions ¢ : Bg?} x 0% = H®? x

R* — End(Vy) such that, for any fixed r € R*, X + @(X, 1) is in S(H®?) ® End(V,)
(=S (RS) ® End(V,)). We define a partial Fourier transform Z by

zgo(( - ),r)=/3 wv(—m@xo)w(( o ),t)dy, pev,.

where dy is the Haar measure on B, self-dual with respect to the pairing B, X By 3 (x, y)

Yy (tr(xy)).
For (g, h,h") € G, x Hy x H,, define a linear operator r,(g, h, h') on V, as follows:
Foroe V,, X € B®? andr € Q,

rl}(gﬂh’ h/) = rv(g, 15 1) Orl}(la ha 1) Orl}(la 15 h/) ’
where

G rg, 1, DeX, 1) = v, Pe(g X, v(9)t), g€ Gy,
(32 r(, LEYeX, 1) = n()Y e(Xh ,n()"t), W e H,,
(3.3)  (Zory(1,h, De)(X,1) = |deth|;/*To((deth) - h~'X, (deth)"'t), heH,.

A straightforward calculation shows that

(3.4) r(l,((l) ’{)A)go(x, t>=wv<%tr(X*QX)>cp(X,r), beQ,.

0 _ _
65 o (§ 0) et =il Peex, @), ade 0F

(3.6) r(l1, (_01 (1)) , DX, 1) = |t|ﬁ/ Y (L tr(Y* O X)) (Y, HdoY .
B®?

Here dgY is the Haar measure on B§B2 self-dual with respect to the pairing

B®? x B®? 5 (Y, Y') > ¢, (tr(Y*QY")).
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This shows that the actions of G, H, and H, mutually commute, and that r, gives rise to a
smooth representation of G, x H, X H, on V.
When v = p < oo, we put

wo,p(X, 1) == chaer (X) charZ; ),

where chary, » (resp. chaIZ;) is the characteristic function of L, = "o p @ 2[;1) (resp. Z;).
When v = oo, we put

it
(4324 ((1, 1)X)e(% tr(X*X)> , t>0,
0. t<0.

$0.00(Xs 1) 1=

The following fact is easily verified.

LEMMA 3.1. Letv = p < oo. Then we have
r(kp. ttp ) P0.p = 90,
fork, e Ky,u, e Up, andu;, c U;,.
LEMMA 3.2. Letv = oo. Then we have
P (Koos oo, Us)P 0o = J (oo 1) T (koo) ™+ 0f o - 0 (1ly,)
fork € Koo, oo € Uso and u’ € UL,

PROOF. The transformation law with respect to the Uxs-action immediately follows
from [N-3, Lemma 3.8] (see also [N-1, Lemma 4.3]). The other transformation laws are
verified in a straightforward way. a

4. Arakawa lift. Let V4 be the restricted tensor product of V, with respect to

{00,p} p<co- By r4 we denote a smooth representation of G4 x Hy x H ;1 on V4 given
by

rA(gv hs h/)(p = ®Vv(gvv hvs h:;)(/)v
v

forg = @, 9y € Vaand (g = (q). h = (hy),h' = (h)) € Go x Hy x H}. Define a
function g5 € V 4 by

06 (X. 1) 1= ¢ oo (Koo o) [ ] 90.0(Xp. 1)
p<00
for X = (X,) € B and 1 = (1,) € Q.
Set

4.1) 6“(g, h,h/) = Z ra(g, h, h/)(pg(X, ), (g, h,h/) € Gy X Hy x H;l.
(X,1)eB®2x 0
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Let C be any compact subsetof G4 x Hy x H A. Then there exist positive real numbers cy, c2,
a lattice L of B®? and a finite set S of Qio such that

Yo Iralg hIYes (XDl <er ) exp(—caX*X)
(X,1)eB®2x Q% XeL,teS

holds for (g, i, h’) € C. This implies that the series (4.1) is absolutely convergent on any
compact subset of G 4 x Hy x H,. By the definition of  and the Poisson summation formula,
we see that 0 isleft Gg x Hg x H ’Q-invariant. We also have, by Lemmas 3.1 and 3.2,

0 (gk fkoo, bt fitog, h'/puly)) = T (koo) ™" j (oo, ) 7°0(g. b, W )0 (uly,)
/

for (9.kf, koo) € Ga X Ky X Koo, (hyutf,Use) € Hg x Us X Uy and (h/,uf,ugo) 1S
H) x U} x Ul,. Note that (goo, oo, o) F> Foo(Goos Moos Msg) 90,00 (Xoos too) 18 ZG 00 X
ZH,00 X Zp co-invariant. We then see that 6° is Zg 4 X Zy 4 X Zpr s-invariant, since
0,=0"-R.o- Z;wuhZ ]_[p<oo oy

For f € S (D) and f’ € A, we set

@2) L(f. f)(g) == /

dh/ dh' 0 (g, h, k") f(h) f'(R'), g€ Ga.
Zy aHg\Ha Zy aHp\Hy

THEOREM 4.1 (Arakawa, Narita). Suppose that k > 6.
(i) The integral (4.2) is absolutely convergent.

(i) L(f. f)(g) € S

PROOF. Since G4 = ZG,AGQG}>O K ¢ (cf. [Shim-2, Theorem 6.14]), it is sufficient to
study the restriction of L(f, f') to Géo. By a standard argument, we see that L(f, f’ )|Géc
is a finite linear combination of original Arakawa lift (cf. [Ar-1], [N-1, Section 4] and [N-
3, Theorem 4.1]), from which the theorem follows. |

REMARK 4.2. Our result on the Archimedean component of L£(f, f’) is compatible
with the work [L, Section 6] by J. S. Li, in which he studies Archimedean theta correspon-
dences for cohomological representations (including discrete series representations).

5. Main result.

5.1. To state the main result of the paper, we need to review several facts on Hecke
operators.

First we consider the case where p { dg. We fix an isomorphism of B, onto M>(Q »)
such that O}, maps onto M>(Z ) and that the main involution of B, corresponds to an invo-
lution of M>(Q ) given by

—11t _ 0 1
MQ(QP)BXI—)W Xw, w_<_1 0).

The reduced trace tr corresponds to the trace Tr of M2(Q,). We henceforth identify B,
with M>(Q ) using the above isomorphism. Then G, K, H1/7 and U ;, are identified with
GSp(J, Q,),GSp(J, Zp), GL>(Q ) and G Lo (Z),) respectively, where G Sp(J) is the group
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of similitudes of J = ( ). Note that we can identify U, with U /. by the isomorphism
B, >~ M>(Q,) fixed above.
Define Hecke operators ’Z;f (i =0,1,2)on S, by

T, F(g) = / F(gx)®},(x)dx .,
V4
where q§2, dﬁll, and dﬁlz, are the characteristic functions of K, diag(p, p, p, p)Kp,
K, diag(p, p, 1, 1)K, and K, diag(pz, D, p, 1)K, respectively. Note that ’TI?F = F for
any F € .
We also define Hecke operators T, and TIQ on S, (D) and A, by

1, 00 = [ fog,tod.
H.D

T = [ fwseoay
H,

where ¢, = cj);, is the characteristic function of GL2(Z ) diag(p, 1) GL2(Z)).

5.2.  'We next consider the case where p | dg, namely, B), is a division algebra. In this
case, we fix a prime element IT of B, and put w := n([1). Then 7 is a prime element of
Q, '

Define Hecke operators 7, (i =0, 1) on S, by

T, F(g) = / F(gx)®}, (x)dx,
4
where qbg and @ 11, are the characteristic functions of K, diag(/1, IT)K , and K, diag(1, 7)K,
respectively. Note that T[?F(g) = F(g - IT) and hence that ’T[?(T[?F)(g) =F(g-m)=F(g9)
for F € S. We also define Hecke operators T, and T[; on S, (D) and A, by

1y £ = [ s, wds.
r = [ e

Here ¢), is the characteristic function of U,ITU,, = ITU,, and ¢, is defined as follows: If
p | D, ¢, is the sum of the characteristic functions of U, diag(s, 1)U, and U, diag(1, m)U)p.
If p { D, ¢, is the characteristic function of U, diag(sr, 1)U,,.

5.3. We say that F € S, is a Hecke eigenform if F is a common eigenfunction of all
the Hecke operators ’Z;f forany p < ocandi =1,2. Let F € S, be a Hecke eigenform with
’Tp"F = A;F, A; € C. We define the spinor L-function of F by

L(F.spin,s) = [ [ Ly(F.spin,s).

p<oo
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where L, (F, spin, s) = Q,(F, p~*)~!,

— PRAL A p2 (AL 4 p? 4 D2 = pROALR Ot pdp,

Op(F, 1) = 341 304 0 =3 A042,2
L—{p*3 AL — p<3(phr — DA% + p*—3(A9)%2, plds,

and

1, D,
A, = p1

The Euler factor for p t dp (resp. p|dp) is given by the formula for the denominator of the
Hecke series in [Shim-1, Theorem 2] (resp. [H-S, Section 4, (I)] and [Su, (1-34)]) under the
normalization of the Hecke eigenvalues

p

(A, Ay, A2) — (PP A pF AL, pPETI ATy pids,
(A), Ap) — (P2 AY, P24, pldp.

We say that f € S, (D) (resp. f' € Ay) is a Hecke eigenform if f (resp. f') is a
common eigenfunction of 7}, (resp. TI/,) for any p < oo. For Hecke eigenforms f € S, (D)
and f' € Ac with Tp f =4, fand T, f" = 1), f' (Ap, A/, € C), we define L-functions

LD(f, S) — l_[ (1 _ )\pp:(72fs + p2l(7372_&‘)71 ,
ptD

LdB (f/, 5) = l_[ - )L/ppl(727s + p2K7372S)71 .
ptdp

When D = 1, we write L(f, s) for LD(f, s), which is the usual Hecke L-function of f.
5.4. We are now able to state the main result of the paper.

THEOREM 5.1. Let f € S¢(D) and [’ € Ay, and suppose that
Tl’f:)‘l?fs T]/)f/:)\‘/pf/

Sorevery p < 0o. Then F(g) := L(f, f')(g) is a Hecke eigenform and the Hecke eigenvalues
are given as follows:
(1) Ifptdp,we have

T)F=F,

T, F = (php + pA,)F ,

T2F = (phph, + p* — DF.
(i) If pldp, we have

T)F =\F,

T) F = (php+ (p— DA)F.
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REMARK 5.2. (i) We can verify that all the Hecke operators above for S, (D) are
self-adjoint with respect to the Petersson inner product, since the forms in S, (D) are assumed
to have the trivial central character. Thus A, is real for any p < oo.

(i) Let p | D. The Atkin-Lehner involution on S, (D) is given by

W, f(h) = f (hwp), f € Sc(D), wp=<_0p é)er.

Note that W, commutes with the Hecke operator T),. Suppose that W), f = )/1; f. Then we
can check that Tl?ﬁ(f, I = A L(f, f7). This implies that L(f, f') = O unless 1/, = 1)
for every p | D.

COROLLARY 5.3. Let f and f' be as in Theorem 5.1. Then we have
LCL(S, ) pin, ) =LP (f.5) L2 (f' ) [ T A= (pt (1= p)a 7270 4 p> 72970
rID

In particular, if D = 1, we have

L(L(f, f1), spin, s) = L(f, s) LY (f', s).

REMARK 5.4. When p { dp, the formula for the Hecke eigenvalues in Theorem 5.1 is
essentially the same as the corresponding result for the Yoshida lifting (cf. [Y, Theorem 6.1]).

6. Commutation relations. In this section, we state the commutation relations of
Hecke operators, from which Theorem 5.1 immediately follows. For a function ¢ on H),, we
put dh)y=¢h "), h e H,. We define @ for ¢’ HI/, — C in a similar manner.

6.1. In this subsection, suppose that p t dp and let the notation be the same as in 5.1.
The metaplectic representation r in this case is given as follows:

Let @ € S(M42(Q))) ® S(Q;), X € Ms(Q)) andt € Q;. We have

r(g, 1, DO(X, 1) = (g)|,”*@ (g7 X, v(9)1), g€ Gy,
r(L 1L W)@(X, 1) = |deth'[}/>@ (XK', (deth)"'1), K € H],
ra,(g ao,),ncb(x,t)=|a|;/2|a’|;1/2<b(ax,<aa/)1r), a.d € Q.

1 b bt t -1
r(1, (O 1) , Do (X, 1) = 1//,,<? Tr(XJXw™) |Jo(X, 1), beQ,,
r(1, ( 0 1),1)@(}(, 1) = |t|j,/ Yp(t - Te(YIXw™ )@ (Y, 1)dgY .
-10 My2(Q),)
6.2. The commutation relations are stated as follows:
PROPOSITION 6.1. Suppose that p t dp. Then we have
(6.1) r(@p. 1. Dgop = p-r(l.dp. Dgop+p-r(1.1,¢))0,p.
(6.2) r(@5, 1, Dgop + (1= p)r(@). 1, Doy = p-r(1, ¢y, ¢,)¢0.p -
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PROPOSITION 6.2. Suppose that p | dp. Then we have

(6.3) r(@9. 1, Dgop = r(1,1,¢,)e0,p.
(6.4) r@). 1. Dgop=p-r(Lgp Dgop+ (p— Dr(l. 1,¢))eo., -

7. Proof of Proposition 6.1.

7.1. 1In this section, we assume that p t dp and prove Proposition 6.1. We keep the
notation in 5.2 and Section 6. In the remaining part of the paper, we write ¢g for ¢q, ,. For
X € Mx(Q,) withwX +'Xw=0andY € GL2(Q)), we put

1 X _ 1, 0 Y 0
u(X) = (Oj 12), i(X) = (; lj) T(Y) = (02 wn;lw)ec,,.

Let
A:={(a,b,c)e(Z,/pZ,)’ | (a,b,¢)#(0,0,0) (mod (pZ,)?), a*+bc=0 (mod pZ,)}.

Note that #(A) = p?> — 1.

LEMMA 7.1. (i)

, , 0 0)) ,
K, diag(p. p. 1, K, =diag(1, 1. p, p)K, U | J ”((o O))dlag(l,p,l,p)lfp
ceZy/pZ)y

1 d 0 b\,
u U r((o 1))u<<0 0))d1ag(p,l,p,1)Kp
b deZ,/pZ,

a b .
u U u((c _a>)dlag(p,p,1,1)Kp.
a,b,ceZ,/pZ,
(ii)

. . 1 dY)) ..
K, diag(p, p. p.DK, = diag(1, p. p. pH)K, U T((o 1)>d1ag(p,1,p2,p)l<p
deZ,/pZ,

U U u<<‘c’ _0a>) diag(p, p*. 1, p)K,

acZy/pZy, cEZ,,/pZZp

_1f({a b .
v U M(P 1<C _a»dlag(p,p,p,p)Kp

(a,b,c)eA
1 d a b . )
U U T((O 1)>u<<0 _a>>d1ag(p .0 P DK,
a,deZ,/pZy, beZ,/p*Z,

PROOF. We give a detailed proof for completeness. To simplify the notation, we write
G and K for G, and K, respectively. Let B = {k = (kij)1<i,j<4 € K | kij € pZ, (i > j)}
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be the Iwahori subgroup of G and

so={((6 ) 2)

Then we have the Bruhat decomposition of K:

k=) ByB.
yew

a,b,c,deZp}.

where W is the Weyl group of G. Recall that #(W) = 8 and W is generated by
1 0 00
— 0 1 10 0 1 0
n="\-1 0))" »Tlo -1 0 0
0 0 0 1

Put g = diag(l, 1, p, p). Observe that ByBg, = NoyBg1 C Noy giK for y € W. Since
Y191 = g1y1 € 1K, we have

K diag(p, p, 1, DK = KgiK
U Noy g1 K

yeW/{y1)
= NogiK U Noy2g1K U Noy1y291K U Noyayiv29iK .

It is easily verified that
NogiK = diag(1, 1, p, p)K ,
Nogik = | w( (0 0)) diagt, p. 1. p&
C O b b 9 b

ceZy/pZy

1 d 0 b .
NovivagiK = U T<<0 1))”((0 0)) diag(p, 1, p, DK,
b.deZ,/pZ,

a b .
NoyayivagiK = U u<<c _a>) diag(p, p, 1, DK,

a,b,ceZy/pZ,

which proves the first assertion of the lemma.
Next put ¢» = diag(1, p, p, p?). By an argument similar as above, we have

K diag(p?, p, p, DK = BpK UByigK U Byayi oK U Byiyayi oK .
First we see that

ByyigpK = Noyay1 oK

- U u<<i _0a>>diag(p, P21, pK.

a€Zy/pZy, ceZp/pZZp
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Similarly we have

_ 1 d a b o
ByiyavipK = U r<<0 1))u(<0 _a)>dlag(p,p,p,l)1<-

a,deZ,/pZ,, beZ,/p*Z,

Using the decomposition
1 0y (1 ¢"\(0 =1\(1 ¢\ [(c O “
(c 1)‘(0 1)(1 o)(o 1)(0 c—l) (ceQp).

({0 O
Bpk = | u(( 0))92K =pKUCr,
CEpZ],/pZZ],

we obtain

where

_ b\\ ..
C) = U u(p ! (0 0)) diag(p, p. p. P)K .

hE(Zp_[’Zp)/pr

Similarly we have

1 d\) . )
Bngpk = | r<<0 1)>dlag(p,1,p,p)KUC2,

deZ,/pZ,
where
)
Cy = U r(plb (011 _il )) diag(p, p, p, P)K .
bE(Zp7pr)/PZp,dEZp/pr
Since
_ —1{a b .
CiuC, = ( ;,LJ) AM(p (C —a)) diag(p, p, p, P)K ,
a,n,c)e
we are done. O

7.2. Denote by oy, , (resp. o’) the characteristic function of M,, ,(Z p) (resp. Z ;j ).
Then we have po(X, t) = 04,2(X)o’(¢). From now on, we often write o for o, , if there is no
fear of confusion. The following elementary facts are frequently used in the later discussion.

LEMMA 7.2. Fort,t' e Q. we have

Yo o lt+a)y =00,

a€Zy/pZ,
Yo o M etane(p (' —a) =o(pT Nt +1))
acZy/pZ,
and

Y. owa(pHat+1) = po(pT o (p) + oo ) —a(pT e ().
a€Zly/pZy
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LEMMA 7.3. Forx € M22(Q,), set

w=e(ls 29 5, (696 D)
e ) 06 2)

acZy/pZ),

and

Then

Ax) = p(x).

For the rest of this section, we put

o “hxp pTix
[i1, 12, i3,14](x) =02,2<<pi3 ' pfu 2))
pRx3 pTHaa

X2

L. X1
for (i1, ip,13,1 eZ4,x=
(i1, 02,13, 14) X3 xg

) € My2(Q)) .

7.3. Proofof (6.1). LetX = ()v‘) € M4,2(Qp) andr € Q;. In view of 6.2 and Lemma
7.1, we obtain ’

r(@), 1, Deo(X, 1) = p¥?’(pn)1(X),
where

=Y o ”1{”(? —ba>y}

a,b,ceZ,/pZ, y

o YR

bdeZ,/pZ, (1’0 1) (0 511>y

+Zo

c€Zp/pZp <(1) p01> y

On the other hand, since
—1 —1
p 0 _ 1 a\(1 O p 0
UP( 0 1)UP_ U (0 1)(0 p )90 1)U
a€Zly/pZy

we obtain

plr(l, ¢p, Deo(X, 1) + (1, 1,0 (X, N} = p*a’ (p1'(X)
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where

I'(X) =8(Tr(xw ™ 'yw) € pZ,)o (X) + p’o(p~' X)

o 2ol D ) et )

The proof of (6.1) is reduced to proving the following formula:
(7.1) I1(X)=T1'(X).

Without loss of generality, we may assume that y = diag( pl, pH*) with A > u > 0 in view of
the elementary divisor theorem. First suppose that © > 0. Then

1(X) = plo(p~'x) + pr(x) + o (x)
and
I'(X)=0@)+ pPo(p~'x) + ppx).

Equality (7.1) immediately follows from Lemma 7.3.
Next, suppose that A = & = 0. Then

we £ )
a,b,ceZy/pZy,

I'(X) = 8(Tr(x) € pZ,)o(x).

and

Letx = (ii f‘) If x ¢ My(Z)), we have I(X) = I'(X) = 0. Assume that x € M2(Z ). If
Tr(x) = x1 +x4 € pZ), (resp. € Z;), we have I(X) = I'(X) = 1 (resp. = 0) by Lemma
7.2, which proves (7.1).

Finally, suppose that A > 0 and ;= = 0. We then have

-1
R )

a,beZ,/pZ,

o 2,0 DG o)

=p[1,0,1,0](x) +[1,0,0,0](x)
and
I'(X) = 8(x1 € pZp)o(x) + p[1,0,1,0](x),
which implies that 7 (X) = I’(X). This completes the proof of (6.1).
7.4. Proofof (6.2). Let X = ()y‘) € M4,2(Qp) andt € Q;. Fisrt observe that

r(@;, 1, Doo(X, 1) = pPo’ (P> (X)
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where

p
+Za
a€Zp/pZp
ceZp/p?Zp

+ Z o a
(a,b,c)eA pily
p=? pd\ . (p%a pTA(b+ad)
0 p—l 0 _p—la y

+ Z o 1 -1
adeZp/pZp p p d y
0 1

beZp/p?Zp

We also have

r(@% 1, Dpo(X, 1) = p*o’ (p*1)J'(X),

-1
J'(X) = o(p_1x> .
Py
On the other hand, we obtain

r(1, ép, dp)po(X, 1) = p*o’ (p*1J" (X)),

where

where

VA — 1 0
J'(X) = 8(Trew ™ yw) € p?Z,) a(<)y“> <(1) [f) (0 p—l>)

beZy/pZy

-1
+8(Trxw ™Y yw) e pzz,,)a<<)y“> <p0 (1)))
3 D6 D L)) 1)
o bel%;’lpg((y><0 1)<0 p2)) PNy ) Vo pt))

To show (6.2), it remains to verify
(7.2) JX)+ (1= pHJ(X)=J"(X).

As in 7.3, we may assume that y = diag(p®, p#), wherea > 8 > 0. Let x = (g ii) We
divide the proof into the following five cases:

(@ p=2, Ma=2, =1, @Qa=p=1, (a=1, =0, @Qa==0.
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(a) In this case, we have

’ 1 0 —1 -1
J(X)—I-(l—p2)J(X)=a<(0 p_1>x)+ 3 “((po p1d)x>

deZ,/pZ,

-1 -2 -2
(R I (Gl iD
p deZ,/pZ), p

= 2+ p’a(p~'x)
and
J'(X) = p(x)+ p’o(p~'x).

Equality (7.2) follows from Lemma 7.3.
(b) In this case, we have

-1 -1
J(X)=11,1,0,0 Y P P
X)=1I 1)+ p 0<<p2x3 24— pla
acZy/pZ,

-1 -1
px1 p (xa+b)
+ Z 0<<PIX3 p s — a)))

(a,b,c)eA
-2 -2 -1
(x1 +dx3) (xo+dxa) +p~ b
S G((P iy P e+ p
it plx3 plxy
beZp/p*Zp

=[1,1,0,0](x) + p’[1, 1,2, 1](x)

1 -1
p ' x1 p(x2+b)
+ Z 0((171)63 p x4 ))

a=0 (mod p)
be=0 (mod p), (b,c)#(0,0) (mod p)

-1 -1
Z p-x1 p (x2+Db)
* G((le P (xa—a)
a#0 (mod p)
b#0 (mod p)

-2 -1
x] +dx X2 +dx
+ Z 0((1’ ;11x3 3 p ;El)m 4)))
deZ,/pZ,

=[1,1,0,0](x) + p*[1, 1,2, 11(x) + (p — D[1, 1, 1, 1](x)
+ (1,0, 1,0](x) —[1, 1, 1, 0](x)

x) Y. o xe(pT (pT x4 p )
deZ,/pZ),

=[1,1,0,0](x) + p*[1,1,2,1](x) + (p — D[L, 1, 1, 1](x)
+1[1,0,1,0](x) — [1, 1, 1,0](x)
+ pHp[2. 1,2, 11(x) + [1, 1,1, 1](x) — [1, 1,2, 1]1(x)},

1 1

+ pPo(p~ o (p”
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and hence

J(X)+ (1= pHJ'(X)=[1,1,0,0](x) + p[1,1,1,1](x) +[1, 0, 1, 0](x)
—[1,1,1,01(x) + p°[2, 1,2, 1](x) .

On the other hand,

“L(bx; + x2)
J/(X) = & c pZ <()C1 Pi( 1 2))
X (1 €p p)beZX/;:Z o X3 p 1(171634-)64)
p/PZp

Lo € pz,,>a((§_i§; ii)) + pza((i_jg 5_12))
=o(p 'x)o(p'x2) Y. o(xa)o(pT (bxz + x4))
beZ,/pZ,
+1[1,0,1,0](x) + p°[2, 1,2, 1](x)
=p[l, 1,1, 1](x) +[1,1,0,0](x) — [1, 1, 1, O](x)
+1[1,0,1,0](x) + p3[2, 1,2, 1](x).

Thus Equality (7.2) for this case immediately follows.
(c) In this case, we have

-1 -1
_ p X1 p X2
J(X) = Z G((p_zxz + p_lc p_ZX4 — p_la)>

a€Zp/pZp

L‘EZp/pzZp
P I G S )
p C —dad
(a,b,c)eA
N Z a((p2(x1 +dx3)+pla prxo4dxy)+p b+ ad)))
a,deZp/pZp p71X3 p71X4 —a
beZp/p2Zp

= po(p~'x) +8(x1 +x4 € pZp, x7 +x2x3 € pZ,) (0 (x) — 0 (p~'x))
+ pPo(p~'x)
=(p*+p—Do(p™'x) +8(x1 +x4 € pZy, x{ +x2%4 € pZy)o(x).
On the other hand, it is easily seen that
J(X)=0(p'x)
and

—1 -1
"oy pTx1 X2 x1 p~(bx1 +x2)
J(X)=8(x1+x4 € pr){a<<p1x3 m)) + E G((m p’l(b)@ +x4)))} .

beZy/pZy
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To prove (7.2), it is sufficient to show that
po(p_lx) +6(x1 + x4 € pZ,,){S(xl + x2x3 € pZpy)o(x)
-1
- o((il D o :2;)) -0, 1,0](x)}
beZ,/pZ, 3 P 3 4

vanishes. This is proved by a tedious but straightforward calculation and we omit the detail.
(d) In this case, we have

-2 a—2 -2
P 0 p*fa pb
J(X) = § a((o p1>x+< 0 _p1a>>,

a€Zp/pZp
beZp/p*Zp
J'(X)=0,
-1
J'(X) = 8(x1 + p¥x4 € p*Z a((pxl x2>).
(X) =68(x1+ p“xa€p°Zy) plxs xg
Since
JX)= Y o P 2 = J"(X)
B plx; ples—a))) ’
acZy/pZ,
we are done.

(e) In this remaining case, we have
JX)=JX)=J'(X)=0

and the proof of (7.2) has been completed.

8. Proof of Proposition 6.2. In this section, we assume that p | dp and prove Propo-
sition 6.2. The proof of (6.3) is straightforward. To prove (6.4), we need some preparation.
By 0i,n, we denote the characteristic function of M, ,(O)). As in Section 7, we often write
o for oy,,,. For a subset A of By, we put A~ := {a € A | tr(a) = 0}. Recall that O, is the
maximal order of B, IT is a (fixed) prime element of B, and 7 = n(IT). We put‘B3, = I[10,,.

8.1.  'We now collect several facts on the arithmetic of B, used in the later discussion.

LEMMA 8.1. We have

80, /m0,) = p*. #(0,/II0y) = p*, 40, /x0,)=p’, «(UT'0,)"/0,) = p*.
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LEMMA 8.2. Forx € B), we have

Y. o @ Hb) =8u) € pZyox),
beO, /n O,

Y. oI x+b) = pPa(u(x) € pZyo(x),
beO, /n O,
> o(x +b) =o(ITx),
be(IT~10,)~/O;

Z o ' (x + b)) = po(IT 'x),

b, /7By

Z G(Hfl(x + D)) =4(tr(x) € pZ,)o(x),
beO, /B,

Y o@ 'y +b) =8(ir(x) € pPZy)o(IT ' x).
be, /7P,

8.2. We first consider the case p | D. We then have qASp = qS;; +é,, where ¢;; (resp.
qﬁ;) is the characteristic function of U, diag(1, p’l)Up (resp. U diag(p’l, DUp).

LEMMA 8.3. We have

r(@,, 1, Dgo(X, 1) = p*la’ (D)1 (X),

()2 )

H*l
+ Z U( 17({[‘|;)C)’)>_|_a<nx1y>.

ce(lT710,-0,)~/0,

where

PROOF. This follows from the definition of 7 and the coset decomposition

ko 2)0= U (DG Do

beO, /O,

U el Y

ce(lT710,-0,)~/0,
LEMMA 8.4. (i) Ify e OF,we have

1<;C) = 8(tr(xy™") € pZ,)o(x).
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(i) Ify e HOX, we have
X 2 —1 —1 —1
I(y) = pS(r(xy ") € pZy)o(II” x) —o T 'x)+o0(x).
(iii) Ify e mOp, we have
1(’;) =plo@ )+ (p? — DoT %) +o(x).

PROOF. Wheny € O, we have

1<;C) = Z o 'y + b)) =8(r(xy™) € pZp)o(x).
beO, /7O,

When y € [TOX, we have
I(j}) = Z oI (xy™ + b)) + Z oxy ' o) —axy™)
beO, /nO, ce(1710,)= /0,
= p*S(tr(xy™") € pZ)o (T 'x) +o(x) — o (T 'x).

When y € 71O, we have
1(’;) — 20, /70;)a (%) + 8T 0, — 0,) 7 /0;)o (T x) + 0 (x)

=plor ')+ (PP = DoUT 'x)+0(x). O
LEMMA 8.5. We have
r(L ¢t Deo(X, 1) = p'?6’(pH)J T (X)

where

J+<x> o) x !8(tr(xy—l> € pZp)o(x), yeOy,
y o(x), yelio,.

PROOF. Since
' B 1 »\(1 O
Uy diag(1, p"HU, = U (O 1) <0 1’_1>Up’
beZ,/pZ,
we have

b
r(L ¢y, DeoX, 1) = p~'Po’(pr) Y w(étr(X*QX))G(X)

beZ,/pZ,

=p 2" (pt) - p-S(r(x7y) € Zp)o (( ’y“ ))

S(r(xy™") € pZp), yeOy,

= p'26'(pt)o (x) x
p (pt)o(x) . veno,.
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which proves the lemma.

LEMMA 8.6. We have

r(1, ¢, Deo(X, 1) = p°*o’(p1)J ~(X),

where
0, yeOr,
J<)yc> =o(y) x {Gexy ™) epz,)—pHo(T 'x), yenoy,
po(@x)+ (1 —pHoUT 'x), yenO,.

PROOF. To prove the lemma, we recall that, for 1 € GL( Qp) andp € V),

(Zor(l,h, D)X, 1) = |deth|”*To(det(h) - h~' X, det(h™") - 1),

I(p(( )yc ) t) =/B Iﬁ(—ttr(uax))(p<< i ),t)du.

Here the measure du on B), is normalized by vol(O)) = p~ ! Itis easily verified that

Teo (( ;C ) t) = p lo(ITx)o (y)o'(t)

Il(p<< x ), t) = |t|4/ vt tr(u"x))w(( “ ), t)du.
y B, y
It follows that

(Tor(l.¢, Dep)(X.0)=p~'? 3 Im(@ po_l)(;“),pt>

beZ,/pZ,

=pPo(Ix)d'(p)y Y obx+p'y).
beZ,/pZ,

where

and

We thus have

r(1,¢,, Deo(X, 1) = |1 f Y w@))p o (Muyo’ (pr) Y obu+p~' y)du
By beZ,/pZ,

X
= p5/2a/(pt)K< )
y
where

K(i)zflgw(pltr(u“x»o(m) > obu+pTlydu.

beZy/pZy
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First observe that K(’;) =0ify ¢ [1O,. Assume that y € ITO,. Then
K(’“) =0y [ e
y n-'o0,

Y fn Lo, VT GG+ pTdu

be(Z,—pZp)/pZ,
=vol(IT™'0p)o (p~ ' o (p~'x)
+ ) / v (p~ (@ —bp~' )70 (b uydu
m-10
be(Z,—pZy)/pZ)y P
=po(r )0y
+ ) Y@ThuG ) / YO ) du
be(Zp—pZy)/pZy =10,
= po(p~ )o@ 'y)
+{ps(tr(y°x) € p*Z,) — 1} vol(O,)a (1T~ 'x).
The last term is equal to {§(tr(xy™") € pZ,) — p~YoUT7'x) if y € MO, and
(1 - p_l)o(H_lx) if y € wO,. This proves the lemma.
The following fact is clear.

LEMMA 8.7. We have

(1,1, 900X, 1) = p*%a’ (pn)J' (X)),

where

J’(;“) =0T ' x)o (T Yy).
A straightforward calculation shows the following formula, which completes the proof
of (6.4) in the case where p | D.
PROPOSITION 8.8. We have
J(X)=JF(X) = p*J~(X)+ (1= p)J (X) =0.

8.3. In this subsection, we suppose that p { D.  We only give a sketch of the proof of
(6.4) in this case, since the proof is similar to that in 8.2. First observe that

(o 2)&= U (o 1) 1)

be&]ﬁi;/n‘p;

SO O () L R

C'E(Op*(fpp)i/m;
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LEMMA 8.9. We have
r(®). 1, Deo(X, 1) = p*28' (x) 1 (X)),
r(1, ¢p. Doo(X. 1) = p'/28'(x1) J (X)),
r(1, 1, ¢p)eo(X. 1) = p*/28'(x1) J' (X)),

where

7 (x + by) T (x +cy)
0= 2 G( My >+ 2 U( y )

beP, /m B, c€(Op=Bp)~/B)

~o(a,)
m'y)’

J(X) = 8(tr(x° z * o ]
()_ (I'(.X Y)EP [7)0— Hy +pU H_ly ’

, - I 'x
J(X)—a< y ) .

Using Lemmas 8.2 and 8.9, we obtain the following formula, from which (6.4) immedi-
ately follows.

PROPOSITION 8.10.

IX)=JX)+(p-DJX).
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Our work in this paper had been completed during the second named author’s stay at Max-Planck-
Institut fiir Mathematik for 2005 April to 2006 March. He thanks the directors very much for their
invitation and hospitality.

The authors would like to thank the referee for helpful comments.
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