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Commutative Banach algebras with
non=unique complete norm topology

Richard J. Loy

It has recently been shown that discontinuous functional calculi
exist for certain commutative Banach algebras. Such an algebra
thus possesses two distinct calculi so that there exist analytic
functions whose action on the algebra is not uniquely determined.
In this note a method is given for constructing commutative Banach
algebras which admit two inequivalent complete norm topologies and
the result is applied to show that the action of any non-algebraic

analytic function may fail to be uniquely defined.

The purpose of this paper is to give a simple method for constructing
commutative Banach algebras which have non-unique complete norm topology.
One of the first examples of such an algebra was that of Feldman (see [1],
an example originally constructed to show the failure of the Wedderburn

Theorem. This algebra is 12 @® C as a vector space with the usual product

in 22 and trivial multiplication by the second summand, and has & norm in

which 12 is dense. Thus in a sense L, has been completed by the

2
adjunction of a radical and the resulting algebra has the non-uniqueness

property. This is the idea exploited herein, and although the norm of the
Feldman example is not obtainable by our approach other inequivalent norms

on 12 ® C may be constructed. Indeed this is essentially done in [7].

1.
Let A be a commutative normed algebra and M & commutative Banach
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A-module, hereafter simply A-module, so that M 1is a Banach space which

is a commutative A-module such that the map (x, m) +— z*m is continuous
from A XM to M. For such 4 and M let Hl(A, M) denote the first
algebraic cohomology group, Hi(A, M) the first continuous cohomology
group, where the cochains are required to be bounded. Thus with the usual
conventions Hl(A, M) 1is the space of derivations of A into M , that
is, linesr mappings D : 4 - M satisfying D(xy) = x*Dy + yDx ; Hi(A, M)

the space of continuous derivations of 4 into M . As a simple example

take M = C with module action x°X = Ap(z) for some multiplicative
linear functional ¢ on A4 ., If ¢ # 0 then Hl(A, C) 1is the point

derivation space at ¢ , if ¢ =0 then it is the annihilator of A2 .

This situation is considered in []]. For further details of Banach algebra

cohomology see [6] or [7].
Denoting the norms in both 4 and ¥ by | *|| , the constant
k = sup{l, [zemll : jlzi| = {imf] = 1}

is finite, and if 4 is the completion of 4 wunder |l*|| , M is clearly
an A-module. Let A denote the vector space direct sum A®M with
product

(zy, m)(y, n) = (xy, z*nty+m)
and norm

[z, m| = k(llzl+lml) .

For each D € Hl(A, M) the functional

p ¢ (zs m) = k([lxli+|Dz-m||)

is defined on the subalgebra A ®M of A and is easily seen to be an

algebra norm thereon. If D = 0 the completion of A ® M under I']D is
of course just A . For general D we note that the map

GD : (z, m) — (x, Dx-m)

is an isometric isomorphism of 4 ® M under into A , and so

-1,
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extends uniquely to a map of the completion AD of A®M into A . In

particular if 1 : £+ (x, 0) is the natural embedding of A into A ® M

then [+, : = +— |1(:c)|D is anormon 4 and 6,1 extends to an
isometric isomorphism of ZD , the completion of A under ||°||D , with

Gr(D) , the closure (in A ) of the graph of D .

Now if D is continuous then l- is equivalent to I- on AGM

D
and ||'||D is equivalent to |[l*]] on 4 . Thus AD=A and ZD=Z. In

the discontinuous case ".”D is a discontinuous normon 4 and 1 is a

discontinuous isomorphism. This latter result has been used in [1], in the

case 4 = Zp for 1 <p <o and M= C with trivial action, to show that

these algebras admit discontinuous isomorphisms. Another example is
furnished by letting A be the algebra of polynomials on the unit disc
with uniform norm, M = C with module action p-+A = Ap(1l) for
(p, \) €A®M and D: pr>p'(1) . Here ZD is a one generator algebra
with spectrum the closed unit disc and one dimensional radical (ef. [5]).
Suppose now that D is discontinuous. If M is finite dimensional
then it easily follows that a'_(D—) NO@®M+ {0} , and if A is complete
this holds for arbitrary M by the closed graph theorem. Thus if A4 is a

Banach algebra with Hl(A, M) # Hi(/l, M) for some M then A has a
completion with a non-trivial nil ideal. We remark that this fails for
A = C(X) since Hl(C(X), M) =0 for any C(X)-module M ([61, [71).

Other cases in which Hl(A, M) = H‘l:(/l, M) are given in [2]. Finally we
add one further hypothesis to these considerations to obtain the main

result.

THEOREM 1. Let A be a commtative Banach algebra, D a non-zero
derivation of A 1into a commutative Banach A-module M . If D vanishes

on a dense subset of A then the algebra KD admits two inequivalent
complete norm topologies.

Proof. Let S ={m €M : (0, m) € Gr(D)} so that S is certainly

contained in D(4) . Conversely, if m = Dx for some &x € A take

{xn} CD'l(O) with £ >z in A . Then z-2z >0, D(x—acn] =m
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whence m € S . A diagonal argument shows that S 1is closed and so

S = D(A) . But then if (x, m) € A®S it follows that m - Dx € D(A) so
that (0, m-Dz) € Gr(D) and (z, m) = (x, Dx) + (0, m-Dx) € Gr(D) .
Similarly Gr(D) c A ® S and since the latter is closed in A we have
A® S =c6r(D) .

Now if (x, m) € A® S then GD(z, m) = (x, 0) + (0, Dx-m) e A®S .
Conversely (x, m) = (x, Dx-m) + (0, 2m-Dx) € GD(A @®S) . Thus GD is an

eautomorphism of A ®S . Since D is discontinuous so is BD and so the

'|D= |9D(')| are inequivalent on A ® S . The

norms . l and

completeness of |[+| is clear and that of follows since 6, is an

-1,
automorphism. Since (ZD’ ".”D) is (isometrically) isomorphic to
(485, |+|) the result follows.

As an application of this method let A be the algebra of functions
continuous on the closed unit disc A and analytic on its interior, with
the uniform norm. Let O be the algebra of functions analytic on a
neighbourhood of A , and ¥ : 4 > 0 the monomorphism yYx(A) = =(A/2) ,
x €4, |A| < 2 . Finally let M be a Banach space, T an endomorphism

of M with norm at most one. For x €4 , z()) = z unkn R |A| <1, the

series | un2_nTn converges to Yx(T) , the operator on M given by the
functional calculus applied to the function Yx and the operator T . It
follows that

mex = zem =} un2-n.’l"nm
n

defines a commutative module action of 4 on M . Further

1A

lzemll = § [w, 127" lml

I lu |22 2

1A

1/2
[X Iunlg-e’"] 72 m
v2 |lc|f « [Iml|

IA

so that M is an A-module.
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In particular, we may consider the situation developed in [3], where
M =C[0, 1] and T is the operator of indefinite integration. Non-zero
linear mappings B : 0 + ¥ are constructed in [3] to vanish on polynomials
and satisfy

B(fg) = f(T)B(g) + g(T)B(S)

for f, g €0 . Letting D =By we have D : A+ M is a derivation
vanishing on polynomials. Since D # 0 it is necessarily discontinuous,

" which answers a question of [Z].

We also note that 4 and D here satisfy the hypothesis of Theorem 1

since polynomials are dense in 4 . Thus Zb has two inequivalent

complete norm topologies. In [3] the question is raised as to whether the
exponential function in such an algebra is independent of the norm and
using the present example we settle this in the negative. Indeed, let

f € 0 be non-algebraic. In the terminology of [3], ? consists of the
rational functions in 0 so that Pf is not algebraic over P . Thus the
mapping B may be chosen such that Df = BY(f) # 0 . Let p, be the

n-th partial sum of the Taylor expansion of f about zero, so that p, > f

uniformly on some neighbourhood of A , and denote by J the identity
function on A so that the spectrum of (j, 0) in A ®S is A . Let
f(J) ana fb(j) respectively denote the elements of A ® S obtained from

(7, 0) by f under the [s+[-continuous and |-[D-continuous functional
calculi. Then pn((j, 0)) = (pn, 0) + f(4) under |+] , (pn, 0) -*fD(J')

under Since |(pn, 0)-(f, 0)| » 0 it follows that f£(j) = (f, 0),

-1, -
but | (p,, 0)-(f, 0)|p, = lp,~fll + IIDfll + 0 so that fp(5) # f(4) -

We remark that by the construction of B (see [3]) the radical of AD

igs infinite dimensional. Indeed algebras with finite dimensional radical
have unique functional calculus by Theorem 1 of [3] so that the argument
above shows that any derivation of A4 into a finite dimensional A-module
which vanishes on polynomials must be zero. In fact more is true: any
derivation of 4 into a finite dimensional A-module is continuous. For
if D: A+ M is such a derivation then A @ M is a strongly decomposable

Banach algebra with finite dimensional radical M , A 1is an algebra of
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class B (see [4]) and so the isomorphism 901 is continuous by Theorem

5.4 of [4], and so D is continuous.

2.

In the above situations the ideal adjoined was always nilpotent of
index two; we now consider how to obtain more general ideals. Let A be a
commutative normed algebra, M an A-module which is also a commutative

Banach algebra, D = {Dl’ cees Dr} a higher derivation of rank r of A
into M, so that for x,y €4 and 1l <g =r ,
s-1

Ds(xy) =xDy +y Dz + L Di(x)Ds—i(y)

In analogy to Section 1 let Ar denote the vector space 4 @ M with

product

(o In) G ) = [, feong + yomg + T )]

N, .,
g=1 J v

and norm
r
[ fm;B)| = Kllzlt + & ] il -
1=1

We alsc have the norm |'|D on A®M ,

r
[ (=, {’”7,}) |D = kllzll + & izl ”Dix-mi” ,

the isomorphism BD : (:c, {m‘b}) > (x, {Dix-mi}) and the completion ZD of

8

A under || '-”D 1 x> |1(x)|D . A detailed analysis of ZD depends on the

properties of D {D cees Dr} and for this reason we consider a

19

specific case only. Note, however, that if D ., D are continuous

1’ r-1

but Dr is discontinuous then the arguments of Section 1 are applicable.

Thus let A be the algebra of polynomials on the closed unit disec A,

with uniform norm |l*]l , M = C with module action as before and higher
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derivation D = {D .o Dr} given by

l’
()
Dip ==

so that

r (2)
IQ gl[l
liell, = lpll + _Zl it
1=

For positive integers s, ¢ set

t
_ 9% (-
Pg (M) = 2= T
2
so that for |[A| €1 and 0<§ <1,
) [1-x] =6,
e, ()] =
st ¢ 2y8/2
2% (18 \
ol = R EE VIR

whence "pst” +0 as 8 > o for each integer t . Also

0 1<¢t,
() -
Pgt (1) =
1 1=¢t.

We wish to show that given a cees ar € C there is a sequence

1’
c i . . ;L .
{pn} A with Han +0 and Dp ~+a, foreach I Rather than giving

an involved construction of such a sequence we proceed as follows. Suppose

the subspace H = ﬂD;l(O) of A is not dense, so there is a continuous

functional ¢ on A vanishing on H but not identically zero. But such

¢ must be of the form Z AiDi for some A vy Ar €C. Since ¢ #£0

l,
some Ai # 0 , but then if At is the last such scalar At = ¢(pst) >0

as 8§ > ® . This contradiction shows that H is dense in A . Since

D » D are linearly independent there exist qi, ey qr € A with

1> sees D,
D;q; = 8,; vhence the set fp:op=a,i=1,..., r} is a translate

of H and so is dense in A . The existence of the required sequence
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{pn} is now clear. Now let © denote the extension by continuity of the
isomorphism 601 to ZD . Then if (a:, {(xi}) €A @MP we have
(z, {o;}) = (=, {p;x}) + (0, {o;-D;x}) € ©(A)) , and since O is an

isometry and ZD is complete it follows that © maps ZD onto
Ar =24® M . Thus ‘ZD has a radical which is nilpotent of index r .

We note that in this example Ar , and hence ZD , is a strongly

decomposable Banach algebra of class B with finite dimensional radical
and so has unique complete norm topology by Theorem 5.4 of [4]. 1In
comparison to this we note the following result the proof of which is

omitted.

THEOREM 2. Let A be a commutative Banach algebra,
D= {Dl’ cees Dr} a higher derivation of rank r of A into C such
that {Dl’ +++» D} s a linearly independent set of discontimuous

functionals. Then 4p admits two inequivalent complete norm topologies
and has nilpotent elements of index r .

These results naturally raise the question of whether quasinilpotent
non-nilpotent radicals are obtainable in some analogous fashion. As yet we
have been unable to settle this question; however some partial results

follow for the particular case when A4 is the algebra of polynomials on

the closed unit dise A . Let {Mk} be a sequence of positive reals such
that
M Mg
kt =21 (k-z)!
: k1) /R
for 1 =1 <k so that, in particular, the sequence k +> [M_] is
k

monotonic decreasing, with limit Y =2 0 . Consider the norm on A4 given

by

o\ (k)
ol = il + ) 1”—,4%21

and let Zm be the completion of A wunder |-
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THEOREM 3. A_ 1is semisimple if ¥ >0 . (4, |+|) is natural if
and only if Y =0 .

Proof. Suppose Y > 0 and let

A, = AU j1-a| = v) .
Then
= 100
lp| = lipll + ] =
1 k
o (k) 1 X
> (pll + 3 2Ly
1 !
@ (k) "
zlP___(LU.Y ,
- k!
0
so that

lp| = max{|p(A)] : A € AY} .
Thus (4, |'|) fails to be natural since evaluation at any point of AY\A
is |*|-continuous.
Suppose now that x € 4_ , v(z) =0 , and let {pn} c4 besa
sequence converging to x . Then certainly \)(pn] + 0 so that p, *> 0

uniformly on AY . Thus pr(zk)(l) >0 as n->o for each k=20 . Also

the sequence {pflk)(l)} is Cauchy in Zl({le}] whence
k=1

(k) (k)
p. (1) p, (1)
lisziM——I-= ¥ 1imJ—"—M—I-=o .
n k k k n k

But then |z| = 1lim |pn| = 0 and it follows that A_ is semisimple.
n

Conversely, if y=0 let a €C, |a] >1 and take » >0 so

k
1
small that a f Ar . Then the sequence k> k.2k is bounded, by Br

Mkl’

say, so that
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1A

o , (k) k
ol =t + 3, ) Ll 8

IA

Il + BPOZ: M) [ |

Comax{[p(A)] : A €4}

1A

for some constant Cr > 0 . But then there are polynomials {pn} c A with
ma.x{]pn(k)l P W 4 Ar} <1 forall 7 and |pn(a)| + ® , Thus eveluation
at o is not |[+|-continuous.

We remark in passing on the similarity between the above expression
for |'| and the inequalities for quasianalytic functions on A . For

taking the norm

bl IE(k)[
lp|" = lipll + [
1 %

on A , the completion is the algebra
. (%)
D{Mk} = {:c €C (h) : EﬂxM—”-<m}
k

(see [5]). If vy >0 then the classical class C{Mk} is quasianalytic by

[9] 4.2.I1 and hence so is D{Mk} (see [8]). 1In particular if «x € D{Mk}

and x(k)(l) =0 for all k them 2 =0 , a result which is more directly
seen by appeal to the argument of Theorem 3. There is no converse,

k
)

however, since if M, = k!(logk then DM is quasianalytic whereas
k k

Y=0.

We conclude with a simple characterization of the radical in certain
completions of the algebra A . Let |'|' be a norm on 4 such that
(4, |+]') is natural and denote by A' the |+|'-completion of 4 . For
B < A' write B' for its closure. Finally note that the Gel'fand

transform in A' is the identity map on 4 .

THEOREM 4. The radical of A' is precisely N G54 .
x
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—

Proof. Suppose x € ﬂjkA so that for fixed Kk there is {pn} c4

kpn +x in A' . But then jkpn >z uniformly on A . Thus the

with J
analytic function 2 has a k-th order zero at the origin. Since this is
true for all k it follows that & vanishes on A , so that x 1lies in

the radical.
Conversely, if « 1lies in the radical take {pn} c A with p, >z

in A' . Then certainly pn(O) + 0 so that p, - pn(O)j +x in A',

!

that is, x € jA' . Now suppose that =z € jkA for some k=1 . If

{qn} C A are such that jkqn +z in A' then jkqﬁ + 0 uniformly on A
_'
whence qn(o) + 0 . But then & € jk+1A' as sbove and the result follows

by induction on k .
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