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Abstract. Smooth compact complex surfaces admitting non-trivial surjective endo-
morphisms are classified up to isomorphism. The algebraic case was dealt with earlier by
the authors. The following surfaces are listed in the non-algebraic case: a complex torus, a
Kodaira surface, a Hopf surface with at least two curves, a successive blowups of an Inoue
surface with curves whose centers are nodes of curves, and an Inoue surface without curves
satisfying a rationality condition.

1. Introduction. A surjective endomorphism of a compact complex variety X means
a surjective morphism (holomorphic map) from X to itself. The study of surjective endo-
morphisms of a given variety X, such as the projective space P", is a subject of complex
dynamics. On the other hand, in the classification theory of compact complex varieties, it
is interesting to study the varieties X which have surjective endomorphisms other than auto-
morphisms. We call a surjective endomorphism non-trivial if it is not an automorphism. For
example, complex tori and toric varieties admit non-trivial surjective endomorphisms. More-
over, the product X x Y admits a non-trivial surjective endomorphism if so has X. However,
any surjective endomorphism of a variety of general type is an automorphism. A compact
non-singular curve admits a non-trivial surjective endomorphism if and only if it is isomor-
phic to the projective line P! or an elliptic curve.

The classification of the varieties admitting non-trivial surjective endomorphisms has
been done in the following non-trivial cases: non-singular projective surfaces (cf. [19], [3]);
non-singular projective threefolds with Kodaira dimension « = 0, 2 (cf. [3]).

In this article, we shall complete the classification of non-singular compact complex sur-
faces X with non-trivial surjective endomorphisms. The classification in the case of projective
surfaces is as follows:

(1) X is a toric surface;

(2) X is a P'-bundle over an elliptic curve;

(3) X is a P!'-bundle over a non-singular curve C of genus g > 2 such that X x¢ C’ ~
P! x C’ for a finite étale covering C’' — C;
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(4) X is an abelian surface or a hyperelliptic surface;

(5) X isan elliptic surface with Kodaira dimension « (X) = 1 and the topological Euler
number e(X) = 0.
The cases above correspond to the following numerical invariants: (1) k(X) = —oo and the
irregularity g(X) = 0; (2) k(X)) = —ooand g(X) = 1; 3) k(X) = —oo and ¢(X) > 2; (4)
k(X) = 0;(5) k(X) = 1. The following is our main result:

THEOREM 1.1. The non-algebraic non-singular compact complex surfaces X admit-
ting non-trivial surjective endomorphisms are classified as follows:

(1) X is a complex torus;

(2) X is a primary Kodaira surface, a secondary Kodaira surface, or an elliptic Hopf
surface;

(3) X is a Hopf surface with two elliptic curves or one of the following Inoue surfaces

S(+)

without curves: Sy, N.p.g.rit

satisfying a rationality condition (cf. Theorem 8.6) with respect

to the parameter t, and S](\Z;’q)r;
(4) X is a successive blowups of one of the following surfaces whose centers are nodes

of curves: a parabolic Inoue surface, a hyperbolic Inoue surface, and a half Inoue surface.

The cases above correspond to the following numerical invariants: (1) the first Betti
number b1 (X) is even; (2) b1 (X) is odd and the algebraic dimensiona(X) = 1; (3) a(X) =0,
b1(X) = 1,and bp(X) = 0; 4) a(X) = 0, b1(X) = 1, and bo(X) > 0. In particular, if X
is Kéhler, then X is a complex torus. The definitions of Kodaira surfaces, Hopf surfaces,
Inoue surfaces are given in [10], [5], [7] (cf. [1]). However we discuss the structures and the
properties of these non-Kihler surfaces in Sections 2, 6-9 below. The Kodaira surfaces X are
characterized by the conditions: b1 (X) is odd and ¢1(X) = 0 in H*(X, Q). A Hopf surface is
a compact complex surface whose universal covering space is biholomorphic to C2 \ {(0, 0)}
by definition. A compact complex surface is called a surface of class VII if the first Betti
number is one. If it is minimal, furthermore, it is called a surface of class VIIy. Hopf surfaces
and Inoue surfaces are typical examples of surfaces of class VIIy with the algebraic dimension
Zero.

The idea of the proof of Theorem 1.1 is as follows: In the first step, we list the possible
surfaces X admitting non-trivial surjective endomorphisms. We can show that, for such an X,
the set S(X) of curves with negative self-intersection number is finite by the same argument
as in [19]. This yields a strong condition on X. For example, it implies that if X is a non-
algebraic elliptic surface, equivalently if a(X) = 1, then the singular fibers are multiple of
elliptic curves (cf. Proposition 4.1). Furthermore, by investigating the variation of Hodge
structure, we infer that X is one of the surfaces listed in (2) of Theorem 1.1 (cf. Theorem 4.5).
The finiteness of S(X) and some known results on surfaces of class VIIp imply that if X is a
surface of class VII, then its minimal model is one of the known examples (cf. Theorem 5.2).
Thus we can make a list of the possible surfaces.

Conversely, in the second step, we examine whether a non-trivial surjective endomor-
phism exists or not individually for the cases of surfaces listed as candidates. It seems to
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be difficult to determine the existence on Kodaira surfaces, on non-elliptic Hopf surfaces,
and on Inoue surfaces without curves, because of their complicated construction from the
universal covering space. We consider a lift of an expected endomorphism to the universal
covering space and examine whether it really induces a non-trivial surjective endomorphism
by elementary but long calculations. In the case of Kodaira surfaces and Inoue surfaces with-
out curves, we can describe the induced endomorphism of the fundamental group explicitly
by using triangular matrices in GL(3, C) (cf. Proposition 6.4, Proposition 8.5). Our method
is delicate and powerful enough for the investigation. For example, we can find a remark-
able condition on the parameter ¢ for the existence of an endomorphism on the Inoue surface
SI(VT;, gt Contrary to the above, in the case of elliptic Hopf surfaces, we look at the behavior
of multiple fibers of the elliptic fibration. If it has three multiple fibers, then it is obtained as
the quotient of an elliptic fiber bundle over P! by a free action of a regular polyhedral group
G C PGL(2,C). A G-equivariant endomorphism on the elliptic bundle is constructed by a
method similar to that of Lemma 6 in [19].

This paper is organized as follows: After explaining the classification theory of non-
algebraic surfaces in Section 2, we recall and generalize the argument in [19] on the set S(X)
of curves with negative self-intersection number in Section 3. The possible surfaces X are
listed in Section 4 and Section 5, respectively, for the cases a(X) = 1 and a(X) = 0. The
existence of endomorphisms is studied individually in the cases of surfaces in Sections 6, 7, 8,
and 9 for Kodaira surfaces, Hopf surfaces, Inoue surfaces without curves, and Inoue surfaces
with curves.

NOTATION. We denote the ring of integers by Z, the filed of rational numbers by Q,
the field of real numbers by R, and the field of complex numbers by C, as usual. The complex
projective line is denoted by P!, while the upper half plane {tr € C | Imt > 0} is denoted by
H . The ring of integral (r x r)-matrices is denoted by M, (Z).

Throughout this paper, a surface means a compact complex analytic surface while a
curve means a compact complex analytic curve, for short, if there is no fear of confusion.

Let X be a non-singular compact complex surface. For u € H! (X,Z),v € H4_i(X, Z),
we denote by u - v the intersection number [u U v, where U is the cup-product and | is
the trace map H4(X, Z) — Z. A divisor D of X defines a homology class in H2 (X, Z)
which corresponds to the first Chern class ¢1(D) = ¢1(Ox (D)) associated with the line
bundle Oy (D) by the Poincaré isomorphism HZ(X ,Z) >~ Hy(X, Z). The intersection number
c1(Dy1) - c1(D») of two divisors D1 and Dj is denoted by Dy - D,. Note that c{(£) - C =
deg L|¢ for a line bundle £ and for an irreducible curve C.

Let f: Y — X be a surjective morphism from another non-singular compact com-
plex surface. It induces the pull-back f*: H'(X,Z) — H'(Y,Z) and the push-forward
f«: Hi(Y,Z) — H;(X,Z). By the Poincaré duality, the push-forward induces a homo-
morphism H'(Y,Z) — H'(X,Z), which we also denote by f.. Then the composite f; o

*: H(X,Z) — H'(X,Z) is the multiplication map by deg f: the mapping degree of f.
The projection formula fi(f*x - y) = x - f,y holds for x € H (X,Z) and y € H*(Y, Z).
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For a divisor D on X and a divisor E on Y, we have ¢;(f*D) = f*ci(D) and ¢ (fxE) =
f«c1(E), where f*D and f,E are the pull-back and the push-forward as divisors, respec-
tively.

Contrary to the case of algebraic surfaces, the canonical line bundle wy = .Q)z( may
not have a non-zero global meromorphic section. The divisor of such a meromorphic section
is called canonical and is denoted by K. Even if the canonical divisor does not exist, we
use the same symbol Ky as the canonical divisor class virtually in order to simplify some
formulas such as the canonical bundle formula of elliptic fibration, the adjunction formula,
and the ramification formula. For example, we explain that the arithmetic genus p,(D) =
dim H' (D, Op) for a connected reduced divisor D is calculated by 2p, (D) — 2 = (Kx +
D) - D, which is derived from the adjunction formula Kp ~ (Kx + D)|p.

2. Non-algebraic surfaces. Let X be a non-singular compact complex surface. The
algebraic dimension a(X) is the transcendence degree of the meromorphic function field of
X over C. Here, a(X) < 1if and only if X is non-algebraic. If a(X) = 1, then the algebraic
reduction 7: X — T is holomorphic and is an elliptic fibration. Moreover any curves on X
are contained in fibers of 7. If a(X) = 0, then there exist at most finitely many irreducible
curves on X by Theorem 5.1 of [9, I]. We recall the following useful results:

LEMMA 2.1. Suppose thata(X) < 1. Then a line bundle L of X satisfies the following
properties:

(1) ci(£)? <0.

(2) Ifc1(L)* =0, then c1(L) - c1 (L) = 0 for any line bundle L.

(3) Ifpg(X) = 0and ci(L)* =0, then ¢\ (L) is torsion in H*(X, Z).

PROOF. (1) Suppose that ¢;(£)> > 0. The Riemann-Roch formula for x (X, £L&™)
implies that (X, £2™) or iO(X, L2 Q wy) increases of order m? as m — co. However

the former case does not occur since x (£, X) < a(X) < 1. Thus there exists a non-zero
effective divisor D such that Ox (D) ~ wx ® L2 for some n > 0. The exact sequence

0 — HO(X, L2y — HO(X, wx ® L2™) - H(D, 0x ® L&) |p)

implies k (£L~!, X) = 2 contradicting « (L™, X) < a(X) < 1.
(2) This is shown by (1) and by the inequalities

0> (te1(L) + c1 (L)) = 2ee1(L) - e1(£)) + e1 (L)

for rational numbers .
(3) follows from (2), from the surjectivity of c¢;: Pic(X) — H%*(X,Z), and from the
non-degeneracy of the intersection pairing on H*(X, Q). O

NOTATION. Let C be an irreducible curve on a non-singular compact complex surface.
(1) If C? <0, then C is called a negative curve.

(2) If C? =0, then C is called a O-curve.

(3) IfC~P'and C? = —d < 0, then C is called a (—d)-curve.
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An exceptional curve of the first kind is just a (—1)-curve. If a(X) < 1, then a non-
negative irreducible curve is a O-curve with p, = 1 and does not intersect other curves.

REMARK. A relative minimal model Y of X is, by definition, a non-singular compact
complex surface bimeromorphic to X having no (—1)-curves. If X is non-algebraic, then Y
is unique up to isomorphism. This is shown as follows: Suppose that there exist a bimero-
morphic morphism p: X — Y and a (—1)-curve C C X such that u(C) is not a point. Then
u(C) is a O-curve with p,(u(C)) = 1 by Lemma 2.1. Thus ©(C) has a node or a cusp. Let
Y’ — Y be the blowup at the singular point of 1 (C). Then the self-intersection number of
the proper transform of ©(C) is less than —1. Since u factors through Y’ — Y, this is a
contradiction. Thus, we call ¥ the minimal model of X in the non-algebraic case. Similarly,
a non-algebraic surface without (—1)-curves is called a minimal surface.

If X is a non-Kéhler elliptic surface with « (X) = 0, then b1(X) = 3 or 1. In the case
b1(X) = 3, the minimal model is the quotient space of C? by an affine transformation group
and is called a primary Kodaira surface. In the case »1(X) = 1, the minimal model has a
primary Kodaira surface as a finite étale covering space and is called a secondary Kodaira
surface.

Let X be a compact complex surface with a(X) = 0. If 1 (X) is even, then the minimal
model of X is either a complex torus or a K 3 surface. If b1 (X) is odd, then b1(X) = 1.

In the classification theory of compact complex surfaces by Kodaira [10], the class VII is
not completely classified. A compact complex surface belongs to the class VILif by (X) = 1.
The class VIl consists of all the minimal surfaces of class VII. A surface X of class VII has
the following invariants:

g(X) —1=pg(X) = x(X,0x) =h"*(X) =0, by(X)=—-K}>0.

Moreover the intersection pairing on H>(X, Q) is negative definite.

A Hopf surface is a surface whose universal covering space is isomorphic to W :=
C2\ {(0,0)}, by definition. This is a surface of class VIIp with b, = 0 containing an elliptic
curve.

The classification of surfaces of class VI after Kodaira [10] was started by the discovery
of Inoue surfaces [5], [6], [7]. The Inoue surfaces Sy, SI(VJ’F;,’W; e Sz(v_,;, 0
and have the vanishing second Betti number. The surfaces Sj; were also found by Bombieri
and are called Bombieri-Inoue surfaces. Inoue [5] showed that if a surface S of class VIIy
contains no curves, b2(S) = 0, and has a line bundle £ with H°(S, .Q; ® L) # 0, then S is
isomorphic to one of the Inoue surfaces above. The last condition on the existence of £ is not
required for the characterization. This was shown by [11], [21] in 1990’s. The other Inoue
surfaces: Parabolic Inoue surface X, ,, Hyperbolic Inoue surface X g N, Half Inoue surface

contain no curves

X &N, are constructed in [7]. These surfaces contain curves and have positive second Betti
numbers. A parabolic Inoue surface is related to Hirzebruch’s cusp singularities and is called
also a Hirzebruch-Inoue surface. Another construction of these Inoue surfaces with curves is
given in [20] by the method of torus embedding theory (cf. Section 9).
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There have been many contributions to the classification of surfaces of class VIl by
Kato [8], Enoki [2], Nakamura [13], [14], and others. The following surfaces are listed in
Table (10.3) of [13]:

FAcT. The surfaces X of class VIIy with a(X) = 0 are classified as follows:

(1) A Hopf surface with a(X) = 0;

(2) A parabolic Inoue surface: It is characterized as a surface containing an elliptic
curve and a cycle of rational curves;

(3) A hyperbolic Inoue surface: It is characterized as a surface containing two cycles
of rational curves;

(4) An exceptional compactification with no elliptic curves (cf. [2]): It is characterized
as a surface containing a cycle D of rational curves with D? = 0 and containing no elliptic
curves;

(5) A half Inoue surface: It is characterized as a surface containing a cycle D of rational
curves with D? < 0 and by(X) = ba(D);

(6) A surface with a cycle D of rational curves with D? < 0and by(X) > by(D);

(7) A surface with no elliptic curves and with no cycles of rational curves.

Here, a cycle of rational curves means a reduced connected divisor D = ) C; satisfying
one of the following conditions:

(1) D is an irreducible rational curve with exactly one node;

(2) Any irreducible component C; is isomorphic to P! and intersects D — C; trans-
versely at two points.

3. Curves of negative self-intersection number. The argument of this section is al-
most parallel to that of Section 2 of [19], where the algebraic case was discussed.

LEMMA 3.1. A surjective endomorphism f: X — X is a finite morphism. If k (X) >
0, then f is étale.

PROOF. If an irreducible curve C is contracted to a point by f, then C?> < 0. Since
fe: HX(X,Q) — H*(X, Q) is isomorphic, no irreducible curve is contracted by f. Hence f
is finite. Suppose that k (X) > 0. Then Kx ~ f*Kx + R for the ramification divisor R > 0.
Thus Kx ~ f*f*Kx + f*R + R. Since f*: H'(X,mKx) — H°(X, mKy) is isomorphic,
R+ f*R + - -is contained in the fixed part of [mKx|. Thus R = 0. O

LEMMA 3.2. Let f: X — X be a surjective endomorphism. If C is a negative curve,
then f(C) is also negative and f~'(f(C)) = C.

PROOF. Assume that f(C) = f(C’) for another irreducible curve C’. Then af,C =
a’ f,C' for some a, a’ > 0. Hence c¢;(aC — a’C’) = 0in H*(X, Q). In particular, C - C' < 0
and thus C = C'. o

Let f: X — X be a surjective endomorphism of degree d > 1. We consider the set
S(X) of all the negative curves on X. Then S(X) is preserved by f and the mapping S(X) >
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C — f(C) € S(X) is injective. Let R be the ramification divisor of f and let So(X) be the
set of all the negative curves contained in Supp R.

LEMMA 3.3. IfC € S(X) \ So(X), then |C%| > | f(C)?|.

PROOF. There exist natural numbers «, b such that f,C = af(C) and f* f(C) = bC.
Here b = 1 since C ¢ Supp R. Thus a = d and af (C)> = C2. O

The proof of the following elementary lemma is left to the reader:

LEMMA 3.4. Let S be a set, Sy a finite subset, and let h: S — S be an injection. If

oo
S=Jnm S,
m=1
then S is finite and h* is the identity for some k > 0, where h™ denotes the m-th power
hoho---oh:S— S.

By Lemma 3.3 and Lemma 3.4, we have:

PROPOSITION 3.5. S(X) is a finite set and there is a natural number k with fk () =
C forany C € S(X).

We can replace f by the power f*. Hence we assume in what follows that f(C) = C
forany C € S(X). Then f*C = aC and f,C = aC for a natural number a > 1 with a® = d.
Let Ny denote the reduced divisor ). sx)C. Then R = (a — D)Nx + A for an effective
divisor A whose irreducible components are not negative curves. In particular

(3.1 Kx +Nx = f*(Kx +Nx) + A.
For any connected reduced curve D < Ny, we have
Kp+ (Nx —D)|p = (fIp)* (Kp + (Nx — D)Ip) + Alp.

In particular, p,(D) = h' (D, Op) < 1. If p,(D) = 1,then AND = (Nx — D) N D = .
If p,(D) =0, then (Nx — D) - D < 2, and if further (Nx — D) - D = 2,then AN D = (.

The induced morphism f|p: D — D is an endomorphism of degree a. Moreover it is
étale outside Sing D U A|p by the well-known Lemma 3.6 below. In particular, f(Sing D) C
Sing D U A|p, and A|p gives the ramification divisor of f|p over D \ Sing D.

LEMMA 3.6. Let t: U — V be a finite morphism between non-singular complex
manifolds and let C C 'V be a non-singular divisor such that T is étale outside t—'C. Then
t171C — C s étale.

PROOF. We may assume that V' is a d-dimensional polydisc and C is a hyperplane by
considering the local situation. Then V \ C is isomorphic to the product of the punctured disc
and a (d — 1)-dimensional polydisc. In particular, the finite étale covering U \7~!C — V\ C
is cyclic and U — V is the cyclic covering branched along C. Hence 1~!C ~ C. O

A reduced connected divisor D is called a straight chain of rational curves if D =
Zle C; for irreducible curves C; ~ P! such that
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(1) C;i-Cj=0for|i —j|=>2,
2) C-Cj=1lfor|i—j|=1

LEMMA 3.7. A negative curve C is either an elliptic curve, a rational curve with ex-
actly one node, or a smooth rational curve. A reducible connected component of Nx is a
straight chain of rational curves or a cycle of rational curves.

PROOE. If p,(D) = 1 for a connected reduced curve D < Ny, then Kp = (f|p)*Kp
and f|p: D — D is étale outside Sing D. Thus no rational curves with cusps are negative. If
anegative curve C intersects another negative C; at one point not transversely, then p,(Cy +
C>) = 1. This contradicts the property: no étale covering exists over C; \ C» >~ C. If three
negative curves Cp, Co, C3 intersect transversely as C1 N Cy = CoNC3 = C3NCp = {P} for
a point P, then p,(C; + C> 4+ C3) = 1. This contradicts the same property as above. These
observations tell us that a reducible connected component D is a straight chain of rational
curves or a cycle of rational curves. (W

Suppose that X contains a (—1)-curve C. Let X — X be the blowing down of C. Then
an endomorphism of X is induced since f~'C = C. Therefore, an endomorphism is induced
on a relative minimal model of X.

4. The case of elliptic surfaces. Let X be a non-singular compact complex surface
admitting a non-trivial surjective endomorphism. Assume thata(X) = 1. Letw: X — T be
the algebraic reduction which is an elliptic fibration onto a non-singular projective curve. A
non-trivial surjective endomorphism f induces a surjective endomorphism # of 7 such that
hom=mo f.

PROPOSITION 4.1. [n this situation, X is a minimal elliptic surface with e(X) = 0.

PROOF. The set of all the irreducible components of the reducible fibers coincides with
S(X). A O-curve is the support of an irreducible fiber. We may assume that f~'C = C for
negative curves C for the endomorphism f.

Step 1. We may assume that f~'C = C for any rational curve C.

We have to consider only rational 0-curves C. If C’ is an irreducible component of
f~1C, then C’ is not negative and C’ — C is étale outside Sing C by Lemma 3.6. If C is a
rational curve with a cusp, then C’ >~ C. If C is a rational curve with a node, then C’ also has
a node since f is branched along the normal crossing divisor around the node. The number
of rational O-curves is finite. Hence f~!'C is irreducible and ( f¥)~!C = C for some k > 0.

Step 2. X contains no curves with cusps.

Suppose that there exist an irreducible curve C with a cusp and set P = 7 (C). Note that
C = ™ P is a singular fiber of type II. By the argument of Step 1, we infer that f*C = dC
ford = deg f. Hence h* P = d P. In particular, degh = d. If D is a connected component of
Ny, then D = 7= ' P” and h*P” = dP"” = aP" fora®? = d. Thus Ny = 0. In particular, 7
is a minimal elliptic fibration with only irreducible fibers. If C’ = 7 ~!(P’) is another rational
O-curve, then h* P’ = dP’ since f~!C’ = C’. Considering the ramification formula for /,
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we infer that 7 ~ P! and there exist at most two rational curves on X. If C is the unique
rational curve, then 7 is smooth outside P and the locally constant sheaf Rln.Z xlo\p is
trivial. The local monodromy corresponding to a singular fiber of type II is of order 6 in
SL(2,Z). This is a contradiction. Hence there is another rational O-curve C’ = 7~ 1(P/). If
C’ has a node, then J (P’) = oo for the J-function associated with . However, 7 is smooth
over T\ {P, P’} >~ C \ {0}. Thus the period function is constant, a contradiction. Hence there
remains the case in which C’ has a cusp. Let U and U’ respectively be open discs with centers
P and P’. A positive generator of 71 (U \ {P}) =~ Z corresponds to a negative generator of
(U’ \ {P'}) by the isomorphisms

TUN\(PY) = m(T\ (P, P'}) < miU'\ {P'}).

Thus the condition that C is of type II implies that C’ is of type IT*, a contradiction.

Step 3. X contains no rational curves.

Assume the contrary. By Step 1, f*C = (degh)C for any rational curve C on X. If
degh = 1, then Ny = 0 and f is étale along f~'C for a rational O-curve C. Here, the
mapping degree of f~1C — C is deg f. However, there exists only one point in f~!C over
the node of C. This is a contradiction. Consequently, degh > 2. By the same argument as in
Step 2, we infer that 7 ~ P! and that the number of singular fibers supported on a union of
rational curves is at most 2. Then the period map of 7 is constant. Hence no singular fibers of
type m1p with b > 0 appear on the relative minimal model of 7: X — T. Therefore, X has
no rational curves.

As a result, 77 is minimal and a singular fiber is a multiple of an elliptic curve. O

The elliptic fibration 7: X — T above defines a variation of Hodge structure H of
weight one on T since the local monodromies around the image of singular fibers are trivial.
Here, we have R'7,Qx ~ H ® Q (cf. Lemma 5.4.4 of [18]). Here, HYT,H) # 0 implies
H ~ Z?z by Corollary 4.2.5 of [18] (cf. Theorem 11.7 of [9, III]). From Leray’s exact
sequence

0—>H\T,Q0)— H'(X,0) > H"T,H® Q) - HXT,Q) - H*(X,0),

we infer that b1 (X) is odd if and only if H is trivial and HX(T,Q) - H*(X, Q) is zero.
If b1(X) is even, then X is Kihler by Miyaoka [12]. Let £ be the invertible sheaf Rl7,.0x.
Then £ is isomorphic to the graded piece Gr” for the Hodge filtration on H ® O and mywy ~
wr ® L1, Moreover, L8'2 ~ Ox. Then ¢(T) < q(X) = g(T) + kT, £) < ¢(T) + 1 by
the exact sequence

0— HY(T,Or) > H' (X, 0Ox) - HYT, L) — 0.
Hence pg(X) = g(T)—1+h°(T, £) by x (X, Ox) = 0. If i%(T, £) = 0, then KT, H) = 0,
b1(X) = 2¢(T), and X is Kéhler. If hO(T, L) # 0, or equivalently, £ ~ Or, then the

Weierstrass model [15] associated with H is isomorphic to the product of an elliptic curve
and 7', and hence H is trivial.

LEMMA 4.2. The induced endomorphism h: T — T is not the identity.
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PROOF. Assume the contrary. Then f is an endomorphism over 7. Let X' be the set
of points P € T such that 7* P is a multiple fiber. Let m p be the multiplicity of 7*P. Then
we have a finite ramified covering 7: Z — T such that t*P = mp(t*P)req for P € X and
g(Z) > 2. Then the normalization of X x7 Z is smooth over Z and admits a non-trivial
surjective endomorphism. Thus we may assume from the beginning that 7 is smooth and
g(T) > 2. By considering the étale cyclic covering given by L& ~ O7, we may also assume
that £ ~ Or and hence the variation of Hodge structure H is trivial. Let E be the elliptic
curve isomorphic to a fiber of 7. We fix a point 0 € E and give a group structure on E whose
zero is 0. Let O7 (E) be the sheaf of germs of holomorphic mappings from 7 to E. Then we
have an exact sequence

0— H~Z% - O - Or(E) - 0.

There is an element n € H' (T, O7(E)) such that 7 is obtained as the torsor of E x T over
T defined by 5. The endomorphism f induces an endomorphism f,: H — H of variation of
Hodge structures which corresponds to

H'(x7Y(P),Z)~ Hi(x~'(P),Z) LY Hix Y(P),Z)~H'\="(P),2Z),

where the edge isomorphisms are the Poincaré duals. The induced endomorphism f,: £ —
E fixing 0 is the multiplication by a complex number A. If we identify E to be the quotient
of C by the lattice Ly = Z6 + Z for some 6 € H, then ALy C Lg. Hence 1 # A € Z, or
Q (%) is an imaginary quadratic field. In the latter case, r = A + A and d = |A|? are integers
with 1 — ¢ 4+ d # 0. The cohomology class 7 satisfies A,n = 5. Hence (A — 1)n = 0 or
(1 —t+4d)n = 0. Thus n is torsion, which implies that 7 is projective. This contradicts
a(X)=1. m|

COROLLARY 4.3. ¢g(T) < 1.If g(T) = 1, then 7 is smooth.

PROOF. If ¢(T) > 2, then h* = idy for some k > 0. If ¢g(T) = 1 and if there
exists a multiple fiber F = 7~ !(P), then 7~!(Q) is also multiple for any Q € h~!(P),
since h: T — T is étale. Thus A is isomorphic and k¥ fixes P for some k > 0 since the
set of multiple fibers is finite. Hence A is the identity for some / > 0, since the group of
automorphisms of 7" fixing P is finite. a

LEMMA 4.4. Letw: X — T be an elliptic surface of class Vlly. Then T ~ P! and
singular fibers are multiple of elliptic curves. In particular, Kx ~g n*(Kr + @) for an
effective Q-divisor ® =Y (1 — ml._l)Pi on T, where m; is the multiplicity of the fiber 7* P;.
Furthermore the following assertions hold:

(1) Ifdeg® > 2, then any surjective endomorphism of X is isomorphic.

(2) Ifdeg® =2, then X is a secondary Kodaira surface.

(3) Ifdeg® < 2, then X is an elliptic Hopf surface.

PROOF. T isrational by b1(T) < b1(X) = 1. The variation of Hodge structure is trivial
since e(X) = 0and 1 (T) = {1}. Let ¥ = { Py, P», ...} be the set of points P such that 7* P
is a multiple fiber. Then 7 *P; = m;C; for an elliptic curve C; and m; > 2. We assume that
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mi; <mp < ---. Then
1
Kx ~n*Kr + i — 1DC; ~o 7* (K7 +0), f O = 1—— )P
XﬂTZ(m: )Ci ~9 7" (KT ) or Z m ) F

In particular, x (X) = 1, 0, —oo according as deg ® > 2, =2, < 2.

Suppose that «(X) = 1. Let f be a surjective endomorphism of X and & the induced
endomorphism of 7 with w o f = h o . Then f is étale by Lemma 3.1. Thus Kx ~ f*Kx
implies that K7 + ©& ~g h*(Kr + ©). Thus £ is an automorphism keeping the set X' which
consists of at least three points. Hence some power /¥ is the identity and f is isomorphic by
Lemma 4.2.

Suppose that « (X) = 0. Then (m1, m», ...) is one of the following:

(2,2,2,2), (2,3,6), 2,44, 3,33).

In each case, there is a cyclic covering 7: A — T from an elliptic curve such that t*P; =
m;(t* P;)req for any i and that t is étale outside Y. Moreover, for a suitable choice of group
structure of A, a generator of the Galois group of 7 is given as the multiplication map z > az
by a primitive root o of unity of order 2, 6, 4, 3 according as (2, 2, 2, 2), (2,3,6), (2,4,4),
(3, 3, 3) above. The normalization Y of the fiber product X x7 A is smooth over A and étale
over X. Hence Y is a primary Kodaira surface and X is secondary.

Finally suppose thatdeg ® < 2. If ¥ # (4, then (m1, ma, ...) is one of the following:

(mp), m,m2), 2,2,ms3), (2,3,3), 2,3,4, (2,3,9).

IffX < 2, then X is a Hopf surface by Lemma 8 of [10] (cf. Fact 7.2 below). If §X = 3, then
there is a finite Galois covering t: I" — T from a non-singular rational curve I" such that
T*P; = m;(t* P;)req for any i and that 7 is étale outside X'. Moreover, t is isomorphic to the
quotient morphism by the standard action of the following regular polyhedral group contained
in Aut(I") according to (2, 2, n), (2, 3, 3), (2, 3,4), (2, 3, 5): the dihedral group D,, of order
2n, the tetrahedral group 24, the octahedral group G4, and the icosahedral group 2As. The
normalization Y of the fiber product X x7 I" is smooth over I" and étale over X. Hence X is
also a Hopf surface since sois Y. O

THEOREM 4.5. Let X be a non-singular compact complex surface admitting a non-
trivial surjective endomorphism. If a(X) = 1, then X is a complex torus, a primary Kodaira
surface, a secondary Kodaira surface or an elliptic Hopf surface.

PROOF. Assume that g(7') = 1. If H is not trivial, then X is Kéhler and p,4(X) = 0.
This implies that X is projective, a contradiction. Hence H is trivial. Thus wy >~ Oyx and
3<b1(X) <4.If b1(X) = 4, then X is a complex torus. If b1 (X) = 3, then X is a primary
Kodaira surface.

Next assume that g(7) = 0. Then £ ~ O and H is trivial. In particular, py(X) = 0
and ¢(X) = 1. Thus X is a surface of class VIIy. It is a Hopf surface or a secondary Kodaira
surface by Lemma 4.4. O



406 Y. FUIIMOTO AND N. NAKAYAMA

Appendix to Section 4. The existence of non-trivial surjective endomorphisms on an
algebraic surface X with «(X) = 1, e(X) = 0 is proved in Proposition 3.3 of [3] by using the
d-étale cohomology theory developed in [18]. Here, we shall give a more geometric proof.

Let m: X — T be the elliptic fibration obtained as the Iitaka fibration. Let X' be the
set of points P € T such that 7* P is a multiple fiber of multiplicity mp > 2. Then Kx ~¢
7* (K7 + ®) for the Q-divisor ® = Zpez(l —m}l)P as in Lemma 4.4. Note that deg(Kr +
®) > 0 by «(X) = 1. By applying Theorem 4.2 of [16], we have a finite Galois covering
Z — T such that the normalization Y of X x7 Z is isomorphic to the product C x Z over
Z for an elliptic curve C and is étale over X. We consider C as the torus C /L for the lattice
L =Zt+Z withImt > 0. We denote by [x] the image of x € C under C — C. Let G be
the Galois group. Then the induced action of g € G on Y ~ C x Z is written as

([x], 2) = (lagx] + by(z), g - 2)
for some a; € C* and some holomorphic mapping b,: Z — C. Here, {a4} gives rise to a
homomorphism G — C* and L is a G-submodule of C. In particular, the complex torus C is
a G-module. The set Hom(Z, C) of holomorphic maps ¢: Z — C also has a right G-module
structure by ¢9(z) = ag_lfp(g -z). By the relation ayby (z) +bg(h - z) = bgn(z) for g, h € G,
we infer that {ag_lbg} defines an element of H!(G, Hom(Z, C)). Since the cohomology group
is torsion, there exist a positive integer n and a holomorphic mapping ¢: Z — C such that

na;lbg(z) =c(z) — a;lc(g - 2)
for any ¢ € G. The endomorphism C x Z — C x Z given by
([x],2) = ((n + DIx]+ ¢(2), 2)

commutes with the action of G on C x Z. Thus it induces a non-trivial surjective endomor-
phism on X.

5. The case of algebraic dimension zero. Let X be a non-singular compact complex
surface of a(X) = 0 admitting a non-trivial surjective endomorphism. Suppose that X is
Kéhler. Then «(X) = 0. Thus the endomorphism is étale and hence X admits no negative
curves. Hence X is minimal and is a complex torus. A complex torus admits a non-trivial
surjective endomorphism as the multiplication map by an integer greater than 1.

Thus we assume that X is non-Kihler. Then X belongs to the class VII. We have (K +
Nx)2 =0 by (3.1). Thus p,(D) = 1 for any connected component D of Nx. Moreover,
K )2( = N}z{ => Df for the decomposition Nx = Y D, into the connected components.

LEMMA 5.1. If D is a reduced divisor with (Kx + D) - D = 0, then D has at most
two connected components.

PROOF. Since a(X) = 0, we have h’(X, Ox(Kx + D)) = h*(X, Ox(—=D)) < 1.
Hence hl(X, Ox(—D)) < 1by (Kx + D) - D = 0. The exact sequence

0 — H(X, Ox) - H*(X, Op) — H'(X, Ox(—D))
implies K°(D, Op) < 2. O
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THEOREM 5.2. Let X be a non-Kdhler surface of a(X) = 0 admitting a non-trivial
surjective endomorphism. Then the minimal model of X is one of the following surfaces: a
parabolic Inoue surface; a hyperbolic Inoue surface; a half Inoue surface; a Hopf surface;
an Inoue surface with no curves. Moreover, X is obtained from the minimal model by a
succession of blowups whose centers are nodes of curves.

PROOF. One of the following cases occurs by Lemma 5.1:
Case 1. Ny has two connected components;
Case 2. Ny is connected;
Case 3. X contains a O-curve but no negative curves;
Case 4. X contains no curves.
Let Y be the minimal model of X and let «: X — Y be the contraction morphism. Then the
endomorphism of X descends to Y and Ny < u«Nx.
Case 1. Any curve on X is contained in Ny by Lemma 5.1. Thus f*(Kx + Nx) ~
Kx + Nx. We have hz(X, Ox(—Nx)) = 1 by the exact sequence

H' (X, Ox) = H' (Nx, Ony) — H*(X, Ox(—Nx)) = H*(X, Ox) = 0.

Thus Ky + Nx ~ E for an effective divisor E. Here f*E = E. Therefore, E = 0, equiva-
lently, Ky + Nx ~ 0. Let D and D; be the two connected components of Ny ~ —Ky.
Then p,(D;) = 1fori = 1, 2. By Lemma (2.11) of [13], Dy is an elliptic curve if and only
if D3 = 0. Hence, if D7 = 0, then D? < 0. Otherwise, D; and D, are both elliptic curves
and p« Ny has no nodes, which implies that u is isomorphic and Ny = 0, a contradiction.
Therefore if D} = 0 or D = 0, then Y is a parabolic Inoue surface by Theorem (7.1) of [13]
(cf. (7.12) of [13], [2]). If D? < 0 and D? < 0, then Ny = 1, Nx and Y is a hyperbolic Inoue
surface by Theorem (8.1) of [13]. In both cases, w: X — Y is a successive blowups whose
centers are nodes.

Case 2. Suppose that there is a curve C not contained in Ny. Then any curve on X
is contained in C U N. The contraction 1: X — Y is isomorphic along C. Since C? = 0,
we see that 14Ny is an elliptic curve and C is a rational curve with a node by Lemma (2.11)
of [13]. Then p is isomorphic and X is a parabolic Inoue surface of b = 1 by [2] or by
Theorem (7.1) of [13].

Next suppose that any curve on X is contained in Nx. Then f*(Kx + Nx) ~ Kx + Nx.
Moreover, f induces a finite étale endomorphism on the complement U = X \ Nx. Therefore,
e(U) = 0. Thus e(X) = e(Nx). If Ny is an elliptic curve, then —N% = —K% = e(X) = 0,
a contradiction. Thus Ny is a cycle of rational curves. Here, ¢(X) = e(Ny) is equivalent to
by(X) = ba(Nx). Thus br(Y) = ba(u«Nx). If Ny # 0, then Ny = u,Nyx and Y is a half
Inoue surface by [13]. If Ny = 0, then Ny is a rational curve with a node. This case does
not occur by the argument in Case 3 below. Therefore, X is obtained as a successive blowups
of a half Inoue surface whose centers are nodes.

Case 3. Wehave b)(X) = e(X) = _K)2( =—(Kx+ Nx)?=0. By Lemma (2.11) of
[13], one of the following three possibilities remains:

(1) X contains two elliptic curves;
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(2) X contains an elliptic curve as a unique curve;

(3) X contains a rational curve with a node as a unique curve;
For the complement U of the union of all the curves on X, we have e(U) = 0 since f induces
a finite étale endomorphism on U. Hence the case (3) does not occur by e(X \ U) = 0. In the
cases (1), (2), X is a Hopf surface by Lemma 8 of [10].

Case 4. Since bp(X) = —K )2( = 0, X is one of the Inoue surfaces without curves by
[5], [11], [21]. O

6. Kodairasurfaces. A primary Kodaira surface X is defined as a surface with Kx ~
0, b1(X) = 3. The algebraic reduction w: X — T is an elliptic fibration over an elliptic
curve T. This is smooth by e(X) = 0 and Ky ~ 0. Moreover the associated variation of
Hodge structure H is trivial since mywyx/7 =~ L~ ~ Or. For a fiber E, we fix a point 0
and give an abelian group structure on E with O being the identity. Then as in the proof of
Lemma 4.2, X ~ (E x T)" as a torsor corresponding to some n € H'(T, Or(E)), where
Or (E) is the sheaf of germs of holomorphic mappings from 7' to E. The image of n under
HYT,Or(E)) - H*(T, H) = HX(T, Z?) is not zero, since X is non-Kihler.

Let L, denote the lattice Zt +Z C C fort € H. We fix 7, 8 € H and isomorphisms
T~C/L;,E~C/Lg.Forc e Lyand$ € C, let us consider the following automorphisms
of C x E:

g: @D~ @+, [8+cz+68]D), and @: (D= +1,[CD,

where [¢] denotes ¢ mod Ly. The quotient space of C x E with respect to g; and ¢ is
denoted by X, s. Letw: X, s — T denote the induced smooth elliptic fibration from the first
projection C x E — C.

LEMMA 6.1. A primary Kodaira surface is isomorphic to X s for some ¢ # 0 and §.
PROOF. We have an isomorphism
H'(T, Or(E)) = H' (L, H'(C, O(E)))

by the Hochschild-Serre spectral sequence for the universal covering map C — T. Thus the
cohomology class 1 is represented by a cocycle {x,, = x,(z)} of holomorphic functions on C
for u € L such that x,44(z) = xy(2) + x4,(z + v) mod Ly. Here, X is isomorphic to the
quotient space of C x E with respect to the following action of u € L:

(z, [gD = (@ +u, [§ +xu(2)]) .
Thus we shall find a simple form of x,, (z) up to coboundary. Note that {x,} is determined only
by x; and x; which satisfy
(6.1) xr(z+1) —xr(z) =xi(z+ 1) —x1(z) mod Lg .

We know that dimH' (T, Or) = 1 and H/(T,C) — HY(T, Or) is surjective. The
homomorphism is isomorphic to H'(L;,C) — H'(L., H*(C, ©)). Hence, for a cocycle
{y.(2)} of holomorphic functions on C satisfying y,1,(z) = yy(z) + yu(z + v), there exist
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constants ¢y, ¢, and a holomorphic function 4(z) such that y;(z) = c2 + h(z + 1) — h(2),
ve(2) =c1 + h(z+ 1) — h(z). Since c2(z + 1) — c2z = ¢z, we may assume ¢ = 0.

Applying the observation above to (d/dz)x,, we have constants ¢, § and a holomorphic
function ¢ (z) such that x; (z) = cz+8+¢(z+1)—¢(z) and x1(z) = ¢(z+1)—¢(z). The con-
dition (6.1) is equivalent to ¢ € Lg. Hence X =~ X, s. The homomorphism H! (T,O(E)) —
H?(T, H) is isomorphic to

H'(L, H'(C, O(E))) = H*(Ly, L) = Lg ,
which sends 1 to c. Hence ¢ # 0. o

DEFINITION 6.2. (1) For three complex numbers x1, x2, x3, let 7' (x1, x2, x3) denote
the matrix

1 0 O
x1 1 0
x3 xo 1

The matrices of this form form a subgroup of GL(3, C), which is denoted by 73(C).
(2) Let D: C* x C* — C be the skew symmetric form defined by

D((x1, x2), (xi , xé)) = xlxé — x{xz .
(3) Let A3(C) be the following group structure on (£, y) € C* x C:
En*EY)=E+E,y+y = (1/2)DE,8)).

Note that the /-th power (&, s equalto (/&,ly) forl € Z, (§,y) € A3(C). There is
an isomorphism 73(C) — A3(C) given by

(6.2) T (x1,x2, x3) = ((x1,x2), x3 — (1/2)x1x2) .
We have a homomorphism 71 (X, s) — 73(C) by
g T(t,¢c,8), ¢+ T(,0,0), ¢+~ T0,0,0), g+ T(0,0,1),
where g3 and g4 come from 71 (E) and correspond to the following automorphisms of C:
B:CH—>¢+0, and @u:¢—C+1.
Therefore the composite 71 (X, 5) — A3(C) is written as
2B gt e (it + b, o), lie + (1/2)hlac + 130 +1g),  where & := 8 — (1/2)ct.
DEFINITION 6.3. (1) For a free abelian group L of finite rank and for ¢ € L, let
L[c/2] denotes the abelian group L +Z(¢/2) C L ® Q.
(2) Let D;: Ly x Ly — Z be the skew symmetric form defined by

D;(mt +m2,m’1t +m’2) = mlm'2 —m’lmz,

that is,

De(x.y) = Im&xy)

—(xy —xy) =
T—7T Imrt
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(3) For c € Ly, let I1, be the following group defined on L, x Lg[c/2]:

(r, ) % (2, ) == +x", y + ' + (¢/2) De (x, X)) .
Note that D;(x, 1) =Imx/Imt and x = D, (x, 1)t — D (x,7) forx € L.
We have homomorphisms I1. — A3(C) and 71 (X,,s) — I, respectively, by

(x,y) = ((x, Dc(x, 1)c), y+ Di(x,1)¢), and
G295 gy = T+, BO +la+ (1/2hbe).
Then we have a commutative diagram

nl(Xc,B) e I,

l l

T3(C) — A3C).
The image of the injection m1(X. ) < [Il. consists of all the elements (x, y) such that
¥+ (¢/2)D:(x,1)D:(x,T) € Lg. In particular, I1. is generated by m1(X, ) and (0, c/2).
The group 1. acts on C x C by
(z,8) > (z+x, ¢+ De(x, Dez+y + Dr(x, (e + (1/2)cx))
for (x,y) € I1..

PROPOSITION 6.4. Let f: X s — X s be asurjective endomorphismandleth: T —
T be the induced endomorphism with w o f = h o . Suppose that

hy: HY(T, ©1) — HY(T, O7)
is the multiplication by a € C withaL; C L. Then f is induced from the automorphism
Pt (2, 0) > (@z + (1))@ = De, Jal*t + ¢u,(2))

of C x C for a holomorphic function

c
Yu,v(2) = Dy (, 1)(522 + 8Z> + v,

forv e C.

PROOF. A lift @ of f to C x C is written as (z,¢) — (az + B, F(z, ¢)) for a holo-
morphic function F(z, ¢) and for a constant 8. Here, F(z, {) = p¢ + ¢(z) for a holomorphic
function ¢(z) and a constant p since F'(z,{) mod Lg depends only on { mod Lg. The en-
domorphism f,: 71(X.s5) — m1(Xcs) is induced from g — @ o go @~ ! and lifts to an
endomorphism of I71.. The image of (x, y) € Il is (ax, y1) for some y; € Ly[c/2] in which
the following equality holds:

p(D(x, ez+y+ De(x, (e + (1/2)cx)) + ¢(z + x)

63) = ¢(2) + D (ax, De(az + B) + y1 + Do (ax, 1)(e + (1/2)cax) .
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By using Im(ax) = x Ima + & Imx, we have D, (ax, 1) = xD; (o, 1) + a D (x, 1), and
9z +x) — 9(2) =(Dr (@, Dax + Dr (x, D(ja|* — p))ez + y1 — py
+ (¢/2) D¢ (t, l)ot)c2 + D (o, D)(cB + &)x
+ Dy (x, D(@cB + @ — p)e) + (cx/2) D (x, D> — p).

Hence ¢”(z) is a constant equal to D;(x, 1)ca and p = |a|?. If we write (z) =
(ca/2) Dy (a, 1)z? 4 uz + v for constants u, v, then

ux = Dr(a, D(cB + &)x + Dr(x, Da(ep + (1 — a)e) + y1 — larf?y.
Therefore, ¢ = (¢ — 1)e and u = D, (¢, 1)ae. O

THEOREM 6.5. Any primary Kodaira surface and any secondary Kodaira surface ad-
mit a non-trivial surjective endomorphism.

PROOF. For the primary Kodaira surface X s, the morphism @; o for / > 1 induces a
non-trivial surjective endomorphism of degree [°. Let Y be a secondary Kodaira surface. Then
by Lemma 4.4, there is a cyclic étale covering X, s — Y for some ¢, §. Then a generator of
the cyclic group acts on X, s as @y, for a root @ of unity and for some v € C. We may
assume o = exp(Zn\/—_l/k), where k = 2, 3, 4, or 6. The order of @, , is just k. If k > 2,
then © € SL(2, Z)«a for the fractionally linear action on H. Hence, we may assume o = 7 if
k > 2. Forl € Z, we define v[/] by @é,v = @1 - Then

2 -1

_ & 2i
v[l]_lv—l—aDt(a,l)Zc_( l—i—Za)

i=0
for ! > 0. In fact, the term v3 in the formula @, v, © Py, v, = Pujas,v5 18 calculated as
2
=1,

v3 = v + |12 + a1 Do (ap, 1) e

If k =2, then v[2] = 2v € Lg. If k > 2, then T = o implies D; (o, 1) = 1 and

2
VIk] :k(v— ﬁ) €Ly,
2¢

Let [ be an integer with / > 1 and /> = 1 mod k. Then, for w; and w, defined by Do o
Dyv = Plo,w, and Py y 0 Dy o = Py w,, We have

2—1,\ , 2 -1
wry —w) = |v+aD(a, 1) 7 e —l'v=— X vlk] € Lg .
c

Hence &; ¢ induces a non-trivial surjective endomorphism on the quotient space Y. O

7. Hopf surfaces. In this section, we shall prove the following:

THEOREM 7.1. A Hopf surface admits a non-trivial surjective endomorphism if and
only if it has at least two elliptic curves.
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We set W to be the open set C? \ {(0,0)} and (z1, z2) to be a coordinate system of Cc% A
Hopf surface is a compact complex surface whose universal covering space is biholomorphic
to W by definition. We write the function exp(27+/—12) as e(z).

First, we treat the case of elliptic Hopf surfaces with at most two singular fibers.

Letm1, ma, n be positive integers such that gcd(m1, m>) = gcd(n, m1) = ged(n, mo) =
1 and let T be a complex number in H. Let Y = Y (z, m1, my, n) be the quotient space of W
with respect to the following two actions:

A:(z1,22) = (121, 2222),  B:(z1,22) = (e121, £222) ,

where «; = e(m;1), &; = e(m;/n), fori = 1,2. Then Y is an elliptic Hopf surface over P!
and smooth over P! \ {0, oo} by the morphism (z1, z2) (z'ln2 : zg“). The multiplicities of
the fibers over 0 = (1 : 0) and co = (0 : 1) are m and m>, respectively. Conversely, we
know the following result due to Kodaira (cf. Lemma 8 of [10, I1]):

FACT 7.2. LetY — P! be an elliptic Hopf surface smooth outside {0, co}. Let m and
my be the multiplicities of the fibers over 0 and oo, respectively. Suppose that gcd(m 1, m>) =
1. ThenY ~ Y (t, m1, mo, n) for some 7 and n.

In particular, if ¥ — P! is smooth, then Y ~ Y (z, 1, 1, n), which is obtained by the
actions
A: (z1,22) = p(z1,22) = (P21, p22),  B:(z1,22) = e(1/n)(z1, 22),
for p = e(r). We write Y (z, 1, 1,n) by Y (p, n).

PROPOSITION 7.3. Letmw: X — T be an elliptic Hopf surface with at most two sin-
gular fibers. Then X admits a non-trivial surjective endomorphism.

PROOF. We may assume that 7 is smooth outside {0, oo} C P' = T. Let m; and m»
be the multiplicities of the fibers over 0 and oo, respectively. Let I' = P! — T = P! be
the cyclic covering of degree k = gcd(m 1, my) branched at {0, oo}. Then the normalization
Y of X xr I' is an elliptic Hopf surface étale over X. Moreover, Y >~ Y (t,m/k, m2/k, n)
for some 7 and n by Fact 7.2. A generator of the cyclic Galois group acts on I" = P! by
(t1 : 1) > (t1 : e(1/k)1t2). This lifts to an automorphism of W written as

C: (z1,22) = (u(z1, z2)™ z1, u(zi, z2)"* el /my) e(1/ km)z2)

for a unit function u: C> — C* and for an integer /. We shall show that u is constant. Since
it induces an automorphism of Y, there is an integer ¢ such that

ulazy, az2)™ar = e(my/n)laiu(z, )™ ,

u(azy, az2)™as = e(ma/n)l o5 u(z, 22)™,
for any (z1, z2) € W. Substituting (z1, z2) = (0, 0), we have

u(azy, az) = e(q/n)u(zy, 22) .
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Then u is constant by

lu@)| = lim |u(a’z1,a’z2)| = u(0,0)].
P>

Let @: (z1,22) (zf, z‘zl) be an endomorphism of W ford > 1. Then ® 0 A = Ado @,
®oB = Blo®,and ®oC = C?o®. Hence @ induces non-trivial surjective endomorphisms
on Y and on X. O

Secondly, we treat the case of elliptic Hopf surfaces with at least three multiple fibers.
Let G C PGL(2,C) ~ Aut(P') be a finite subgroup and let G C SL(2,C) be the pull-back
by SL(2,C) — PGL(2,C). We denote by A(g) the matrix in SL(2, C) corresponding to
g € G. We also denote by 1 the unit element of G and by —1 the element corresponding to
the minus of the unit matrix. Note that G is a cyclic group or one of the regular polyhedral
groups. We choose 7 € H such that p = e(7). Let x;: G — C*be group homomorphisms
(characters) for i = 0, 1. Let us choose v;(g) € Q satisfying e(y; (¢9)) = xi(g). We define

@(9) :==e(Y1(g)T + Yo(g)(1/m)).
An action of G on Y (p, m) is well-defined by the maps

(z1,22) = 9(9)(z1, 22) 'A(9)

for g € G. Thus, an extension Gm,x of the finite group G by Z @ Z/mZ acts on W. The
action of g € G on Y(p, m) has a fixed point if and only if ¢(g)p* e(i/m) is an eigenvalue
of A(g) for some k and i. Equivalently, x1(g) = 1 and xo(g) is an eigenvalue of A(g)". In
particular, g = —1 acts trivially on Y (p, m) if and only if

(7.1) Oa (=D, xo(=1) = 1, (=D™).

We assume this equality to hold for x; and xo. Then G acts on Y (p, m) and the image G, 4
of the homomorphism (N}m, x — GL(2, C) given by the action on W is an extension of G by
Z ®Z/mZ. We also assume that the action of G on Y (p, m) is free. This is equivalent to:

(7.2) x1(g9) #1 or xo(g) is not an eigenvalue of A(g™)

for g € G \ {£1}. Then the quotient space X (o, m, G, x) := G\Y(p,m) = G, ,\W is an
elliptic Hopf surface over G\P'.

LEMMA 7.4. Let X be a Hopf surface with an elliptic fibration X — T that has at
least three singular fibers. Then X is obtained as the free quotient X (p, m, G, x) above for
some p, m, G, X.

PROOF. Let m: X — T be the elliptic fibration. By the argument in the proof of
Lemma 4.4, there is a Galois covering t: P! ~ I' — T such that the normalization Y of
X xr I' is smooth over I and étale over X. Then ¥ =~ Y(p,m) for some p and m by
Fact 7.2. The universal covering map W — X is the composite of W — Y and Y — X. The
action of G on I" lifts to thaton Y. For g € G, a lift of the action of g on Y to W is written as

z=(z1,22) > u(z, 9) - (21, 22) '‘A(9)
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for a holomorphic function u: W x G — C*. The description of the universal covering
map W — Y = Y(p,m) implies that, for g, there exist k, i € Z such that u(pz, g) =
pXe(i/m)u(z, g). Since u extends as C? x G — C*, we have p¥ e(i/m) = 1 by substituting
z = (0, 0). Therefore, u descends to W/{p) x G — C*, which is constant by the compactness
of the quotient W/(p). Hence we may write u(g) = u(z, g) € C*. Therefore, for any g1, ¢,
there exist k and i with u (g1 g2) = p* e(i /m)u(g1)u(g). Hence u(g) = ¢(g) above for some
characters x1 and xo. Thus X is isomorphic to the quotient space of W by G, ,, and the
action of G, , is free since so is the action of G on Y. O

LEMMA 7.5. X(p,m, G, x) admits a non-trivial surjective endomorphism if there ex-
ists a G-semi-invariant homogeneous polynomial H(z1, z2) of degree d > 2 such that

(1) H(z1, z2) has only simple zeros over P1,

2) )(1(9)‘1'_2 = (S(‘(])”‘)(()(Lq)d_2 = 1 for the character § determined by

H((z1,22)'A(9)) = 8(9)H (z1, 22) -

PROOF. (cf.[19]) We set F|(z1, z2):= —0H (z1,22)/3z2 and F>(z1, z2):= 0 H (21, 22)/
dz1. Then the morphism @ : W > (z1, z2) — (F1(z21, 22), F2(z1, 22)) € W is well-defined
and

(F1((z1,22) 'A(9)), F2((z1, 22) 'A(9))) = 8(9) (F1(z1, 22), F2(21, 22)) 'A(9)

for any g. Thus @ is G, ,-equivariant by the condition (2). Hence @ induces a non-trivial
surjective endomorphism of X (p, m, G, x), since @ induces an endomorphism of P! of de-
greed — 1 > 1. O

PROPOSITION 7.6. The elliptic Hopf surface X (p, m, G, x) admits non-trivial sur-
Jective endomorphisms.

PROOF. If G is a cyclic group of order n, then G is conjugate to the cyclic group gen-
erated by

4 ((e/2m) 0
=\ 0 e=1/2m)

in SL(2, C). Then the elliptic surface X (o, m, G, x) — G\P! has at most two singular fibers.
Hence the existence of non-trivial surjective endomorphisms on X (p, m, G, x) for a cyclic
group G follows from Proposition 7.3.

Thus we assume that G is not cyclic. It is enough to construct H satisfying the condition
of Lemma 7.5 in the following cases: (2, 2, n), (2, 3, 3), (2,3,4), (2, 3,5).

Case (2,2,n): G is the dihedral group D, of order 2n > 4. We may assume that Gis

generated by
_ 0 1 _(e(1/2n) 0
Q'_V_l(l 0) and A‘_( 0 e(—1/2n))

in SL(2, C). Then Q2 = A" = —1 and QAQ~' = A~'. In particular, A% € [G, G]. Thus
G/[G, G is isomorphic to Z /4Z for n odd and to Z /2Z & Z /2Z for n even.
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If n is even, then m is even by (7.1) since Q2 =—1.
Let us consider the homogeneous polynomial

H(zi,z)=2" = 2"

of degree d = 2n. This has only simple zeros over P! and is G-invariant for n odd and G-

semi-invariant for n even. Note that d — 2 is even and moreoverd —2 =2(n—1) =0 mod 4

for n odd. Thus H satisfies the condition of Lemma 7.5, since Xfl_z = Xg_z =§"=1.
Case (2,3,3): G is the tetrahedral group isomorphic to the alternating group 204. We

may assume that G is generated by
=1 0 1 1 /-1
A= B=—¢(l
< 0 _J=T and ﬁe( /8) | —v=T)
where we regard »/—1 as e(1/4). Then A2 = B> = —1 and (AB)? = 1. Here, G/[G, G] ~
Z /3Z. In particular, X13 = xé’ = 1. Let us consider the homogeneous polynomial

H(z1,22) = 25 + 25 + 142123

of degree d = 8. Then this has only simple zeros over P! and is G-invariant. Thus H satisfies
the condition of Lemma 7.5, sinced —2 =0 mod 3.

Case (2,3,4): G is the octahedral group isomorphic to the symmetric group G4. We
may assume that G is generated by

A=<e(1/8) 0 ) nd B:ie(l/s;)c J—_l)

0 e(—1/8) V2 —J=
Then A* = B = (AB)? = —1. Here, G/[G, G] ~ Z/2Z. In particular, the square of any
character is trivial. Here m is even by (7.1) since A* = —1. Let us consider the homogeneous
polynomial

4 4
H(z1,22) = z122(2] — 25)

of degree d = 6. Then this has only simple zeros over P! and is G-semi-invariant. Thus H
satisfies the condition of Lemma 7.5, since m and d — 2 are even.

Case (2,3,5): G is the icosahedral group isomorphic to the alternating group s. We
may assume that G is generated by

_ (B o) _L(—(ﬁ—ﬂ‘l) ﬂz—ﬂ‘2>
A= <o g2) M EB=m g popt)

where B = e(1/5). Then A = B2 = —1 and (AB)® = 1. Here, G has no non-trivial
characters. Hence the G-invariant polynomial

H(z1,22) = 2122(21° + 112122 — 22°)

satisfies the condition of Lemma 7.5. O
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Finally, we treat the case of non-elliptic Hopf surfaces. By Theorem 32 of [10, II], a
non-elliptic Hopf surface X is obtained as the quotient of W with respect to the following
actionof Z @ Z /IZ: A generator of Z acts as

(z1,22) P> (021 + Azy, 222) ,

where m is a positive integer, o1, a2, A are complex numbers with 0 < |a| < |az] < 1 and
(a1 —ay)A = 0. If A = 0, then ozf’ #* 0/2] for any positive integers p, g; A generator Z /IZ
acts as

(z1,22) = (2121, £222)

for primitive /-th roots &1, &2 of unity with (¢; — &5")A = 0.

The equation z» = 0 defines an elliptic curve on X. If A # 0, then it is a unique curve
of X. If A = 0, then the equation z; = 0 defines another elliptic curve and there are no other
curves contained in X.

If . =0, then (z1, z2) — (zf, zg) ford > 1 gives a non-trivial surjective endomorphism
of X. Therefore, the proof of Theorem 7.1 is reduced to the following:

PROPOSITION 7.7. If X # 0, then X admits no non-trivial surjective endomorphisms.

PROOF. Wewrite = ap ande = g3. Thenoy = o™, 61 =&, and (k, j) €e ZBZ/IZ
acts on W by

ok (21,22) P> (&M (@M 7y 4 kaa® DMy edak ) .

Note that ¢ ; for k > 0 is a contraction (cf. Section 10 of [10, II]) in the sense that go,’(”j(B)

converges to (0, 0) for n — +oo for the ball B = {|z1|*> 4 |z2|> < 1}. Suppose that there is a
surjective endomorphism f: X — X. Let @: W — W be a lift, which is written as

@ (z1,22) — (F(z1,22), G(z1,22))

for holomorphic functions F', G defined on C 2 Here, @ o ©1,0 = @p,q © P for some integers
p and ¢g. Hence the following functional equations hold:

(7.3) F(a™z1 + A28, az2) = e9™ (@™ F(z1, 22) + praP"D"G (21, 22)™) ,
(7.4) G(a"z1 4+ A2y, az2) = ela?G(z1, 22) -

Here, we have p > 0 by (7.4); otherwise,
1G(z1. )| =l P*Glgro(z1.22)| = 0 as k — +oo
for p < 0 and G(z1, z2) is constant for p = 0. Moreover, F (0, 0) = G(0,0) = 0 by
® o 0(z1.22) = ¢y, 0 P(z1.22) = @(0,0) = (0,0) as k— +o00.
We insert here the following:

LEMMA 7.8. Let G(z1, 22) be an entire holomorphic function satisfying (7.4). Then
G(z1,22) = ng for a constant c. If ¢ # 0, then ¢4 = 1.
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PROOF. We follow the argument of Kodaira in the proof of Theorem 31 of [10, II]. We
may assume that G is not identically zero. We set G, (21, z2) := "G (z1, 22)/dz] forv > 1.
Then

amU—PS_qG(U) ((pl,O(Z17 ZZ)) = G(U) (Zla ZZ)

by (7.4). If mv > p, then G(,)(z1, z2) = 0 by

k(mv—p)

Guw(z,22) =« e %G ) (pr.0(z1,22)) = 0 for k— +00.

Hence we can write

N
GG, 2) =Y Gi(z2)3]

i=0
for entire holomorphic functions G;(z2) and for an integer 0 < N < p/m such that Gy is
not identically zero. Comparing the coefficients of z’i on both sides of (7.4), we have

N : ,
(7.5) e1aPGi(z) = o™y (i)Gl(azz)Al_’z’;(l_') ,
I=i

for0 < i < N. In particular, Gy (az2) = e?a” "N G y(z2). Hence €7 = 1, and Gy(z2) =

czg_mN for a constant ¢ # 0. Suppose that N # 0. By (7.5) in the case i = N — 1, we have:
(7.6) P Gy-1(22) = "N VG y_i(az2) + cNAP "N

Comparing the coefficients of zg_'"N * on both sides of equation (7.6), we derive a contra-
diction to N # 0. Therefore, N = 0 and G(z1, 22) = czé7 for some ¢ # 0. O

PROOF OF PROPOSITION 7.7 (continued). We have ¢ = 1 and G(z1, 22) = cz§7 fora
constant ¢ # 0 by Lemma 7.8. Thus the equation (7.3) is written as

(7.7) Fa"z1 4+ A2 az2) = P F (21, 22) + praP=Dmem g™
Hence, F(1) := 0 F/0z; satisfies a functional equation

Fay(@™z1 + A28 azo) = a P~V F) (21, 22)

(p—1)m
2

similar to (7.4). Thus F(1)(z1,22) = ciz for a constant ¢; by Lemma 7.8. Then

F(z1,22) = clzlzép_l)m + H (z») for a holomorphic function H (z2). By (7.7), we have
ciraPVm " 4 H(azp) = aP™ H(z2) + praP~ D" 25"
and hence H(z7) = (Szfm for a constant § and ¢; = pc™. Thus we obtain:
F(z1,22) = pc'"ng”’”’" +828", G(z1,22) = c2b.

If p > 2, then F(z1,0) = G(z1,0) = 0, which contradicts the assumption that F and G have
no common zeros except (z1, z2) = (0, 0). Hence p = 1 and

F(z1,20) = c"z1 + 6825, G(z1,22) = c22

for constants ¢ # 0 and §. Thus the endomorphism f: X — X is an isomorphism. O
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8. Inoue surfaces without curves. In the paper [5], Inoue constructed examples of
compact complex surfaces of class VIIy with b, = 0 having no curves. These are called Inoue
surfaces and are denoted by Sy, S](Vf;’ gt and Sl(Vi;, ar Moreover Inoue showed in the same
paper that if there is an invertible sheaf £ satisfying

H(S, 2l® L) #0

on a surface S with b1(S) — 1 = by(S) = 0 having no curves, then S is one of the surfaces
above. By the works [11], [21], we can remove the assumption on the existence of £ above;
These Inoue surfaces are characterized as the surfaces with by = 1, b, = 0 having no curves.

LEMMA 8.1. Let f: X — X be an étale endomorphism of a surface of class VI
with k(X) = —oo. Then f*: HY(X,Z) — H' (X, Z) is the identity.

PROOF. Assume the contrary. Then f* is the multiplication map by an integer d # 1.
We have the isomorphism H!(X,C*) ~ H'(X, O%) from the exponential sequence on X.
Thus Kx ~ f*Ky implies that Ox((d — 1)mKx) >~ Oy for the order m of the torsion part
of Hi(X, Z). In particular, « (X) = 0, a contradiction. O

The Inoue surface Sy, is defined as follows: Let M be a matrix in SL(3, Z) with eigenval-
ues o, f, ,3 suchthat > 1 and 8 € R. Here, @ ¢ Q. Let Yay, az, a3) be a real eigenvector
with « as the eigenvalue and let '(by, by, b3) be an eigenvector with B as the eigenvalue. Then
three vectors (a1, b1), (a2, ba), (a3, b3) are R-linearly independent and satisfy

3
(aj, Bbi) = > mij(aj.bj). where M = (mij) € SL(3.Z).
j=1

Let Gy be the group of automorphisms of H x C generated by

9: (w,2) = (aw, Bz),
gi: (w,z2) > (w+a;,z+b;) fori=1,2 3.

The action of Gy on H x C is properly discontinuous and free. The surface Sy, is defined as
the quotient surface G/ \(H x C). The generators g; satisfy the following relations:
—1 i i i3 . .
997 =99 9099 =9 9 g5 . forl=<i j<3.
PROPOSITION 8.2. The Inoue surface Sy admits a non-trivial surjective endomor-
phism.

PROOF. Let @ be the automorphism of H x C given by (w, z) + (nw,nz) for an
integern > 1. Then ® o go = gpo P and P og = g' o ® for 1 < i < 3. Thus an
endomorphism f: Sy — Sy is defined by @. Here f,: m1(Sy) — m1(Sy) is isomorphic to
the homomorphism Gy — Gy givenby Gy 2 g+ @ ogo @~ !, Thus f isnon-trivial. O

The Inoue surface Sﬁ; @it is defined for a matrix N in SL(2, Z) withn :=tr N > 2, for
integers p, g, r with r # 0, and for a complex number ¢ as follows: Let « be an eigenvalue
with e > 1. Leta = “(aj,az) and b = (b1, by) be non-zero real column vectors such
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that Na = aa and Nb = o~ 'b. Note that a; and b; are non-zero and az/a; and by /by are
irrational. We set 6 := det(a, b) = a1br — azb;. For a pair (/1, ) of integers, we set

Lhilh —1 b, -1
e(ly, ) == %b]al + %bzaz + libbiay .
We define ey := e(n11, n12) and e; := e(n21, naz) for the matrix N = (n;;). We also define a
real column vector ¢ = *(c1, ¢3) by
(8.1 (N —=De+ ‘er,e2) — (0/r)'(p.q) =0,

+)

i i +) —
where I denotes the unit matrix. Let G = Gy, .,

H x C generated by

be the group of automorphisms of

go: (w,2) > (aw,z+1),
gi: (w,2) > (w+aj,z+bjw+c¢c;) for i=1,2,
g3 (w,2) = (w,z—0/r).

Then g3 commutes with g; for 0 < i < 2. Moreover, we have:

(8.2) N =n9ds. 9nd =0"6"9% . wen =9 9576

These relations determine the group structure of G*). The subgroup I' = T; r(+) c GW
generated by g1, ¢», and g3 is normal and the quotient G‘*)/I" is a free abelian group of
rank one generated by the class of gy. The center of G(*) is generated by g3 and contains
[, I']. The quotient group of I" by the center is a free abelian group of rank two generated
by the classes of g; and g,. The action of G on H x C is properly discontinuous and

free. The surface S](VJT;) arit is defined as the quotient space. More precisely, we denote it by
(+)
SN’p’q’r;t(a, b).

DEFINITION 8.3. (1) Let T3 denote the subgroup of 73(C) consisting of 7' (x1, x2, x3)
with x; € R.

(2) Let Az denote the subgroup of A3(C) consisting of ((x1, x2), y) with x1, x2, y € R.

(3) LetD:Z? x Z* — Z be the skew symmetric form defined by

D ((l1, ), (], 15) :==1Lily — bl ,
that is,
D (£, &) =det(&, &)

for row vectors &, &' € Z2.
(4) Foranintegerr # 0,let Z[r/2] = Z + Z(r/2) C Q and let I} be the following
group structure defined on Z2 x Z[r/2]:

E*E DY) =E+E, y+y + /2D EED).
An element of I}, is denoted by (£, y) for a row vector £ € Z% and y € Z[r/2].
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The group T3 acts on (w, z) € H x C by the multiplication map
T(x1,x2,x3) (1, w,z) = "(I, w + x1, 2 + Xow + x3) .
The group homomorphism I" = Fr(+) — T3 given by
g T(ai,bi,c1), @ T(a,byc2), g+ T(0,0,-6/r)
is compatible with the actions on H x C. The homomorphism is written explicitly as follows:
99795 > T((Uh, ba, (1, )b, (e — O/l + e(lr, b)),
where (I1,1)a = lijay + hay, (1,1)b = 11by + I3y, and (I1,b)c = lic1 + hca. An
isomorphism 73 — Aj is induced from (6.2). There is a homomorphism I — I given by
gl g2 g > (1, 1), 15 + (r/D) ).

Then an element ((/1, l2), A) € I comes from I" if and only if A — (r/2)I1l> € Z. There is
also a homomorphism I — Asz given by

(E,y) > (Ea,b), ¢ —(0/r)y), where ¢ :=c—(1/2)(a1b1, azby).

Then we infer that the diagram

r — I,

Lo

T35 — Az
of injective homomorphisms is commutative. The action gy on H x C corresponds to the
matrix

1 0 0
(8.3) A=10 a O
t 0 1

For the choice of ¢, the relation (8.1) corresponds to the second and third equalities in (8.2).
This is also equivalent to

8.4 (N —D¢' = ©/r)p", where p'="(p+ (r/2)niin12, q + (r/2)n21n2) .

In particular, G is isomorphic to the subgroup of GL(3, C) generated by the image of
I' - GL(3,R) — GL(3, C) and by the matrix A.

LEMMA 8.4. (1) An endomorphism ¢ of I, i.e., a group homomorphism ¢ : I, —
I, is written as

s @G y) > @@ y) =EM, §v+ (detM)y)
for an integral (2 x 2)-matrix M and a column vector v € Z[r/2]>
(2) The semigroup End(I}) of endomorphisms of I'y is anti-isomorphic to the following
semigroup structure on Ma(Z) x Z[r/2]?:
(M1, v1) x (M2, v2) = (M1 M2, My - v2 + (det M2)vy),

where M (Z) denotes the ring of integral (2 x 2)-matrices.
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(3) An endomorphism of I' lifts to I'y. A pair (M, v) € Ma(Z) x Z[r/2]2 is induced
from an endomorphism of I' if and only if vi — (r/2)m11m12, v2o — (r/2)ma1moy € Z, where
M = (mjj), v = "(vi, v2).

(4)  The automorphism y — goy gy ! of T corresponds to (N, p').

(5)  An endomorphism of G\ inducing the identity on G /T is given by an endo-
morphism (M, v) of I' and by integers 11, >, I3 satisfying

(8.5) MN =NM, and (M — (detM))p' — (N —1Dv = rM ', —1y),

where gy is mapped to gy gi] géz g?.

PROOF. For an endomorphism ¢ of I', we attach M = (m;;) and v = Y(vy, v2) by
®((1,0),0) = ((1,00M,v1) and ¢((0,1),0) = (0, DM, v2).

Then (1) and (2) follow from simple calculations. For (3), it is enough to show that the endo-
morphism lifts. This is because I is generated by I” and an element ((0, 0), r/2) commuting
with I". (4) follows from the relations (8.2). Let p be the endomorphism of (5) and let ¢ be
the induced endomorphism of I". Then p(go) = gon for some I > n = g{l géz g?. Let ¢(n)
denote the automorphism y +— ny n~! for y € I' and let v denote another automorphism

Y = gov gy - Then p maps goy gy ' = v(¥) to gone(¥)n~'gy "' = ¢(v(y)). Therefore,
(8.6) voit(M)op=¢pov.

Conversely, if the relation (8.6) holds, then ¢(n) and ¢ define an endomorphism p on G,
Let (M, v) € My (Z) x Z[r/2]2 correspond to ¢. We infer that (I, r *(—I,, I1)) corresponds to
t(n) by (8.2). Thus (8.6) is equivalent to (8.5). O

PROPOSITION 8.5. Let f: X — X be a surjective endomorphism of the surface X =

sih (a, b). Then f is induced from the automorphism

N.p.q.rit
D (w,z) = (cw - %(11112)% (det M)z + ﬁ((ll,lz)b)w + 5) ;

Jor a matrix M € Ma(Z) with a positive eigenvalue c, and for integers 11, 2, and a complex
number 8, in which the following conditions are satisfied:
(1) detM #0, MN = NM, and

(det M — 1)t + L(11, )N < b ) — (1, b +(0/2)h € O/NZ .
2(n —2) —1

(2) Let v = “(v1, v2) be the solution of the equation

(M — (detM)[)p' — (N — v =rM (_131) :

Then v; — (r/2)ymjymz € Z fori =1, 2, where M = (m;;).
Conversely, if M and (11, [2) satisfy the conditions (1), (2), then the automorphism @
above induces an endomorphism on X of degree (det M)>.
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PROOF. The space H(X, ®x) of global holomorphic vector fields on X is one-
dimensional and is generated by the vector field 9/dz by Proposition 3 of [5]. Let

®:HxC>w,z2)— (P1(w,2), P2(w,2)) e H xC

be a lift of the endomorphism f for some holomorphic functions @;. The lift is an automor-
phism since f is étale. Note that @ depends only on w since any holomorphic mapping
C — H is constant. Thus @; = F(w) for a holomorphic function ¥ on H. The formula
®D,(0/9z) = 0P,/0z(3d/dz) implies that @y = ez + G(w) for a constant € # 0 and a holo-
morphic function G on H.

The injective endomorphism f : 71 (X) — 71(X) is given by 71 (X) 3 g — Pogod 1.
This defines an element (M, v) € M) (Z) x Z[r/2]2 and integers /1, [, I3 by Lemma 8.1 and
Lemma 8.4. Here the condition (8.5) is satisfied and v; — (r/2)m;jim;» € Z fori = 1, 2, for
M = (m;j) and v = '(vy, v2). Note that (£, y) € I'; actson € H x C by

(w,2) = (w+&a, z+ Eb)w +£c" — 6/r)y + (1/2)(§a)(4D)) .
Hence @ o (£,y) o @~ ! = (§M, £v + (det M)y) is equivalent to:

8.7) F(w+&a)=Fw)+&Ma, and
88 e(Eb)yw +&c" — 0/r)y + (1/2)(Ea)(ED)) + G(w + §a) — G(w)
' = (EMb)F(w) +EMc — (0/r)(Ev 4+ (det M)y) + (1/2)(EMa)(EMD) .
Similarly, ® 0 ggo @~ ! = gogi] gézg? is equivalent to:
(8.9) F(aw) = a(F(w) +¢a), and

(8.10) (e = Dt +G(aw) — G(w) = HF(w) +¢c’ — @/l + (1/2)(Ca)(¢h),

where ¢ = (I, 1) and !’ := I3+ (r/2)[1]>. Then F’(w) has two periods ay, a; by (8.7). Since
ay/ay is irrational, Za; + Zap C R is dense, which implies that F’(w) is constant. Then
G”(w) has also periods aj, a; by (8.8) and hence G”(w) is constant. Moreover G”(w) = 0
by (8.10). We can write

Fw) = cw — ——(y. ba
a—1

for a constant ¢ with Ma = ca by (8.7) and (8.9). Note that ¢ > 0 since Im F(w) = cImw >
0. Let c? be the conjugate of the algebraic integer ¢ over Q. Then Mb = c?b. Similarly from
(8.10) and (8.8), we have
G(w) = — (. l)byw +5, Mb=ch
a —

for some 8 € C. Thus ¢ = cc® = det M. We note that

arby 1 1 o o+ 1 1

(0—a ), =— = - =-

nay 2 a-—1 2(ax — 1) 2(n —2)

b
((h, @) (1, 1)b) = ‘22_212(11, 1N ( _171) .

9 — (@—a™h,




COMPACT COMPLEX SURFACES ADMITTING ENDOMORPHISMS 423

Thus (8.10) is written as
(detM — Dt = (1/2 —a/(a — D) (a)(&h) + ¢ — @/

0
= —m(ll, )N (_%]) =, ) = O/l — O/l

Hence the conditions (1) and (2) required for M and (/1, [») are satisfied. Conversely, suppose
that the conditions are satisfied. The condition (8.8) for any (€, y) € I is equivalent to

it
(M — (det M)I)¢ = Ll((ll, L)b)a + i}((ll, LYa)b + (0/r)v.
o — o —

By (8.4) and (8.5), it is also equivalent to
oM (_lil) = c((hi. )b)a — (. )a)b.

In other words, Z '(I>, —I1) = 0 for the matrix
Z :=0M — ca(by, —by) + c*b(az, —ay) .

However, Za = Zb = 0 by direct calculation. Hence Z = 0. Therefore, @7 (X)®~' C
71(X) for the automorphism @. Thus an endomorphism of X is induced. O

THEOREM 8.6. S](Vf;’q!r;t(a, b) admits a non-trivial surjective endomorphism if and

only ift € Q0, where 0 = det(a, b).

PROOF. If the endomorphism exists, then 1 € Q6 by Proposition 8.5, (1). Conversely
suppose that t € Q6. We consider a matrix M = (m;;) = kN + I for an even integer k > 0.
Then M has a positive eigenvalue ¢ = ko + 1 and det M = k> + kn 4+ 1 > 1. It is enough
to show that, M satisfies the conditions (1) and (2) of Proposition 8.5 for (I1, ) = (0, 0) for
some k > 0. By assumption,

(detM — 1)t = k(k +n)t € Z(O/r)

for some k. Let v be the solution of (M — (detM)I)p’ = (N — I)v. Since myymiz =
k(kniy + 1)ny2 and mpymoy = knpj(knyy + 1) are even, we have only to show that v € VA
We note that (N — )~ = Q2 —n)"Y(N"1 = 1) and M — (det M)I = k(N — (k+n)I). Thus
if k is divisible by n — 2, then v € Z2. O

The Inoue surface S/(‘;L ar is defined in [5, §4] for a matrix M € My(Z) with det M =

—1,tr M > 0 and for integers p, ¢, r # 0. The surface (7 = Sﬁ;’)l,’q,r has an Inoue surface

S = S](VJFLI g1.;0 35 N unramified double covering for N = M? and for suitable integers
p1, q1. The involution of S generating the Galois group is induced from ¥ : (w, z)

(Bw, —z) for the positive eigenvalue /o = 8 of M.

THEOREM 8.7. Sj(w_)p o admits a non-trivial surjective endomorphism.

PROOF. We consider an endomorphism of S(*) given by
@ (w,2) > (ko + Dw, (k* + kn + 1)2)
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for a suitable integer k > 0 as in Theorem 8.6. Then ¥ o @ = @ o ¥. Thus @ also gives a
non-trivial surjective endomorphism of §(=). O

9. Inoue surfaces with curves. A parabolic Inoue surface, a hyperbolic Inoue sur-
face, and a half Inoue surface are the first examples of surfaces X of class VIIg with a(X) = 0,
b2(X) > 0. Descriptions different from those in [7] of these surfaces are given in [20] by the
theory of toric varieties.

A parabolic Inoue surface X, , for a complex number A with 0 < |A| < 1 and for a
positive integer n is given as the quotient space of a toric variety 7' \(X) with respect to an
automorphism g} of infinite order which are defined as follows: N is a free abelian group of
rank two with basis eq, e; and the fan X' consists of the cones

{0}, Rxoez, Rxole;+ver), Rxoler +ver) +Rxpler + (v — De2)
forall v € Z. Let g, be the automorphism of the open orbit Ty = N ® C* given by
(z,7) > (rz,22),

where (z,7) € (C’*)2 corresponds to z ® e] + 2/ ® ez. Then g, extends holomorphically to
an automorphism of T'N(X). Note that g}’ is given by

(Z, Z,) — ()\nz’ )Ln(n—l)/ZZnZ/).

The surface X, , is of class VIIp with b2(X) = n. It contains an elliptic curve E with
E? = —n and a cycle D of rational curves consisting of n irreducible components with
D? = 0. Here, E is the quotient curve of the orbit corresponding to R > e and an irreducible
component of D is the quotient of the orbit corresponding to R >o(e1 4 vey) for some v.

PROPOSITION 9.1. Parabolic Inoue surfaces X, , admit non-trivial surjective endo-
morphisms.

PROOF. For an integer k > 1, let h; be the following endomorphism of T'\:
2
(2, 7) > (&, D20

Then &y, extends to an endomorphism of 7T'\(X) and g)]f o hy = hg o g,. Thus hy induces a
non-trivial surjective endomorphism on X} ,. o

A hyperbolic Inoue surface X g N and a half Inoue surface X N are defined as follows
for a real quadratic field £ and for a free abelian subgroup N C R of rank two generating
over Q: Let R®g R — R? be the isomorphism given by & — (£, &%) for & € £ and for the
conjugate £° over Q. We set

IN={ueOg|u>0 uN=N} and F,\T:{MEFN|MI:>O},

where (9; is the unit group of the ring Og of integers of K. Then I'y >~ Z and I N+ is a
subgroup of index at most two. Let ®N and @,’\l be the convex hulls of NN (R-g x R-p)
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and NN (R-o x R -g), respectively. Let X\ be the fanof NQ R = R? corresponding to the
decomposition of R~ x (R \ {0}) into sectors by rays joining 0 and a point of

NN (06NUIOY) .

Then FN+ acts on the toric variety TN(X) by ux : N — N. If F,\T is of index two in I}, then
I'y also acts on the toric variety. Let Mcn(X) be the topological quotient space of T(X)
by the compact torus N ® U(1) C Ty = N® C*, where U(1) = {z € C; |z] = 1}. Let
ordy: TN(X) — Mcn(X) be the quotient map. Its restriction to Ty is described as the
composite

id®|-| id®(—log)

ordy\: N@ C* —— N®R.g N®R,

in which the first arrow is induced from the norm map z + |z| and the second from 0 < r
— logr. Let V be the pull-back by ordy of the open subset

(R-o xR)U McN(Z)\N®R).

Then the hyperbolic Inoue surface X g\ is defined as the quotient space I"NJr \Vn. The half
Inoue surface X &N 1s defined in the case [IN: F,\J[ ] = 2 as the quotient space I'N\VN.

PROPOSITION 9.2. Hyperbolic Inoue surfaces and half Inoue surfaces admit non-
trivial surjective endomorphisms.

PROOF. For a positive integer / > 1, the multiplication N — N by / defines an endo-
morphism of Ty(X) of degree 12 > 1. This preserves VN and commutes with the action of
I ,\T or I'\. Thus a surjective endomorphism of degree 2 is induced. |

COROLLARY 9.3. Let X be a successive blowups of an Inoue surface with curves
whose centers are nodes of curves. Then X admits a non-trivial surjective endomorphism.

PROOF. Let Y be an Inoue surface with curves and let f: ¥ — Y be a non-trivial
surjective endomorphism. By replacing f by some power f, if necessary, we may assume
that f~1(C) = C for any curve C. Then f~!(P) = P for any node of the union JC of
all curves. Let Y1 — Y be the blowup at a node P. Then f induces a non-trivial surjective
endomorphism f]: Y7 — Y7 which also preserves any curve on Y. In particular, fl_1 (P) =
P for any node P; of the union of all the curves of Y. Therefore, if X — Y is a succession
of blowups whose centers are nodes of curves, then a non-trivial surjective endomorphism on
X is induced from f. O
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