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Abstract—This paper presents a compact modeling method-
ology for inductors and capacitors based on transmission-line
theory. Using continued fractions approximation, second- and
third-order intrinsic inductor and capacitor models are demon-
strated. With the second-order model, one can accurately predict
inductor and capacitor behavior up to their first resonance
frequencies. With the third-order model, one can match the mea-
sured inductor or capacitor response beyond the first resonance
frequency. Wideband accurate passive models developed here
are essential for transient and harmonic-balance analysis where
out-of-band frequencies are important. The model parameters
are extracted directly from -parameter measurement without
a need for optimization. Furthermore, the frequency-dependent
nonlinear effects of spiral inductors and metal–insulator–metal
capacitors are expressed based on simple models without resorting
to frequency-dependent parameters.

Index Terms—Equivalent-circuit model, integrated passives,
lumped elements, metal–insulator–metal (MIM) capacitors,
quality factor, self-resonance, spiral inductors.

I. INTRODUCTION

I NTEGRATED metal–insulator–metal (MIM) capacitors and
spiral inductors are important components of RF circuits.

While MIM capacitors present parasitic effects at high frequen-
cies, integrated inductors suffer from a poor quality factor
and low self-resonance frequency . Efforts to improve and

of integrated inductors are widely reported in the literature
[1]–[8]. For accurate time-domain analysis, as well as nonlinear
harmonic-balance analysis, it is necessary to analyze and model
both inductors and capacitors up to very high frequencies and
sometimes beyond their respective self-resonance frequencies.

Inductor analysis and design have been described by exper-
imental means [9], electromagnetic (EM) simulations [10], or
approximating formulas [11]–[14]. Most of these approxima-
tions are based on a comprehensive collection of formulas by
Grover [15] or the algorithm for computing inductance of planar
rectangular spirals by Greenhouse [16].

In addition to design equations, it is also important to develop
inductor models verified against measured results to construct
design libraries in computer-aided design (CAD) simulation en-
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vironments. The most common inductor model is the standard
-model with frequency-independent lumped elements [14],

[17]. While this model is useful over a limited frequency range,
it does not properly model the distributed effects, proximity
effects, or the higher order loss effects such as the conductor
skin effect, current crowding, capacitive coupling, and eddy
current. A conventional -model has been extended with
frequency-dependent lumped elements [2], [14], [18], [19].
The resulting models do a better job of describing the higher
order frequency effects, but cannot be easily implemented in
time-domain simulators. There are also alternative models that
try to address the high-frequency effects [9], [14], [20], [21].
These models are not widely utilized in CAD simulators.

Most capacitor models use standard series circuit. More com-
plicated models including distributed and -models for capaci-
tors have also been proposed [2], [22]–[27].

This paper presents a new comprehensive modeling method-
ologyfor integrated inductorsandcapacitorsbasedona transmis-
sion-line concept [28]. The third-order and higher order inductor
and capacitor models developed here provide an accurate re-
sponsebeyondthefirstself-resonancefrequencywithout theneed
for complicated optimization-based extraction. The models are
verysimple,flexible,andconsistentirelyof idealfrequency-inde-
pendentlumpedelementssuitablefortime-domaintransientanal-
ysis (SPICE) or harmonic-balance nonlinear simulation. Model
parameters are extracted from -parameter data in an unam-
biguous manner without the need for optimization. This allows
the designer to have an insight into the limitation and design pa-
rameters of integrated passive elements.

Model development for both integrated inductors and capaci-
tors is described in Section II, while parameter-extraction tech-
niques are discussed in Section III. Section IV provides discus-
sions and concluding remarks.

II. MODEL DEVELOPMENT

To develop an accurate model, it is necessary to extract the
extrinsic shunt pad/parasitic capacitances of either an inductor
or capacitor using a standard -model. Although only inductor
modeling is shown, the capacitor model can be easily found by
substituting with (or with ). First, two-port
measured -parameter data are transformed to an ma-
trix. The relation between the matrix and components
of the -model is given by

(1)
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where and are the shunt extrinsic admittance at ports
1 and 2, respectively, and is the impedance of
the intrinsic inductor and is the admittance of
the intrinsic capacitor to be modeled. Using (1), one can unam-
biguously extract extrinsic admittances of the passive device. It
also allows us to work on the intrinsic inductor (or capacitor)
model through the -parameter of the matrix using
the following equations:

(2)

Next, the intrinsic inductor found from (2) is modeled as
an ideal short-circuit transmission line. For capacitors, an ideal
open-circuit transmission line is used. The short- or open-cir-
cuit transmission-line equations are then approximated using
the first-, second-, or third-order continued fractions approxi-
mation of and translated into traditional equivalent cir-
cuits to obtain the first-, second-, or third-order intrinsic inductor
and capacitor models. The model could easily be extended fur-
ther to a fourth order, if necessary, to model the passive device
beyond the second resonance.

The input impedance of a transmission line can be de-
scribed by

(3)

where is the length of the transmission line (actual value is
not needed), is the load impedance, and and are the
characteristic impedance and complex propagation constant of
the transmission line, respectively. Substituting for an
ideal short-circuit termination for inductors or for an
ideal open-circuit termination for capacitors results in

(4)

Expansion of using the continued fractions approxi-
mation given by [29]

(5)

where

(6)

allows for very simple translation into an equivalent-circuit
model. In the above equation, is the shunt capacitance per
unit length in farads per meter, is the series inductance per
unit length in henrys per meter, is the series resistance per
unit length in ohms per meter, is the shunt conductance per
unit length in siemens per meter, and is the length of the
transmission line.

By substituting (5) and (6) in (4), we are able to obtain the
first-, second-, and third-order approximation of the intrinsic
inductor impedance (capacitance admittance ). The
first-order approximation of the inductor impedance results

Fig. 1. Second-order transmission-line circuit models of: (top) inductor and
(bottom) capacitor.

in a simple series RL network. First-order approximation of the
capacitor admittance results in a shunt RC network.

The second-order approximations of the inductor admittance
and capacitor impedance are

(7)

(8)

where the equivalent-circuit models are shown in Fig. 1.
The third-order approximation of the inductor input

impedance is

where

(9)

The third-order approximation of the capacitor input
impedance is

where

(10)

The equivalent-circuit models of inductors and capacitors
using the third-order approximation are shown in Fig. 2.

III. PARAMETER EXTRACTION

Using a standard microfabrication process on high-resistivity
Si, we fabricated three different inductors (1.5, 3.5, and 4.5
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Fig. 2. Third-order transmission-line circuit models of: (top) inductor and
(bottom) capacitor.

Fig. 3. Photomicrograph of fabricated 4.5-turn spiral inductor (left) and
6000-�m MIM capacitor (right). (Color version available online at http://iee-
explore.ieee.org.)

turns) and three different capacitors (with areas of 1000, 3000,
and 6000 m ). A two-metal process with vias through silicon
dioxide was used to fabricate inductors and capacitors. A 1- m
lower metal layer (Ti/Au) was used as an underpass for the in-
ductors and lower metal plate for the capacitors. A 2- m top
metal layer (Ti/Au) was used for spiral winding, as well as the
capacitor top metal plate. The thickness of SiO separating the
two inductor metal layers was 7500 Å, while the SiO dielectric
thickness was 2500 Å for the capacitors. Fig. 3 shows fabricated
inductors and capacitors in this technology.

On-wafer two-port -parameter measurement was used to
characterize the inductors and capacitors up to 26 GHz. The

-parameter data was converted to an matrix and in-
trinsic and extrinsic admittances , , , and as
a function of frequency were extracted using (2).

A. Second-Order Intrinsic Inductor and Capacitor Models

Here, we will describe the procedure to obtain all the model
parameters for the second-order intrinsic inductor and capacitor
models. Note that no optimization is used to achieve these re-
sults. The procedure relies on linearizing both the real and imag-
inary part of the admittance (impedance) of the second-order
intrinsic inductor (capacitor) model. The linearization approxi-
mation becomes more accurate as the frequency increases. For

the second-order inductor model shown in Fig. 1 and described
by (7), one finds that

(11a)

(11b)

where , , , and
. By assuming that , we can linearize

(11) as

(12a)

(12b)

Note that accurate model parameters can be extracted from
the frequencies that meet the criteria of and
is below the first resonance frequency. Similarly, Fig. 1 and (8)
can be used to find the second-order parameter models of a ca-
pacitor. The assumption of , which is more
accurate at higher frequencies, results in unambiguous extrac-
tion of the capacitor model parameters as

(13a)

(13b)

Equations (12) and (13) can be plotted as functions of an-
gular frequency to determine second-order model parameters
of measured inductors and capacitors. Fig. 4 shows the extrac-
tion technique for three different inductors, while Fig. 5 de-
picts the extraction of the second-order model parameters of
three different capacitors. Note that the fitting of these param-
eters is done at relatively high frequencies, but still below the
first self-resonance frequency of the device. A simple two-point
linear approximation or a least squares linear approximation
could be used to approximate the straight line and extract the
model parameters.

The imaginary parts of the admittances of the inductors (im-
pedances of the capacitors) shown in Fig. 4 (Fig. 5) depict very
linear characteristics, which result in accurate extraction of
and ( and ), but the real part of the inductor ad-
mittances (capacitor impedances) are not linear at higher fre-
quencies (low ). Therefore, the second-order model does
not accurately predict losses ( , , and, therefore, ) of in-
ductors and capacitors at very high frequencies and beyond the
first resonance frequency.

B. Third-Order Intrinsic Inductor and Capacitor Models

Here, we will describe the extraction of the third-order in-
ductor and capacitor models without optimization. The proce-
dure is an extension to the second-order model parameter extrac-
tion described above and requires parameter values extracted
from the second-order models that are used in the third-order
model equations.
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Fig. 4. Graphical method to extract: (top) L andC and (bottom)R and
R of three different inductors from Y . Y is extracted from S-parameter
measurements according to (2).

Starting from the standard third-order inductor model, as
shown in Fig. 2 and (9), we can obtain as

(14)

This equation can be rewritten as

(15a)

(15b)

Again, by assuming that , we can approximate
(15) with the following:

(16a)

(16b)

The model parameters are extracted from the frequencies
where the assumption of is valid. Using
(16) and plotting, one can extract the third-order parameters as
shown in Fig. 6.

Fig. 5. Graphical method to extract: (top)L andC and (bottom)R and
R of three different capacitors fromZ .Z is extracted from S-parameter
measurements according to (2) by substituting Y with Z .

Similarly, Fig. 2 and (10) can be used to find the
third-order parameter models of a capacitor. The assump-
tion of results in an unambiguous extraction
of the third-order capacitor model parameters as

(17a)

(17b)

The model parameters are extracted from the frequencies where
the assumption of is valid.

In fact, the third-order parameters should be extracted from
frequencies above the first resonance frequency and below the
second resonance frequency.

The extrinsic admittances and can be accurately
modeled using second-order capacitance models, as described
in Section III-A.

Table I lists the final parameter values of the inductor
models studied here. The 4.5-turn inductor and the 3.5-turn
inductor uses the third-order intrinsic inductor model and the
second-order extrinsic capacitance model. The 1.5-turn inductor
is accurately modeled by the first-order intrinsic inductor model
and second-order extrinsic capacitance model. This is due
to the fact that the self-resonance frequency of the 1.5-turn
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Fig. 6. Graphical method to extract: (top) L and C and (bottom)
R and R by fitting the intermediate data to straight line equations.

TABLE I
COMPLETE MODEL PARAMETERS FOR SPIRAL INDUCTORS

FABRICATED AND CHARACTERIZED IN THIS STUDY

inductor studied here is above 26 GHz, which was the maximum
measured frequency. The complete third-order inductor model
with second-order extrinsic admittance models is shown in
Fig. 7.

Fig. 7. Complete third-order inductor model with second-order model for
extrinsic admittances.

TABLE II
COMPLETE MODEL PARAMETERS FOR MIM CAPACITORS

FABRICATED AND CHARACTERIZED IN THIS STUDY

The negative resistance is shown for completeness. They
are the result of inaccurate calibration/deembedding, measure-
ment, and extraction. These resistors should be left as since
they are in shunt with femtofarad capacitances. This means that
only at much higher frequency than what was measured will the
impedance of the resistor be significant enough to measure
accurately.

The third-order intrinsic capacitance model can be found
using a similar approach taken for inductors, as described
above. The model parameters extracted from -parameters are
shown in Table II. For these capacitors, it was sufficient to use a
third-order intrinsic capacitor model combined with first-order
extrinsic admittance models, as shown in Fig. 8.

IV. DISCUSSION AND CONCLUSION

Fig. 9 compares the measured -parameters of a represen-
tative capacitor and inductor with their models, while Fig. 10
compares the measured input impedances of the inductors with
their complete equivalent-circuit models. Fig. 11 compares the
measured input admittances of the capacitors with their com-
plete equivalent-circuit models. It is also interesting to study the
quality factor of these devices specially the inductors. The
quality factor of an inductor is defined as the ratio of the mag-
netic energy stored in the inductor to the energy dissipated. It
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Fig. 8. Complete third-order capacitor model with first-order model for ex-
trinsic admittances.

Fig. 9. Comparison of the measured and modeled S-parameters across
0.05–26 GHz for a 4.5-turn inductor (top) and a 6000-�m capacitor (bottom).
(Color version available online at http://ieeexplore.ieee.org.)

is often hard to model of the inductor as the energy dissi-
pation term is frequency dependent due to multiple loss effects
(eddy current, skin effect, and current crowding). Additionally,
for high- inductors, the dissipated energy is very small and,
thus, errors in the measurement can result in inaccurate models.
Fig. 12 depicts the modeled and measured quality factor of the
4.5-turn inductor studied here using both second- and third-

Fig. 10. Measured and modeled input impedance of inductors studied here.

Fig. 11. Measured and modeled input admittance of capacitors studied here.

order models. Notice that with the third-order model, we are
able to match the factor beyond the first resonance frequency
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Fig. 12. Measured and modeled input quality factor of 4.5-turn inductor (top)
and a 6000-�m capacitor (bottom).

where the inductor behaves like a capacitor. The second-order
model matches the measured inductors up to the first self-res-
onance frequency where distributed frequency-dependent loss
effects can still be ignored. Similar conclusions could be made
with the 6000- m capacitor.

In conclusion, we have demonstrated a new modeling
methodology for integrated spiral inductors and MIM ca-
pacitors based on fundamental transmission-line theory and
continued fractions approximation. The model can be ex-
pressed either based on a second- or third-order approximation
of shorted (or open-circuited) transmission-line impedance
(admittance), which is a hyperbolic tangent function. As the
model originates from a lossy transmission-line equation and
is approximated using continued fraction approximation of
a tanh equation, it can be very accurate and wideband. The
second-order model can be extracted easily and is valid up to
the self-resonance frequency of the passive component. The
third-order model is able to accurately predicts the measured
results of passive components beyond their first resonance
frequency without any need for optimization. The wideband
accuracy provided by our approach is shown in modeling
the quality factor of inductors. The accurate wideband model
for passive components is instrumental in transient response
simulation and also in cases where the harmonic frequency
response is important. This modeling methodology can very
easily be extended to fourth or higher orders if necessary. The
parameter-extraction technique discussed here for both second-
and third-order models does not require any optimization and

could be implemented using least squares linear approximation
resulting in an unambiguous model construction.
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