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Abstract

Correcting some "proofs" given in an earlier paper of the same title, we prove here, among
other things, that, if S is a subgroup of a topological group that is complete in a left invariant metric
or locally compact, then every weakly almost periodic function on S is (left and right) uniformly
continuous. We also prove a theorem related to results of R. B. Burckel and of W. W. Comfort and
K. A. Ross: a topological group is pseudocompact if and only if WAP(G)= C(G).

It has been pointed out to us that there is a gap in the proof of Theorem 4.6
of Milnes (1973). Thus the proofs of Corollary 4.7 and Theorem 4.8, which
refer to Theorem 4.6, appear to have gaps as well. We prove here that the
assertions of Theorem 4.6 and Corollary 4.7 are true at least if an additional
assumption is made and that that of Theorem 4.8 as stated in Milnes (1973) is
true. We also discuss examples which show that some of the hypotheses of these
results are necessary. We do not know of an example which shows that the
statement of Theorem 4.6 in Milnes (1973) is false, and conjecture that this
statement is in fact true. In conclusion, we prove a theorem related to results in
Burckel (1970), Comfort & Ross (1966), Milnes (1973): a topological group G is
pseudocompact if and only if WAP(G)= C(G).

Suppose S is a semitopological semigroup and /3S is the spectrum of C(S).
A closed linear subspace X of C(S) is called left m-introverted if the function
s-»x(/s) is in X whenever / £ X and x is a continuous multiplicative linear
functional on C(S). (Here f, is the left translate of / by s, which is defined by
f,(t) = f(st)Vt G S.) Such subspaces were introduced by Mitchell (1970), who
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showed that there exists a greatest such subspace LMC(S), which may be
characterized by

LMC(S) = {/£C(S) | the function s-*x(js) is in C(S)VxG/3S}.

In case S is a topological group G that is locally compact or complete in a left
invariant metric, Mitchell (see Rao (1965) as well) also proved that LMC(G) =
LUC(G), the left uniformly continuous subspace of C(G). It is our purpose here
to prove the following results.

THEOREM 1. Suppose S is a dense subgroup of a compact topological group G.
Then every member of LMC(S) extends (uniquely by continuity) to a member of
LMC(G), i.e., LMC(G)\S = LMC(S).

COROLLARY 2. Suppose S is (a topological group homeomorphic and
isomorphic to) a subgroup of a compact topological group G. Then LMC(S) =
LUC(S).

In Milnes (1973) we thought we had proved these results without the
assumption that G is compact. However, it has been pointed out to us that there
is a gap in the proof given there. Nonetheless, we do not know that this
assumption is necessary and make the

CONJECTURE. The conclusions of Theorem 1 and Corollary 2 still hold if the
hypothesis that G is compact is dropped.

PROOF OF THEOREM 1. Since it is clear that LMC(G)|S C LMC(S), we
need only show the reverse inclusion. Let f E. LMC(S). By Lemma 4.5 of
Milnes (1973) / extends (uniquely by continuity) to a function in C(G). Since G
is compact, C(G) = LMC(G) and we are done.

PROOF OF COROLLARY 2. By Theorem 1, LMC(G)|S = LMC(S). But
LMC(G) = LUC(G) and the restriction of a function in LUC(G) to S is in
LUC(S).

REMARK. It follows from Theorem 1 and a result of Weil (1937) that
LMC(S) = LUC(S) = WAP(S) = AP(S) whenever S is a totally bounded to-
pological group, exactly as in the case where S is compact. (When S is compact,
C(S) = AP(S) as well; see also §3 ahead.)

Some examples are now presented, where the conclusion of Theorem 1
fails. The first is due to T. Mitchell; the third was communicated to us by J. F.
Berglund.

EXAMPLE 1 [Granirer and Lau (1971); p. 257]. Consider the subsemigroup
S = (0,°°) of the usual additive reals R. Then the function t—»sin(l/r) is in
LUC(S) C LMC(S), but does not extend to a function continuous on R, or, for
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that matter, to a function continuous on the subsemigroup [0, °°) of R in which S
is dense.

EXAMPLE 2. Let T be the one point compactification of the subsemigroup
5 = [1, oo) of the usual additive reals and suppose multiplication is extended from
S to T by making the adjoined point a zero for T. Then the only functions in
C(S) that extend to functions in C(T) are those that tend to a limit at infinity.
Thus the function t —»sinf is in LUC(S) C LMC(S), but has no continuous
extension to T.

EXAMPLE 3. Let R be the usual additive reals and adjoin a zero 8 at + °° to
get a (non-compact) topological semigroup T=Rl){0} where, for a net
{ta} C R, ta—> 6 is equivalent to /„—»* + <». Then the function t —» tan1 t is in
LUC(R) = LMC(i?) and has an extension which is continuous on T. However,
this extension is not in LMC(T): the sequence of translates of this extension by
the members {- n}'-i C R converges pointwise on T to a function / such that
f(t) = - TT/2 for t £ R, f(0) = TT 12. Thus f£ C(T) and the extension is not in
LMC(T) [Milnes (1973); Theorem 3.1].

If G is a topological group, we write WAP(G) for the weakly almost
periodic subspace of C(G) and note that both methods of proof given in Milnes
(1973) of the theorem which asserts that WAP(G)|S = WAP(S) whenever S is a
dense subgroup of a topological group G [Milnes (1973); Theorem 4.9 (i)] are
correct; in particular, the method which refers to the proof of Theorem 4.6 is
correct.

Also in Milnes (1973) we gave an example of a locally compact group G
with closed normal abelian subgroup H such that no non-trivial character of H
extends to a function (left and right) uniformly continuous on G. Hence
WAP(G)|H does not even contain AP(H). In view of this "bad behaviour", it
seems strange that LMC(G)|H = LMC(H) (here and whenever H is a closed
subgroup of a topological group that is locally compact or complete in a left
invariant metric). This follows from theorems of Mitchell mentioned above and a
theorem of Katetov (1951, 1953).

Next, the result mentioned at the beginning of this section is used to prove

THEOREM 3 [Milnes (973); Theorem 4.8]. // S is (homeomorphic and
isomorphic to) a subgroup of a topological group that is complete in a left invariant
metric or locally compact, then all functions in WAP(S) are (left and right)
uniformly continuous.

PROOF. By Milnes (1973; Theorem 4.9 (i)), WAP(G)|S = WAP(S). Also,
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WAP(G)CLMC(G) = LUC(G) in this setting [Mitchell (1970)], and the map
/ - » / , where f(s) = f(s')Vs G G, maps WAP(G) onto WAP(G) and LUC(G)
onto RUC(G), the right uniformly continuous subspace of C(G). It follows that
WAP(G) consists of (left and right) uniformly continuous functions and hence
that WAP(S) = WAP(G)U does too.

In Burckel (1970;2.24,p.31 and Theorem 4.10,p.68), it is proved that,for a
locally compact topological group G, each of the equalities, AP(G)= WAP(G)
and WAP(G)= C(G), implies that G is compact. Subsequently, it has been
shown that the local compactness hypothesis is necessary in both cases. In Milnes
(1973; Corollary 4.10) we showed that AP(G) = WAP(G) whenever G is a
totally bounded topological group (for example, if G is the group of rational
numbers (modulo 1)). And Burckel (1970) has constructed a topological group G
which is not locally compact and for which

* AP(G) = WAP(G)=C(G).

It follows from a theorem of Comfort and Ross (1966) that this group is
pseudocompact and that * holds for all pseudocompact groups G. This raises the
question: is there a topological group G for which WAP(G) = C(G), but
AP(G)^ WAP(G)? That the answer to this question is no is a consequence of
the following

THEOREM 4. Let G be a topological group for which WAP(G) = C(G). Then
AP(G)= C(G) as well and hence G is pseudocompact.

PROOF. AS a first step, we invoke Burckel (1970; Theorem 4.10, p. 68) and
may assume without loss that G is not discrete. We next prove that G is totally
bounded. The proof is by contradiction. Suppose G is not totally bounded. Then
3 a neighbourhood V of e G G and a sequence {sn}~=, C G such that

** Vsn n V s m = 0 if m^n.

By induction we can get a sequence {/„} C C(G), a sequence {Vn} of neighbor-
hoods of e G G and a sequence {tn} C G such that:

(i) V,CV, V,tlCVB.
(ii) /„ = 0 off Vn /, = 1 on Vn + 1, 0 s / , s i .
(iii) /. G V , \ V . t I .

Now Vn let hn G C{G) be denned by

hn(t) = fn(tsn') and put ft = 2 > -

It follows from ** that h G C(G). Also, /i^WAP(G), which is the desired
contradiction. For
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h(tmsn) = fn{tm)= \ n ., __ and hence

10 if m < n

\im \im h(tmsn) = 0 and lim lim h(tmsn) = 1,

which is impossible for a function in WAP(G) [Grothendieck (1952)].

Thus G is totally bounded and, by Corollary 4.10 of Milnes (1973),
AP(G) = WAP(G). Hence AP(G)= C(G); and G is pseudocompact by the
result of Comfort and Ross already mentioned.

REMARKS, (a) It is easy to see that one can have AP(G) = WAP(G) and
WAP(G)^ C(G) for the same topological group G. For example, let G be any
non-pseudocompact totally bounded topological group (such as the rational
numbers (modulo 1)).

(b) Theorem 4.10 of Burckel (1970) may be construed as an easy corollary of
the proof of Theorem 4 above. This is because a locally compact totally bounded
topological group must in fact be compact.

(c) // S is a topological semigroup, one would not expect the equality
WAP(S) = C(S) always to imply AP(S) = C(S), and indeed this is not the case.
Macri (1974) has provided the following

EXAMPLE. Let S be an infinite set with distinct elements 1, OES. The
multiplication rules

ab=0 if a/b

a2= 1 for a^O, 1

02 = I2 = 0

make S a (discrete) semigroup. To see that WAP(S) = C(S) let / £ C(S). We
assume without loss that /(0) = 0 and must show that, if {an} C S, then a
subsequence of {/„„} converges weakly in C(S). To this end, we may assume
either

(i) an = a, a fixed, member of SVn,
or (ii) an/ am if n ̂  m.
In case (i) the sequence {faj is constant and in case (ii) each /„„ is 0 except,
possibly, at an; thus /„„ —» 0 uniformly on compacta (which are finite sets here),
and in bounded subsets of CU(S) uniform convergence on compacta implies
weak convergence.

A function / E C(S), f£AP(S), can be defined by

,, * = f 0 if a =0
>Ka) \ l otherwise.
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For, if {an} C S\{0,1} satisfies an/ am if n^ m, then V n

f . . = j 1 if a = an
Ja~K ' \ 0 otherwise.

Hence /„„—»() uniformly on compacta, but not uniformly: / £ AP(S).

Note added in proof. The conjecture mentioned in the first paragraph and
stated after Corollary 2 is false; see Counter-example in the theory of continuous
functions on topological groups, by P. Milnes and J. S. Pym (to appear in Pacific
J. Math.).
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