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COMPACTIFYING THE RELATIVE JACOBIAN
OVER FAMILIES OF REDUCED CURVES

EDUARDO ESTEVES

ABSTRACT. We construct natural relative compactifications for the relative
Jacobian over a family X/S of reduced curves. In contrast with all the available
compactifications so far, ours admit a Poincaré sheaf after an étale base change.
Our method consists of studying the étale sheaf F' of simple, torsion-free, rank-
1 sheaves on X/S, and showing that certain open subsheaves of F' have the
completeness property. Strictly speaking, the functor F' is only representable
by an algebraic space, but we show that F' is representable by a scheme after
an étale base change. Finally, we use theta functions originating from vector
bundles to compare our new compactifications with the available ones.

0. INTRODUCTION

0.1. History and goal. The problem of finding a natural relative compactification
of the relative Jacobian over a family of curves has drawn a lot of attention since
Igusa’s pioneering work [I7] in the fifties. After important work of Mayer, Mumford
[22] and D’Souza [8], a very satisfactory solution has been found by Altman and
Kleiman [3] in the case where the curves in the family are geometrically integral:
their relative compactification is a fine moduli space, i.e. admits a universal, or
Poincaré, sheaf after an étale base change. We refer to the introduction in [3] for
more details.

Despite the progress for integral curves, the case of reducible curves (especially
nodal ones) is important for applications, and had to be tackled. In the case of a
single reduced (possibly reducible) nodal curve defined over an algebraically closed
field, Oda and Seshadri [23] used Geometric Invariant Theory (GIT) to construct
several compactifications of disjoint unions of copies of the Jacobian. Afterwards,
Seshadri used GIT to deal with a general reduced curve in [25] (where he considered
also the higher rank case).

In the case of a family of reducible curves, the (relative) compactification problem
is more difficult, as the relative Jacobian itself does not behave well. In fact, the
relative Jacobian might not even be a scheme (see Mumford’s famous example in
[6, p. 210]). Even when it is — for instance, when the irreducible components of the
curves in the family are geometrically integral [6 p. 210] — the relative Jacobian
might not be either separated or of finite type over the base.
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Despite the mentioned difficulties, Ishida [19] managed to adapt Oda’s and Se-
shadri’s method to describe several compactifications of subspaces of the relative
Jacobian, though his hypotheses are numerous.

After a long time without any work on the relative compactification problem,
Caporaso [7] showed how to compactify the relative Jacobian over the moduli of
Deligne-Mumford stable curves, M 4, by putting on the boundary invertible sheaves
on curves derived from stable curves. One year later, Pandharipande [24] produced
the same compactification, with the boundary points now representing torsion-free,
rank-1 sheaves, as in Seshadri’s [25].

Both Caporaso and Pandharipande based their constructions on Gieseker’s con-
struction of M, [I3], and thus their method cannot be extended to an arbitrary
family of curves. However, at about the same time Simpson [27, Section 1] con-
structed moduli spaces of coherent sheaves over any family of projective varieties.
The three used GIT.

The main disadvantage of the constructions found so far for reducible curves is
the absence of a Poincaré sheaf.

Roughly speaking, the present article aims at constructing a natural relative
compactification of the relative Jacobian over a projective, flat family of geometri-
cally reduced and connected curves. In contrast to earlier relative compactifications,
ours admits a Poincaré sheaf, after an étale base change. The points of our com-
pactification correspond to simple, torsion-free, rank-1 sheaves that are semi-stable
with respect to a given polarization. (Strictly speaking, to obtain separated spaces
we have to restrict ourselves to quasi-stable sheaves; the concept of quasi-stability
is a new one, introduced in Subsection 1.2 of the present article, and is intermedi-
ate between stability and semi-stability.) To compare our relative compactification
with that obtained by Seshadri in [25, Part 7], we use theta functions. In contrast
with all the past approaches, we do not use GIT. (The method of theta functions
has already been used by Faltings to construct the moduli of semi-stable vector
bundles on a smooth complete curve (see [12] or [26]).) It must be said that our
relative compactification is an algebraic space, rather than a scheme. (It could
not be otherwise, as Mumford’s example [6, p. 210] shows.) But we show that it
becomes a scheme, after an étale base change. The reader will find next a more
detailed account of our results.

0.2. Our results. Let S be a locally Noetherian scheme. Let f : X — S be a
projective, flat map whose geometric fibers are connected, reduced curves. Let

P* : (Schemes/S)° — (Sets)

be the relative Jacobian functor, defined on an S-scheme T' as the set of invertible
sheaves on X xg T. Let P be the étale sheaf associated to P*. Artin [5] showed
that the functor P is represented by an algebraic space P, locally of finite type over
S.

The algebraic space P is formally smooth over S. If the geometric fibers of
f are integral, then the subspace P; C P, parameterizing invertible sheaves with
Euler characteristic d, is a separated scheme of finite type over S [15]. In general,
however, P; may not even be of finite type over S.

In order to compactify P over S in general, it would be natural, following Mayer
and Mumford [22], to consider the functor

F* : (Schemes/S)° — (Sets),
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defined on an S-scheme T' as the set of T-flat, coherent sheaves on X x g T whose
fibers over T are torsion-free, rank-1 sheaves. Defining F as the étale sheafification
of F* it is clear that F contains P as an open subfunctor. It is also easy to show
that F “contains enough degenerations”. In other words, F meets the existence
condition of the valuative criterion of properness, without necessarily meeting the
uniqueness condition. However, the functor F is not representable by an algebraic
space in general, the obstruction being the existence of torsion-free, rank-1 sheaves
that are not simple (i.e. admit non-trivial endomorphisms). In fact, considering
the subfunctor J C F, parameterizing sheaves with simple fibers, it follows from
[3, Thm. 7.4, p. 99] that J is represented by an algebraic space J. It is clear that
J contains P as an open subspace, since the geometric fibers of f are reduced and
connected. But does J “contain enough degenerations” over S? The surprising
answer we obtain in Theorem 32 of the present article is: yes! The upshot is that
we do not need to consider all torsion-free, rank-1 sheaves to compactify the relative
Jacobian, but just those that are simple. Of course, J is neither separated nor of
finite type over S in general, since neither is the open subspace P. Nevertheless,
since J is a fine moduli space, it is worthwhile to analyze J and, perhaps, obtain
from J “coarse moduli spaces” that behave better than J. The present article is
thus devoted to the study of J.

Since J is awkwardly “big”, we need to decompose J into simpler “pieces”,
and for that we use polarizations like those defined by Seshadri in [25, Part 7,
p. 153]. As a matter of fact, Seshadri used numerical polarizations but, since we
want to deal with a family of curves, we prefer to use “continuous” polarizations.
For us, a polarization on X/S is a vector bundle £ on X with rank » > 0 and
relative degree —rd over S, for a certain integer d. (See Observation 57 for the
relationship with Seshadri’s polarization.) Of course, there are natural choices of
relative polarizations, as the structure sheaf Ox and those constructed from Ox
and the relative dualizing sheaf W, when the fibers of f are Gorenstein. (The latter
were used by Pandharipande [24].)

Associated to a polarization £ on X /S we have the usual classes of stable and
semi-stable torsion-free, rank-1 sheaves. In Section 1 we define two new classes of
sheaves, those of quasi-stable and o-quasi-stable torsion-free, rank-1 sheaves (see
Subsections 1.2 and 1.4), where o : S — X is a section of f through the S-smooth
locus of X. These new classes of sheaves are important for their cohomological and
degeneration properties (see Sections 2 and 3). Let J§ (resp. Jg°, resp. J&°, resp.
JZ) be the subspace of J parameterizing sheaves with stable (resp. semi-stable,
resp. quasi-stable, resp. o-quasi-stable fibers) with respect to the polarization &.
It follows from the cohomological characterizations of Subsection 2.2 that all the
above subspaces are open in J. In general, neither JZ° nor Jg* is separated over S.
These spaces are still “too big”. Nevertheless, applying the method of Langton’s
[21] (see Section 3), we prove the following theorem.

Theorem A. The algebraic space Jg° is of finite type over S. In addition,
(1) J&* and JE* are universally closed over S;
(2) Jg is separated over S;
(3) JgZ is proper over S.
Proof. See Section 4. O

Provided it is convenient to fix a section o of f through the S-smooth locus of
X (the case of a family of pointed curves), we may restrict ourselves to JZ. We
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can always make an étale base change to obtain enough sections of f. In fact, a
suitable étale base change will also give us schemes, as stated by the next theorem.

Theorem B. Assume there are sections o1,...,0, : S — X of f such that

(1) oy factors through the S-smooth locus of X fori=1,...,n;
(2) for every s € S, every irreducible component of X (s) is geometrically integral
and contains o;(s) for some 1.

Then, J is a scheme.
Proof. See Subsection 7.1. |

However, it might not always be appropriate to change the base scheme, or even
to fix a section o of f through the S-smooth locus of X, assuming one exists. To
overcome these problems, we can use theta functions (associated to vector bundles
on X) to construct “approximations” of the algebraic spaces Jg*, J&* and JZ that
are locally projective schemes over S, as we describe next. Let ¥ C JZ° be an
open subspace, and denote by m : ¥ — S the structure map. Then, there is a
natural invertible sheaf L¢|s; on X, uniquely defined from the polarization £ (see
Subsection 7.1). In addition, there is a natural quasi-coherent graded subsheaf of
Og-algebras,

Vem CTgn = @ W*ﬁ?g,

m>0

generated by the so-called theta functions, associated to vector bundles on X (see
Subsection 7.2). The homogeneous pieces of Vg5, are coherent (Proposition 56).
Let ¥¢ := Proj(Ve|x), and consider the natural rational map ¢ : ¥ — Se.

Theorem C. Let ¥ C Jg° be an open subspace. Then, the following statements
hold.

(1) If S is excellent, then ¢ is locally projective over S.

(2) The rational map 1) : ¥ — Xg is defined on X, and is scheme-theoretically
dominant.

(3) For every s € S, the fibers of ¥ (s) are the Jordan-Hélder equivalence classes
of X(s).

(4) If £ is universally closed over S, and Ji C 3, then the restriction of ¢ to Jg
is an open embedding.

Proof. See Subsection 7.2. O

Finally, we compare our compactification with Seshadri’s [25], Part 7] in the case
where S is (the spectrum of) an algebraically closed field & (see Section 8). Roughly
speaking, we show that, if X has at most ordinary double points for singularities,
then any structure theta functions detected in Seshadri’s compactification are also
detected in ours, and vice-versa. (See Theorem 60 and the discussion before it for
a precise statement.)

0.3. Convention. All schemes are assumed to be locally Noetherian. By a vector
bundle we mean a locally free sheaf of constant rank. If ¢ : T — S is a map of
schemes, we call ¢ a T-point of S. If T'= Spec(k) we say that ¢ is a k-point of S.
Let f : X — S be a map of schemes. We denote by Ox (1) a (relatively) ample
(invertible) sheaf on X/S, and put F(m) := F @ Ox (1)®™ for every coherent sheaf
F on X and every integer m. If T'— S is a map of schemes, let fr : X xgT — T
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denote the induced map. If Ox (1) is an ample sheaf on X/S and Y is a closed
subscheme of X xg T, let Oy (1) denote the pullback of Ox(1) to Y.

Let X — S be a projective map of schemes. If F is an S-flat, coherent sheaf on X,
let x(F/S) denote the relative Euler characteristic of F over S. If, in addition, X is
flat over S, and F is a vector bundle of rank r, let deg(F/S) := x(F/S)—rx(Ox/S).
By flatness, x(F/S) and deg(F/S) are locally constant on S. If T' — S is a map of
schemes and F is a coherent sheaf on X, let F ® Op or Fr denote the pullback of
Fto X xgT. If tis a k-point of T lying over s € S, let X (¢) denote the extension
of X (s) over k, and F(t) the pullback of F to X(t). If s € S and k D k(s) is a field
extension, let X (k) denote the extension of X (s) over k, and F(k) the pullback of
F to X (k).

Whenever the base scheme S is clear, we let X x T or X7 denote the fibered
product of two S-schemes X and T

1. SEMI-STABLE SHEAVES

1.1. Torsion-free, rank-1 sheaves. Let X be a geometrically reduced, projec-
tive scheme of pure dimension 1 over a field k. We say that X is a curve. Let
Xy, ..., X, denote the irreducible components of X. Assume throughout Section 1
that Xy,...,X,, are geometrically integral. This is a mild assumption, as there
is always a finite and separable field extension k¥’ D k such that the irreducible
components of X (k') are geometrically integral (see Lemma 18).

A subcurve of X is a reduced closed subscheme Y C X of pure dimension 1. The
empty set will also be considered a subcurve of X. If Y, Z C X are subcurves, let
Y A Z denote the maximum subcurve of X contained in Y N Z, and Y — Z the
minimum subcurve containing Y\ Z. If Y C X is a subcurve, let Y¢:= X - Y.

Let I be a coherent sheaf on X. We say that [ is torsion-free if I has no embedded
components. We say that I is rank-1 if I has generic rank 1 at every irreducible
component of X. We say that I is simple if Endx (I) = k. If I is invertible, then I
is torsion-free, rank-1, and also simple if X is connected.

Let I be a torsion-free, rank-1 sheaf on X. If Y C X is a subcurve, denote
by Iy the maximum torsion-free quotient of I],.. Of course, there is a canonical
surjection I — Iy. We may understand Iy as the unique quotient of I that has
support Y and is torsion-free there. We say that I is decomposable if there are
proper subcurves Y, Z ; X such that the canonical injection I — Iy & Iz is an
isomorphism. If this is the case, we say that I decomposes atY (or Z).

Proposition 1. Let I be a torsion-free, rank-1 sheaf on X. Then, I is simple if
and only if I is not decomposable.

Proof. Clearly, if I is decomposable, then I is not simple. Assume [ is not simple.
Then, there is an endomorphism h : I — [ that is not a multiple of the identity.
Let Y C X be the subcurve such that Iy = im(h), and let ' : Iy — I denote
the induced injection. Since h # 0, the subcurve Y is not empty. Since Iy is
simple for every irreducible component W C X by [3, Lemma 5.4, p. 83], up to
subtracting a multiple of the identity from h, we may assume Y # X. The map
h' factors through J := ker(I — Iz), where Z := Y°. Moreover, since h’ and the
composition J < I — [y are injective, h’ is actually an isomorphism onto .J. So,
x(I) = x(Iy) + x(Iz), and hence I = Iy & I. O
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The above proposition does not hold in higher rank, even if we assume X is
smooth. In fact, if X is smooth and not rational, then any vector bundle F fitting
in the middle of a non-split short exact sequence of the form

0—-0Ox - F—0x—0

is neither simple nor decomposable. Though easy to state and prove, Proposition 1
is the key reason why we are able to get fine moduli spaces in the rank-1 case.

The following lemma is useful for determining when a torsion-free, rank-1 sheaf
is simple (cf. Example 5).

Lemma 2. LetY,Z C X be non-empty subcurves covering X. Let M be a torsion-
free, rank-1 sheaf on X. Then, the following statements hold.

(1) IfY ANZ # 0, and both My and My are simple, then M is simple.
(2) If there is an exact sequence of the form

0—=I—-M—J—0,

where I (resp. J) is a simple, torsion-free, rank-1 sheaf on'Y (resp. Z), then
M is simple if and only if the sequence is not split.

Proof. Assume there are subcurves X, Xo C X such that M = Mx, & Mx,. In
addition, assume there is a surjection u : M — J, where J is a simple, torsion-free,
rank-1 sheaf on a subcurve Z C X. Of course, p is the direct sum of two maps,
w2 Mx, — Jand pa : Mx, — J. Since p is surjective, im(u;) = Myz,, where
Zi:=ZNX,;fori=1,2. So, J = Mgz, & Mgz,. Since J is simple, either Z C X; or
Z C Xs.

We prove (1) now. Assume M = My, ® Mx, for subcurves X1, Xo C X. Apply
the above reasoning twice, to both J := My and J := Mz. Without loss of
generality, either Y C X; and Z C X5, or Y U Z C X;. By hypothesis, Y A Z # 0.
So, YUZ C X;. Since YU Z = X, we have X; = X. By Proposition 1, the sheaf
M is simple.

We prove (2) now. The (=) part is trivial. We show (<) now. Assume by
contradiction that M = Mx, @ Mx, for proper subcurves X7, Xo g X. Apply the
reasoning in the first paragraph of the proof to the surjection p : M — J. Without
loss of generality, we may assume Z C X;. So, us = 0, and hence I = ker(u1)®Mx, .
Since I is simple and X5 is not empty, ker(u1) = 0. So, J = Mx,, and thus the
sequence in (2) is split, a contradiction. O

1.2. Semi-stable sheaves. Let d be an integer, and E a vector bundle on X
of rank r > 0 and degree —rd. We say that E is a polarization on X. For every
subcurve Y C X, let ey := —degFEly. Note that E|, is a polarization on a
non-empty subcurve Y C X if rley.

Observe that, if I is a torsion-free, rank-1 sheaf on X, and F' is a vector bundle
on X of rank m and degree f, then x(I ® F') = mx(I) + f.

Let I be a torsion-free, rank-1 sheaf on X with x(I) = d. By our observation
above, x(I ® E) = 0. We say that I is stable (resp. semi-stable) with respect to E
if, for every non-empty, proper subcurve Y’ g X,

x(Iy) > ey /r (vesp. x(Iy) > ey /r),
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or equivalently,
x(Iy ® E) > 0 (resp. x(Iy ® E) > 0).

If X is irreducible, then any torsion-free, rank-1 sheaf I on X with x(I) = d is
stable with respect to . When the choice of polarization is clear, we will not make
reference to it.

Strictly speaking, the notions of stability and semi-stability depend rather on
the multi-slope 1, == —(ex,,...,ex,)/r of E. So, it is not difficult to show that
our notions of polarization, stability and semi-stability are equivalent to Seshadri’s
(Observation 57). However, in dealing with families of curves we will find it more
convenient to think of E as the polarization, rather than By In addition, F
gives us a line bundle on the moduli space of torsion-free, rank-1 sheaves of Euler
characteristic d (see Subsection 6.2).

Let I be a torsion-free, rank-1 sheaf on X with x(I) = d. For every subcurve
Y C X, let 81(Y) := x(Iy) — ey /r. Of course, I is stable (resp. semi-stable) if and
only if 37(Y') > 0 (resp. 5;(Y) > 0) for every non-empty, proper subcurve ¥ G X.
If I is semi-stable and Y C X is a non-empty subcurve, then 3;(Y) = 0 if and only
if Iy is semi-stable with respect to E|,.

For a fixed I, the 3;(Y) measure how distant I is from being stable or semi-
stable. There are relations among the 5;(Y), as stated below.

Lemma 3. Let I be a torsion-free, rank-1 sheaf on X with x(I) =d. If Y,Z C X
are subcurves, then

xX(Uyuz) + x(UIyaz) < x(Iy) + x(Iz),
or equivalently,
BrYUZ)+Br(Y ANZ) < B1(Y)+ B1(Z).
Proof. Form the commutative diagram

Iyuz —— Iy @Iz y

| ‘|
Iz —2— Iyprz @Iz vy

where the maps are (sums of) the natural restriction maps. Note that b and ¢
are surjective, whereas u and v are injective with finite-length cokernels. Hence,
coker(u) maps onto coker(v) and, comparing their Euler characteristics,

XUy)+xUz-y) — x(Uyuz) = x(Uynrz) + x(Iz-y) — x(Iz).
O

Let W C X be an irreducible component and I a semi-stable sheaf on X. It
follows from Lemma 3 that there is a minimum subcurve Z C X containing W
with 81(Z) = 0. We say that I is W -quasi-stable with respect to E if 5r(Y) > 0 for
all proper subcurves Y ; X containing W. A semi-stable sheaf I on X is stable if
and only if I is W-quasi-stable for every irreducible component W C X.

There is yet another interesting class of sheaves, this time independent of the
choice of an irreducible component. We say that a semi-stable sheaf I on X is quasi-
stable with respect to E if there is an irreducible component W C X such that [ is
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W-quasi-stable with respect to E. Note that a quasi-stable sheaf is simple, an easy
corollary of Proposition 1.

The notion of W-quasi-stability is not so easy to manage when dealing with
families of curves. We shall often replace it with the equivalent, but more suitable,
notion of p-quasi-stability. Let p € X be a non-singular point. We say that a semi-
stable sheaf I on X is p-quasi-stable with respect to E if 5;(Y) > 0 for all proper
subcurves Y ; X containing p.

A semi-stable sheaf I on X is X;-quasi-stable (for i = 1,...,n) if and only if I is
(rd;)-quasi-stable (see [10, Section 4]), where ¢, is the n-uple whose only non-zero
component is the i-th component with value 1.

We shall see in Sections 2 and 3 that the notion of quasi-stability is natural and
useful.

Lemma 4. LetY,Z g X be proper subcurves covering X such that Y NZ =, but
YNZ#W. Let I (resp. J) be a torsion-free, rank-1 sheaf on'Y (resp. Z). Then,
there is a non-split exact sequence of the form

0—-J—-M-—>1-—0.

Proof. We need to show that Ext% (I, J) # 0. Since I and J are torsion-free sheaves
supported on Y and Z, and Y A Z = (), we have Hom (I, J) = 0. Thus,

Exty (I, J) = H*(X,Ext (1, J)).

Of course, the topological support of M&(I, J) is contained in Y N Z. Since
YNZ # 0, there is p € Y NZ. Let O, denote the local ring of X at p, with
maximal ideal M,. We need only show that Extép (Ip, Jp) # 0. Let My C O,
(resp. Mz C O,) be the ideal of Y (resp. Z) at p. By hypothesis, My "Mz =0
and My + My is a primary ideal of M,,.

Let

O s O
4.1 P Bsr T (ZPY®so 10

be a presentation of I,,. Applying Ext}gp(—, Jp) to (4.1), we obtain a sequence

(4.2) 0 — Exth, (I, J,) — H% LE0, fros

where

o
H:= Ext}gp (M—I;, JIp)

and ¢* is the dual of ¢. The sequence (4.2) is exact, since Homo, (K, .J,) = 0 for
all Op-modules K with My K = 0. So, we need only show that ¢* ® H is not
injective.

Assume by contradiction that ¢* ® H is injective. Since H has finite length, it
follows by a standard argument that ¢* ® k(p) is injective. Since ¢* is a map of free
modules over the local ring O,/ My, it follows that ¢* is injective. Since (4.1) is
exact, Homo, (I, O,/ My) = 0. Since I is torsion-free, rank-1 on Y, we get I, = 0,
a contradiction. |

The above lemma allows us to construct torsion-free, rank-1 sheaves on X with
prescribed Jordan-Holder filtrations, as we shall see in Theorem 7.
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Example 5. If X is reducible, then there are semi-stable sheaves that are not
simple. If X has only two irreducible components, then every simple, semi-stable
sheaf is quasi-stable. If X has more than two components, then there might be
simple, semi-stable sheaves that are not quasi-stable. For instance, suppose that
there are connected subcurves X, X, X3 C X covering X such that X;AX; = 0 for
1 # 7, but X1NXs # () and X1NX3 # (). Let I, I, I3 be semi-stable, simple sheaves
on X1, Xo, X3, respectively. By Lemma 4, since X1 N Xy # 0 and X7 N X3 # 0,
there is a non-split exact sequence of the form

O0—-Lols—1—1 —0,
whose push-out to Iy (resp. I3) is a non-split exact sequence of the form
0—-I —Ixux, =11 =0 (resp. 0— 15— Ix,ux, — 11 —0).

Since Iy, I, I3 are semi-stable, so are I, Ix,ux, and Ix,ux,. Thus, I is not quasi-
stable. In addition, since the latter exact sequences are not split, Ix,ux, and
Ix,ux, are simple by Lemma 2, (2). So, I is simple by Lemma 2, (1). We have
thus produced a simple, semi-stable sheaf I that is not quasi-stable.

1.3. Jordan-Holder filtrations. Let E be a polarization on X. Let I be a semi-
stable sheaf on X with respect to E. We describe now a filtration of I. To start
with, let Iy := I and Zp := X. Let Yy C X be a non-empty subcurve such that
Iy, is stable with respect to Ely,. Let I := ker(I — Iy;). Clearly, the sheaf I is
torsion-free, rank-1 on Z; := Y, and semi-stable with respect to E| 7z, if not zero.
Repeating the above procedure with I7, in place of I, and so on, we end up with
filtrations

0=I1 G I, G

S ShSh=T,

0=2,152,5- S0 G Z0=X
with the following properties:
(1) for i = 0,...,q, the sheaf I; is torsion-free, rank-1 on the subcurve Z; C X,
and is semi-stable with respect to E| 7.5
(2) for i = 0,...,q, the quotient I;/I;11 is torsion-free, rank-1 on the subcurve
Y, :=Z; — Z;+1, and is stable with respect to E|Y
We call the above filtration of I a Jordan-Hélder filtration. A Jordan-Holder
filtration depends on the choices made in its construction, but

GI‘(I) = Io/Il @11/12@“'€9Iq/1q+1

depends only on I by the Jordan-Hoélder theorem. In particular, the collection
of subcurves {Yp,...,Y,} covering X depends only on I. It is clear that Gr(I)
is torsion-free, rank-1, and semi-stable with respect to E. In addition, we have
Gr(Gr(I)) = Gr(I). If I is stable, then Gr(I) = I. We say that two semi-stable
sheaves, I and J, are Jordan-Hélder equivalent (or JH-equivalent) if Gr(I) = Gr(J).

Proposition 6. Let I be a semi-stable sheaf on X. Let
0=l G, G- CLGIL=1,
(Z):Zqul;Zq;...;Zl;ZO:X

be a Jordan-Hélder filtration of I. Let W C X be an irreducible component. Then,
the following statements are equivalent.
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(1) I is W-quasi-stable.
(2) I; is W-quasi-stable for i =0,...,q.
(3) W C Z,, and the short exact sequence

I;
i1

— 0

0—Liy1 —I; —

is not split fori=0,...,q — 1.
Proof. See [10, Prop. 6]. O

The following theorem shows that all Jordan-Hoélder equivalence classes have
W-quasi-stable representatives for every irreducible component W C X.

Theorem 7. Assume X is connected. Let Yy, ..., Y, C X be subcurves covering X
with Y; NY; =0 fori# j, and Jy, ..., Jq stable sheaves on Yy, ..., Yy, respectively.
Let W C X be an irreducible component. Then, there is a W -quasi-stable sheaf I
on X such that Gr(I) = Jo @ --- & J,.

Proof. Without loss of generality, we may assume W C Y. Since X is connected,
we may also assume (Y, U---UY;)NY;_1 # O fori=1,...,q. Let Z, :=Y;U---UY,

fori=0,...,q. Let I, :== J,. We construct recursively a torsion-free, rank-1 sheaf
Iion Z; fori=q—1,...,0 as follows: assume we are given I, ..., I; for a certain
1 € {1,...,q}; then, let I;,_; be the middle sheaf in a non-split exact sequence of
the form

O0—IL =1Ly — Ji—1 — 0,

whose existence is guaranteed by Lemma 4. Let I := I;. We have a Jordan-Hoélder
filtration

0=I,1 S, S ShLChh=1,
@ZZZq_i_ngqg---nggZQ:X
of I such that Gr(I) = Jo®- - -®J,. Moreover, I is W-quasi-stable by Proposition 6.
O

1.4. Families. Let f : X — S be a flat, projective map whose geometric fibers
are curves. We say that X/S is a family of curves. Let T be an S-flat coherent
sheaf on X. We say that Z is torsion-free (resp. rank-1, resp. simple) on X/S if
Z(s) is torsion-free (resp. rank-1, resp. simple) for every geometric point s of S.
Let £ be a vector bundle on X of rank » > 0 such that r|deg(£/S). We say
that & is a polarization on X/S. A torsion-free, rank-1 sheaf Z on X/S is stable
(resp. semi-stable, resp. quasi-stable) with respect to € over S if Z(s) is stable (resp.
semi-stable, resp. quasi-stable) with respect to £(s) for every geometric point s of
S. Let 0 : S — X be a section of f through the S-smooth locus of X. A torsion-
free, rank-1 sheaf Z on X/S is o-quasi-stable with respect to € over S if I(s) is
o(s)-quasi-stable with respect to £(s) for every geometric point s of S.

2. COHOMOLOGICAL CHARACTERIZATIONS

2.1. Curves. Let X be a curve over a field k. Assume that the irreducible
components of X are geometrically integral. Let W be the dualizing sheaf on X.
Recall that W is simple, torsion-free and rank-1. Let P denote the Jacobian of X
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(see Subsection 0.2). Fix an integer d. Let E be a vector bundle on X of rank r
and degree —rd.

Let S be a k-scheme of finite type and F an S-flat, coherent sheaf on X x S. If
the Kodaira-Spencer map

55 . TS,S ﬁEth(s)(f(S),f(S))

of F at s is surjective for every s € S, then we say that F is complete over S, or
S-complete.
If F is S-complete and k' D k is a field extension, then F(k) is S(k')-complete.
If F is a vector bundle on X xS that is complete over S, then so is its restriction to
Y x S for every subcurve Y C X. In addition, the determinant map 7z : S — P,
sending s € S to the point of P representing det F(s), is surjective on tangent
spaces. In particular, if S is k-smooth, then 7z is smooth.

Lemma 8. For any vector bundle F' on X, there are a smooth k-scheme S, an
S-complete vector bundle F on X x S and a k-point s € S with F(s) 2 F.

Proof. The following proof is an expanded version of the rather sketchy argument
laid out by Faltings in [12] p. 514].

Fix an ample invertible sheaf Ox (1) on X. Let r be the rank of F, and m an
integer such that F is m-regular. Let h := h%(X, F(m)) and R := Ox(—m)®".
Since F'(m) is generated by global sections, we obtain a surjection p : R — F
by choosing a basis of H*(X, F(m)). Let Q := Quotg|x be the quot scheme, and
s € @ the k-point representing p. Let G denote the universal quotient on X x Q.

The tangent space T+ at a point ¢ € @) representing a quotient ¢ : R(t) — G
on X (t) is naturally isomorphic to Hom(I,G), where I := ker(q). The Kodaira-
Spencer map §; of G at ¢ is the coboundary map in the exact sequence

(8.1) Hom(I,G) 25 Ext}(G, G) — Ext!(R(t), G)
derived from the short exact sequence
0—1—R(t)>5G—0.

Let S C @ be the open subscheme parameterizing quotients ¢ : R — G where G
is a vector bundle of rank r and m-regular. Let F be the restriction of G to X x S.
Of course, s € S. If t € S is represented by ¢ : R(t) — G, then

Ext!(R(t),G) = H'(X(t),G(m))®" = 0.

Since (8.1) is exact, J; is surjective.

We show now that S is k-smooth. If ¢t € @ represents a quotient ¢ : R(t) — G,
then the obstruction to smoothness of @ at ¢ lies in a vector space V that is part
of an exact sequence of the form

0 — H'(X(t), Hom(I,G)) — V — H°(X(t),Ext'(I,Q)),

where I := ker(q). If t € S, then I is a vector bundle, and thus Ext'(I,G) = 0.
Moreover, since X is a curve, the natural map

H'(X(t), Hom(R(t), G)) — H'(X(t), Hom(I, G))

is surjective. But Hom(R(t), G) = G(m)®" has trivial first cohomology, since G is
m-regular. Thus V = 0, implying that S is smooth at t. O
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The proof of the following lemma is based on the same ideas used in the proof
of [I2) Thm. 1.2, p. 514] (see also the proof of [26], Lemma 3.1, p. 166]). However,
in our situation the proof is considerably shorter.

Lemma 9. Let I be a torsion-free, rank-1 sheaf on X. Let S be an integral k-
scheme of finite type, and F an S-complete vector bundle on X x S such that
x(I(s) ® F(s)) <0 and

xX(I(s) ® F(s)) < x(Iy (s) ® F(s))
for every subcurve Y C X and every s € S. Then, there are a dense, open subset
U C S and a subcurve Y C X such that, for every s € U,
(1) h°(X(s),1(s) ® F(s)) = h(X(s), Iy (s) @ F(s)) = 0,
(2) all maps I(s) — F*(s)@W(s) factor through Iy (s), and every other subcurve
of X with this property must contain Y .

Proof. By semicontinuity, replacing S by an open dense subscheme, we may assume
hO(X(s),I(s) ® F(s)) is constant for s € S. For each s € 9, let Y; C X be the
minimum subcurve with the property that all maps I(s) — F*(s) ® W(s) factor
through Iy, (s). Replacing S by an open dense subscheme, we may assume Yy is
constant for s € S. So, let Y :=Y; for some (and every) s € S.

Note that

(9.1) Hom(I(s), F*(s) @ W(s)) = Hom(Iy (s), F*(s) ® W(s))

for every s € S. In particular, h°(X(s), Iy (s) ® F(s)) is constant for s € S. Since
S is reduced, the formation of po,(pfly ® F) commutes with base change, where
p1,p2 are the projections of X x S onto X and S, respectively.

Let s € S. A tangent vector of S at s corresponds to a map T' — S with image
s, where T := Spec(k(s)[e]/(€%)). So, it induces a linear map

HO(X (s), Iy (s) ® F(s)) — H'(X(s), Iy (s) @ F(s)),

obtained as the coboundary map in cohomology associated to the natural short
exact sequence

0— Iy(s) @ F(s) = (piIy @ F) @ Or — Iy (s) ® F(s) — 0.
Combining the above maps for all tangent vectors of S at s, we get a bilinear map
s+ Tss x HY (X (s), Iy (s) ® F(s)) — H(X(s), Iy (s) @ F(s)).

Since the formation of pa.(pily ® F) commutes with base change, n, = 0. Since
Iy (s) is the pullback of Iy for every s € S, the natural diagram of maps

Ts.s x HO(X(s), Iy (s) ® F(s)) — . HY(X(s),Iy(s) ® F(s))
o] |
Extl(F(5), F(s)) x H'(X(s), Iy (s) @ F(s)) —— H'(X(s),Iy(s) ® F(s))

is commutative. Since J; is surjective and 7, = 0, the bottom map is zero. By
Serre duality, the corresponding bilinear map

Hom(F(s)*, Iy (s)) x Hom(Iy (s), F(s)* ® W(s)) — Hom(F(s)*, F(s)" @ W(s))

is zero.
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Since Y is minimum, there is an injection Iy (s) — F*(s) ® W(s). Since the
above bilinear map is zero, we must have Hom(F(s)*, Iy (s)) = 0. By (9.1),

X(I(s) ® F(s)) = x(Iy (s) ® F(s)),

with equality if and only if h°(X (s), I(s) ® F(s)) = 0. Since by hypothesis we have
the reverse inequality, it follows that h%(X (s), I(s) ® F(s)) = 0. O

Let X1,...,X, be the irreducible components of X. By assumption, the X;
are geometrically integral. For every n-uple d = (di,...,d,) of integers d;, let
P2 C P denote the open subscheme parameterizing invertible sheaves L on X
whose restrictions to X; have degree d; for i = 1,...,n. The subschemes P% are
geometrically integral, and are the connected components of P.

Lemma 10. Fiz an integer m > 2. Fori=1,...,m, let d' be an n-uple of integers
and U; C P% ¢ dense, open subset. Let d := Zi di and L an invertible sheaf on
X represented in PL. Then, there are a finite and separable field extension k' D k,
and invertible sheaves L; on X (k') represented by k'-points of U; fori=1,...,m,
such that L(k") 2 L1 ® -+ @ Ly,

Proof. Analogous to that of [9, Lemma 4, p. 185]. O
The following theorem gives a cohomological characterization of semi-stability.

Theorem 11. Let k1 O k be a field extension and I a torsion-free, rank-1 sheaf
on X (k1) with x(I) = d. Fix an integer m > 2. Then, I is semi-stable with respect
to E(k1) if and only if there are a field extension k' D k and a vector bundle F' on
X (K') of rank mr and det F = (det E(K'))®™ such that

hO(X (k2), I(k2) ® F(k2)) = h* (X (k2),I(k2) ® F(k2)) =0

for every field extension ko O k containing k1 and k'. In fact, we may take k' D k
to be finite and separable.

Proof. We prove first the “only if” part. Let ¢ = 1,m — 1. Applying Lemma 8
to E®® we obtain a connected, smooth k-scheme S;, a k-point z; € S; and an ;-
complete vector bundle F; on X x S; with F;(x;) = E®%. Since I is semi-stable
with respect to F,

XUy () @ Fi(t) = x(Iy ® B(k1)®') 20 = x(I ® E(k1)®") = x(I(t) ® Fi(t))

for every subcurve Y C X (k1) and every ¢t € S;(k1). By Lemma 9, there is a dense,
open subset W; C S;(k;) such that h%(X(¢),I(t) ® F;(t)) = 0 for every t € W;.
Since x(I(t) ® F;(t)) = 0, we have h'(X (t),I(t) @ Fi(t)) = 0 as well. Let U; denote
the image of W; in S;.

Let gz, : S; — P be the determinant map of F; for ¢ = 1,m — 1. The image
Vi := 77, (U;) is open in P because 7, is smooth. By Lemma 10, there are a finite
and separable field extension k' D k, and invertible sheaves L; and L,,—1 on X (k')
represented in P(k’) by points t; € V1(k') and t,,—1 € Vi—1(k’), respectively, such
that L1 ® Ly,—1 = (det E(K'))®™. Since 7z, and 7z, , are smooth, up to replacing
k' by a finite and separable field extension, we may assume t1 and t,,_1 lift to points
s1 € Uy (k') and s;—1 € Upy—1(K'), respectively. So,

(det Fi(s1)) ® (det Frm1(Sm—1)) = (det E(K"))®™.
Let F := Fi(s1) ® Fim—1(Sm—1). Then, k' and F are as stated in the theorem.
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We prove now the “if” part. We may assume k = k' = k; = ko. We use Nori’s
simple argument in the proof of [26] Lemma 8.3, p. 195]. Assume by contradiction
that there is a vector bundle F on X of rank mr and det F' = (det E)®™ such that

(X, I®F)=h(X,I®F)=0,

but I is not semi-stable. By definition, there is a non-empty, proper subcurve
Y S X such that x(Iy ® E) < 0. Letting J := ker(I — Iy ), we have x(J® E) > 0.
Since the rank of F' is mr and det F' 2 (det E)®™, we have

X(J®F)=mx(J®FE) > 0.

Thus, h°(X,J ® F) > 0. Since J@ F CI® F and H’(X,I ® F) = 0, we have a
contradiction. O

Let I be a semi-stable sheaf on X with respect to £ and W C X an irreducible
component. Let Y C X be a subcurve containing W such that Iy is semi-stable.
If Y is minimal with the above property, then Y is minimum. In fact, if Z C X is

a subcurve with the same property, then so is Y A Z by Lemma 3. If Y is minimal,
then Y C Z.

Lemma 12. Let p € X be a smooth k-point and Y C X a subcurve. Let k1 O k be
a field extension and I a semi-stable sheaf on X (k1) with respect to E(k1). Fiz an
integer m > 2. Then, Y is the minimum subcurve such that p € Y and Iy ) is
semi-stable if and only if there are a field extension k' O k and a vector bundle F
on X (k') of rank mr and det F = (det E(k'))®™ @ Ox (—p)(k') such that, for every
field extension ko D k containing k1 and k',

(1) KX (k2), I(k2) ® F(k2)) = h°(X (k2), I(k2)y (x;) ® F(k2)) =0,

(2) WYX (k2), I(k2) ® F(k2)) = 1, and the image of the unique (modulo k3 ) non-

zero map I(ky) — F* (ko) ® W (ko) is isomorphic to I(k2)y (k,)-

In fact, we may take k' D k to be finite and separable.

Proof. We prove first the “only if” part. By Lemma 8, there are a connected,
smooth k-scheme S, an S-complete vector bundle F on X x S and a k-point z € S
such that

F(z) 2 E®" 20 0% '@ ((det E) ® Ox(—p)).
If Z C X is a subcurve and ¢ € S(ky), then
(12.1) X(I(t)z@) @ F(t)) = (m = D)x(Izk,) ® E(k1)) = 6(Z, p),
where 0(Z,p) = 1if p € Z, and §(Z,p) = 0 otherwise. Since I is semi-stable, we
have x(I(t)z¢) @ F(t)) > x(I(t) ® F(t)). By Lemma 9, there are an open, dense
subset W C S(k1) and a subcurve Z C X such that, for every t € W,
(12.2) hO(X (1), I(t) © F(8)) = h*(X (1), I(t) (1) © F(t)) = 0,

and Z is the minimum subcurve of X such that all maps I(t) — F*(t) ® W(t)
factor through I(t)z). Since x(I(t) ® F(t)) = —1 by (12.1), it follows from (12.2)
that h* (X (t),1(t) @ F(t)) = 1. So, there is a unique (modulo k(¢)*) non-zero map
Ae 2 I(t) — F*(t) @ W(t), and I(t) 7 = im()\). Thus, by (12.1) and (12.2),

(m—1)x(Uzk,) ® E(k1)) =6(Z,p) — 1.
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Since I is semi-stable and m > 1, we have p € Z and I, is semi-stable. On
the other hand, h' (X (£), I(t)y ) ® F(t)) > 1, because x(I(t)y ) ® F(t)) = —1 by
(12.1). Since I(t)z) = im(A¢), we have Y O Z. Since Y is minimum, Y = Z.

Let S7 be the connected, smooth k-scheme and F; the Si-complete vector bundle
on X x S obtained in the proof of Theorem 11. We saw that there is a dense, open
subset Wy C Sy(k1) such that

RO(X (1), 1(t) ® Fu(t)) = W' (X (1), I(t) @ Fa(t)) =0

for every t € Wj. Let U and U; denote the respective images of W and W7 in
S. As in the proof of Theorem 11, there are a finite and separable field extension
k' Ok and K'-points s € U(k’) and s1 € Uy (k') such that

(det F(s)) @ (det Fi(s1)) = (det E(K'))®™ @ Ox (—p) (k).

Let F := F(s) ® F1(s1). Then, k' and F are as stated in the theorem.

We prove now the “if” part. We may assume k = k' = k; = k2. By (1) and (2),
we have x(Iy ® F') = —1. Since F has rank mr and det F' = (det E)®™ @ Ox (—p),
we have

x(Iz @ F) = mx(Iz ® E) = 6(Z,p)

for every subcurve Z C X. Since [ is semi-stable, p € Y and Iy is semi-stable.
On the other hand, if p € Z and Iz is semi-stable, then x(Iz ® F) = —1. So,
h'(Z,Iz ® F) > 1. By (2), we have Z 2 Y. So, Y is the minimum subcurve such
that p € Y and Iy is semi-stable. O

For every coherent sheaf I on X, let
I):= i I(p).
e(l) = max dimy ) I(p)
Proposition 13. Let W C X be an irreducible component. If I is a simple,
torsion-free, rank-1 sheaf on X, then there are a finite and separable field extension

k' Ok and a vector bundle E on X (k') of rank r := max(e(Hom y (I,W)),2) such
that 1(k") is W (k')-quasi-stable with respect to E.

Proof. Applying the same method used in the proof of [9] Prop. 1], we get a finite
and separable field extension ¥’ 2 k and a vector bundle F' on X (k') with rank r
and degree —ryx(I) — 1 such that

ROX(K), I(K)®F)=0 and hY(X(K),I(K)®F)=1,

and the unique (modulo &'*) non-zero map A : I(k') — F* @ W(k') is injective.
(Note: here we use that I is simple.) Up to replacing &’ by a finite and separable
field extension, we may assume there is a smooth &’-point p € W (k). Let

E :=ker(F" — F*(p) LK,

where ¢ is a k’-linear surjection such that ¢ o A(p) # 0. (We chose implicitly a
trivialization of W(k’) at p.) It is clear that E has rank r and degree —rx(I). In
fact, det E = (det F') ® Ox ) (p). In addition, by our choice of g,

RO(X(K), I(K') ® E) = k(X (K'), (k') ® E) = 0.

By Theorem 11, the sheaf I(k’) is semi-stable with respect to E. Moreover, (k')
is W (k')-quasi-stable with respect to E by Lemma 12. O
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Remark 14. Assume k is algebraically closed. Given an irreducible component W
of X, it seems that a simple, torsion-free, rank-1 sheaf I on X is W-quasi-stable
with respect to a line bundle. At least, this can be shown when either

(1) X is Gorenstein and [ is invertible, or
(2) X has only ordinary nodes as singularities, or
(3) X has at most two irreducible components.

Since this statement is not central to the present work, I will omit the proof of it
in the above three cases.

Corollary 15. Let I be a simple, torsion-free, rank-1 sheaf on X. Let n be the
number of irreducible components of X and r := max(e(Hom (I,W)),2). Then,
there are a finite and separable field extension k' DO k and a vector bundle E on
X (k') of rank nr such that I(K') is stable with respect to E.

Proof. Let X1,..., X, denote the irreducible components of X. By Proposition 13
there are a finite and separable field extension k¥ D k, and vector bundles E; on
X (k') of rank r for i = 1,...,n, such that I(k’) is X;(k’)-quasi-stable with respect
to E;. Then, I(k') is stable with respect to the direct sum F := E1 @®--- @ E,. O

Remark 16. Assume k is algebraically closed. If the expectation stated in Re-
mark 14 is confirmed, then it follows that every simple, torsion-free, rank-1 sheaf
on X is stable with respect to a rank-n vector bundle. At any rate, n is a lower
bound on the rank of the polarization: we can easily construct an example of a
curve X with n irreducible components, and a simple, torsion-free, rank-1 sheaf I
on X such that I is not stable with respect to any vector bundle of rank less than
n.

2.2. Families. Let f : X — S be a flat, projective map whose geometric fibers
are curves. Let W be a relative dualizing sheaf for f. Recall that W is simple,
torsion-free and rank-1 on X/S. Fix an integer d. Let € be a vector bundle on X
of rank r and deg(£/S) = —rd.

Lemma 17. Let L be a line bundle on X and s € S. The following statements
hold.

(1) If F is a vector bundle on X (s) with det F' = L(s), then there are an étale
map S’ — S, a vector bundle F on X x S" and s’ € S’ lying over s such that
F(s') =2 F(s') and det F 2 L ® Ogr.

(2) Let Ox(1) be an ample sheaf on X/S. Let m be a positive integer, and
Fi, ..., Fpn vector bundles on X of rank m and determinant L. Then, there
s an integer co such that, for all ¢ > cq, there are an étale map q. : Sc — S
with s € q.(S.), and extensions

0 — p;Ox (=)™ — piF; — peL((m —1)e) — 0
fori=1,...,n, where p. : X xS, — X is the projection.

Proof. Let Ox (1) be an ample sheaf on X/S. We prove (1). Let ¢ be an integer
such that F'(c¢) is generated by global sections. Let m be the rank of F. Let G be
the Grassmannian of subspaces of dimension m — 1 in H°(X(s), F(c)). For each
p € X(s) the subset G, C G parameterizing subspaces V' C H%(X(s), F(c)) such
that the evaluation map V ® k(p) — F'(c)(p) is not injective has codimension 2.

Since X is a complete curve, the union Upe « Gyp is closed and of codimension at
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least 1 in G. So, there are a finite and separable field extension k&' D k(s) and an
exact sequence

(17.1) 0 — Ox(—c)(K)®™ ! - F(k') = N. — 0,

where N, is an invertible sheaf on X (k'). (If k(s) is infinite, we may take k' = k(s).)
Replacing S by an S-étale scheme, we may assume k' = k(s). Since det F' = L(s),
we have N, 2 L((m — 1)c)(s).

Since the fibers of f are curves, the formation of

Bxt}(L£((m — 1)c), Ox(—¢)®™ )

commutes with base change. Thus, replacing S by an open neighborhood of s, we
may assume there is an extension

0— Ox(—c)®" ' - F— L((m—1)c) =0

lifting (17.1). So F(s) = F and det F = L.

We prove (2). We may assume S is Noetherian. So, there is an integer ¢y such
that, for ¢ > ¢p and @ = 1,...,n, the formation of f.F;(c) commutes with base
change, and F;(c)(s) is generated by global sections. Fix ¢ > ¢y. As before, up to
replacing S by an étale neighborhood of s, there are exact sequences

(17.2) 0 — Ox(—c)(s)®™ " — Fi(s) = Ney — 0,

where N, ; is invertible on X (s) for i = 1,...,n. Since the formation of the f.F;(c)
commutes with base change, up to replacing S by a neighborhood of s, we may
assume (17.2) is the restriction of an exact sequence

0— Ox(—0)®" ' 5 F — N — 0
for i =1,...,n. Since det F; = det £, we have N ; = L((m — 1)c) for every ;. O

Lemma 18. Let so € S be a closed point. There are an étale map S’ — S con-
taining so in its image, and S-maps o1,...,0, : S" — X such that
(1) oy factors through the S-smooth locus of X ;
(2) for every s € S', every irreducible component of X (s) is geometrically integral
and contains o;(s) for some 1.

Proof. Replacing S by an S-étale scheme, we may assume the irreducible com-
ponents Xi,...,X, of X(sg) are geometrically integral. For i = 1,...,n, let
Vi == X\ (Uju X;). By [14, IV-4, 17.16.3], for each i = 1,...,n there are an
étale map S; — S containing sg in its image, and an S-map o; : S; — X factoring
through the S-smooth locus of Y;. Replacing S by the fibered product of the S;
over S, we may assume S = S; = --- = §,. By counstruction, o;(sg) € X, for
i=1,...,n. Thus, 01(s0) + -+ + on(sp) is ample on X (sg). Since ampleness is an
open property [14], ITI-1, 4.7.1, p. 145], replacing S by an open neighborhood of s,
we may assume o1($)+- - -+ op(s) is ample on X (s) for every s € S. Consequently,
for every s € S every irreducible component of X (s) is geometrically integral and
contains o;(s) for some . O

Let T be an S-scheme and ¢t € T. We say that maps U — Sand V — T x U
form a neighborhood of t in T/S if the induced map V' — T contains ¢ in its image.
For short, we say that V/U is a neighborhood of t in T/S. The neighborhood V/U
is called étale if U — S and V — T x U are étale.
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Theorems 19, 20, 21 and 22 are the (relative) cohomological characterizations of
semi-stability, o-quasi-stability, quasi-stability and stability, respectively.

Theorem 19. Let T be an S-scheme and I a torsion-free, rank-1 sheaf on Xr/T
with x(Z/T) =d. Lett € T. Fiz an integer m > 2. Then, Z(t) is semi-stable with
respect to E(t) if and only if there are a neighborhood V/U of t in T/S and a vector
bundle F on Xy of rank mr and det F =2 (det £ )®™ such that R fv.(Ty @Fy) = 0
for every i. In fact, we may take the neighborhood V/U of t in T/S to be étale.

Proof. Let s € S lying under t. By Lemma 18, up to replacing S by an étale
neighborhood of s and T by its product with this neighborhood, we may assume
that the irreducible components of X (s) are geometrically integral. Then the “if”
statement is clear from Theorem 11.

Let’s prove the “only if” statement. Since Z(t) is semi-stable with respect to
E(t), by Theorem 11, there are a finite and separable field extension k 2 k(s) and
a vector bundle F on X (k) of rank mr and det F' = (det £(k))®™ such that

(19.1) ROX (KN, Z(K)® F(k)) = (X(K),Z(K)® F(k')) =0

for every field extension k' D k(s) containing k¥ and k(¢). Up to replacing S by
an étale neighborhood of s and T' by its product with this neighborhood, we may
assume that k¥ = k(s). By Lemma 17, there are an étale map U — S, a vector
bundle F on Xy and a point u € U lying over s such that det F = (det £ )®™ and
F(u) 2 F(u). Let v be a point of T x U lying over (¢,u) and k¥’ := k(v). Since
(19.1) holds, by semicontinuity, there is an open neighborhood V' C T x U of v such
that R fv.(Zv ® Fy) = 0 for every i. O

Theorem 20. Let 0 : S — X be a section through the smooth locus of X/S. Let
T be an S-scheme and I a semi-stable sheaf on X /T with respect to Ep. Let
t € T. Fiz an integer m > 2. Then, Z(t) is o(t)-quasi-stable if and only if there
are a neighborhood V/U of t in T/S and a vector bundle F on Xy of rank mr and
det F 22 (det Ey)®™ @ Ox, (—0(S) x U) such that

(1) fv«(Tv @ Fy) =0 and R fv.(Ty @ Fv) is invertible,
(2) the natural map
Iy — Fy @ Wy @ [UR fr.(Iy @ Fv)

is injective with V -flat cokernel.
In fact, we may take the neighborhood V/U of t in T/S to be étale.

Proof. The theorem is proved from Lemma 12 in the same way as Theorem 19 was
proved from Theorem 11. O

Theorem 21. Let T be an S-scheme and T a semi-stable sheaf on Xr/T with
respect to Ep. Let t € T. Fiz an integer m > 2. Then, Z(t) is quasi-stable if
and only if there are a neighborhood V/U of t in T/S, a section o : U — Xy
through the smooth locus of Xy /U and a vector bundle F on Xy of rank mr and
det F 22 (det Ey)®™ @ Ox,, (—o(U)) such that

(1) fv«(Ty ® Fy) =0 and R fy.(Ty @ Fy) is invertible,
(2) the natural map

Ty — Fp @ Wy @ fi R fua(Ty @ Fv)

1s injective with V -flat cokernel.
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In fact, we may take the neighborhood V/U of t in T/S to be étale.

Proof. Let s € S lying under t. By Lemma 18, up to replacing S by an étale
neighborhood of s and T by its product with this neighborhood, we may assume
that there are sections o1,...,0, : S — X through the smooth locus of X/S
such that, for every s’ € S, every irreducible component of X (s’) is geometrically
integral and contains o;(s’) for some i. Now, Z(t) is quasi-stable if and only if Z(t)
is 0;(t)-quasi-stable for some i. We may now apply Theorem 20. O

Theorem 22. Let T be an S-scheme and T a semi-stable sheaf on Xr /T with
respect to Ep. Let t € T. Fiz an integer m > 2. Then, Z(t) is stable if and
only if for every map S" — S, every section o : S’ — Xg/ through the smooth
locus of Xg//S" and every point t' € T x S’ lying over t there are a neighborhood
V/U of t' in T x S"/S" and a vector bundle F on Xy of rank mr and determinant
(det Ey)®™ @ Ox, (—0(S") x U) such that

(1) fr«(Ty ® Fy) =0 and R fv.(Ty @ Fv) is invertible,
(2) the natural map

Ty — Fp @ Wy @ fir R fua(Ty @ Fv)

is injective with V -flat cokernel.
In fact, we may take the neighborhood V/U of t' in T x S'/S’ to be étale.

Proof. As in the proof of Theorem 21, we may assume that there are sections
01y...,0n : S — X through the smooth locus of X/S such that, for every s € S,
every irreducible component of X (s) is geometrically integral and contains o;(s)
for some i. Now, Z(t) is stable if and only if Z(¢) is o; 7 (t)-quasi-stable for every i.
We may now apply Theorem 20. O

3. THE VALUATIVE CRITERIA

Throughout Section 3 we denote by S the spectrum of a discrete valuation ring
R. Let m be a generator of the maximal ideal of R. Let s be the special point
of S, and 7 its generic point. Let X/S be a family of curves. Assume throughout
Section 3 that the irreducible components of the special fiber X (s) are geometrically
integral.

If 7 is a torsion-free, rank-1 sheaf on X/S, and Y C X (s) is a subcurve, then we
denote by ZY the kernel of the canonical surjection Z — Z(s)y. It is clear that the
inclusion A : ZV < T is an isomorphism on X \ Y. In addition, it can be shown,
by using an argument analogous to the one found in [21), Prop. 6, p. 100], that ZV
is torsion-free, rank-1 on X/S.

Lemma 23. Let 7 be a torsion-free, rank-1 sheaf on X/S. Let Y C X(s) be a
subcurve and Z :=Y°. The following statements hold.

(1) (V)2 =1¥ nI? =+T.
(2) There are natural short exact sequences

(23.1) 0—TIY(s)y — I(s) =Z(s)y — O,
(23.2) 0— Z(s)y — I (s) =I¥(s)z — 0.
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Proof. Since Z/TY is supported on Y, the natural map ZY (s)z — Z(s) is injective.
Thus (ZY)Z = ZY NZZ. In addition, since the natural map Z(s) — Z(s)y @ Z(s)z
is injective, 7V NZ% = 7T.

We prove (2). Since the natural map Z(s) — Z(s)y @ Z(s)z is an injection, the
kernel H of the map Z(s) — Z(s)y is contained in Z(s)z. Hence H is torsion-
free and rank-1 on Z. From the definition of Z¥ we get that H is the image
of IV (s) — Z(s). Hence Z¥(s)z = H, showing the exactness of (23.1). Since
T2 (TY)? by (1), the exactness of (23.2) is shown in exactly the same way. O

The following existence lemma is the main technical tool of this section. It will
be used in the proof of Theorem 32.

Lemma 24. Let Y C X (s) be a subcurve. Let
.CcT'C...CTtCc1:=7T

be an infinite filtration of T with quotients

T -
=Ty
for every i > 0. If R is complete, and I'(s) decomposes at' Y for every i > 0, then
there is an S-flat quotient F of T on X such that F(s) =Z(s)y.

Proof. The proof is analogous to the proof of [21] Lemma 2, p. 106]. For complete-
ness, we give it below. For every i > 0, let S; := Spec(R/7*!) and X; := X x5 5;.
For every coherent sheaf H on X, let H; := H|y, for every i > 0. Let Z :=Y*.

We claim first that im([j — IF) = im([] — IF)ifi > j > k> 0and | > 0, as
long as j —k > [. Indeed, we argue by induction on [. Since Z?(s) decomposes at Y’
for every i > 0, the inclusion Z'™* < 7% induces an isomorphism I'*1(s) 7z — I'(s)z
for every i > 0. Thus, our claim holds for [ = 0. Assume now our claim holds for [.
Let 4, j, k be integers with ¢ > j > k >0 and j — k > [+ 1. For every m > 0, there
is a natural and functorial isomorphism Hy = n™H,, for every coherent sheaf H
on X. So, we get a natural commutative diagram

0 I Ii, Ij 0

0 It I, I 0
(24.1) l l l

0 I(l)chl Ilk++11 IlkJrl 0

0 If If If 0

with exact rows. By induction hypothesis,
im(I} — MY =im(f) — IFY)  and  im(I§ — IF) = im(IFT — IF).

Chasing diagram (24.1), we get that im(I}

I+1 — Ilk+1) = im(Ilde - Ilk+1)- The
proof of our first claim is complete.
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For every i > 0, let F; := coker(II' — I;). We claim that Fi|Xj = Fj if
i > 7 > 0. Indeed, consider the natural commutative diagram

gt I F,
(24.2) l l l l
r— gt I F;

Of course, F; — Fj is surjective. By our first claim, the images of I;H and Ij"H in
I; are equal. Chasing diagram (24.2), we get that ker(l; — I;) — ker(F; — Fj) is
surjective. It follows that ker(F; — F;) = n/T1F;, proving our second claim.

For integers 7,5 with 4,7 > 0, let Mf : F; — F; denote the multiplication-
by-7/ map. We claim now that F; is S;-flat for every ¢ > 0. Indeed, we argue
by induction on i. If ¢ = 0, there is nothing to prove. Let 7,j be integers with
1> j > 1. We need to show that ker(ug) = 7 t1=IF,. Assume F,_; is S;_;-flat.
So, ker(ul_|) = 79 F;_;. Tt follows that ker(;]) C n'~7F;. Thus, we need only
show that ker(u!) = nF; for every i > 0.

Let U C X be an affine open subset and 7 € Z(U). For every i > 0let 7, € I,(U)
denote the restriction of 7, and 7; be the class of 7; in F;(U). Assume 7; € ker(u).
So, there is u € T (U) such that n'r — p € 7' T1Z(U). Since 77 C 7! we
have 7iT € Z+1(U). From (1) of Lemma 23 we get that

(24.3) 70 N2 = gZitt

for every j > 0. Since 7 is a non-zero-divisor in Z7 for every j > 0, applying (24.3)
repeatedly, we get that 7'Z NZ*1 = 7'Zt. So 7 € ZY(U). Since 19 € im(I¢ — Ip),
it follows from our first claim that 7o € im(I;™' — Io) as well. Thus there is
v € TY(U) such that 7 — v € 7Z. So, 7; € ©F}, finishing the proof of our third
claim.

By Grothendieck’s existence theorem [14] I1I-1, 5.1.7], since R is complete, there
is a quotient F of Z on X such that F is the inverse limit of the F;. Since each F;
is S;-flat, F is S-flat. Moreover, F(s) = Fo = Z(s)y. O

For the remainder of this section, fix an integer d and a vector bundle £ on X of
rank r > 0 and relative degree —rd over S. We consider £ our relative polarization
(see Subsection 1.4).

Lemma 25. Let Z be a semi-stable sheaf on X/S. If Y C X (s) is a subcurve, then
TV is semi-stable on X /S if and only if Z(s)y is semi-stable with respect to E(s)]y .
In this case, ¥ (s) is JH-equivalent to Z(s).

Proof. Of course, Z¥ is semi-stable over S if and only if ZY (s) is semi-stable. Let

7 :=Y¢. If I¥ (s) is semi-stable, then so is Z(s)y, as the latter is the cokernel of the

map ZY (s) — Z(s) of semi-stable sheaves by (23.1). On the other hand, if Z(s)y

is semi-stable, then so is Y (s)z, again by (23.1). Since ZY (s) is an extension of

semi-stable sheaves by (23.2), we conclude that ZY (s) is semi-stable. In this case,
Gr(ZY (s)) = Gr(Z(s)y) @ Gr(ZY (s)z) = Gr(Z(s)).

(|

The following propositions will be used in Section 4 to show certain moduli
spaces are separated over S (see Theorem A).
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Proposition 26. Let Z, J be semi-stable sheaves on X/S such that I(n) = J(n).
Then, Z(s) and J(s) are JH-equivalent. In particular, I(s) = J(s) if Z(s) is stable.

Proof. As in the proof of [B] Lemma 7.8, p. 100], there is a map A : Z — J
such that A(n) is an isomorphism, and A(s) is non-zero. Let Y C X(s) be the
subcurve such that Z(s)y 2 im(A(s)). Since A(s) is non-zero, Y is non-empty. If
Y = X(s), then A(s) is an embedding. In this case, since A\(n) is an isomorphism,
so is A(s). We may thus assume Y is a proper subcurve of X. Since Z(s) and J(s)
are semi-stable, so is Z(s)y. Since Z(s)y and J(s) are semi-stable, so is J(s)z,
where Z :=Y*°. Let J; := ker(J — J(s)z). As J(s)z is semi-stable, by Lemma
25, Ji is semi-stable on X/S, and Ji(s) is JH-equivalent to J(s). Moreover, A
factors through 71 by construction. Applying the same procedure described above
to the induced map A\ : Z — J; in place of A, and so on, we will eventually find
a semi-stable subsheaf 7,,, C J such that J,,(s) is JH-equivalent to J(s), and the
induced map A, : Z — J,, is an isomorphism. [l

Proposition 27. Let o : S — X be a section through the smooth locus of X/S.
Let T and J be o-quasi-stable sheaves on X /S with respect to E. If T(n) = J(n),
then T = 7.

Proof. As in the proof of [3, Lemma 7.8, p. 100], there are maps A\ : 7 — J
and p : J — Z such that A\(n) and p(n) are isomorphisms, and A(s) and pu(s)
are non-zero. Let Y,Z C X(s) be subcurves such that Z(s)y = im(A(s)) and
J(8)z = im(u(s)). Since A(s) and u(s) are non-zero, Y and Z are non-empty.
Since Z(s) and J(s) are semi-stable, so are Z(s)ze and J(s)y.. Since Z(s) and
J(s) are o(s)-quasi-stable, o(s) ¢ YU Z¢. So,o(s) € Y AZ. Since Y AZ # 0, the
composition p(s) o A(s) is not zero. Since Z(s) is simple, p(s) o A(s) is a homothety.
Thus, A(s) is injective and, since A(n) is an isomorphism, A is an isomorphism. O
The following four lemmas will be used in the proof of Theorem 32.

Lemma 28. Let 7 be a torsion-free, rank-1 sheaf on X/S. Let Y C X(s) be a
subcurve such that I(s) decomposes atY. Then, for any subcurve Z C X, if I¥ (s)
decomposes at Z, so does Z(s).

Proof. Restricting (23.2) to Z, and removing torsion, we get a natural, commutative
diagram

0 —— ZI(s)y —— I¥(s) —— I¥(s)ye —— 0

| l !

0 —— Z(s)yrz —— I¥(s)z —— IY(s)yenz —— 0

where the second row is exact but possibly at the middle. Combining the above
diagram with that of Z¢, we get a natural, commutative diagram

0 —— Z(s)y —— I¥V(s) —— IV (s)yc —— 0

(28.1) l l l

0 —— J, O J O JN — 0

where J :=TIY (s)z ®IY (s)ze,
J =I(s)yrz @L(s)ynze and J" :=TY (8)yenz © LY (s)yenze.
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Assume ZY (s) decomposes at Z. It follows from the snake lemma applied to
(28.1) that Z(s)y decomposes at Y A Z and ZY (s)y. decomposes at Y A Z.
Since Z(s) decomposes at Y, sequence (23.1) splits. So, the natural, commutative

diagram

0 —— IY(s)yc — Z(s) —— I(s)y —— 0

0 —— J' ——I(8)z0Z(s)ze —— J —— 0
has exact rows. Since Z(s)y = J' and Y (s)y. = J”, it follows that Z(s) decom-
poses at Z. O

Let I be a torsion-free, rank-1 sheaf on X (s). If Y, Z C X(s) are subcurves with
YANZ=1,]let

6r(Y,Z) == x(Iy) + x(Iz) — x(Iyuz).

If Z/ C Z is a subcurve, then 6;(Y,Z’) < 6;(Y,Z) by Lemma 3. In particular,
01(Y, Z) > 0, with equality if and only if Iyz = Iy & I.

Lemma 29. Let T be a torsion-free, rank-1 sheaf on X/S with x(Z/S) = d. Let
Y, Z C X be subcurves. Then,

Brv ()(Z) + Bzs)(Y) = Brs)(Y N Z) + Bz (Y U 2),
with equality if and only if dzv (Y N Z,Y¢) = o7v (o (Y NZ, Y N Z).

Proof. Restricting (23.1) and (23.2) to YUZ and Y°U Z respectively, and removing
torsion, we get exact sequences

0— IV (8)yenz — Z(s)yuz — Z(s)y — 0,
0— Z(s)yrz — LY (8)yeuz — Z* (s)ye — 0.
It follows from the above exact sequences that
Brv () (Y NZ) =Pro)(YNZ) = 1) (Y NZY),
Brv ()Y N Z) =B1o)(Y N Z) + dzv () (Y N Z,YC).
Hence,
Bry((Z) =Py () (Y NZ) + Bry (o) (Y NZ) = d7v (Y NZ, YN Z)
=P1(5)(Y NZ) + Br(s) (Y NZ) = bv (s Y NZ, Y N Z)
v (o (Y A Z,Y) = b7 (YO A Z,Y)
>Br()(Y NZ) + Brs)(YNZ) = 07 (YNZ,Y)
=B1(5)(Y NZ) = Br(s)(Y) + Bz (Y U Z),
with equality if and only if 0zv () (Y A Z,Y¢) = 0zv (o) (Y AN Z, Y N Z). O

Let I be a torsion-free, rank-1 sheaf on X (s) with x(I) = d. It follows easily
from Lemma 3 that there is a maximum subcurve ¥ C X (s) among the subcurves
W C X (s) with minimum S;(W). It is clear that I is semi-stable if and only if
Y = X(s).
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Lemma 30. Let Z be a torsion-free, rank-1 sheaf on X/S with x(Z/S) = d. Let
Y C X(s) be the mazimum subcurve among the subcurves W C X (s) with minimum
Br(sy(W). Then, Bzv (5(Z) = Pr(s)(Y') for every subcurve Z C X(s), with equality
only if Z CY. Moreover, Brv (5(Y) = Bzs)(Y) if and only if IY (s) decomposes at
Y.

Proof. Let Z C X (s) be a subcurve. Since (7(,)(Y) is minimum, by Lemma 29,

Brv(5)(Z) = Pr(s)(Y N Z) = Br(s)(Y) + Br(s5) (Y U Z) = Br(s)(Y),
with equality if and only if
Spv (0 (Y A Z,Y0) =3 (o (Y A Z,YC A Z),
Br(s(Y U Z) =315 (Y),
Br(s(Y N Z) =Bz (Y).

Since Y is maximum among the subcurves W C X (s) with minimum Bz, (W),
the middle equality above occurs if and only if Z C Y. The first statement of
the lemma is proved. If Z =Y, then the last two equalities above are obviously
satisfied, whereas the first equality is satisfied if and only if é7v () (Y,Y) =0. O

Lemma 31. Let T be a semi-stable sheaf on X /S with respect to €. Fix an irre-
ducible component W C X (s), and let Y C X (s) be the minimum subcurve contain-
ing W such that Bz(5(Y) = 0. Then, TY s also semi-stable on X /S with respect
to £. Moreover, if Z C X(s) is the minimum subcurve containing W such that
Brv(s)(Z) =0, then Z DY, with equality Z =Y if and only if 7Y (s) decomposes
atY.

Proof. The first statement follows directly from Lemma 25. As for the second one,
since Z(s) is semi-stable, B7(4)(Y) = 0 and f7v (5 (Z) = 0, by Lemma 29,

0= Brv(s)(Z2) = Brs)(Y N Z) + Brs)(Y U Z) > 0.
So, Bz(s)(Y A Z) = 0 and, by Lemma 29 again,
(31.1) Spv (9 (Y N Z,Y) = b7v (o (Y A Z, YN Z).

Since Z 2 W, and Y is the minimum subcurve containing W with 874 (Y) =0, it
follows that Z D Y. The rest of the second statement follows now from (31.1). O

Let I,, be a torsion-free, rank-1 sheaf on X (n). We say that a torsion-free, rank-1
sheaf 7 on X/S is an extension of I, if Z(n) = I,.

The following theorem will be used in Section 4 to show certain moduli spaces
are universally closed over S (see Theorem A).

Theorem 32. Let I, be a torsion-free, rank-1 sheaf on X (n). Then, the following
statements hold.
(1) There is an extension I of I,.
(2) If I, is simple, then there is an extension I of I, that is simple over S.
(3) IfI, is (simple and) semi-stable with respect to £(n), then there is an extension
T of I, that is (simple and) semi-stable over S with respect to E.
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(4) Let o : S — X be a section through the smooth locus of X/S. If I, is o(n)-
quasi-stable with respect to £(n), then there is an extension I of I, that is
o-quasi-stable over S with respect to £.

(5) If I, is quasi-stable with respect to £(n), then there is an extension I of I,
that is quasi-stable over S with respect to £.

Proof. Statement (1) follows from [3, Lemma 7.8 (i), p. 100].

We prove (2) now. By (1), we may pick an extension Z of I,,. If Z(s) is simple,
then we are done. If not, by Proposition 1, there is a non-empty, proper subcurve
Y S X(s) such that Z(s) decomposes at Y. In this case, let

T' :=ker(T — Z(s)y) and T ':=ker(Z — Z(s)y-).

By Lemma 28, the set C! (resp. C~!) of subcurves Z C X (s) such that Z'(s) (resp.
Z-%(s)) decomposes at Z is contained in the set C of subcurves Z C X (s) such
that Z(s) decomposes at Z. If C* (or C~1!) is strictly contained in C, then replace
T by T!' (or ZT7!) and start the above procedure again, but now with a “better”
extension. If not, then both Z'(s) and Z~1(s) decompose at Y. In this case, let

7% i=ker(T' - I'(s)y) and I % :=ker(Z"' — I,}),

and apply the argument used above for Z' and Z=! to both Z? and Z=2. Applying
the above procedure repeatedly, we either obtain an extension Z of I,, that is simple
over S, or we end up with two infinite filtrations of a certain extension Z,

.CIT'C-..CT ' C1%:=1T,
.CItC...CcTt TV =1,
with quotients
Tt I

Tit1 T—i-1
for i > 0, where Y & X(s) is a non-empty, proper subcurve such that Ti(s) de-
composes at Y for every integer i. We will show by contradiction that the latter
situation is not possible. We may assume R is complete. (If not, just extend the
sheaves Z¢ over the completion of R.) By Lemma 24, there are S-flat quotients
F and G of 7 such that F(s) = Z(s)y and G(s) = Z(s)y.. Consider the induced
map ¢ : Z — F @ G. By assumption, ¢(s) is an isomorphism. Since being an
isomorphism is an open property, ¢ is an isomorphism. Thus, I,, = Z(n) is not

simple, a contradiction. The proof of (2) is complete.

We prove (3) now. By (1), we may pick an extension Z of I,. Consider the
infinite filtration

=T'(s)y and =T "(s)ye

.CcT'C...CcTtCc1:=7T

with quotients

where ¥; C X (s) is the maximum subcurve among the subcurves W C X (s) with
minimum Bz 5 (W), for each i > 0. We claim that T'(s) is semi-stable with respect
to £(s) for some ¢ > 0. Suppose by contradiction that our claim is false. We may
assume R is complete. (If not, just extend £ and the sheaves Z* over the completion
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of R.) Since Z%(s) is not semi-stable, Y; is a non-empty, proper subcurve of X (s)
with Bri(s)(Y:) < 0, for every i > 0. By Lemma 30, up to replacing Z by T/ for a
certain j, we may assume that both Y; and fz:,)(Y;) do not depend on 4, and Z(s)
decomposes at Y; for every i > 0. Let Y :=Y; and (3 := fB1i(5)(Y;) for every i > 0.
By Lemma 24, there is an S-flat quotient F of Z such that F(s) = Z(s)y. Since F
is S-flat and x(F(s) ® E(s)) =rf < 0, also x(F(n) ®E(n)) < 0. Thus, I, =I(n) is
not semi-stable with respect to £(n), a contradiction. So, there is an extension 7
of I,, that is semi-stable over S with respect to £. Suppose now that I,, is simple.
It is not necessarily true that Z is simple over S. Nevertheless, we can apply the
construction in the proof of (2) to Z, and get a simple sheaf on X /S that will also
be semi-stable with respect to & by Lemma 25. The proof of (3) is complete.

We prove (4) now. By (3), there is a semi-stable sheaf 7 on X/S with respect
to & such that Z(n) = I,,. Consider the infinite filtration

.CTiC...CcTtCcI0=1

with quotients
Tt
Tt “(8)vis
where Y; C X(s) is the minimum subcurve of X(s) containing o(s) such that
Brisy(Yi) = 0, for i > 0. We claim that Z°(s) is o(s)-quasi-stable with respect to
E(s) for some i > 0. In fact, by Lemma 31,

Yochic---CY,C....

Thus, up to replacing Z by Z7 for a certain j, we may assume Y; does not depend
on i. Let Y :=Y; for every i > 0. We will show that Y = X (s). It follows from
Lemma 31 that Z%(s) decomposes at Y for every i > 0. We may now assume R is
complete. (If not, just extend o, £ and the sheaves Z® over the completion of R.)
By Lemma 24, there is an S-flat quotient F of Z such that F(s) = Z(s)y. Since
Br(s)(Y) = 0, we have x(F(s) ® £(s)) = 0. Since F is S-flat, x(F(n) ® £(n)) =0
as well. Since x(F(n) ® £(n)) = 0 and Z(n) is semi-stable, F(n) is semi-stable (on
a subcurve of X (n)). So, F is torsion-free on X/S. Since o factors through the S-
smooth locus of X, the sheaf o*F is free. Since o*F(s) # 0, also o*F(n) # 0. Since
Z(n) is o(n)-quasi-stable, F(n) = Z(n). By flatness, F(s) = Z(s). So, Y = X(s),
and thus Z(s) is o(s)-quasi-stable. The proof of (4) is complete.

The proof of (5) will be left to the reader. Roughly speaking, the proof consists
of applying n times the argument in the proof of (4), where n is the number of
irreducible components of X (s). O

Remark 33. Theorem 32 is not just an existence proof. In fact, we have established
a method to produce an extension of I, with the same “good” properties (semi-
stability, quasi-stability, etc.) as I, given any extension Z. We just construct a
filtration

.CcT'C...CcI'cI1'=171
of Z with quotients of the form

Z"L’
Z’i-l—l

=TI'(s)v.,
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where Y; C X (s) is a suitably chosen subcurve for each ¢ > 0, as described in the
proof of Theorem 32. Then, Z* will be a “good” extension of I, for some 7 > 0.
Note, however, that the minimum such i depends on the original extension Z.

4. THE FINE MODULI SPACES

Let f : X — S be a flat, projective map whose geometric fibers are curves. Let
W be a relative dualizing sheaf for f. Let J* denote the contravariant functor from
the category of locally Noetherian S-schemes to sets, defined on an S-scheme T' by

J*(T) := {simple, torsion-free, rank-1 sheaves on X x T'/T'}/ ~,

where Z7 ~ 7 if there is an invertible sheaf M on T such that 77 = Z> ® p* M, for
p : X x T — T the projection. Let J be the étale sheaf associated to J*. By [3]
Thm. 7.4, p. 99], the functor J is represented by an algebraic space J, locally of
finite type over S. Note that the formation of J commutes with base change.

For every integer d, let J; C J be the subspace parameterizing simple, torsion-
free, rank-1 sheaves Z on X/S with x(Z/S) = d. It is clear that J; is an open
subspace of J, and that J is the disjoint union of the Jy, for d ranging through all
the integers. The formation of J; commutes also with base change.

Fix an integer d. Fix a vector bundle £ on X of rank r and deg(€/S) = —rd.
We consider € our polarization on X/S. Let J& (resp. Jg°, resp. J&°) denote the
subspace of J; parameterizing simple, torsion-free, rank-1 sheaves on X/S that are
stable (resp. semi-stable, resp. quasi-stable) with respect to €. If ¢ : S — X is
a section of f through the S-smooth locus of X, let JZ denote the subspace of Jg
parameterizing simple, torsion-free, rank-1 sheaves on X/S that are o-quasi-stable
with respect to £. It is clear from the definitions in Section 1 that

Jg CJE CJF C I C g
The formations of all the above spaces commute with base change.
Proposition 34. The subspaces Jg,JZ, J&, J&* C Jq are open.

Proof. Let T be an S-scheme and 7 a torsion-free, rank-1 sheaf on Xy /T with
X(Z/T) = d. Suppose there is ¢ € T such that Z(t) is semi-stable with respect
to £(t). By Theorem 19, there are an étale map h : V — T containing ¢ in
its image and a vector bundle F on Xy of rank 2r and det F 2 (det &y)®? such
that R!fy.(Zy @ F) = 0. Let U := h(V). Since h is étale, U C T is open. By
Theorem 19, Zy; is semi-stable on Xy /U with respect to &y. So J2° C Jy is open.

In the same way, we may use Theorems 20, 21 and 22 to show that the remaining
subspaces in the statement are open. O

Proof of Theorem A. We show first that Jg° is of finite type over S. We may
assume S is Noetherian. Fix an ample sheaf Ox (1) on X/S. For every integer m,
let 3, C J2° denote the open subspace parameterizing m-regular sheaves on X/S
with respect to Ox(1). The subspaces X, cover Jg&* and are of finite type over S
[3, Lemma 7.3 and Thm. 7.4, pp. 98-99]. So, we need only show that X, = Jg°
for some m.

Since S is Noetherian, there is an integer M such that y(W(k)y) < M and
deg E(k)|y < M for every s € S, every field extension k 2 k(s) and every subcurve
Y C X(k). Let s € S, and consider a field extension k D k(s) such that C' := X (k)
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has geometrically integral irreducible components. Let I be a semi-stable sheaf on
C with respect to F := £(k). For every integer m and every subcurve Y C C,

x(I(m)y) =x(Iy)+mdegOc(1)|ly > —(deg E|y)/r +m > —M/r + m.

If m > M(r+ 1)/r, then x(I(m)y) > x(W(k)y) for every subcurve Y C C.
By duality, h*(C,I(m)) = 0, and hence I is m-regular with respect to Oc(1).
Therefore, 3, = J&° for every m > M(r +1)/r.

Since J£° is of finite type over S, statement (1) follows from Theorem 32, state-
ment (2) follows from Proposition 26, and statement (3) follows from Proposition 27
and Theorem 32. O

Lemma 35. Assume there are sections o1,...,0, : S — X of f such that
(1) oy factors through the S-smooth locus of X fori=1,...,n;
(2) for every s € S, every irreducible component of X (s) is geometrically integral
and contains o;(s) for some 1.

Then, there are polarizations E; on X/S such that J =J; Jg,.

Proof. For each n-uple of integers e := (ey,...,e,) and each integer r > 0 such
that nr|(e; + -+ + e,), let

ey = Ox(—€101(8)) ® -+ ® Ox (—en0,(S)) & OF" V.

For every s € S, varying e and r, the multi-slopes of £ ,)(s) cover all n,-uples of
rational numbers, where ng is the number of irreducible components of X (s). By
Corollary 15,

J = U Jg(;,r)'
)

(e,r

O

Lemma 36. Let X C J be an open subspace of finite type over S. Then, there is
an étale surjection U — S such that X x U is a scheme.

Proof. We may assume S is Noetherian. By Lemmas 18 and 35, replacing S by an
étale covering, we may assume there are a section o : S — X of f through the
S-smooth locus of X and polarizations £; on X/S such that J = (J; JZ . Since
3 is of finite type over S, hence Noetherian, we need only show that for every
polarization £ on X/S and every s € S there is an étale map U — S containing s
in its image, and such that JZ x U is a scheme.

Fix a polarization £ on X/S and a point s € S. Let r be the rank of £. Let
T — JZ be an étale surjection such that 7" is a scheme and X X T" admits a universal
torsion-free, rank-1 sheaf 7 over T. Now, T'(s) is Noetherian since JZ is of finite
type over S by Theorem A. It follows from Theorem 20 that there are étale maps
U—SandV — T x U, apoint u € U lying over s and vector bundles Fi,...,F,
on Xy of rank 2r and det F; = (det £)®? @ Ox,, (—0(S) x U) such that

(1) the image of V. — T x U contains T'(u);
(2) fv«(Zy @ Fiv) =0 and R fy.(Zv ® F;v) is invertible for each i
(3) the natural map

Iy — Fiy @Wy @ U R fv.(Iv @ Fiv)

is injective with V-flat cokernel for each i.
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Foreachi=1,...,nlet W; C Quot s+, x,|v be the open subscheme whose B-
points, for each U-scheme B, correspond to quotients ¢ : F;' 5 ®Wp — Q such that
Jy = ker(q) is semi-stable, fp.(J, ® Fi ) = 0 and R f5.(J, ® F; p) is invertible.
(In fact, if g corresponds to a B-point of W; then R! f5.(J, ®F; p) = Op.) There’s
a natural map W; — J2° x U, defined by sending g to J;. By Theorem 20, this
map factors through JZ x U. Moreover, this map is clearly an open embedding.

Now, the W; cover J&°(u) because of (1)—(3) above. Since JZ is proper over S
by Theorem A, up to replacing U by an open neighborhood of u, we may assume
that JZ x U = |J; W;. Since W1,..., W, are schemes, so is JZ x U. |

In Subsection 7.1 we will drop the hypothesis that ¥ is of finite type over S.
More precisely, Corollary 52 asserts that Lemma 36 holds for J in place of 3.

5. CERTAIN SPECIAL CASES

Let X be a connected curve over an algebraically closed field k. Let g denote
the arithmetic genus of X.

Let J denote the algebraic space parameterizing simple, torsion-free, rank-1
sheaves on X. By Lemma 35, there are enough polarizations F; on X such that
J = Uj Jﬁ;j. By Theorem A, the Jﬁ;j are of finite type over k. By Lemma 36, the
J ]fJJ are schemes. So, J is a scheme locally of finite type over k.

Example 37 (Joining two curves). Assume there are subcurves Y, Z C X covering
X such that Y and Z intersect transversally at a unique point, and this point
is smooth on Y and on Z. Let Jx (resp. Jy, resp. Jz) denote the scheme
parameterizing simple, torsion-free, rank-1 sheaves on X (resp. Y, resp. Z). Since
every simple, torsion-free, rank-1 sheaf on X must be invertible along Y N Z, we
have a map Jx — Jy X Jz, defined by restriction of sheaves on X to Y and Z. It
can be shown that the above map is an isomorphism.

Example 38 (Abel maps). Let
0x := min x(Oynye),
YGX

where Y runs through all non-empty, proper subcurves of X. (If X is irreducible,
let §x := 00.) Since X is connected, dx > 0.

Let I C Ox be the ideal sheaf of a subscheme D C X of finite length m. For
each non-empty, proper subcurve Y’ g X, the natural commutative diagram

0 —— I IR Ox IR Op — 0

l l l

0 —— Iy ®lyc —— Oy ®Oyc —— Opny ® Oprye —— 0
has exact horizontal sequences. By the snake lemma,

X(Iy) +x(Iye) = x(I) > x(Oynye) —m,

with equality if and only if D C Y NY¢. Therefore, if m < §x, then I is simple.
On the other hand, if D =Y NY* for a non-empty, proper subcurve Y’ ; X, then
I is not simple. To summarize, there are subschemes D C X of length dx whose
ideal sheaves are not simple, and Jx is the minimum length where this occurs.
Let m be any integer with 0 < m < §x. Let H,, denote the Hilbert scheme of
X, parameterizing length-m subschemes of X. Of course, H; = X. Let M be an
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invertible sheaf on X. For every subscheme D C X, let Zp C Ox denote its ideal
sheaf. Since m < §x, we have a well-defined map

oy 2 Hy — Jq

[D] —[Ip ® M]

where d := x(M) —m. The map of; is called an Abel map in degree m of X. If
ox > 1, let apr = oz}\/[. If X is irreducible, then ajps is a closed embedding [3]
Thm. 8.8, p. 108]. In addition, if g = 1, then ayy is an isomorphism [3| Ex. 8.9,
p. 109]. In general, I do not know whether s is a closed embedding, but the case

g = 1 will be treated below.

Example 39 (Curves with genus 1). Use the notation in Example 38. Assume
that ¢ = 1 and dx > 1. We claim first that every non-empty, connected, proper
subcurve of X has arithmetic genus 0. In fact, if Y C X is a subcurve, then
h1(Y,Oy) < 1. Assume equality. Assume as well that Y is connected. Let Z := Y.
Then h'(Z,0z) = 0 and Z has exactly x(Oynz) connected components. Since X
is connected, x(Ownwe) = x(Owny) = 1 for each connected component W C Z.
Since dx > 1, we have Y = X, proving our claim.

We claim second that Ox is the dualizing sheaf on X. In fact, since g = 1, there
is a non-zero map h : Ox — W, where W is the dualizing sheaf on X. Let Y C X
be the non-empty subcurve such that Oy = im(h) and put Z := Y. Since the map
Oz — Wz induced by h is zero, h factors through 2 C W, where (2 is the dualizing
sheaf on Y. So, hl(Y7 Oy) > 1. Hence there is a connected component of Y with
arithmetic genus 1. By our first claim, ¥ = X. Since x(W) = x(Ox) =0 and h is
injective, h is an isomorphism, proving our second claim.

Let d be an integer and M an invertible sheaf on X of degree d+ 1. Let Jys C Jy
denote the subset parameterizing simple, torsion-free, rank-1 sheaves I on X such
that x(Iy) > deg M|y for every non-empty, proper subcurve Y’ & X.

We claim that Jjs is a complete, open subscheme of Jy, and ay; factors through
Jy. Indeed, let p € X be any non-singular point, and put E := M* ® Ox(p). By
definition, a torsion-free, rank-1 sheaf I on X with x(I) = d is p-quasi-stable with
respect to E if and only if x(Iy) > deg M|y for every non-empty, proper subcurve
Y g X. Thus, Jy = J5. It follows from Theorem A and Proposition 34 that Jas
is a complete, open subscheme of Jj.

In addition, let ¢ € X and Y g X be a connected, proper subcurve. Since
the arithmetic genus of Y is 0, we have x(Z,y) = 1if ¢ € Y, and x(M,y) =0
otherwise. At any rate, we have x(Iy) > deg M|y, where I := 7, @ M. So, an
factors through Jas, proving our third claim.

We will show now that aps is an isomorphism onto Jp;. Indeed, we will construct
the inverse map Gy : Jy — X as follows. Let I be a simple, torsion-free, rank-1
sheaf on X such that x(I) = d and

(39.1) X(Iy) Z degM|y
for every non-empty, proper subcurve Y’ ; X. We claim that

(39.2) RO(X,1® M*) =0,
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and the unique (modulo £*) non-zero map A : I ® M* — Ox is an isomorphism
onto the ideal sheaf Z, of a point ¢ € X. If so, let ¢ be the image under ;s of the
point of Jys represented by I. If defined, (s is clearly the inverse to ay.

To show (39.2), let p : Ox — I ® M* be a map. Let Y C X be the subcurve
such that Oy 2 im(p). Then, p factors through J @ M*, for J := ker(I — Iye).
Suppose that Y is non-empty. Since x(I ® M*) = —1, it follows from (39.1) that
x(J®M*) < —1. Since p induces an injection Oy — JQM™*, we have x(Oy) < —1
as well. On the other hand, h'(Y,Oy) < 1 because g = 1, and hence x(Oy) > 0,
reaching a contradiction. Thus p = 0, proving (39.2).

Since Oy is the dualizing sheaf on X by our second claim, and x(I @ M*) = —1,
it follows from (39.2) and duality that there is a unique (modulo &*) non-zero map
A I®@M* — Ox. Let Y C X be the subcurve such that Iy ® M* = im(A). Since
Y is non-empty, it follows from our first claim that h'(Y¢, Oy.c) = 0. So, the ideal
sheaf Ty of Y¢ satisfies x(Zy<) < 0, with equality only if Y = (. In addition, by
(39.1), x(Iy ® M*) > —1 with equality only if Y = X. On the other hand, since
there is an injection Iy @ M* < Ty, we have x(Zy<) > x(Iy @ M*). Hence Y = X
or, in other words, A is injective. Since x(I ® M*) = —1, the image of A is the ideal
sheaf of a point, finishing the proof of our last claim.

Observe that we have naively defined B); as a map of sets, but it is clearly
possible to apply the above argument to a family of torsion-free, rank-1 sheaves on
X, and thus define 35; as a map of schemes.

Example 40 (Locally planar curves). Assume X is locally planar. In other words,
assume X can be embedded into a smooth surface. Then, Altman, Kleiman and
Tarrobino [2, Cor. 7, p. 7] showed that the Hilbert scheme H,, of X, parameter-
izing length-m subschemes of X, is m-dimensional, reduced and a local complete
intersection. In addition, the proof of [2, Thm. 9, p. 8] can be easily adapted to
show that J is reduced, a local complete intersection, and has pure dimension g at
every point. Finally, it follows from [2, Thm. 5, p. 5] that the invertible sheaves
form a dense, open subscheme of J.

Example 41 (Two-component curves). Assume X has only two irreducible com-
ponents, X7 and Xs. Let § denote the length of X1NX5. Let P denote the Jacobian
of X. Let E be a polarization on X of rank r and degree —rd, for an integer d. For
i=1,2, let ¢; ;== —deg E|x, and J& denote the moduli space of X;-quasi-stable
sheaves on X with respect to E. There are two cases.

(1) 7 feq: In this case, J3, = J37, and J§ is complete. A torsion-free, rank-1 sheaf
I on X is stable only if —e;/r < x(Ix,) < —e;/r + 6 for i = 1,2. If I is
invertible, then the converse holds. Since there are § integers in the interval
[—e;/r,—e;/r + d], there are exactly § connected components of P contained
in JZ. If X is locally planar, then P is dense in J, and thus Jj, has exactly §
irreducible components.

(2) rlei: In this case, J5 G Jg, Jg S J§. Reasoning as in Case 1, if X is locally
planar, then J3f has § + 1 irreducible components, whereas J} and JZ have §
components each, and J3, has § — 1 components. As we observed in Example
5, we have J& = J5*.

Case 1 corresponds to Caporaso’s general case [7] 7.3, p. 646], whereas Case 2
corresponds to her special case.
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Assume now that X; and X5 are smooth, and intersect at two ordinary nodes.
So, d = 2 and X is locally planar. Let Pyy; C P be the open subscheme parameter-
izing invertible sheaves of Euler characteristic d+ 1, and consider the (well-defined)
map:

a:Xde+1—> Jd
(¢, M) + [I;® M]

One can show that « is surjective, and smooth with relative dimension 1 (cf. [I1]).
In Case 1, we have that J§ is the image under o of a connected component of
X X Pyi1. In Case 2, we have that J§f = JL U J%, and both J}, and J% are images
under « of different connected components of X x Pyy1. In fact, J4 = a(X x Pg),
where P}, is the connected component of Py1 parameterizing invertible sheaves on
X with Euler characteristic e;/r +2 on X;, for i = 1,2. The patching of J3 and JZ
to produce J§f occurs on J§, which is the image under « of both (X; \ X2) x P
and (X2 \ Xl) X P%

We observe the difference between our description and Caporaso’s in loc. cit. As
we are dealing with fine moduli spaces, without making identifications to guarantee
separatedness, our moduli spaces J3° in Case 2 have more components than Capo-
raso’s. In fact, to reach Caporaso’s spaces, we have to identify and collapse the two
non-stable components of Jg’ through the JH-equivalence into a locus of positive
codimension. Such identification will be carried out in Section 7 by means of theta
functions introduced in the next section.

6. THETA FUNCTIONS

6.1. The determinant of cohomology. Let f : X — S be a flat, projective
map whose geometric fibers are curves.

Construction 42. Let €& be an S-flat, coherent sheaf on X. Assume there are com-
plexes

0= F' X FL 0 and 0G0 4 G =0

of free sheaves on S of finite rank, and quasi-isomorphisms p : F' — R f.£ and
qg : G — R f.£. By [20, Prop. 4, p. 39], there is a unique quasi-isomorphism
g : F© — G such that p = ¢gg (up to homotopy). Consider the commutative
diagram of maps

0 FO \—g° Fl @GO (g" 1) al 0
(42.1) Al Al H
0 Y pggr 0D, ; 0
where
A = |:11 O:| .
g u

Since g is a quasi-isomorphism, the upper sequence is exact. Thus, taking its
determinant, we get an isomorphism d(g) : det F* — det G', where

det F" ;= det F' @ (det F°)™! and detG" := det G* @ (det G°) L.
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(Here and wherever needed we use implicitly the unadjusted interchanging isomor-
phism L& M =2 M ® L, sending c ® 7 to 7 ® 0.)

If g1 : I — G is another quasi-isomorphism with p = ¢gg1, then g; is homotopic
to g. In other words, there is a map ¢ : F! — G such that ¢¥ — ¢° = '\ and
gi — g* = . The homotopy gives rise to a commutative diagram of maps

0 Fo ()\»*9(1)) Fl ® Go (gixﬂ) G1 0
H /] H
0 FO (A—9%) Fl ® GQ (9" 1) Gl 0

where

[

Since I has determinant 1, the determinant of the first row is equal to that of the
second row. So, d(g) depends only on the homotopy class of g. Let d(p, q) := d(g).
Let

0—H" S H' -0
be another complex of free sheaves on S of finite rank, and r : H — R f.€ a

quasi-isomorphism. Let h : G° — H' be a quasi-isomorphism such that ¢ = rh (up
to homotopy). Consider the commutative diagram of exact sequences

0 0
0 1
0 —— 0 220l pgge g g

H)l Bl <1,fh1>l

0 _;0,.0
0 Jal (Apng”,—h7g") Fl@Gl@H()L)GlEBHl—)O
(OJLI,V)l (hl,l)l
0 0
where
B:=10 I and C:= [ 191 1 0].

Taking determinants, and using that
tk(F%) — 1k(F') = 1k(G°) — 1k(G") = rk(H®) — rk(H") = x(£/S),

we have d(hg) = (—1)™(G) G g(p)d(g).
If x(£/S) = 0, then rk(FY) = rk(F!) and 1k(G°) = rk(G?!). Taking determinants
in (42.1), we get det u = d(g) det A. In addition, d(hg) = d(h)d(g).
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We will employ the above construction in a patching construction of the deter-
minant of cohomology, after the next observation.

Observation 43. By [18] Exp. 3, Prop. 4.8, p. 257], the complex R’ f.£ is perfect,
i.e., there is an open covering S = J,, U, such that R'f*€|Ua is quasi-isomorphic to
a complex of free sheaves for every a.. Alternatively, we may prove R’ f.€ is perfect
as follows. Let Ox (1) be an ample sheaf on X/S. Let s € S. If m >> 0, there
is a section hy € H°(X(s),Ox(m)(s)) which is nowhere a zero-divisor of £(s). In
addition, up to replacing S by a neighborhood of s, we may assume R! f.E(m) = 0,
and that hs extends to a section h € H°(X,Ox(m)) such that the induced map

e (m) is injective with S-flat cokernel C. Since the fibers of C have finite
length, R!f.C = 0. Since £(m) and C are acyclic for f.,

0— fil(m)— f.C =0

is a complex of locally free sheaves on S that is quasi-isomorphic to R’ f.E.

Consider the collection = := =(€) of all triples o := (Uy, F},, Do), where U C S
is an open subscheme,

0— FO 22, pl 0

is a complex of free sheaves on U, of finite rank, and p, : F, — R'f*£|Ua is
a quasi-isomorphism. By Construction 42, if a, 5 € Z, the quasi-isomorphisms
p(y|UQ . and pgl,, ; induce an isomorphism

0 1
da,p = (_1)rk(Fa)(rk(Fa)+1)d(po(|Uaﬁ s p8ly, )

where U, g := U, N Ug. By Construction 42, if o, 5,7 € E,

daﬁ|me = dﬂ3,v|Uw,,7 da,ﬁ|UQ,5,7 )

where Uy 5,y := Us NUgNU,. Since S = |J, U, by Observation 43, and the
cocycle condition is met, there are an invertible sheaf D¢ (&) on S and isomorphisms
Ca @ Dp(E)|y, = detF, for all a € E, such that CB|Uu.a = da,g Caly, , for all
a, B € E. '

If x(£/S) =0, then det )‘5|UQ,5 = da,p det Aoy, , for all a, 8 € E. So, there is
a global section og of Dy(&) such that det Ay = (q gl for every a € =.

We say that Dy(E) (equipped with {, for o € E()) is the determinant of
cohomology of € with respect to f. If x(€/S) = 0, we say that og is the associated
section. The zero-scheme of og parameterizes the points s € S such that

BO(X (s), E(s)) = ' (X(s), E(s)) # 0.

(Another way of viewing o¢ is as a generator of the O-th Fitting ideal of R!f.E.)

Proposition 44. The determinant of cohomology and its associated section satisfy
the following properties.
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(1) (Base-change property) For every S-flat coherent sheaf € on X and every
Cartesian diagram

h
X ——

sl

s, —" . g5

there is an induced isomorphism Dy(E,h) + W*Ds(E) = Dy, (RIE). In addi-
tion, opze = Df(g,h)h*(fg if x(£/5)=0.

(2) (Functorial property) For every isomorphism ¢ : £ = F of S-flat coherent
sheaves on X, there is an induced isomorphism Dy(¢) : Dy(E) = Dy(F).
If ¢ € H°(S,05)*, then Dy(cg) = cX€/Dy(p). If there is another iso-
morphism ¢ @ F = G, then Dy(vo) = Dyp(¢)Dy(¢). If x(E/S) = 0, then
or = Dy(¢)oe. If there is a base-change diagram as in (1), then

Dy(F,m)h*Ds(¢) = Dy, (1 9)Ds (€, h).

(3) (Projection property) For every S-flat coherent sheaf £ on X and every in-
vertible sheaf L on S, there is an induced isomorphism

Dy(E,L) : Dy(E® f*L) = Dy(E) @ LEXE/S),
If M is another invertible sheaf on S, then
Dy(E,L & M) = (Dy(E,L) @ MEXE/ND(E @ f*L, M).

If x(£/5) =0, then ¢ =Ds(E, L)osgs+1.. If there is a base-change diagram
as in (1), then

(Df(E,h) @ W LEXEN*D (€, L) = Dy, (hiE,h*L)Dy(E @ f*L,h).
If there are isomorphisms ¢ : E = F and tp : L = M, then
Dy(F, M)Dys(¢ ® [*9) = (Dy(9) @ /9Dy (€, L).
(4) (Additive property) For every short exact sequence
a:0—-8E —E —E —0
of S-flat coherent sheaves on X, there is an induced isomorphism
Di() : Dy(&2) = Dy(&1) © Dy(Es).

If x(&/S) = 0 for i = 1,2,3, then og, ® 0g, = Dy(a)og,. If there is a
base-change diagram as in (1), then

(Dy(&1,h) ® Dy(Es,h))h* Dy () = Dy, (K1) Dy (2, h).

If there is an isomorphism of exact sequences

a: 0 & & &3 0
¢1l ¢2l ¢3l
6:0 Fi Fa F3 0

then
Ds(8)Ds(¢2) = (Dy(d1) @ Dy (¢3)) Dy ().
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If L is an invertible sheaf on S, then
(Dj(a) @ LEXE/SND (&, L) = (Dy(€1, L) @ Dy (€3, L))Dy(a® f*L).

Proof. We check (1). Since the formation of R f.£ commutes with base change,
for every a € = we have h*a = (h™1(U,),h*F,,,h*ps) € Z(hi€). In addition,
Ahra = h'ho and dp«a.peg = h|*Uh*a s dqo.p for all o, 3 € E. It follows that there
is an isomorphism Dy (€, h) : h*Df(;f) = Dy, (hi€) such that

h|*Uh,*a <a = Ch*a Df(g’ h)|U’L*"‘

for every a € E. The last statement in (1) follows easily.

We check (2). If a € E, then ¢y := (Ua, F,, R fudly pa) € E(F). In addition,
Apoa = Ao and dg,a,6.3 = dap for all o,8 € E. It follows that there is an
isomorphism Dy(¢) : Dy(E) = Dy(F) such that (o = (p.a Df(¢)[y, for every
a € 2. The remaining statements in (2) can be verified now.

We check (3). By the projection formula, R f,é ® L=R f.(E® f*L). f a € =
is such that L is trivial on Uy, then a @ L := (Uy, F, ® L,pa @ L) € Z(E ® f*L).
S0, Aagr = Ao ® L and dagr sor = daps @ LEXE/S) for all a, 8 € =. Tt follows
that there is an isomorphism D(&, L) : Dy(E® f*L) = Dy(£) @ L2X(E/9) such that
CanL = (Ca ® L|§§(E/S)) Dy(E, L)y, for every a € E such that L is trivial on Us.
It is an exercise to check the remaining statements.

We check (4). Let ¢; : & — 41 denote the maps given by «, for i = 1,2.
Consider the collection =, formed by all quadruples 8 := (51, 02, 83, Ag), where
Bi € 2(&;) for i =1,2,3 are such that Ug, = Ug, = Ug,, and

. hga . hge .
Ag : 0—Fy — Fz, —— F3, —0

is a short exact sequence of complexes such that pg,, hg; = Rf*¢i|Uﬁ pa; (up to
1

homotopy) for ¢ = 1,2. Let Ug := Up,. By the same argument used in Observa-
tion 43, we can show that the Ug cover S. If 8 € E,, by taking determinants in
Ag we get a map

dp @ det Fjy, — det Fjg @ det Fj_.

For 8,7 € Eq and i = 1,2,3, let Ug, := UgNU,, and Fy, , A\g, » and hg
denote the restrictions of Fj; , Ag, and hg; to Ug,, respectively. In addition, let
98 v - Fﬁ7 =~ FA/ 5 be quasi-isomorphisms such that pg,

Us., — Prilug., 98
(up to homotopy). It follows that gg,,, ~i. 1 h8,y.i = hv,5,i98:,~: Up to homotopy for

i =1,2. In other words, for i = 1,2 there is a map ¢; : Fﬁl7 — F’?’i+1:ﬁ such that

0 0 0 0o _
h%ﬁ,igﬂim - g5i+17’)’i+1h6777i =LiAg; s

1 1 1 1 — .
h%ﬁaigﬁi,’w - g5i+1,’yi+1h[3,'y,i 7>\"/i+lyﬁb7ﬂ
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For (3,7 € £, we can form the commutative diagram of exact sequences
0 0 0

l l l

) (9}1 R 7)\711[3')
0 1 0 1,71
0 Fﬁl/)’ FBlu’Y ® F’Yla

h?ﬂ,w,ll Bll hi,ﬁ,ll

1
(952,727)‘w21ﬁ)
P22 A

()\ﬁl.'yv_ 931,71
> Y F 1 — 0
71,8

0
(X827 =935 ~5)

0 1 0 1
0 F[327’Y F[32,’Y ® F’Y2,l3 F’m,ﬁ 0
h%,wﬂl B2l h g2
()‘ﬁg,'\/v*g?} ) (g;} 7)‘73,/1)
0 3,73 1 0 3,73 1
0 Fﬁsn’ Fﬁsﬁ ® F’Ysﬂ V3,08 0
0 0 0
where
1
B; = [hﬁmi 00 }
bi 7,858

for i = 1,2. Taking determinants, we get

= (- 1)rk(F$1 rk(Fg ) +rk(F), )rk(Fg, ) (d

57|U[3,A, d9ﬁ2,72 961,71 ® dgﬁsryg) 6B|Uﬁﬁ '

Letting dg := (—1)rk(Fgl)(rk(ng)“k(Fés))ég for every 8 € Z,, we have

d7|Uﬁﬁ dﬁz;“/z = (dﬁlv'Yl & d,33773) d’B|Uﬁ,w :

It follows that there is an isomorphism Dy(«) : Ds(E) = Dy(&1) ® Dy(E3) such
that dsCp, = (¢, ® Cg;) Dy(@)ly,, for every 3 € Eq. We will leave it to the reader
to verify the remaining statements. O

For a more systematic development of the general theory of determinants and
divisors, see [20]. It is also possible to adopt a more concrete approach to define
the determinant of cohomology, like the one used in [ Ch. IV, §3].

6.2. The theta line bundle and theta functions. Let f : X — S be a flat,
projective map whose geometric fibers are connected curves. Fix an integer d, and
let £ be a vector bundle on X of rank r and deg(€/S) = —rd.

Construction 45. Let F be a vector bundle on X with rank m and relative degree
—md over S. Let X — Jy be an étale surjection such that ¥ is a scheme, and
X x ¥ admits a universal torsion-free, rank-1 sheaf Z; over X. Let p, po denote the
projections from X x ¥ onto the indicated factors. Let Z5 be another universal sheaf
on X x X/¥. Since Z; and Z; are simple, the sheaf Nj o := po, Homy 5 (Z1,Z2) is
invertible, and the canonical map vy2 : Z1 ® p3N1 2 — Iy is an isomorphism by
[3, Lemma 4.3, p. 79]. In addition, the formation of N; 5 and v; o commutes with
base change. We obtain a canonical isomorphism

h1,2 = D;Dz (V1,2 ®pT}—)D;D2 (Il ®p>{fv N1,2)71 : Dpz (Il ®pT}—) = D;Dz (IQ ®pp—'.)
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such that oz,gp:7 = h1207,gp;7. The formation of hi > commutes with base
change. Let Z3 be a third universal sheaf on X x ¥/3. As before, let

N1 3 :=pa.Homy, 5 (Z1,Z3), vi,3 : Iy ® p3Ny 3 — I3,

Ny 3 :=pa.Homy, (Z2,Z3), Vo3 ¢ Ip ® pyNog — I3,

)

where v1 3,2 3 are canonical. Let A : Njo ® Na3 — Np 3 be the natural map.
Then, A is an isomorphism and the diagram of maps

v1,2®p5 N2 3
s 5

T ® p5(N1,2 ® Na3) Zo ® p5Na 3

Il®p;hl V2,3l

Z; @ p3N1 3 2, I3
is commutative. Applying the functorial and projection properties of the determi-
nant of cohomology to the above diagram, we get h; 3 = hoshi 2. We will apply
the above construction to get sections of line bundles on J; below.

Let = denote the collection of all pairs « := (74, Zn), where m, : X0 — Jg is an
étale surjection from a scheme X, and Z,, is a universal torsion-free, rank-1 sheaf
on X x ¥4/%4. Let F be a vector bundle on X of rank m and deg(F/S) = —md.
Let Lr o = Dy, ,(Za ®p;’1.7:) and 0r o := 0z, @p: , 7, Where pa1,pa2 are the
projections from X x X, onto the indicated factors.

If o, € E, then (1x,7a.8,0)*Za and (1x,7ma.3,8)*Zs are universal torsion-free,
rank-1 sheaves on X x X,.g over the fibered product ¥,.5 of m, and mg, where
Ta-8,c and Tq.3 3 are the projections from ¥,.5 onto X, and X3, respectively. By
Construction 45, we have an isomorphism hr a8 : 7, 5 LFa = 7, 5 5LF p such
that 77, 5 5078 = hr 68755007 ,a. The formation of hr o g commutes with base
change.

If a, 3,7 € E, then it follows from Construction 45 that

T NF 0y = Q5 NF 8400 g0 F 0.8

where ¢u,8, ¢u,v, 48,y are the projections from ¥, x 5, ¥g x j, £, onto the indicated
factors. Since the cocycle condition is met, there are an invertible sheaf Lz on Jy,
a section O € H(Jy, L) and isomorphisms (r o : 75Lr = Lr , for every a € 2
such that 07 o = (r o707 and W;ﬂﬂc_rﬂ = lzy:,%g?r;ﬂ,a(ﬁ(y for all a, 8 € Z. We
say that Lz is the theta line bundle on Jy with respect to F, and 0 is its associated
theta function.

There is a natural way to produce sections of tensor powers of Lg, as we will
describe after the next lemma.

Lemma 46. Let F; and Fa be vector bundles on X with the same rank, and let
¢ : det F; = det Fo be an isomorphism. Then, there are an étale, surjective map
q: S — S, vector bundles G and N' on X x S', and extensions

a:0—-G—-piFi >N -0 and B:0—-G—piFa—>N —0,

whose induced isomorphisms
det(a) : pidet F1 — detG@det N and  det(0) : pjdet Fo — det G @ det N
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satisfy det(«) = det(B)pi ¢, where p1,pa are the projections from X x S’ onto the
indicated factors. If T is a torsion-free, rank-1 sheaf on X /S, then the isomorphism

(Dpo (P12 ® )™ Dy, (P1Z ® ) ® (D, (@) ™' Dp, (8))

descends to an isomorphism
T:=7(Z,F1,F2,0) : Df(Z @ F1) @ Dy(Fa) = Dy(Z @ F2) ® Dy(F1).

The following properties are satisfied by T.

(1) (Independence) The map T is independent of the choices of q, a and 3. If
ce€ HO(S,05)*, then 7(T, F1, Fa, c) = cX(Ox/9)=x(T/)r,
(2) (Base-change property) If

h
X, ——

T

SlLS

is a Cartesian diagram, then h*t = 7(hiZ, hiF1, hiFa, hid).
(3) (Functorial property) If ¢ : T — J is an isomorphism, then
(Dy (¢ @ F2) @ Dy(F1))7 = 7(T, F1, F2, ¢)(Dy (¢ @ F1) @ Dy(F2)).
(4) (Projection property) If L is an invertible sheaf on S, then
(Dy(ZT @ F2, L) @Dy (F1))T(Z Q@ L, Fr, Fa, P)
= (1 ® L®X)(Dy(Z ® F1,L) @ Dp(F2)),
where x = x(Z ® F1/5) = x(T @ F2/S).

Proof. The first statement was essentially proved in Lemma 17. As for the second
statement, if 7 is torsion-free, rank-1 on X/S, then Z and Ox coincide generi-
cally in K-theory [I2] p. 509]. Thus, the second statement and the property of
independence follow from [12] Thm. I.1, p. 509]. The last properties follow from
Proposition 44 and the expression for ¢*7 given in the lemma. [l

Let F be a vector bundle on X of rank mr for some m > 0. Assume there
are isomorphisms ¢ : det F = (det £)®™ and ¢ : Dy(E)®™ = Dy(F). Since the
fibers of X /S are geometrically reduced and connected, ¢ and v are unique modulo
HO(S,05)*. Let a € = and p, : Yo — S be the structure map. Let

Too 1= T(Zas iy 1 Fr D 1 E9 D5 10) + L7 @ i Dp(E)2™ = LEW @ pi Dy (F).

Let p : Jqg — S be the structure map. It follows from Construction 45 and
properties (1)—(4) of Lemma 46 that

(h?ffi,g ® P 5D (F) T g.0Ta = T3 578 (hF .08 © Pl gD (E)®™)

for all a, B € E, where py.g3 : Xq.3 — S is the structure map. Thus, there is an
isomorphism

T Lr®p DHE)O™ 2 LI @ p*Dy(F)

such that ( ?ZZ Q miT = 7o((Fa ®1) for every a € E. Using ¢, we get an
isomorphism Lz & E?m, by means of which we may regard 6 as a section of
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ﬁ?m. As such, 0 is well defined modulo our choices of ¢ and v, hence modulo
HO(S, 0g)*.

The theta functions allow us to produce separated realizations of pieces of Jy,
as we will show in the next section.

7. SEPARATED REALIZATIONS

7.1. By theta line bundles. Let f : X — S be a flat, projective map whose
geometric fibers are connected curves. Let d be an integer and ¥ C J; an open
subscheme with structure map m : ¥ — S of finite type. Let £ be a vector bundle
on X of rank r and deg(£/S) = —rd, and put Le s := Lel|y,. We say that Lejx is
the theta line bundle on X.

Since S is locally Noetherian and 7 is of finite type, W*E?g is quasi-coherent for
every m > 0. Let

- ®
Fgm = @ W*ﬁglg,

m>0

and put Xg = Proj(I'g|z). Since I'g|s is quasi-coherent, S¢ is separated over S.
Let ¢ : ¥ — X¢ denote the canonical rational map associated with lgiz. The
scheme Y ¢ can be regarded as a separated realization of X.

Example 47. We go back to Example 39, and use the notation therein. We showed
there that Jy; = J5, for any non-singular point p € X, where E := M* @ Ox(p).
Even though the scheme Jj; does not depend on the choice of p, the polarization
FE does. Therefore, we can expect the rational map ¢ : Jy — jM,E to depend
on p. In fact, let Lgp denote the theta line bundle on Jj; with respect to E.
It follows from the base-change property of the determinant of cohomology that
ot (Lg) =2 Ox(p). So, under the identification between X and Jys given by aar,
we see that J M,E = )~(p, where X, is the irreducible component of X containing p,
and X'p is the quotient of X, obtained by identifying all points lying in the same

connected component of X7, for every such connected component.

Theorem 48. Let ¥ C JZ° be an open subspace. Let v : ¥ — ¢ denote the
natural rational map. Then, the following statements hold.
(1) The map v is defined on ¥ and is scheme-theoretically dominant.
(2) Ewvery fiber of ¥(s) is contained in a JH-equivalence class of X(s) for every
seSs.
(3) If £ contains JE and is universally closed over S, then the restriction
an open embedding.

Jg 8

Proof. We show (1) first. Since m : ¥ — S is of finite type and S is locally
Noetherian, the formation of I'¢|s; commutes with flat base change. By Lemma 36,
we may assume % is a scheme. Let s € S and ¢ € X(s). There are a finite and
separable field extension k' D k(t) and a semi-stable sheaf I on X (k') with respect
to £(K’) representing ¢t. By Theorem 19, up to replacing S by an étale neighborhood
of s and k' by a finite and separable field extension, we may assume that there is a
vector bundle F on X such that det F = (det £)®? and

(48.1) RO(X (K, I® F(K)) =h"(X(K),I® F(K))=0.
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By Lemma 46, we may also assume D (E)®2 = Dy(F). Let 0 € H(Jy, LE?)
denote the corresponding theta function. It follows from (48.1) that 6£(t) # 0.
Thus, v is defined at ¢. It is clear that v is scheme-theoretically dominant.

We prove (2). As before, we may assume X is a scheme. Let s € S. Since the
formation of I's s, commutes with localization, we may assume S := Spec(Og ;).
Let t1,ta € X(s). For ¢ = 1,2 there are a finite and separable field extension
ki O k(t;) and a semi-stable sheaf I; on X (k;) with respect to £(k;) representing
t;. Let ks D k(s) be an algebraically closed field extension containing k; and ks.
Assume Gr(I1(ks3)) 2 Gr(I2(ks)). By [10l Lemma 10], there are an integer m and
a vector bundle F on X (k3) of rank mr and det F' = (det £(k3))®™ such that

hO(X (k3), L1 (ks) © F) = h* (X (ks), I2(ks) ® F) # 0,
RO(X (k3), I (k3) ® F) = h' (X (k3), I2(k3) ® F) = 0.

By [4, III-1, 10.3.1, p. 20], there is a local, Noetherian, flat Og s-algebra A with
residue field k3. Replacing Og s by A, we may assume k3 = k(s). By Lemma 17,
up to replacing S by an étale neighborhood of s, we may assume there is a vector
bundle F on X such that det F = (det £)®™ and F(s) & F. By Lemma 46, we may
also assume Dy (£)®™ 2 Dy (F). Let O € HO(Jg, LE™) denote the corresponding
theta function. It follows from (48.2) that 0£(¢t1) = 0 but 6£(t2) # 0. Thus,
Y(t1) # ¥(t2).

We prove (3). As before, we may assume ¥ is a scheme. In addition, we may
assume X X X admits a universal torsion-free, rank-1 sheaf I over X. Since X is
universally closed over S and v is dominant, 1 is surjective and closed. It follows
from (2) that ¢(Jg) and (X \ Jg) are disjoint. Hence, Jg := 9(Jg) is open in X¢

and J§ = ¢~ 1(J§). In addition, it follows from (2) that the restriction

0=

is bijective. Since m : ¥ — S is universally closed, so is ¢. Since JZ is separated
over S, it follows that ¢ is proper. Since ¢ is bijective and proper, ¢ is finite. We
need only show that ¢ separates tangent vectors.

Let s € Sand t € Ji(s). Let R := k(t)[e]/(¢®) and B := Spec(R). Let b € B. Let
v : B — J¢ be a non-constant map with v(b) =t and mv(B) = s. We claim that
¢v is non-constant as well. First, we show the claim is local in the flat topology.
Indeed, if S — S is a flat map and s’ € S’ lies above s, let ¢’ € JE(s') lie above ¢,
and put R’ := k(t')[e]/(€?) and B’ := Spec(R'). Let V' € B’. Since v(B) = s, the
map v lifts over S’ to a map v/ : B’ — Jg x S’ with (7 x 1g/)v/(B) = s’. Since v
is not constant, neither is /. Since (7 x 1)/ (B) = ¢, if we show that (¢ x 1g/)v/’
is non-constant, then ¢v is non-constant.

As shown above, we may assume S := Spec(Ogs). Up to replacing Og s by a
local, Noetherian, flat Og s-algebra, we may also assume k(t) = k(s), and k(s) is
algebraically closed [14] III-1, 10.3.1, p. 20]. Let Z be the pullback of I to X x B.
Since v is non-trivial, and is represented by Z, it follows that 7 is a non-trivial
deformation of Z(b). By [I0, Lemma 12], there are an integer m and a vector
bundle F on X (s) of rank mr and det F' = (det £(s))®™ such that the zero scheme
of 07g(Feoy) is (reduced and) equal to b. By Lemma 17, up to replacing S by an
étale neighborhood of s, we may assume there is a vector bundle F on X such that
det F = (det £)®™ and F(s) & F. By Lemma 46, up to replacing S by an étale
covering, we may also assume Dy (£)®™ = Dy(F). Let 0 € H(Jy, LE™) denote

(48.2)

. Ts
g v Je = Jg
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the corresponding theta function. By the base-change property of the determinant
of cohomology, the zero scheme of v*0# is equal to that of ozg(Fgoy). S0, v is
non-constant, and hence ¢ separates tangent vectors. O

Remark 49. Let e(X/S) be the maximum number of generators at all points of
X (s) of all torsion-free, rank-1 sheaves on X (s) for all s € S. If the fibers of X/S
have only double points for singularities, then e(X/S) = 2 (see [11]). In any case,
we can show that e(X/S) < g + 1, where g is the (locally constant) arithmetic
genus of the curves in the family X/S (cf. [9 Rmk. 8, p. 189]). For every integer
m > 0, let T'gjn(m) C T¢n be the subsheaf of graded Og-subalgebras generated
by the homogeneous pieces W*E?& with 0 < i < m. Let S¢(m) := Proj(Tgjs(m))
and ¢, @ X — f)g(m) denote the associated rational map. We can show that
the properties of Theorem 48 hold already for 1y, if m > max(e(X/5),2) (cf. [0
Thm. 7, p. 187]). We omit the proof as it would require a certain amount of
preliminary work to establish effective separation properties for theta functions. In
addition, it is not known whether max(e(X/S),2) is a sharp bound or not.

Corollary 50. Jg is a scheme.

Proof. Apply statement (3) of Theorem 48 to ¥ := Jg°. O

Proof of Theorem B. By Lemma 35, there are polarizations £; on X/S such that
J = Uj Jgj. By Corollary 50, the space Jgj is a scheme for every j. So, J is a
scheme. 0

Remark 51. 1 conjecture that J is a scheme if the irreducible components of every
fiber of f are geometrically integral. I can prove my conjecture when S is (the
spectrum of) a field, by showing that there are enough polarizations on X. In this
case, the argument for constructing polarizations is just an adaptation of the one
used in the proof of Lemma 35. If one could prove the conjecture in general, then
one would obtain a true generalization of Mumford’s result [6, p. 210].

Corollary 52. There is an étale surjection S — S such that J x g S" is a scheme.
Proof. The proof is immediate from Lemma 18 and Theorem B. O

Remark 53. If # : ¥ — S is proper, then ﬂ'*ﬁ?g is coherent for all m > 0. By

Theorem A, this is the case when ¥ = JZ. It follows that ﬂ*ﬁg'; is coherent as
well for every m > 0 when ¥ = J2°. In fact, by Lemma 18, up to replacing S by an
étale covering, we may assume there are sections o1,...,0, : S — X of f through
the S-smooth locus of X such that J&* = J2' U---U JZ". Fori =1,...,n, let
m + Jg' — S denote the structure map. Since

n
fty Dt
W*ﬁgugs - m*ﬁsu?
i=1

and the m*E?"}i
£
In the proof of Theorem 48 we used only theta functions. We shall consider

realizations defined only by theta functions in the next subsection.

are coherent, so is mﬁ?ﬁqs.
E
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7.2. By theta functions. Let f : X — S be a flat, projective map whose
geometric fibers are connected curves. Let d be an integer and ¥ C J; an open
subscheme with structure map 7 : % — S of finite type. Let £ be a vector bundle
on X of rank r and deg(€/S) = —rd.

For each integer m > 0 and each open subscheme U C S, let Ag”lz(U) be the

H°(U, Og)-submodule of HY(X x U, ﬁ?g) generated by the restrictions of theta
functions 0 € H(Jy x U, LE™) associated to vector bundles F on X x U of rank
mr and isomorphisms det F = (det £)®™ @ Oy and Dy (€)™, = Dy, (F), where
fu : X x U — U is the projection. Since the above isomorphisms are unique

modulo H°(U, Og)*, the submodule A;:”‘Z(U) is well-defined (see Subsection 6.2).

By the base-change property of the determinant of cohomology, flg”‘z is a presheaf.
Let AgTE denote the associated sheaf in the étale topology. We say that Agz is the
sheaf of theta functions of degree m associated to £ and .

The proof of the following lemma was communicated to me by M. Homma [16].

Lemma 54. Let A be a Noetherian ring, h and t positive integers. There are a
faithfully flat, étale A-algebra B, a B-basis p1,...,p, of the vector space of degree-
h homogeneous polynomials of B[Y1,...,Y:], and linear ¢1,...,q, € B[Y1,...,Y}],
such that, for every t-uple (M, ..., M) of square matrices of size h and entries in
a B-algebra C, and every (y1,...,y:) € CPt,

u
det(y1 My + - +yeMy) = Zpi(yh o ye)det (M, ..., My).
i=1

If A contains an infinite field, we may take B = A.

Proof. Let C be an A-algebra, and M, ..., My square matrices of size h and entries
inC. Fori=1,...,tand j=1,...,hlet v; ; € C®" be the j-th row vector of M;.
For every h-uple d := (d1,...,dn) of positive integers d; with 1 < d; <, let My be
the matrix whose j-th row is vq, ; for j =1,..., h. For each t-uple e := (ey, ..., ¢e;)
of non-negative integers with e; + -+ e; = h, let g, := > det My, with the sum
ranging over all h-uples d where i appears exactly e; times as a component for
i=1,...,t. Then,

(54.1) det(yr My + -+ +yMy) = > geys - uf

e

for every t-uple (y1,...,y:) € C®.

Consider the Veronese embedding v : Pf4_1 — Pff‘_l, sending (y1 : Y2 : - - : Yt)
to (v..:yftys? -yt o ...). Since the image of v has non-degenerate fibers over
Spec(A4), applying [14, IV-4, 17.16.3] repeatedly we get a faithfully flat, étale A-
algebra B and B-points x; := (b;1 : ... : bit) € Pgl for i = 1,...,u such that
v(z1),...,v(x,) span P% . Equivalently, the matrix W := (w;,) is invertible,
where w;  := b;y---b for 1 < i < u and all t-uples e := (e1,...,e;) of non-
negative integers with ey +---+e; = h. Let ¢; := b1 Y1 +---+b; Y fori=1,... ¢
Since W is invertible, it follows from (54.1) that the g. are expressible as B-linear
combinations of the determinants of the matrices ¢; (M1, . .., M). Just replace these
expressions for the g, in (54.1), and rearrange the sum.

If A contains an infinite field k, then we may find enough k-points in the image
of the Veronese embedding to span ngl. So, we may take B = A. |
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Construction 55. Assume there is a universal torsion-free, rank-1 sheaf Z on X x X
over Y. Assume there are an integer m, vector bundles G; and G, on X, and an

extension
a:0—-G, =&Y G -0
such that
(55.1) h®(X(s),Z(s) ® Ga(s)) = h'(X(s), Z(s) ® Gi(s)) = 0

for every s € X. Let p1,p2 denote the projections from X X ¥ onto the indicated
factors. For every extension

B8:0-G,—F—>G —0
consider the complex
A
Ch : 0= pau(T @ piG1) =5 R'pa.(T @ pjGa) — 0

obtained by tensoring p; 0 with Z, and taking direct images. Because of (55.1), the
sheaves in Cj; are locally free, say of rank h. Moreover,
(55.2) Dy, (T @ p1G1) = det p2. (T © p1G1),

Dy, (Z ® piG2) =det R'p2.(Z ® piGa)

and the complex C'ﬁ is quasi-isomorphic to R pae.(Z ® piF). So, there is an isomor-
phism (g : Dy, (Z ® piF) = det Cj such that o3 = (gozgp;F, where

0 = det(\g) @ det(pa. (T @ piG1)) "

Under the identifications (55.2), we have (g3 = D,,(Z ® 3). Let 075, be the restric-
tion to ¥ of the section 67 € H(Jq4, LE™) constructed out of F and the isomor-
phisms ¢ := det(a) ! det(3) and g := Dy(8) *Dy(a) (see Subsection 6.2). By
Lemma 46,

Ors = (3 ' Caorepr = (3 ' os.
Assume S := Spec(4). Fori=1,... t, let
Bi :0—=G—F;—G —0

be an extension. Let B and p1,...,pu,q1,---,qu € B[Y1,...,Y:] be as in Lemma 54.
Let C be a Noetherian B-algebra, and set T' := Spec(B) and U := Spec(C'). For
every ¢ := (c1,...,¢;) € C® let

Be : 0=G200y = F.— G ®0Oy —0

be the c-weighted sum of the (;, that is, B, := ¢1081 + -+ + ¢;0;. By linearity,
A, = c1)g, + -+ + ctAg,. By Lemma 54, letting

Y% 1 0—=G00r - Q; =G 0r —0

be the extensions given by ~; := ¢;(01,...,0:) for i =1,...,u, we have

u
03, = Zpi(cl, ey Ct) Oy
i=1
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Applying (1, we get
u
9_7:C|E = E pi(Cl, e 7ct)9Q7:|E'
i=1

Proposition 56. For every integer m > 0 the following statements hold.
(1) Agls, 1s coherent.
(2) If X' C X is an open subspace, there is a natural surjection A;:"‘Z — A;:"‘Z,.
(3) For each map q : S" — S there is a base-change map v, : q*Ag”IE — Agﬁ‘z,,
where X' :=X xS and &' := E®Og . If q is flat, then vy is an isomorphism.

Proof. Statement (2) is clear from the fact that theta functions are already defined
on Jy (see Subsection 6.2).

We will prove (3) and show that A?TE is quasi-coherent. Let ¢ : ' — S be a
map, X' ;=X x S5 and &' := £ ® Og/. Let ©’ : ¥/ — S’ be the structure map. It
follows from the base-change property of the determinant of cohomology that the
natural composition

¢ Al — g (LER) — T2,

factors through A;:nqz/v yielding the map v, of (3). If ¢ is flat, since « is of finite
type, q*w*(ﬁ?";) — 7 (E?,"”Z,) is an isomorphism. So, v, is injective.

For all flat maps ¢ : S’ — S and all affine open subschemes U C S and U’ C S’
such that ¢(U’) C U, consider the natural diagram of maps

ABLU)© HOU', 0g) TS A (U7)

! !
HO(U, mLER) © HOU', Og))  —  HO(U', 7L (LET))

Since 7 is of finite type and g is flat, the bottom map is an isomorphism. So, g, v,
is injective. We claim g 7,y is surjective as well.

If we show that pi14 v, is surjective for every affine open subscheme U C S and
every regular function b on U, it follows that A?‘Z is quasi-coherent. As for (3), if
A?‘Z is quasi-coherent, then pq i = v4(U’) for all affine open subschemes U C S
and U’ C S such that ¢(U’) C U. Since v,(U’) is injective, if we show that pq u,v-
is surjective for all U and U’ as above, it follows that v, is an isomorphism. So, it
is enough to prove the claim. Up to changing the notation, we may assume U = S
and U’ = 5', and let pg := pg.5.5-

Let Ox (1) be an ample sheaf on X/S. Since Adls (resp. Ag)|y,) is an étale sheal,
we may replace S (resp. S’) by an affine, étale covering, if necessary. In particular,
we may assume there is a universal torsion-free, rank-1 sheaf Z on X x ¥ /3. Since
S is Noetherian, and 7 is of finite type, there is an integer ¢y such that, for every
¢ > cp and every s € X,

(56.1) (X (s),Z(s) @ Ne(s)) = h%(X(s),Z(s) @ B.(s)) = 0,

where N, := (det £)®™(c(mr — 1)) and B, := Ox (—c)®m 1,

Let f* : X x 8" — 5" denote the projection. Let 6 € Ag) ., (5"). We claim
that 6 € im(u,). Up to replacing S’ by an affine, étale covering, we may assume
0 = a10g, +- -+ aifg,, where a1, ...,a; € H*(S',Og/), where Gy, ..., G, are vector
bundles of rank mr on X x S’ and fg,, ..., f0g, are constructed from isomorphisms
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¢i : det gi = (det5)®m & OS/ and 1/)i : Df(5)®m X OS/ = Df/(gi) for i = ]., e ,t.
By Lemma 17, up to replacing S and S’ by affine, étale coverings, we may assume
there are an integer ¢ > ¢y and extensions

a:0— B, =&Y 5 N, -0,
Bi :0—B.®0s —G; — N, ®0Og — 0

fori=1,...,t. Fix such ¢. We may choose the isomorphisms ¢; and 1; such that
(det(ar) ® Ogr)p; = det(8;) and Dy(a) @ Ogr = Dy (Bi)y for i =1, ..., ¢t

Since the fibers of f are curves, the formation of Ext}(J\/C,BC) commutes with
base change. In particular,

Extk(Nc,Bc) ® HO(S/, Og) = Exths/(/\fc ® Og/,B. ®@ Og).

Thus, we may write 3; = >, bi v, for i = 1,...,t, where b;; € H(S’, Og)
and 7, ; € Exty (N, B.) for all j. Since (56.1) holds, by Construction 55, up to
replacing S by an affine, étale covering, there are extensions

0—B.— Fij > N.—0

such that 0g, = >, ¢;;0F,; for i =1,...¢, with ¢; ; € HY(S’,Og/). Using that
6 =3, aifg,, we have 6 € im(u,), as wished.

We will show now that Agn‘z is coherent. We may assume S is Noetherian. Since
Afsn\z is quasi-coherent with formation commuting with étale base change, we may
replace S by an étale covering. By Lemmas 18 and 35, since ¥ is Noetherian, we
may thus assume there are a section ¢ : S — X of f through the S-smooth locus

of X and polarizations H,...,H; on X/S, such that
t
sy = J 5.
j=1

Let © : ¥/ — S be the structure map. By Theorem A, the spaces J7,, are proper
over S. As in Remark 53, the sheaf W;,C?‘Tg/ is coherent, and thus so is A?‘Z,. Since
there is a surjection A?\z/ — A?‘Z, we get that A?TE is coherent as well. O

Let
Vg‘z = @Agllz Q I‘g‘z = @ﬂ'*ﬁ?‘rg

It follows from the additive property of the determinant of cohomology and the ad-
ditive property of the isomorphism 7 of Lemma 46 [12, Thm. I.1, p. 509] that Vg|s
is a graded subsheaf of Og-algebras of I'¢|s. We say that Vg|x is the sheaf of theta
functions on ¥ with respect to £. Put Xg := Proj(Vg|s). By Proposition 56, (1),
the scheme Y¢ is separated over S. Let ¢ : ¥ — X¢ denote the natural rational
map.

Proof of Theorem C. Statements (1)—(3) of Theorem 48 hold when we replace ¢
by Y¢. In fact, the same proofs can be given. (We need the formation of ¥¢ to
commute with flat base change, a fact guaranteed by Proposition 56, (3).) So, we
have (2), (4), and that the fibers of 1(s) are contained in the JH-equivalence classes
of X(s) for every s € S.
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Let s € S. We will show that a JH-equivalence class of ¥(s) is contained in
a fiber of 1(s). Let t1,t2 € ¥(s). For i = 1,2 there are a finite and separable
field extension k; 2 k(t;) and a semi-stable sheaf I; in X (k;) with respect to £(k;)
representing ¢;. Let k D k(s) be an algebraically closed field extension containing
k1 and kg. Assume Gr(I1(k)) = Gr(l2(k)). We need to show that ¥(t1) = ¥(t2).
By Proposition 56, (3), the map (k) : %(k) — Xg(k) factors through the natural
map X(k) — X(k)g ). We may thus assume k = k(s) and S := Spec(k).

Let m be an integer, and Fy, F; vector bundles on X of rank mr and determinant
(det £)®™ such that

hO(X,I1 ®F2) = hl(X,I1 ®F2) =0.

Tensoring a Jordan-Hélder filtration of Iy with Fh, and considering the associated
long exact sequences in cohomology, we get

rY(X,Gr(I) ® Fp) = hY(X,Gr(I;) ® F) = 0.
By the same argument, since Gr(I;) = Gr(I2),
RO(X, I, ® Fy) = b (X, I, ® F3) =0
as well. It will be enough to show that

O, O
TRy = 25 (1),
9F2( 1) 9F2( 2)

By Lemma 17, there are vector bundles H; and Hs on X and extensions
a:0— Hy -E¥ - H —0,
Bi : 00— Hy -F;, — Hi — 0
for i = 1,2. Moreover, since Y is Noetherian, we may choose Hy, H such that
hO(X (s),Z(s) ® Ho(s)) = h'(X(s),Z(s) ® Hy(s)) =0

for every s € X, where 7 is a universal sheaf on X x X.
Let p1,p2 denote the projections from X x A? onto the indicated factors. Con-
sider the extension

8:0—piHy —»F —piH —0

on X X Ai whose restriction to the fiber X (a) is 8, := a1 81 +azf2 for every k-point
a = (a1,a2) € A7. Let D; C AZ denote the zero-scheme of oprnerF for i =1,2.
Since Gr(I1) = Gr(I2), considering the Jordan-Hélder filtrations of I; and Iy, and
using the additive property of the determinant of cohomology, we have D1 = D».
By Lemma 54 and Counstruction 55, there are polynomials p1,...,p, € k[T1,T5]
and k-points (b1, c1), ..., (by,cy) € A7 such that

u
Or@) = Zpi(al, az)0q,
i=1

for every k-point a := (a1, a2) € A2, where G; := F(b;, ¢;) fori = 1,...,u. Consider
the polynomials

“~ 0
q;(T1,T2) :== Z 9G
i=1

~(t;)pi(Ty, T2)
Py
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for j =1,2. Since D, is the zero-scheme of ¢; for j = 1,2, there is A € k* such that
q1 = Aq2. Hence,

07 07
t1) = A——=(t
o (t1) o, (t2)
for every k-point a € A?. Letting a := (0,1) we get A = 1. Letting a := (1,0) we
get
Or, Or,
2y = e
9F2 ( 1) 9F2 ( 2)’
as wished.

It remains to show (1). For every m > 0, denote by Vg|s;(m) the graded subsheaf
of Og-algebras of Vg generated by the homogeneous pieces of Vg5 of degree at
most m. Let Xg(m) := Proj(Vejs(m)) for every m > 0. By Proposition 56, (1),
the scheme Y¢(m) is locally projective over S for every m > 0. The proofs of
(2)-(4) hold for the natural rational map 1, : ¥ — Yg(m) in place of v, as long
as m >> 0. (In fact, as in Remark 49, as long as m > max(e(X/S),2).) By
Proposition 56, (2), there is a natural closed embedding Yg < J2*. We may thus
assume % := Jg°. Since JZ° is universally closed over S, and v, is dominant by
(2), it follows that v, is surjective for m >> 0. In addition, by (3), the natural
maps ay, : Sg(m + 1) — Sg(m) are injective for m >> 0. Since Yg(m) is locally
projective over S for every m, the map a.,, is proper, hence finite for m >> 0. Since
the natural maps 1,,, : ¥ — g (m) are defined and scheme-theoretically dominant
for m >> 0, it follows that Y¢ is the normalization of Y¢(m) under 1, for every
m >> 0. Since S is excellent, ¢ is finite over Y¢(m) for m >> 0. Since the X¢ (m)
are locally projective over S, so is ¢ O

8. COMPARISON WITH SESHADRI'S COMPACTIFICATION

Let X be a curve over an algebraically closed field k. Let X1,..., X, denote the
irreducible components of X. Let a := (ay,...,ay,) be an n-uple of positive rational
numbers such that a; +---+a, = 1. According to Seshadri’s definition [25], Part 7],
a torsion-free, rank-1 sheaf I on X is called a-semi-stable (resp. a-stable) if and
only if

x(Iy) = (ai, + -+ +ai,)x(I) (resp. x(Iy) > (ai, + - +ai,)x(1))
for every non-empty, proper subcurve ¥ = X;, U---UX; g X. (Actually, Seshadri

defined the notions of a-stability and a-semi-stability for any torsion-free sheaf on
X, not necessarily rank-1.)

Observation 57. We shall observe that Seshadri’s notions of semi-stability and sta-
bility are equivalent to ours. Let d be a positive integer. Let a be a n-uple of
positive rational numbers such that a3 + -4+ a, = 1. Let A := (Ay,...,A,) be
a n-uple of positive integers such that A := A; + --- + A, is a multiple of d and
Aja; = Aja; for 1 <i,j <mn. Since a1 +-- -+ a, = 1, it follows that a; := A, /A for
i=1,...,n. Foreachi=1,...,n, let 2¢,... ,acf4i € X, be distinct, non-singular
k-points of X. Let

Ox(1):=0x( > ).
1<i<n
1<j<A;
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Of course, Ox (1) is an ample sheaf on X. Let
(57.1) E:= (09" @ 0x(~1))%

for a certain integer ¢t > 0, to be specified later, and r := tA/d. As observed in [I0}
Obs. 13], a torsion-free, rank-1 sheaf I on X with x(I) = d is a-semi-stable (resp.
a-stable) if and only if I is semi-stable (resp. stable) with respect to E.

Let S(a,d) (resp. S'(a,d)) be the set of isomorphism classes of a-semi-stable
(resp. a-stable) torsion-free, rank-1 sheaves of Euler characteristic d on X.

Theorem 58 (Seshadri). There is a coarse moduli space for S'(a,d), whose under-
lying scheme is a quasi-projective variety denoted by U®(a,d). Moreover, U*(a,d)
has a natural projective compactification, denoted by U(a,d). The set of closed
points of Ul(a,d) is isomorphic to the quotient of S(a,d) by the JH-equivalence
relation.

Proof. See [25, Thm. 15, p. 155]. O

Seshadri constructed U(a,d) as a good quotient ¢ : R — U(a,d) of a quasi-
projective scheme R under the action of a reductive group, using Geometric Invari-
ant Theory. In Seshadri’s construction, there is a torsion-free, rank-1 sheaf I on
X x R/R such that I has the local universal property for S(a,d). Let p1, p2 denote
the projections from X x R onto the indicated factors. If we take the polariza-
tion E in (57.1) with ¢ >> 0, then the determinant of cohomology D,, (I ® piE)
descends to an ample invertible sheaf Lx on U(a,d) (see [10, Thm. 14] and the ar-
gument thereafter). In addition, for every integer m and every vector bundle F' on
X with rank mr and det F = (det E)®™, the section o1gp: r € H°(R, Dy, (1@ piF))
corresponds in a natural way (modulo k*) to a section of D,, (I ® p;E)®™ (as in
Subsection 6.2) that descends to a section of Zﬁm. We shall denote by 07 the
descended section. We emphasize that 5 is well defined modulo k*. Let

TE = @ HO(U(Q; d)afgm)v

m>0

and Ve CTg denote the graded k-subalgebra generated by the sections Op. Let
U(Qa d) = PrOJ(VE)

Theorem 59. The rational map © : U(a,d) — Ul(a,d) is defined everywhere,
bijective, and an isomorphism on U*(a,d).

Proof. See [10, Thm. 16]. Alternatively, the theorem can be proved with the same
arguments used in the proof of Theorem 48. |

Let J3’ be the fine moduli space of semi-stable sheaves on X with respect to F
(see Section 4). Let

v JE - TF

be the naturally defined rational map (see Subsection 7.2). Since J3¢ is equipped
with a universal sheaf, there is a naturally defined map

p:Jg — Ula,d),

sending the point in J3’ represented by a torsion-free, rank-1 sheaf I to the point
in U(a,d) represented by Gr(I). So, p~'(U*(a,d)) = Ji. Moreover, since J&
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and U®(a,d) are respectively fine and coarse moduli spaces for the same moduli
problem, p gy J5 — U?®(a,d) is an isomorphism.

Let Lg be the theta line bundle on J3’. Since I has the local universal property
for S(a,d), and there is a universal sheaf 7 on X x JgZ*, there are an affine, open
covering Jg* = | J; U;, maps p; : U; — R and isomorphisms h; : T xwp, 2100y,

for every i. Let \; : LE|U1: = p*fE‘U_ be the isomorphism induced by h; for every

i. As 7 is simple, for all i, j there are an open covering U; N U; = |J, U; ;; and

regular, invertible functions g¢; j; on U, ;; such that hi|X><Um,l = Gijl hJ’|XxU,¢,j,l

for every [. Since x(I® p;iE/R) = 0, by the functorial property of the determinant

of cohomology, )\i|U‘jl = Nly, , for all 4,7,1. Thus, the A; patch to a global
VA 2,75

isomorphism A\ : Lp = p*Lg. Using a similar argument, we can also show that
p*0r = M\p (modulo k*) for every integer m and every vector bundle F on X of
rank mr and determinant (det E)®™.

Let X C Jg° be an open subscheme. Let Vg denote the ring of theta functions
on ¥ (see Subsection 7.2). Since Vg is generated by the theta functions 0 and
Vi by the 6, the isomorphism A induces a surjective, graded map of k-algebras
Vg — Vg, and hence a closed embedding

L Yg — Ula, d).
It is clear that 7o p|y, = ¢ 0 ls..

Theorem 60. If the singularities of X are ordinary double points, and ¥ 2 J%, for
a non-singular p € X, then ¢ : ¥, = U(a,d) is an isomorphism.

Proof. If ¥ 2 J% for a non-singular p € X, then it follows from Theorem 7 that
pls; is surjective. Since 7 is bijective, so is ¢. If U(a, d) were reduced, then ¢ would

be an isomorphism. If X has at most ordinary double points for singularities, then
U(a, d) is known to be reduced [T} Cor. 3.5]. O

If we had a better understanding of the tangent spaces at semi-stable points of
U(a, d), then we could probably say more about the maps = and ¢.
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