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Compactness for Yamabe Metrics in Low Dimensions

Olivier Druet

1 Introduction

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3. A conformal
metric to g is a metric g which expresses as a smooth positive function multiplied by g.
The conformal class [g] of g is the set of such metrics. If g is a conformal metric to g, we
write that § = u*/("~2)g where u € C*(M), u > 0. The scalar curvatures S, and Sg of g

and g are then related by the equation
Agu+ cnSqu = cnSgu? 1, (1.1)

where Ay = —div4(V) is the Laplace-Beltrami operator, 2* = 2n/(n — 2) is critical from
the Sobolev viewpoint, and ¢, = (n — 2)/4(n — 1). The problem of finding a metric confor-
mal to a given one with a constant scalar curvature is known as the Yamabe problem (see

Yamabe [29]). The Yamabe invariant 4 is defined by

g = inf v;“*2>/“J Sgdvg, (1.2)
geld] M

where V5 denotes the volume of M with respect to g. Trudinger [28] solved the Yamabe

problem for nonpositive Yamabe invariant j4. In this case, the solution is unique up to

multiplication by a constant scale factor if the scalar curvature is not normalized. The

positive case ngy > 0 is more intricate and the problem reduces to finding a smooth posi-

tive solution of the Yamabe equation

Agu+cnSqu=u?""". (1.3)
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The problem was solved in large dimensions when the manifold is not conformally flat
by Aubin [2] and in the more difficult remaining cases by Schoen [20]. Moreover, there
are examples of manifolds for which (1.3) possesses multiple solutions (see Hebey and
Vaugon [13], Pollack [19], and Schoen [23]).

Schoen considered in [22, 23] the fascinating question of the compactness of Yam-
abe metrics. Let (M, g) be a smooth compact manifold of dimension n > 3 with pgy > 0.
Let (u;) be any sequence of smooth positive solutions of equations like

Agui 4 cnSqui = udt™! (1.4)
where 2 + ¢9 < qi < 2*, with g > 0 fixed. In [22], when the manifold is not the standard
sphere (a necessary assumption), Schoen announced that the u;'s, if bounded in H#(M),
are in fact bounded in C**(M), « € (0, 1), and thus precompact in C?>(M). Here and below,
H?(M) is the Sobolev space of functions in L? with one derivative in L%. Schoen proved
the result when the manifold is conformally flat in [22]. Then, still in the conformally flat
case, Schoen proved in [23] that one can get rid of the bound on the H$-norm. The proof
in [23] uses the injectivity of the developing map and the Alexandrov method. In [21],
Schoen also gave strong indications for the proof of the result for arbitrary manifolds.
We refer also to Schoen and Zhang [27]. In [7], we proved compactness for sequences (u;)
of solutions of equations like

Agui + ajuy = u.lz*’1 (1.5)
when the 1;’s are bounded in H?(M), and (a;) is a converging sequence of functions on
M. We refer to [7] for a precise statement and point out the fact that the HZ-bound is nec-
essary for such general equations (see [9]). The proof in [7] is based on the very general
CC-theory for blowup developed by Druet, Hebey, and Robert in [10].

In this paper, we are interested in proving compactness results on general com-
pact n-manifolds, 3 < n < 5, when we do not assume any HZ-bound on the solutions.
We follow Schoen'’s approach [21] and provide a detailed proof of his theorem. The 3-
dimensional case was already written by Li and Zhu [18]. We let (M, g) be a smooth com-
pact manifold of dimension 3 < n < 5 and let (a;) be a sequence of smooth positive

functions on M such that

lim a; = a, in C*(M), (1.6)
1—+00

where a,, € C2(M) is such that the operator Ay + a,, is coercive, namely, such that its

energy controls the Hf-norm. In the positive case of the Yamabe problem we discussed
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above, the conformal Laplacian Ay + ¢, Sq4 in (1.3) is coercive. Also, we let (q;) be a se-
quence of positive real numbers in [2 + ¢¢;2*], with o > 0 fixed, and consider equations
like

Agu+ aju=udi !, (1.7)

Equation (1.7) reduces to the geometric equation (1.3) when a; = ¢,Sg and q; = 2*. A
sequence (u;) is said to be a sequence of solutions of (1.7) if for any i, u; is a solution of

(1.7). We prove here the following result.

Theorem 1.1. Let (M, g) be a smooth compact manifold of dimension 3 < n < 5 with
g > 0. Welet (a;) and (q;) be as above. We assume that a; < ¢,,Sq forall i and that (M, g)
is not conformally diffeomorphic to the standard sphere if a,, = c,Sgand q; — 2*asi —
+00. Then compactness holds for (1.7) in the sense that any sequence (u;) of solutions
of (1.7) is bounded in C*>*(M), « € (0,1), and thus precompact in C?(M). In particular,
when 3 < n < 5 and the manifold is not the standard sphere, the set of Riemannian
metrics with constant scalar curvature 1 in a given conformal class is precompact in the

C2-topology. O

Note that compactness for (1.7) does not hold in general if the condition a; <
cnSq is false (see [6, 9, 15]). Independently, note that another proof of the theorem when
n =4, a; = cnSy, and q; = 2* for all 1 follows from the combination of Druet [7] and Li
and Zhang [17]. As a general remark, the blowup analysis we develop below, and in the
related works of Druet [7] and Druet, Hebey, and Robert [10], is valid in any dimension.
The proof we present here in dimensions n = 3,4, 5, which, as already mentioned, mainly
follows the approach developed by Schoen in [21, 22], should easily extend to higher di-
mensions with the difficulty that, in the final computation where the Pohozaev identity is
involved, one more term (the Weyl tensor and then its derivatives) arises with each pair
of dimensions n = [2k, 2k + 1], k > 3. The case of dimensions n = 6,7 should follow from
the material we develop here; the case of dimensions n = 8,9 will be more involved; the
case of dimensions n = 10,11 is again more involved, and so on. The difficult problem
would be to do the compactness for arbitrary dimensions without assumptions on the
Weyl tensor. That pairs-of-dimensions occurrence was first noticed by Schoen [23, 24]. A
very clear explanation of the phenomenon is given by Hebey and Vaugon [14].

The paper is organized as follows. In Section 2, we derive various asymptotic es-
timates for an arbitrary sequence (u;) of solutions of equations like (1.7) around one of
its possible concentration points. This section is divided into several claims. The first

two ones are rather standard now: they provide fine asymptotic pointwise estimates on
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(uy) in a suitable neighborhood of a concentration point. In this neighborhood, u; is con-
trolled from above by a standard bubble. Claim 2.3 is purely technical and provides a
rough estimate on the speed of convergence of q; to 2* in the case of blowup. In Claims
2.4 and 2.5, we carry out a projection of u; on the set of standard bubbles so as to write
suitably u; as the sum of a standard bubble and a rest. And we give sharp estimates
on the H{-norm of this rest as i — +oo. This technique was initiated in the Euclidean
context by Adimurthi, Pacella, and Yadava [1]. Associated to strong pointwise estimates
(like those of Claim 2.2), as in [10], it revealed to be powerful in a Riemannian setting
(see, e.g., Druet and Hebey [8]). At last, Claims 2.6 and 2.7 make an intensive use of the
Pohozaev identity derived in the appendix. The restriction on the dimension of the man-
ifold appears in the computations involved in these claims (see also Remark 3.6). We get
estimates relating the weight of the concentration point, the size of the neighborhood of
this concentration point, where u; is controlled by a standard bubble, and the underly-
ing geometry of the manifold. Section 3 is devoted to the proof of the theorem. We prove
the theorem by contradiction assuming that some sequence of solutions of equation (1.7)
develops a concentration phenomenon. We first prove that concentration points are nec-
essarily isolated. Such a fact follows mainly from Claim 2.7. Then the u;'s are bounded in
H?(M) and we are in some sense back to Druet [7], with a slight difference from [7], where
qi = 2* for all i. Compactness with the HZ-bound—which relies essentially on Claim 2.6

and thus on the Pohozaev identity—is proved at the end of Section 3.

2 Pointwise estimates around a concentration point

We let (M, g) be a smooth compact Riemannian manifold of dimension 3 <n < 5 and we

let (ai) be a sequence of smooth functions on M such that (1.6) holds and such that
ai < cnSg. (2.1)

We let also qgi € [2 + €0;2*], with ¢o > 0 fixed. We need to consider sequences of solutions
of a slightly more general equation than (1.7). This will allow us to perform a suitable
conformal change of the metric in Section 3. Thus we let ¢ € C® (M), ¢ > 0, and we

consider (u;) a sequence of solutions of
Agui + ajuy = (pz*_q‘ufif1 in M. (2.2)

Throughout this section, we assume that there exist a sequence (x;) of local maxima of
u; in M and a bounded sequence (p;) of positive real numbers such that the following

assertions hold:
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(H1) piui(xi) 97272 5 to0asi— +oo;
(H2) there exists Cy > 0 independent of i such that

dg (Xi,X)Z/miiz)ui(X) < Co in Bxi (3p1) (23)

We divide this section into many claims, being more and more precise in the estimates

on u; around x;. We let u; > 0 be defined by

ul(xl) _ H;Z/(q1_2> (2 4)
so that
ug — 0, P +oo, asi— +oo, (2.5)
Hi

thanks to assumption (H1). Claim 2.1 is really standard now.

Claim 2.1. We have that, after passing to a subsequence,

/0 P enp, (wx)) — UG 26

in CZ_(R™) as i — +oo, where

|X‘2 —(n-2)/2
Ux) =14+ —— . 2.7
0= (14 y) (27)
Moreover, we have that q; — 2* as i — +oo0. O

Proof of Claim 2.1. We let (z;) be a sequence of points in By, (pi) such that

Uy (Zi) = Sup ui, (28)
BX'l(pi)
and we set
u (Zi) _ ':L:Z/(QL*Z). (2 9)

dg (Xi,Zi) = O(FLI) (210)
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Fix 0 < & < inj(M), with inj(M) the injectivity radius of M. We set for x € Bo(5fi; ') the

Euclidean ball of center 0 and radius 5fi; ',

(%) = 17/ (exp,, (ux)),  §i(x) = exp?, g(fux). (2.11)

Since {i; — 0 as i — +oo, we have that g; — & in C{ (R™), with & the Euclidean metric.

Independently, 11; verifies

o - - W2 di~qi-1 .
Ag. Ui + uizai(expz,l (ix)) e = @(exp,, (x)) TR ' in Bo(5f; '),
1i(0) = sup gy =1. (2.12)
(1/i1) expz ! (Bx (p1))
Thanks to (2.4), (2.5), (2.8), (2.9), and (2.10), we have that
1
—exp, (Bx,(pi)) — R™ asi— +oo. (2.13)

Hi
It follows from the standard elliptic theory (see, e.g., [12]) that after passing to a subse-

quence,

Uy — Uin Cf,(R") asi— oo, (2.14)
where

AU =(z0)” %U% TinR™, U@0)=1,0<U<1inR", (2.15)

qo = lim; , ;o i, and zp = lim;_,  «, z;. Thanks to [11], it is possible if and only if q¢ = 2*,

which proves the second assertion of Claim 2.1, and thanks to [5], we have that

|X‘Z 1-n/2
=(14+ - . 2.1
U(x) ( +n(n_2)) (2.16)
Thus we have obtained that
lim &9y (exp,, (Rix)) = U(x) in Chg(R™) (2.17)
15400 ui. 1 pzi l‘L‘L — loc . .

Thanks to (2.10), we have that, up to the extraction of a new subsequence,

1
= exp; (xi) — %o asi-— +oo, (2.18)
i

for some xy € R™. Moreover, since x; is a local maximum of u; for all i, we get that x, is a
local maximum of U. This implies xo = 0. In turn, this clearly implies that {1;/pu; — 1 as

1 — +o0. Claim 2.1 easily follows. |
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For 0 <r < 3pi, we set

J uidog
Pi(r) = r?/@i=2) 9Bx, (1) , (2.19)

dog
3By, (1)
where doy denotes the (n — 1)-dimensional Riemannian measure. If we let (X;) be a se-
quence of positive real numbers converging to some X > 0 asi — +o0, it is easily checked,
thanks to Claim 2.1, that

(n-2)/2
X
Vi (Xip) = — 3 +o(1),
1 2
* n(n—2) X
(2.20)
n/2
, n—2 X 1 1
f(Xiw) = - — 1).
ll)l(xlul) 2 ] R <X2 n(niz) +0( )
1+ —X
nn-—2)
We let Ry > 24/n(n — 2) and we define r; by
vy =max {r € [Ropi; pi] : Wi(s) < 0fors € [Roui;7]}. (2.21)
It follows from (2.20) that
:L—i — +o00 asi— +oo. (2.22)
i
Claim 2.2 provides strong pointwise estimates on u; in By, (21y).
Claim 2.2. There exists C; > 0 such that for any 1,
ui(x) < Cy H{L_Z_Z/(qi_Z)dg (Xi,x)kn in By, (Zri)\{xi}’ (2.23)
22 /(qi T-n '
‘Vui(x)‘ < Gy 2-2/(as 2)dg (xi,x) " inB,, (2ri)\{xi}. 0

Proof of Claim 2.2. First, we note that it follows from assumption (H2) and from Har-
nack’s inequality (see, e.g., [12]) that there exists C; > 1 such that for all v € [0;(5/2)pi]
and all 1,

1

o a%f‘fi) u < r*Z/(qi*ZN’i(T) < C, alBliiir(lr) ui. (2.24)
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As a consequence, we can write, thanks to (2.20) and (2.21), that for all R > Ry, all r €
[Rpi;1i], all i, and all x € 9By, (1),

2/(qi—2
dg (xi,x) /a )ui(x) < Coi(r)

< Coi (Rui)
(n-2)/2 (2.25)

Thus we have that

sup (dg (xi,x)zui(x)qifz) =¢(R) +o(1), (2.26)
By (Ti)\Bx; (Rui)

where ¢(R) — 0 as R — +oo. We introduce the operator

Li:ur— Agu+ aju— @ ~9iudi?y (2.27)
which verifies the maximum principle since Liu; = 0 and u; > 0 (see [3]). We let G; be
the Green function of Ay + a;. Standard properties of the Green function (see, e.g., [10,
Appendix A]) give that there exist p > 0, C3 > 1, and C4 > 1 such that for all x,y € M,

X #Y,

= < dg(x,u)"2Gilx,y) < G5,

- C
dg(x,y) < p = 1 IVGi(x,y)| (2.28)
— < dg(x,y)Ty)g < Cy.

For 0 < 0 < 1, we write that

2

LG o o ’VGi(Xi"Hg 2*—qi,,9i—2

iGi(xi,")" =Gi(x,)) |(1—=0)ai+0o(l—0)—S5F —¢ fuf

Gi(xi,) (2.29)

o . 1— 0') x 2

> Gi(xy, - [10 mlnaﬁ—a(——(p2 diq e ]
(xi,)" | (1 — o) mi; iy, )

in By, (p)\{xi} thanks to (2.28). We then obtain, thanks to (2.26) and to the fact that q; —
2* asi — +oo (Claim 2.1), that

o(1-o0)

LiGi(xi, .)U > M [(1 —0)dg (x4, .)2 mNi[n ai + — e(R) + 0(1)] (2.30)
.. 4
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in (Bx, (p) N Bx, (11))\Bx, (Ri). Fix 0 < v < 1/2. We choose 0 < p < p such that

pZmin a; > 2.31
D m]\}lnal_ ( )

v
22
for all i. Note that this is possible thanks to (1.6). Applying (2.30) withc =vand o = 1—v,

it is easily checked that we can choose R, > Ry large enough such that

v 1

LiGi(xi,") >0, LiGi(xi,-) V>0 inB,, (1) \Bx, (Rvui) (2.32)
forilarge, where 7; is given by
i = min {r;;p}. (2.33)

Thanks to Claim 2.1 and (2.28), we have that

W < (C3RY2) VMA@ G (6 )Y on 9By, (Ryw), (2.34)
while
w < C}’,fgn—l)v ( sup ‘LL1> Gi (Xi, -)V on aBX.l (T‘i). (235)
ani(fi)

Applying the maximum principle, we thus get, thanks to (2.32), to the fact that Liu; = 0

in M, and to these last two relations, that

w < (CsR:}_z) 17Vu£n72)(17\/)72/(q172)Gi (Xi, ) 1—v

B (2.36)
+ C}:T_‘gn 2>V< sup ui) Gi(Xi, -)V
an.l(ﬁ)
in By, (T1)\Bx, (Ryti), which gives with (2.28) that
w < (CgRS—Z)1*Vugﬂ*Z)U*V)*Z/(qi*Z)dg (Xi, .)*(n*Z)U*V)
(2.37)

+ vy ( sup ui> dg (x4, ~)7(n*2>V
ani (?i)

in By, (Ti)\Bx, (Rviti). Let 0 < § < 1. Thanks to definitions (2.21) and (2.33) of r; and 7y,
respectively, and to (2.24), we can write that
——2/(ai-2) (=
pax ui < CoTy T (1)
< Cor YDy (BT) (2.38)

<C252/(q172) max Ui,
- 3B, (BT+)
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which leads with (2.37) to

max u; < Cz(C%Rl}_z)livﬁz/(Qi—Z)—(n—Z)ﬂ—V)f;(ﬂ*Z)U7V)ugn72)(1fv)—2/(qi72)

By, (1)
+ CzcngZ/(Qi*Z)*(n*Z)V max uj.
0B« (T1)
(2.39)
Since q; — 2* and v < 1/2, we can choose 3 > 0 small enough such that
Czcgwfﬁz/(m*z)*(nfz)" < % (2'40)

for ilarge in order to obtain that

ma(x )ui < zcz(CgRLHz)1fvBz/(qﬁz)f(mz)uw)ﬁ(nfz)ﬂfv)u(infthv)fz/(qrz)_
aBXi Ty

(2.41)

Coming back to (2.37) with this last relation and using the fact that dq(xi,x) < 7 in
By, (T1), we get the existence of some C, > 0 such that

w < Cvu(iﬂfz)(k*/)*z/(qu)dg (Xi, ')*(H*Z)(FV) (2.42)
in By, (71)\Bx, (Rv ). Since this relation obviously holds in By, (R 1i)\{xi} thanks to Claim

2.1 and in By, (11)\By, (T1) thanks to (2.21), (2.24), and (2.33), we have obtained the follow-
ing result: for any 0 < v < 1/2, there exists C, > 0 such that

wi < Cuu{m A g e )Y g e\, (2.43)

for all i. We claim now that the following assertion implies Claim 2.2:

(A) for any sequence (si),0 < s; <1i,si —» 0asi— +oo,

o\ 2-2/(a-2)
) —0(1). (2.44)

o) (2

™

Indeed, let (yi) be a sequence of points in By, (1i)\Bx, (2Roi). Thanks to (2.24), we have
that

i (ui) < Cadg (xe, 1) i (dg (x1,u1))- (2.45)
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Welet 0 < si < dg(xi,Ui), si — 0asi— 400, to be chosen later. Then definition (2.21) of

r; implies that

-2/(qi—2)

ui(yi) < Cadg(xi, 1) Vi (si). (2.46)
Applying (A), we get that
)\ n—2-2/(d1-2)
PO (q y) (i) = O((—dg ():,yl)> > : (2.47)

Assume by contradiction that the left-hand side of this equation goes to +co as i — +oo.
Then it will always be possible to choose a sequence (s;), 0 < s; < dg(xi,Yi),si — 0 as

1 — +o0, which violates the above equation. Just take, for instance, s; such that

—2-2/(q:—2)
2 2/(qi— dg (xi,u1)"
s? 2-2/(ai-2) _ 29(2" Uz . ) (2.48)
— — i— n—
ViR o y) ™ )
Thus we have proved that
C(n— — -2
h (n—2)+2/(q: z)dg(xi,yi)n wi(yi) = 0(1) (2.49)

for all sequences (yi) of points in By, (11)\Bx, (2Rot1). Since the first estimate of Claim 2.2
obviously holds in By, (2Ropi)\{0} thanks to Claim 2.1, we have proved that assertion (A)
implies the first estimate of Claim 2.2 in By, (r;)\{0}. Then Harnack's inequality gives,
thanks to (H2), that the first estimate of Claim 2.2 holds in By, ((5/2)r{)\{0}, while stan-
dard elliptic theory leads then to the second estimate of Claim 2.2. The rest of the proof
is devoted to the proof of (A). Let (si) be a sequence of real numbers, 0 < r; < si,8; — 0

as i — +oo. We assume that

S
= — 400 asi— +oo. (2.50)
Hi

Otherwise, (A) obviously holds for (s;) thanks to (2.20). We set for x € Bo(1) the Euclidean

ball of center 0 and radius 1,



1154 Olivier Druet
((x) = sf/(qifz)ui(expxi (six)), gi(x) = exp}, g(six). (2.51)
Then

Ag. i +sfai(exp,, (six))ii = ¢(exp,, (six))z*fqiﬁ?‘_] in Bo(1). (2.52)
Thanks to (2.43) and (2.50), we have that

U — 0 in C,(Bo(1)\{0}). (2.53)
Then standard elliptic theory gives the existence of some A; — +oco such that

Aty — H - in Cft (Bo(1)\{0}), (2.54)

where H # 0 verifies At H = 0 in Bo(1)\{0}. Note here that s; — 0 asi — +oc0 and that, as a
consequence, g; — & in C%(Bo(1)). By definition (2.21) of v;, we also have that

J HdO‘g
/21 0B (1)

J dO'g
aBo(T)

is nonincreasing in (0; 1] so that H must be singular at the origin. Thus we can write H as

(2.55)

A

H= sty (2.56)

where h € C?(By(1)) is harmonic and A > 0 is some constant. We let € C* (B (1)) be
the first positive eigenfunction of the Euclidean Laplacian in the unit ball with Dirichlet
boundary condition, that is, Azn = Aym,n > 0 in Bo(1), with A; the first Dirichlet eigen-
value of A;. We multiply equation (2.52) by n and integrate on B¢(5),0 < & < 1. This leads

after integration by parts to the following:

U ui0yndog, —J ndviidog,
3Bo(5) 3B (5)

- J (P( €XPy; (Six))z*iqiﬂ?ii1n dvg;, (2.57)
Bo(8)

- J (Agin + stai(exp,, (six))n)iidvg, .
Bo(3)
Since g; — &in C%(By(1)) and s; — 0 as i — 400, we obtain that

Agn +siai(exp,, (six))n >0 (2.58)
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in Bo(d) for i large. Thus the above equation leads, thanks to (2.54) and to the fact that

qi — 2*asi— 4oo (Claim 2.1), to

1

—H Ho\n dO'g—J naVHngJro(])] <(1 +o(1))J T dvg, .
Ai [ JoBo(s) dBo(5)

Bo(8)
(2.59)

It is easily checked, thanks to Claim 2.1 and (2.43) (applied with v > 0 small enough),
that

i n

S\ n—2-2/(di-2) _ V2
J (5>ﬂiqi_1n dvg, = (L:) (n(o)(n(n))wnq +0(1)>, (2.60)
Bo

while

an Havndcg—J' nadeGg}:A(n—Z)wnm(O), (2.61)
620 [ JaB,(5) 3Bo(5)

where w,, 7 is the volume of the standard unit sphere in R™. We thus obtain that

: W\ 22/ @)
— = = . 2.62
of(®) -

This leads with (2.54) to the estimate (A) for the sequence (s;/2). Then it holds for (s;)
thanks to (2.21). This ends the proof of assertion (A). As already said, this also ends the
proof of Claim 2.2. |

Lack of compactness can occur only if the equation is almost critical as proved
in Claim 2.1 (q; — 2* as i — +o00). Here we prove that q; must go to 2* quite fast. More
precise information on this speed of convergence may be deduced from Claim 2.6 but the

following claim is easier to prove and sufficient for the moment.

Claim 2.3. We have that

o(ﬁ) ifn =3,
Ti
5 2 i i
2 —q; =<0 ? +O(ufln w)) ifn=4 (2.63)
\n—2
o(u$)+o<(“‘) ) ifn > 5.
Ti 0
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Proof of Claim 2.3. We write the Pohozaev identity (see the appendix) applied to u; in
By, (1) with test function f; = (1/2)dg(xi,x)%:

n-2 n J 2 qi. qs
_— — 0} tutdv
( 2 Qi) B, (ro) e

1 1
= —JBX o (ai + E(Vfi,Vai)g + 4_1 (Aé)fi)uizd\)g

i

i (é - i) JB (ri) (Agf+m)e ~druitdy, (2.64)
s () e,
di JB, (1) ?

+ J (sz — g) (Vui, Vui) d\)g + Ay,
Bx1 (ri)
where A; is the boundary term:

Ai= J (Vfi,v) | Vui|2 dog
an (TL)

di

1 * ) . 1
—J (Vfi,v)g<f(p2 Sy —zaiuiz>dcrg
aBX (T‘i)

-2
_ nTJ (Vui,v)guidcrg
OBxi(r) (2.65)

—J (Vui, Vi) (Vug,v) dog
B, (1) ¢ ¢

1
+ —J (Agfi +1)(Vui,v) uidog
2 Jom, (r0) 9

—1J (V(Agfi),v) uidog.
4 Jop, (ro) g

Thanks to Claim 2.2, we have that
1 i

Ai = O(uz(n72>74/(qi72)1“27n). (2.66)

It is also easily checked that

Agfi+n = O<d9 (th)z)'
(A7)fi =0(1), (2.67)
(Vi — ) (Vui, Vi) = O(dg (Xi,x)z‘vuiﬁ))’



so that, since q; — 2* as i — 400, (2.64) becomes

(1+0(0) 2" a7 |

By (ri)

qi
u;tdvg

= O(uf(“fz)%/(q‘*z)rf*“) + O(JB - dg (xi,x)z‘Vuﬂzd\)g)

+O<J uizdvg,) +O(J dg(xi,x)zugid\/g>
B (14) By, (1)

+O<(2* — qi)J

Bx-l (Ti>

Thanks to Claims 2.1 and 2.2, we have that

i

J, s = (k2 o,
x; (T

J dg (%1, x)ultdvy = O(H{L7274/(Qi*2)))
x; (T1)

0 (riuf"‘/(qi’z)),

J' uizd\)g = O<H‘il4/(q12) In (E))’
By, (T1) i

O(u{l*‘*/(m*z))’

JBx, (r1)

i

JBX. (T‘i)

i

dg (xi, %) ud dvy = O(p{‘_“/(qi_z)),

dg(xi,x)ZWuiid\)g: O(Hf4/(qiz)ln(i)>» ifn =4,
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(2.68)
dg (xi,x)uf‘dvg).
ifn =3,
ifn =4,
O(Tiuf%/(q"*z)), ifn =3,
Hi
O(u{l%/(q‘*z)), ifn > 5.
|

Coming back to (2.68) with all these estimates, we obtain Claim 2.3.

We project u; on a set of bubbles (defined below). Let n € C*®(R) be such that
=1on|0;1/4] andn =0 on [1/2;400). We consider the function

Ji:M xR xR+— R

defined by

Ji(y,v,0) =JM ‘V<n<dg(:f")> (ui—

(2.70)

2
dvg,
9

(1 +e)Biw))

(2.71)
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where
(n-2)/2

. o o o ’\/
B!, (x) — y(=2)/2-2/(a:-2) : 1 ; - (2.72)
v +m o(U,%)

fory € M and v > 0. We define the set A; by

/\i_{(y»V,e)GMXR:XR: Sz) —1 Seg]) dg(xivy)<ui}‘ (273)

Since A; is compact and J; is continuous, there exists (yi,vi, 0i) € A; such that

(y,«lxl‘lei)%/\i Ji(y,v,0) = Ji(yi, Vi, 04). (2.74)

Claim 2.4. We have that

dg (%1, Y1 .
M — 0, asi— +oo. (2.75)
Vi i 0

Proof of Claim 2.4. First, we note that (xi, ui,0) € A;. Moreover, we can write with (2.22)
that

(o, 0) = [ [V (n( 222 (B "4
(X1, i, )_ M n T (ul_ Xi,ui) Vg
9
, 2
= V(ui—BL )| dv 2.76
inmm)’ (= B gdvs (2.76)
2
d . )
—I—J V<n<M> (u; — B, m)) dvy
M\B, (Rii) Ti ’ g
for all R > 0. Thanks to Claim 2.1, we have that, for all R > 0,
J |V (ui — B, ,..) ;dvg = o(u?fz*é‘/(qifz)), (2.77)
Bxi<Rui)

while, thanks to Claim 2.2, to (2.22), and to some computations, we have that

V(n (%1‘3)) (ui — BLm))

2
dvg < (er + o(]))u?fzfl‘/(q‘*z),

9

J'M\Bxi(Rui>
(2.78)
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where eg — 0 as R — +oo. Thus we obtain that

Ji(xi, 11,0) = O(u?*zfl‘/(q‘*z)). (2.79)

By definition (2.74) of (yi,vi, 0i), we thus have that

Ji (yi,vi,01) = 0<u{17274/<q‘72>). (2.80)
We set
d iy "
i —n(%) (2.81)

and we write that

(e, 8) = | [ oo+ (1400 T8y 1) v,

’ (2.82)
201400 | (V) V(B 1))y dve.

This leads first to

2
N 1/2
o dvg .

Ji (i, vi, 01) > [(JM |V (niui) |;dvg> v (1+63) (JM IV(niBL, 5.)

(2.83)
It is easily checked, thanks to Claims 2.1 and 2.2 and to (2.22), that
) 1/2
uf/<q‘2><“2)/2(J \V(mui)\gdvg) — KV asi— too, (2.84)
M
while direct computations give also that
_ N 1/2
uf/<q‘_2)_(n_2)/z<J |V(niBy, +,) gdv9> — KV* asi— 4oo. (2.85)
M

Thanks to (2.80) and (2.83), we can conclude that 6; — 0 asi — +oo. Coming back to
(2.82) with (2.80) and these last results, we also obtain that

/19 | an), DY, ) vy — K st koo, (286)
M
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which leads, thanks to (2.79), to

pp/ (a2 J (V(MiBY, ), V(iBy, y,)) jdvg — K2 asi— foo.
M

(2.87)

It is easily checked to be possible if and only if the two remaining assertions of Claim 2.4
hold. This ends the proof of Claim 2.4. [ |

We set for x € Bo(2) the Euclidean ball of center 0 and radius 2,

vi(x) =12/ D (expy, (rix)),

hi(x) = exp}, g(rix),

B v (2.88)

di(x) = ai(expy, (rix)),

#:x) = o exp,, (rx)).
Then

An,vi +1iav; = (pf 7q1vf‘71 in Bo(2). (2.89)
We let

Vi
i =— 2.90

Yi ™ ( )
As a consequence of Claims 2.1 and 2.4, we have

yi/ (a2 vi(vix) — U(x) in Cfo(R") asi— +oo, (2.91)
while Claim 2.2 together with (2.22), and Claims 2.3 and 2.4 give

vi(x) < Oy 2P inBo(2)\(0), (2.92)

[Vvi(x)| < Cy™ 22 ) in Bo(2)\[0), (2.93)

for some C > 0 independent of i. Thanks to standard elliptic theory (see, e.g., [12]), equa-
tions (2.89) and (2.92) give that

(B) (v; ™ /%) is bounded in CZ_(Bo(2)\{0)).
We set

Ri =n(vi — (1+63)By), (2.94)
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where
(n—2)/2

(n—2)/2-2/(q:-2) Yi

Bi(x) =v; (2.95)

SO
Yonn=2)

The first variation formula associated to (2.74) gives after some computations that

J (V(nB1), VRy), dvn, =0, (2.96)
Bo(1) '

J V[ nix? 1+;ﬁ o VRi| dvn, =0 (2.97)
Bom -\ nn-2) vy¢ )L '

i

and, thanks to Claim 2.3,

By _
J (V(”a )’V‘“) dvi, = O(¥}?) (2.98)
Bo(1) OXax he

foralla =1,...,n.

The next claim provides fine integral estimates on R;. We state this claim only for
dimensions n = 3,4,5. Similar estimates hold, and follow from the proof given here, in

higher dimensions. These kinds of estimates were first obtained by Druet and Hebey [8].

Claim 2.5. The following estimates hold:

J [VRi[}, dvi, = O(v1 ), (2.99)
Bo(1) '
O(vilnl ) ifn=3,
Yi
- 210 ) 2.2 1) :
Bi=<O0(viln— | +O(r{yi( In— , ifn =4, (2.100)
Yi Yi
31 2270 ) .
Olyyln— ) +O(r{yiIn— ), ifn=>5. O
Yi Yi

Proof of Claim 2.5. We write with (2.94) and (2.96) that
2
J ‘VRi|h, d\)hi = J (VRi, V(T]Vi))h_ d\/'h.l = J RiAhi (nvi) d\)hi, (2.101)
Bo(1) ' Bo(1) " Bo(1)

which leads with (2.89) and (B) to

J' ‘VRi’i,dvhi

Boll) l (2.102)

= J (f)f s (T]Vi)qii] Ridvhi + O(’Y{Iiz) — T%J' Si (T]Vi)Rithi.
Bo(1) Bo(1)
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Thanks to (2.91), (2.92), (2.94), and (2.95), it is easily checked that
2

Ti J' S; (T]Vi)Rid\)hi — 0 asi— +oo. (2.103)
Bo(1)

Independently, we write that

1

2t g i1
J <Pi2 q‘(TWi)q Ridvn,
Bo(1)

SZJ V9171|Vif (] +Gi)Bi|thi
Bo(Ryi) (2‘104)

+2J (nvi)qr]n(Bi +vi)dvn,
Bo(1)\Bo(Rv1)

for all R > 0 and i large. It is easily checked, thanks to Claims 2.3 and 2.4 and to (2.91),
that

J V8 v — (1400 Bi|dvn, — 0 asi— +oo, (2.105)
Bo(Ryi)

for all R > 0. Thanks to (2.92) and to Claim 2.3, we also have that

—1

lim limsup (nvi)qi N(Bi + vi)dvh, = 0. (2.106)

R=+o00 {4400 J'Bo(l)\Bo(Ryi)

Coming back to (2.102) with all these relations, we obtain that
J ‘VRi|}21, dvh, — 0 asi— +oo. (2.107)
Bo(1) '

Let us be more precise now. We write, thanks to not only (2.94) and (2.107) but also
Claims 2.3 and 2.4, that

J (I)iz*iqi(ﬂvi)qlqRide = (1 + ei)qu J (11131;)(1"71Ridvhi
Bo(1) Bo(1)

n+2 2% -2
+ —J (MBi)”  “Ridvn,
n-—2 Bo(1)

1/2
+0 <y§“‘2)/ 2<J [VRi[Z dvm) )
Bo(1) '

+ o(J VR dvhi).
Bo(1) '

Relations (B), (2.94), and (2.96) together with Claim 2.3 lead to

(2.108)

0= J (V(nBi), VRy), dvh, = J NAR,BiRidvr, + O (v 2). (2.109)
Bo(1) ' Bo(1)
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Since

An By =y (72 RIEIRE Y 4 O (x| VB )

i

. ) N , (2.110)
1
thanks to Claim 2.3, we obtain with Hélder's and Sobolev’s inequalities that
J (T]Bi)q Ridvhi
Bo(1)
2% /(21 @-n/z
_ O<T%(J X2/ ’])‘VBi‘ /(27— )dvhi)
Bo(1)
(2.111)

5 1/2
X(J | VR, dvhi> )
Bo(1) '

ro(@-a) () [ BeRfaw, ) + 0012,
Bo(1)

Yi

which leads after computations, thanks once again to Claim 2.3, and to Holder's and

Sobolev's inequalities, to

1/2
J' (nBi)qi_]Rith-l -0 <y§n2)/2 (J' ’VRiﬁli dvhi> ) + O(y?—2>.
Bo(1) Bo(1)

(2.112)

Using Holder’s and Sobolev’s inequalities, one also gets after some computations

1/2
ﬁzj S: (1vi) Rudvn, = O<rfv§“2)/2(J ’VRi‘i dvhi> ) (2.113)
Bo(1) Bo(1) '

Coming back to (2.102) with (2.108), (2.112), and this last relation, we obtain the follow-

ing:

2 ‘o
(o) | |VRE avn = TS| (BT R+ O(r?)
Bo(1) ' n—2Jg,)
. 1/2 (2.114)
+0 v§“2>/2<J |VRi|h_dvhi> .
Bo(1) '
We now consider the following eigenvalue problem:
2%-2 .
An, i, = Ti,o (NB1) Gi,« 1InBo(1),
Giw =0 0ndBy(1), (2.115)

22 B
J (MB1)” "Gl pdvn, = K™ 284,
Bo(1)
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withti; <--- <1« <---.Bytheresult of [7, Appendix 1], we know that

lim T4 =T« Vo e N*, (2.116)
1— +00

and that
lim J IV (Cio— Civa) |2 dv, =0 Ve e N, (2.117)
1—+00 Bo(1) t

where
- _ X
Ga=vi Pla () (2.118)

Yi

with ({«,T) the solutions of the following eigenvalue problem:

Ai (o = ToU? 20 inR™,

- ) (2.119)
J U” " Calpdve = KT:H/ dap,
where U(x) = (1 + [x]*/n(n —2))' /2,
Thanks to the work of Bianchi and Egnell [4], we know that
G =1Uu, T =1,
ou n+2
C‘X:A“m’ Ta = ) fora=2,....n+1, (2.120)
2 2
vz =Ansa [U— —— U2} g, =S
nn-2) n-—2
where Ay, ..., A, 2 are some positive real numbers, and that
n+2
s > 5 (2.121)
We now write that
n+2 ~
Ri=) Dialio+Ri (2.122)

=1
with
J (VRe, Viia), dvn,
Bo(1) '

Dio = - (2.123)
J Vi, dvn,
Bo(1) '
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so that
J (VRi, Viia), dvh, =0 (2.124)
Bo(1) '
fora =1,...,n+ 2. In particular, we obtain, thanks to (2.116), that
~ 2 252+,
J ‘VRi|hidvhi > (Tnss +0(1))J (nBy) RZdvp,. (2.125)
Bo(1) Bo(1)

We also have

n+2

J [VRi[Z dvi, =KV Y 104D, +J [VRi[} dvn, (2.126)
Bo(1) ' a=1 Bo(1) '
thanks to (2.115). At last, we can write that
2*-2 s 2*—24
J (MBi)” Ridvh, =K V2 ) D7, +J (MB1)” “Ridvn,. (2.127)
Bo(1) a—1 Bo(1)

We now estimate the D; »'s. We write, thanks to (2.115), (2.117), and (2.123), that

K21 o« Do = J
Bo(1)

1/2
_ J (VRi, Vii), dvi, +0 (J VR |2 dvhi) .
Bo(1) ' Bo(1) h

(2.128)

(VRi, V(Ci,a — Zi,a))h_ dvn, + J (VRy, VZi,cx)h, dvp,
' Bo(1) '

It is then easily checked that
J (VRi, Viia), dvh, =0y ?) (2.129)
Bo(1) )

for o« = 1,...,n + 2, thanks to (2.96), (2.97), (2.98), (2.118), (2.120), and Claim 2.3. Thus

we obtain that
2 _
D{, = 0<J |VRil;, dvhi> +o(y]?). (2.130)
Bo(1) b

Then (2.126) becomes

(1+0() |

|VR1|$L dvhi = J
Bo(1) ' B

N VR[5, dvn, +0(y12) (2.131)

0
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and (2.127) becomes

B:)> “R2dvy,.

B (1) (T] ) 1 i
° 2.132

2525 2 no2 ( )

— (MBi)” "Ridvn, +o ]VRi|hid\zhi +o(yl 7).
Bo(1) Bo(1)

Using (2.114), (2.121), and (2.125), we deduce (2.99). It remains to prove (2.100). For that
purpose, we first write that

J ‘V(T]\/l)‘i d\)h,l = (] + Gi)zj
Bo(1) '

\V(nBi)ﬁli dvp, +J ( )\VRiﬁLi dvp,
1

o(1) o

(2.133)

thanks to (2.94) and (2.96). Direct computations lead then with the Cartan expansion of
the metric h; around 0 and with Claim 2.3 to

JB N |V (nB:) |i dvn, = K2+ 0 (v ?)

O<yilnl>, if n =3,
Yi
s 1Y L
+ O riyi( In — +O0lyiIn— |, ifn=4,
Yi Yi
2 9.1 31 | .
O(r{yiln— ) +0(y{ln— ), ifn=>5.
Yi Yi
(2.134)

We thus obtain, thanks to (2.99), that

Jou o [PEOL v, = K2(1+00)" + O 2)
0

O( 1ln—) ifn=3,

270 ] :
+<0 ryl ln— +0 yiln? , ifn=4,
O(r2 2ln—>—|—0< fln%), ifn=>5.

(2.135)
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Independently, using equation (2.89) satisfied by v; and the estimate (B), we have, thanks
to Claim 2.3, that

IO
Bo(1) '

(2.136)
~2*_q: i — 2
:J @7 9 (i) Tdvn, + O (YD ?) —rizj Si(Mvi)~dvn,.
Bo(1) Bo(1)
Using (2.94), (2.95), and (2.99), some computations give that
O(rvi), ifn =3,
2
TfJ Si(mvi) dvn, =  O(r¥v?|Invys]), ifn=4, (2.137)
Bo(1)
O(r#v?), ifn=>5,
so that
2 ~2*—q; i _
[ vl v = | @F e ) v, + O (2 ?)
Bo(1) ' Bo(1)
O(r#yi), ifn =3,
(2.138)
+ 40y Invyy]), ifn=4,
O(r#v?), ifn=5.
We now write with (2.94) that
J (nvi)q‘dvhi =(1+ Gi)qu (11l3i)qidvhi
Bo(1) Bo(1)
+qi(1+0;)° J- (MB:) " Ridv, (2.139)
Bo(1)
+ O(J |VRi|i_dvhi>.
Bo(1) '
This leads, thanks to (2.99), (2.112), Claim 2.3, and direct computations, to
J o7 (i) " dv,
Bo(1) (2.140)

= (140:)T"K 2+ 0((2* — ai) | Invi|) + O(vP %) + O (r{vi).

Combining (2.135), (2.138), and (2.140), we obtain (2.100) thanks to Claim 2.3. This ends
the proof of Claim 2.5. |
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Welet 0 < & < 1/2. We apply the Pohozaev identity to v; in By () with test function
= (1/2)[x? (see the appendix):

n-2 n S ai a
Miy=|———— J o7 Yvitdvy,
' < 2 qi) Bo(s) e

+J (r ai + ]r :(VA, Vai), 1(Aﬁi)f)v§dvhi
Bo(d) 4
1 1 g as
- (— — —) J (Anf+m) @ Tvitdvy, (2.141)
2 q Bo(5)
1

a I JBO(B) (Vf, V(bf 7qi)hivgid\}h‘
- J (V2 = hy) (Vvi, Vvi) dvn,,
Bo(3)

where M, is the boundary term

J (VF,v)n
aBo

2 —di ‘I
J (V£,v) <(p1 vt — ~17ave )dcrh
3Bo(5) di 2
L J (Vvi,v), vidon,
2 amoe) ‘

(Vvl, Vf) (Vvi,v) n, don,

i |}211 do-hi

N\—‘

(2.142)

%

9By (&

J (An.f+n)(Vvi,v), vidon,
9B (5 "

N —

+

J ) v)h_vizd(rhi.
9B, (8 *

-lkl—‘

In the next claim, we estimate M; thanks to (2.141). In Claim 2.7 and Section 3, we will

estimate M; thanks to (2.142) in order to get contradictions (in different settings).

Claim 2.6. We have that

Mi=—<(“2)21<n“/2+o(1)) (2 —qi) +O(6riy %) +o (v} ?)

In
64wsr?y?|Inyi|, ifn =4, (2.143)
+ (ai(xi) —cnSq(xi)) 5 '
16K TZ’Y%) ifn :5’
where
. O(Xi)
Jim S =0 [0Xs)] = CfXus| (2.144)

for some C > 0 independent of i and 9. O
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Proof of Claim 2.6. Thanks to (2.140), we have that

n-2 n J‘ 2 au as <(n2)2 2 )
n-e. n Zoaiydiqy, = (L 261y (g - 2¢),  (2.145
(P55 ], 7 e = (B M)(@-2),  (2145)

while (2.91) and (2.92) lead to
J (VF,V$: ), vitdvn, =0(2" — ai). (2.146)
Bo(5) '
Since B; is radially symmetrical andn = 1in B((8), we have that

J (V2 —hy) (Vvi, Vvi)dv, = J (V2f —hi) (VR;, VR;) dvp,
Bo(d) Bo(8)

2
-0 (rfj |X‘Z‘VRi|hi dvhi>
Bo ()

thanks to the Cartan expansion of h; around 0. We get then, thanks to Claim 2.5, that

(2.147)

J (vzf - h”L) (V\)i, vvi) dvh, = 0(621‘%,)/{172) : (2.148)
Bo(5)
Since An,f +n = O(r?[x|?), using (2.94), we write that

J (Ahif+n)vgidvhi = (] -|—91)qu (Ahif+n)B?idvhi

Bo(d) Bo(d)

+0 (rfJ x?Bdt! |Ri|dvhi) (2.149)
Bo(5)

- o(ﬁj xR q"dvhi>.
Bo(5)

By Holder’s and Sobolev’s inequalities, thanks to Claims 2.3 and 2.5, we get after some

computations that
J (Ancf 4 )V dvn, = (146,) J (Ancf +1)BS dvy, +o(yI2).  (2.150)
Bo(5) Bo(5)

We write now, with the Cartan expansion of h; around 0, and since B; is radially symmet-
rical, that

. 1 .
J' (Ahif + n)B?l dvhi = _Richi (O)O‘ﬁ J X(XXB B?l d\)a
Bo(3) 3 Bo(5)

"’Aocfivj x*xPxYBidvg (2.151)
Bo(3)

+ O(T‘fJ' |x4Bf‘dv5>
Bo(5)
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which gives after some computations, and thanks to Claim 2.3, that

J . (An, f+1)B{ dvp, = 2K’”/ZS}Li (0)y? + o(y?’z)
Bo (5

3 n
(2.152)
n,_ -
= 3K2Sg (y)rivi +o(vi 7).
Coming back to (2.150) with this last relation and Claims 2.3 and 2.5, we get that
1 1 2 gy as
2 0 (An f )@y ~ v dvy,
q; Bo(®) (2.153)
= K28 (u)rEvE + o) +o(2* ~ )
We write now, thanks to the expansion of the metric h; around 0, that
28, + 112(VF, Va, a2 1) a
Tia1+zri( » al)hi+1( hi) Vh;
(2.154)

- (T% (ai (vi) - %Sg (yi)> + Bax® + O(‘r‘”XZ)) dve,

where By = ((3/2)1704a:(0) 4 (1/4)04 (A7, )(0)). Using the fact that B; is radially symmet-
rical, we get then with (2.94) that

JBO(B) <rfai + Eriz (Vf, Vai)hi + Z(Aﬁi)f)’%d\’hi

~rt (et sew0 ) (e8| mtave v
6 Bo(9)

Bo(d)
+0 (rf J nggdw) +0 (rf J |Ri|Bidv£>.
Bo(8) Bo(8)

This leads after some computations, thanks to Hélder's and Sobolev's inequalities and to
Claim 2.5, to

Rfdva> (2.155)

1 ~ 1
JBQ(&) <Tizai + ET% (Vf, Vai)hi + 1 (A%Li)f>vi2dvhi

1 64wsriyE|Inyi|, ifn=4, 2.156
_ (ai(yagsg(yi)) sttt (2.156)
5 TiYi n=o,

+o(y?) +O(oriyl ).

Combining (2.141) with (2.145), (2.146), (2.148), (2.153), and this last estimate, we ob-
tain, thanks to Claim 2.4, the estimate of Claim 2.6. [ |
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The next step is crucial in order to prove during Section 3 that concentration

points are isolated and thus the energy of solutions of (2.2) is a priori bounded.

Claim 2.7. If r; —» 0asi — +o0o, then we necessarily have that r; = p; forilarge. Moreover,
we have that

v, ™22 — Hin C2, (Bo(2)\0) asi— +oo, (2.157)
where
H(X) = — 4 h(x) (2.158)
x|n—2
with
A= (nn—2) "2 (2.159)
and h some smooth harmonic function in By(2) such that h(0) < 0. O

Proof of Claim 2.7. Assume thatr; — 0 asi — +oco. Thanks to (2.88), (2.89), and (B), after

passing to a subsequence, we have (2.157), where H satisfies
A¢H =0 1inBy(2)\{0}. (2.160)

The classification of singularities of harmonic functions then gives the existence of some

A € R and of some smooth harmonic function h such that
A . 2
H(x) = P +h(x) 1inBo(2)\{0}. (2.161)
In order to compute A, we integrate equation (2.89) on By(1) to obtain

(m-2)/2 2% qi. qi—
v J oF T v,
Bo(1)

(2.162)
- 7‘[ o Hdog + Tizyi—(n—2>/2J aividvn, + o(1).
9Bo(1) Bo(1)
Thanks to (2.91), (2.92), and Claim 2.3, we get that
~(n-2)/2 - 2" g qi—1 (M —2)wn_1
v " / J Gy vl dvn, = (:11+2)/2 +o(1),
Bo(1) (n(n—2)) (2.163)

2y (22 J dividvy, = o(1).
Bo(1)
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Thus we obtain that

(N —2)wn_g
— ovH d(Y,g = y
Lsom (n(n—2))"72

(2.164)

which leads to

1
A= (2.165)

(n(n B 2)) (m+2)/2°

Thanks to (2.157), we can estimate M;, given by (2.142): since r; — 0 asi — +oo,we
obtain that

b -2
lim y2 "M, = J (—VH% —5(,H)* — “—HaVH> dog
1— 400 9B, (5) 2 2 (2166)
—2)2
_ M2 O,
2
Claim 2.6 independently gives that
M; <O(8riv]2) +o(vi?) =o(v]?) (2.167)
since a; < cnSg, g1 < 2%, and r; — 0 asi — +oo. Thus we obtain that
h(0) < 0. (2.168)

It remains to prove that r; = p; for ilarge. Assume that, on the contrary, there is a subse-

quence such that r; < p; forilarge. Then, by definition (2.21) of r;, we have that

bi(ri) =0, (2.169)

where 1; is defined by (2.19). Thanks to Claim 2.4, to (2.22), and to (2.157), this leads to

J HdO‘g'
9Bo(r)

Wy qT/2

/

(1) =0. (2.170)

Thanks to (2.161), we have that

J Hdo‘g
9Bo (1)

_ (n-2)/2
Wn_t/2 | p(n-2)/2 +h(0r™ (2.171)

so that we obtain h(0) = A which is in contradiction with (2.168). This ends the proof of
Claim 2.7. [
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3 Proof of Theorem 1.1

We prove the theorem in this section. The notations of this section are independent of
those of the previous one. We use the results of Section 2 with different sequences (x;)
and (p;) satisfying assumptions (H1) and (H2) at the beginning of Section 2. We let (M, g)
be a smooth compact Riemannian manifold of dimension 3 < n < 5 and we let (a;),
(di), and (u;) be as in the theorem. If (u;) is bounded in L> (M), then (u;) is bounded
in C2(M) thanks to standard elliptic theory (see, e.g., [12]), and the conclusion of the

theorem holds. We assume by contradiction that

maxu; — +0o  as 1 — +o0. (3.1)

We claim first the following.
Claim 3.1. We have that q; — 2* asi — +oo. O

Proof of Claim 3.1. We let x; € M be a point where u; achieves its maximum. By (3.1), we
have that

ui(xq) = maxu; — +oo asi— +oo. (3.2)

Fix 0 < & < inj(M). We set for x € Bo(du;i(x;)!9:~2)/2) the Euclidean ball of center 0 and

radius du;(x;)(9i-2)/2,

Wi (x) = ug (xi)qui(expxi (ui (xi)%qifz)/zx)),

o (3.3)
gi(x) _ exp:i g(ul (Xi) (ai 2)/2)()
so that
Agiﬁi + Uy (Xi)27q;L aq ( EXpXi (ui (Xi)i(qiiz)/zx> )ﬁl = ﬂ?i_]
(ai-2)/2 (34)
in Bo(éui(xi) a )
Moreover, we have that
fLi < 111(0) =1 in Bo (6ui (Xi)<qiiz)/2) . (35)

Standard elliptic theory (see, e.g., [12]) then gives that, up to a subsequence,

i — Uin CE (R™) asi— +oo, (3.6)
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where

AU =U9%"T inR", (3.7)
Here, qo = lim;_, ;« gi, which does exist up to extracting a new subsequence. Thanks to
[11], this is possible if and only if qo = 2*. This ends the proof of Claim 3.1. [ |

Claims 3.2 and 3.3 are a way to exhaust roughly some of the concentration points
of u; together with a weak pointwise estimate. These claims should be compared with
[10, Theorem 4.1] where the exhaustion of concentration points in that way is precise

and complete when the energy of the u;’s is bounded.

Claim 3.2. Fix R > 0. There exists Dy > 2R and ip € N such that for any i > iy, for any
compact set §; C M, if

max (dg (X,Si)ui(x)(qifz)/z) > Do, (3.8)

then u; possesses a local maximum y; € M\8; which satisfies

- 3D
dg (Uiasi)ui(yi)ml 22 TO,

Do . (i
dg(yi,X)ui(X)(q"z)/ZSTO 1nByi(2Rui(yi) l M), (3.9)

1
J'Byi(Rui(Ui)(q‘Z)/z> 0

1
Jdvg > —.
uitdvg > =
We allow 8; to be the empty set with the convention that dq4(y, @) = 1forally € M. O

Proof of Claim 3.2. Fix R > 0. We prove the claim by contradiction. We assume that, for
some subsequence, there exists D; — +oo as i — +oo and there exists a compact set
8i C M, possibly empty, such that

max (dg(x,8i)ui(x)9i2/2) > Dy (3.10)

and such that there is no local maximum point of v, satisfying the conclusion of the claim
with D; and §8;. We let z; € M\8; be such that

2)/2

dg (21, 8t )wi(z)' 9 = max (dg (x,8:)wi(0)42/2) (3.11)

and we set

u-l(zi) = EiZ/miiZ). (312)

1
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Since M is compact, we get, thanks to (3.10) and (3.11), that
¢g — 0 asi— 4oo. (3.13)
We also have, thanks to (3.10) and (3.11), that

dg(zi,81)

. — 400 asi— +oo. (3.14)
i

Fix & > 0 small. We set for x € Bo(5¢; ") the Euclidean ball of center 0 and radius &¢; ',

i (x) = zzw.LZ/(q"_z)LLi(expzi (eix)), gi(x) = exp; g(eix), (3.15)
so that
Ag i + eizai(expZi (eix))uq :ﬂi‘“*] in 80(65;1). (3.16)

Thanks to (3.13), we also have that

gi — £in Ci (R™) asi— +oo. (3.17)

loc

We let R > 0 and we let (z;) be a sequence of points in By(R). Since

dg(zi,exp, (eiZi)) < Rey, (3.18)
we get, thanks to (3.14), that

dg(exp, (eizi),81) = dg(zi,8:) (1+0(1)). (3.19)
This leads, thanks to (3.11), to

i(zi) <w((0)(1+0(1)) =1+0(1). (3.20)

This proves that (1;) is locally uniformly bounded in R™. Standard elliptic theory (see,

e.g., [12]) then gives that, after passing to a subsequence,
U; — Uin Cf,(R") asi— oo, (3.21)

with A;U = U2~ (since q; — 2* by Claim 3.1) and U(0) = maxg~ U = 1. Thanks to [5],

we have that

B Ix|2 —(n-2)/2



1176 Olivier Druet

This clearly proves that for ilarge, u; possesses a local maximum point y; satisfying that
dg(zi,yi) = o(e1). One then easily checks that y; € M\8;,

i—2)/2 3D;

d(vi,$0)wi(v) 2 =Dy (14 0(1)) > 4‘,

(ai—-2)/2 s D; (3.23)
R E ) LA

n(n-—2)
in By, (Ruy(y;) (9:-2/2), and

J uitdvg > (1 +o(1))<J uz*dx) e iY@
By, (Rui(yq) (9i-2/2) Bo(R) (3.24)

1

> (1 +0(1))(L " uz*dx) >

for i large. We thus constructed a local maximum of u; satisfying the conclusion of the

claim with D; and 8;. This is a contradiction. Claim 3.2 is proved. [ |

Claim 3.3. There exist Dy > 0 and D, > 0 such that for all i large enough, there exist

N(i) € N* and N(i) local maxima of ui, x1 i, ..., Xn(),; such that

dg (Xetr Xp, ) Ui (i) 2 > Dy VB =1,...,N{), a £B,

(3.25)
. i—2)/2
( oc:]IyI'l‘l‘I‘le dg (Xasi, x))ui(x)(q )/2 < D,
for all ilarge and all x € M. O

Proof of Claim 3.3. We fix R > 0. We let Dy > 2R and ip € N be given by Claim 3.2. We fix

i > 1ip large enough such that

)(qi*Z)/Z

(maxui > D. (3.26)
M

Note that this is always possible thanks to (3.1). For (x1,...,xk), k € N, a family of local

maxima of ui, we consider the following assertions:
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(Px)
—(qi-2)/2 —(qi-2)/2
By, (Rui (%) ) N By, (Rui (xp) ) =y 3.27)
Vo, =1,...,k, a#
1

ultdv, > — Va=1,...,k 3.28

meui(xqwqw“) b7 T Do (328
D (qi—

dg(xo(,x)ui(x)(qi’zw2 < TO in B, (ZRui(xo() (as 2>/2) Ya=1,..., k.
(3.29)
We say that (Pyx) holds for u; if there exists a family (xi,...,xx) of local maxima of wu;

such that the above assertions (3.27), (3.28), and (3.29) hold for this family.
We note first that (P;) holds for (u;). This is a consequence of Claim 3.2: thanks
to (3.26), we can apply Claim 3.2 with 8; = &. Let k > 1 be such that (Py) holds for some

family (x1,...,xx) of local maxima of u;. Then either (Py, ) holds for u; or
K 2)/2
dg <x, U By, (Rui(xm)f(qr 4 ))ui(x)(qiz>/2 <Dy inM. (3.30)
=1

We now prove (3.30) For that purpose, we assume that

k
d <y, Us.. (Rw(m)““”“))uwy)mi-zvz > D, (331)

x=1

for some y € M. Thus we can apply Claim 3.2 with

k
si= Bxa(Rui(xa)’(qi’z)/z). (3.32)
a=1

This gives a local maximum xy,; € M\8; of u; which satisfies

dg (XK1, 81)ui (xk41) 4

Do

dg (¥es1, ) ui(x) 9 72/2 < in By, , (ZRLH (Xk+1)7<qi72)/2>, (3.33)

1 e
Rucg (xis 1) ~(91-2)/2) Co

J uftdvg >
B

Xk+1(

We prove that assertions (3.27), (3.28), and (3.29) of (Px.1) hold for the family (xq,...,
Xx+1). Assertions (3.28) and (3.29) hold for x4, ..., x thanks to (Py), while they also hold
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for xi 1 thanks to (3.33). Thanks to assertion (3.27), it just remains to prove that for any

xef{l,..., k},

B (Rui (o) 2 Basy (Rui (i) ) = 2. (3.34)

Thanks to (3.33), since Dy > 2R, we have

3 (qi—
dg (Xk+1,81) > zRui(ka) (as 2)/2. (3.35)

Definition (3.32) of 8; then clearly gives the equation we were looking for. This ends the
proof of (3.30).

We apply now (3.30) by induction of k. The process will necessarily stop for some
k = N(i) since assertions (3.27) and (3.29) imply that

k
did —_—. 3.36
|, uitavy = 5 (3.36)

Then we have the existence of (x1,...,%n()), @ family of local maxima of u;, such that
assertions (3.27), (3.28), and (3.29) of (Pn(i)) hold for this family and that

k
dg (x, L B« (Rui(x“)‘(q“”/z))u-l(x)<qi—2>/2 <D, inM. (3.37)
=1

Thanks to assertion (3.27) of (Pn(i)), we have that

dg (xa,xﬁ)ui(x“)(qﬁz)/z >R Va,p=1,...,N@1), «#pB. (3.38)
Letx € M. If
N(1)
x € |J B (2Rui(xa) 777, (3.39)
x=1
then
( min  dg(x« x))ui(x)(q"z)/2<& (3.40)
a=1,.. ,N@{) V% — 4
thanks to assertion (3.29) of (Pny)). If
i —(ai—2)/2
x & U B.. (ZRmL (xa) " ), (3.41)

a=1
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we let p € {1,...,N(i)} be such that

Kk
dg <x, U By, (Rui (x“)(qiz>/2>> =dgq (x, By, (Rui (xﬁ)f(qﬁz)/z)) (3.42)
a=1
and we write

( min dg(xm,x))ui(x)(qi’z)/zgdg(xﬁ,x)ui(x)(qi’z)/z
a=1,.,N(0)

S zdg (X, Bxﬁ (Rul (Xﬁ)f(qlfz)/z))ul(x)(qt_z)/z

< 2Dy
(3.43)

thanks to (3.37). Thus we have proved that Claim 3.3 holds with D; = R and D, = 2D,.
|

Now let d; > 0 be defined by

di = min dg (X1, Xp 1) 3.44
Y p=1,. N, a#pB g(Xoc,l,XBJ) ( |

Claim 3.5 will assert that d; > d > 0, that is, that the concentration points are isolated.

The next claim is a technical step toward this result.

Claim 3.4. Welet1 < oy < N(i). If

—2)/2
divi (xae ) Y2 = 0(), (3.45)
then
(ai—2)/2
di< sup ui) =0(1). (3.46)
Bxai‘i(di/2> D

Proof of Claim 3.4. Up to reordering the x; »'s, we may assume that o; = 1 for all i. We

assume that
—2)/2
diug (x14)' 2 = 0(1). (3.47)
We let y; € By, ,(di/2) be such that

sup  ui =u;i(yi) (3.48)
BX] yi(di/z)
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and assume by contradiction that

2)/2

diuy (yi)(q"f — 400 asi— +oo. (3.49)

By Claim 3.3 and thanks to definition (3.44) of d;, we have that

dg(x10u)w(v)' " <D, (3.50)
so that

dg(x1,1,u1) = o(di). (3.51)
We set

=i (ye) Y2 (3.52)

and we set for x € Bo(57i; ') the Euclidean ball of center 0 and radius &i; ', with & > 0

small fixed,
G (x) = iy P (expy, (fix)),
gi(x) = expy, g(ﬁix)» (3.53)

~

ai(x) = ai(exp,, (Hix)).

2

Since 1i; — 0 as i — +oo (thanks to (3.49)), we obtain that g; — & in C; ,(R™) as i — +o0.

Thanks to (3.48), (3.49), and (3.51), we also have that ({;) is uniformly bounded in all
compact subsets of R™. Since U; verifies

Ag s+ Afait =ud " inBo(sf; "), (3.54)

i

we get by standard elliptic theory that Ui; — U in C2 _(R") as i — oo, where Uis a

loc

solution of A; U = U2*~" in R™, U(0) = 1. Then U > 0in R™. By (3.50), ((1/fi;) exp,! (x1.1))

is a bounded sequence of points in R™ so that

Wi (X7 5
lim TSIGIE) B (3.55)
1—=+00 U4 (yl)
This is in contradiction with (3.47) and (3.49). This proves Claim 3.4. [ |

Claim 3.5. There exists d > 0 such that d; > d for all i. O
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Proof of Claim 3.5. Up to reordering the x4 i's, we may assume that
di = dg (X] ,i,XZ,i)- (3.56)
We assume by contradiction that

di — 0 asi— +oo. (3.57)

We set for x € Bo(8d; ') the Euclidean ball of center 0 and radius &d; ', with § > 0 small
fixed,

i(x) = d.z/(qrz)ui(expXH (dix)),

1

gi(x) = expy, | 9(dix), (3.58)

ai(x) = ai(exp,, , (dix)).

By (3.57), we have that §; — & in C2_(R™) asi — +oo. Independently, we have that 1i;

loc
verifies
Agi it +dfasiy =l inBo(8d; ). (3.59)
We let
X214 = dliexla;li (x2,1) (3.60)

so that [X; ;| = 1. Up to a subsequence, X, ; — X2 as i — +o00. For R > 0, we set

< . 1 _ .
SR,i = {ch‘i = d— eprJ,i (ch‘i)> X = 1,. .. ,N('L) Xa,i € BX]J (Rdl) } (361)
i

Thanks to the definition of d; and to (3.56), we have that, up to a subsequence,
Sgi— Sk asi— +oo, (3.62)

with Sy a finite set which contains 0 and .. Also let
S=J Sw. (3.63)
We assume that

dg(x1,1,%p,,1) = O(di),

there exists ; = 1,...,N(i) such that
ﬂ’i(xﬁi»i) =0(1).

(3.64)
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We claim that

(3.64) => (1i;) is uniformly bounded in all compact subsets of R™. (3.65)

In order to prove (3.65), we first note that, for a sequence «; = 1,...,N(i) such that
dg(x11,%X«;,i) = O(di), two situations can occur: either 1i;(X«, i) is bounded and then,
thanks to Claim 3.4, (1;) is uniformly bounded in Bx, (1/2) or w;(X«;,i) — +ooasi —
+o00 and then we can apply the results of Section 2 with x; = x4, ; and p; = d;/6 thanks to
Claim 3.3. Assume now that forsome o; =1,...,N(i), dg(X1,i, X i) =O0(di) and (X, 1) —
+o0o as 1 — +4o0. Applying Claim 2.7 with x; = x4, ; and p; = d;/6, we obtain that i; —
0 in CZ,(Bx(1/9)\{x}), where x = limi e X« i- We let R > 2[x[. We know, thanks to
Claim 3.3 and to definition (3.44) of d;, that (i;) is uniformly bounded in all compact
subsets of By (R)\Sg. But, thanks to (3.64) and to Claim 3.4, (1i;) is uniformly bounded on
By(1/2), where § = lim;_, ;o Xg, i. We thus obtain, thanks to Harnack’s inequality, that
Ui(Xp,,i) — 0 asi — +oo. This is in contradiction with the first assertion of Claim 3.3.
Thus we have proved that, forall o; = 1,...,N(i) such that dg(x1 1, X« ,i) = O(di), Wi (X, 1)
= O(1). Thanks to Claim 3.4, this proves that (11;) is uniformly bounded in a neighbor-
hood of Sg for all R > 0. Thanks to Claim 3.3, (it;) is also uniformly bounded in all com-
pact subsets of Bo(R)\Sg for all R > 0. This clearly proves (3.65). Then we can pass to
the limit in equation (3.59) thanks to standard elliptic theory: this gives thatii; — U in
CZ.(R") asi — +oo with A¢U = U?"~'. Thanks to the first part of Claim 3.3, we know
that U(0) > anfz)/z. Thanks to Claim 3.3, we also know that U possesses at least two
local maxima, namely O and x,. By the work of Caffarelli, Gidas, and Spruck [5], this is
impossible. Thus (3.64) leads to a contradiction.

Thus, for any o; = 1,...,N(i) such that dg(x1 i, X«; i) = O(di), Wi (X, 1) — +00 @s
i — +oo and we can apply the results of Section 2 with x; = x4, ; and p; = di/6. Applying,

in particular, Claim 2.7, we obtain that

Ui (0)i; — Hin Ci (R™\S) asi— +oo, (3.66)

where S is as in (3.63) and

A A2

H=
|X|n72

+ — +h (3.67)
|X*7v(2

with h a nonnegative harmonic function in R™\{S\{0,%,}}, A\; > 0, and A; > 0. Then we can
write that

A

}:{ =
|X|n72

+A+o(1) (3.68)



Compactness for Yamabe Metrics 1183

around 0 with A > 0. This is easily checked to be in contradiction with the last part of
Claim 2.7. Thus this second situation also leads to a contradiction. This clearly proves
that (3.57) is absurd. Claim 3.5 is proved. [ |

Now, that we know that d; > d > 0, we are ready to end the proof of the theorem.
The arguments are really similar to those used at the end of [7]. We recall them briefly
here. Up to a subsequence, we may assume that N(i) = N for all i. We let (x«,i)x=1,....n be
the family of local maxima of (u;) given by Claim 3.3. Let oc € {1,..., N} If ui(x« i) = O(1),
then, by Claim 3.4, (u;) is uniformly bounded in B,_,(6/2). In this case, the assertions

of Claim 3.3 continue to hold even if we remove x ; from the family {xg i}g—1,... ~, up to

.....

changing the constants Dy and D,. Thus we may assume without loss of generality that
Ui (Xq,i) — +00 asi— +oo Va€{1,...,N}. (3.69)

Applying the results of Section 2 successively to x; = x«,i, x =1,..., N, with p; = d/6, we

get then, thanks to standard elliptic theory, that there exists C > 1 such that

1

oW (x1,6) Sui(xei) < Cui(x1,) VYor=T1,...,N. (3.70)
Setting
Xo = lim x4; fora=1,..., N, (3.71)
1— +00

we get, by standard elliptic theory and thanks to the results of Section 2, that, after pass-

ing to a subsequence,

ui(x11)uy — Hin CIZOC(M\{M .., XN})  asi— +oo, (3.72)
where
H(x) = = 2)Wn-1 ix G (X0, X) (3.73)
(n(n— 2))(n+2)/2 - )
with
A = lim <M> (3.74)
i—=+o0 \ Uy (Xoc,i)

Here, G is the Green function of the limit operator A4 + a.,. Note also that A, > 0 for all
a=1,...,Nthanks to (3.70). Now we let ¢ € C>* (M), ¢ > 0, be such that

@(x1) =0, Vo (x1) =0, (3.75)
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and such that the metric h = ¢ ~4/("~2)g verifies
Ricp (x1) =0. (3.76)

It is always possible to find such a ¢ (see, e.g., [16]). We set w; = u; @ so that w; verifies

2% —

Apwi + ow; = @2 93! in M, (3.77)

with
& = cnSn+ (ai — cnSg)(pz*’z. (3.78)

Thanks to Claim 2.1 applied to u; (with x; = x7 ; and p; = d/8), it is clear that there exists

Y11 € M, alocal maximum of w; which satisfies

dg (X1,i»y1,i)ui(x1,i)2/(qi72> =o(1). (3.79)

It is then easily checked that we can apply the results of Section 2 to w; with x; =y; ; and
pi = d/8. Note that (3.78) implies that a; < ¢Sy since a; < ¢, S4. Applying Claim 2.6, we
obtain, in particular, that

(n—2)?

Moo () < —( n

K2+ o(1>> (2 —ai)

+CouP % +o(pul?)

] (3.80)
(64ws +o(1))ufln —, ifn =4,
+ (ot (xi) — cnSn(x1)) Hi
(16K;>% +o(1))u?,  ifn =5,
where wi(y11) = u-:zmq"fz) and
1 2
Me(®) =3 | (V)| V(oH) [ don
3B, (8)
1
i -J (T4, %)t (9H)2dor,
2 Jam, (5)
n-—2
- (V((pH),v)h(pH doy
B, (8)
(3.81)

—J (V(eH), Vf), (V(eH),v), don
9By, (8)

1

+ —J (Anf+n)(V(eH),v), oHdon
2 Jom,, (5)

1
~2 J (V(Arf) ,v)h((pH)szh.
3B, (5)
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Note that we used Claim 2.3, (3.72), and (3.75) to estimate M; given by (2.149). In (3.80),
C is some constant independent of i and 6. In (3.81), x; = limi;« x1,; and f(x) =
(1/2)dn(x1,x)%. Estimate (3.80) clearly implies that

Xoo (X1) = cnSn(x1), (3.82)
where

Koo = CnSh + (Ao — cnSg)(pz*_z. (3.83)
Using q; < 2* and o < ¢S4, we also get from (3.80) that

lim sup M, (8) < 0. (3.84)
5—0

We write that, in a neighborhood of x7,

e(x)H(x) = (n((z_i;;f2+;)/z G(x1,x) + B(x), (3.85)

where G is the Green function of An+ ., and , C2,ina neighborhood of x;, verifies A, 3+
% = 0 and B(x7) > 0. Note that (x;) = 0 if and only if x; ; is the only concentration
point of u;. We Let G be the Green function of Ay, + ¢, Sn. Then

G=G+pB, (3.86)
where f verifies that
Anp + oo = (CnSh — 0o )G (3.87)

in M in the sense of distributions. Since &y < ¢nSh and oy (1) = cnSn(x1) with (2.1),

(3.78), and (3.82), we have by standard properties of Green's functions that

dh(x1,x)_1, ifn=3,
0 < (enSh— oo )G < C< 1, ifn =4, (3.88)
dh(X1,X)_1, ifTLIS,

so that € CO"(M) N C2(M\{x;}) for all 0 < 1 < 1. It comes also from standard elliptic

estimates that

5 sup |VB|, —0 asd—0. (3.89)
3B, (5)
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At last, the maximum principle gives that either f > 0in M or = 0in M, and &y, =
CnShin M.

Thanks to the choice of h we made, see (3.76), we know that (see [16]), in a neigh-
borhood of x,

1

(Tl. — Z)wn,1 dg (X] ,X)

G(x1,x) = — + B(x) (3.90)

for some B € CO1(M) N C*(M\{x;}) forall 0 < n < 1 verifying that

5 sup |VB|, — 0 asd—0. (3.91)
3By, (5)

Moreover, we have that 3(x;) > 0 except if (M, h) is conformally diffeomorphic to the
standard sphere (S™, can).
This result comes from the positive mass theorem and has been proved by [25,

26]. Summarizing, we arrive at

1 1
¢H = (n(n . 2))(n+2)/2 dr, (X1 ,X)THZ +Ro(x) (3.92)

in a neighborhood of x; with Ry = (n—2)wy,_1(B + ) + . It is then rather easily checked,
thanks to the estimates on B, p, and p above, that

) 1 (n—2)?
lim M, (8) =
5—0 (TL(T'L N 2))(“+2)/2 2

wn_1Rp (X]). (3.93)

Thanks to the above discussion, we have Ro(x1) > 0 except if there is only one concen-
tration point, a,, = cnSq, and (M, g) is conformally diffeomorphic to (S™, can). This ends
the proof of the theorem thanks to (3.84).

Remark 3.6. Note that the above proof gives the compactness of sequences (u;) of solu-
tions of equation (1.7) in all dimensions if a,, < ¢nSq in (1.6). In other words, when the
limit of the linear term is strictly below the linear term of the Yamabe equation, compact-
ness holds for (1.7). This can be seen by noticing that the leading term in the formula of
Claim 2.6 will always be the term involving the scalar curvature in this case. And this is
true whatever the dimension is. With this remark, it is easily checked that the subsequent

arguments of the proof continue to hold in all dimensions and lead to a contradiction.
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Appendix
A Pohozaev identity

We prove the Pohozaev identity we repeatedly used in this paper. We let (M, g) be a com-
plete Riemannian manifold and let Q be a compact subset of M with smooth boundary.
We let xo € M and R > 0 be such that Q C By, (R) and we assume that u is a smooth

positive function such that
Agu+ au =pud~! (A.1)

in By, (R) for some a € C*®(By,(R)) and some 2 < q < 2*. At last, we let f € C® (B, (R)).
Integrating by parts, we have that

J (Vu, V) gAgudvg
Q (A.2)

:J (V((Vu, Vf)g),Vu)gdvg —J (Vu, V) (Vu,v)gdog,
a 20

where v denotes the unit outer normal of 0Q and doy is the induced Riemannian measure

on 0Q). Noting that

1
(V((Vw, Vf)g), Vu) , = VA(Vu, Vu) + 5 (VA V(IVulg)) s (A.3)
we obtain by integration by parts that
1
J (Vu, V) gAgudvg = ZJ Agf[VulZdvg +J VZ(Vu, Vu)dv,
e} e} Q
1
+ —J (VF,v)olVu2do, —J (Vu, Vf)g(Vu,v)gdog
2 Joa g 20
(A.4)
so that
n—-2 5
(Vu, Vf)gAgudvg + —— | [Vuljdvg
Q 2 Jo
1
= —J (V,v) ol VulZdo, —J (Vu, Vf)g(Vu,v)gdog (A.5)
2 Joa ¢ 20

1
+ 3 JQ (Agf + n)\Vu\édvg + J;) (sz —g)(Vu, Vu)dvy.
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Now, we use the equation satisfied by u to get that

JQ \Vu\édvg = L)Q w(Vu,v)gdog + JQ Ppufdvg — L) au? dvyg,

1 1 1
J (Vu, Vf)gAgudvg :J Agf( —pud — —au? Jdv, + —J (Vf,Va)gu?dv,
Q Q q 2 2J)a

— lJ (Vf,Vd))guqdvg—i—J (Vf,v)g (lwuq—auz> doyg,
qdJo 20 q
which gives that

2
J (Vu, V) g At dvg + “TJ VulZdv,
Q Q

- (“—_2—3” lbuqdvg—lJ (VE, Vi) quddv,
2 4/ Ja dJa

1 1 -2
+ J (VE,v)g (—wuq - Eau2> dog + nT J (Vu,v)gudoyg
20 q 20
1 1 1
+ J (Agf+n)( —pu? — sau? |dvg + J a+ 5(Va, Vi), Judv,.
Q q 2 Q 2

Thus we have obtained that

J a—l—l(Va,Vf)g u?dvg + n_2.n J Ppudvg
B 2 2 4/ Ja

1 1 1 1
:J (Agf+m) (—Vug + sau? — —wuq) dvg + —J (VE, V) guidvg
o 2 2 q e
+J (V2 — g)(Vu, Vu)dvg —J
Q ¢}
1

+ 7 LQ(Vf,v)g\Vu\éng — LQ(Vu, Vif)g(Vu,v)gdog

(VFf,v)g <]1puq — ]au2> dog (A.8)
Q q 2

-2
- n—J u(Vu,v)gdoyg.
2 Jan

Integrating by parts and using the equation satisfied by u, we have that
JQ (Agf +m)|VulZdv,

:J (V((AgF +m)u), Var)  dvg %J (V(2f), Tu?) v,
© e (A.9)
:J (Agf+n)(Vu,v)gudog — 1J' (V(Agf),v) u*dog
20 2 )0 9

! JQ (AZf)utdvg.

+J (Agf +n) (Yu? — au?)dvg — 3
o
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Thus we get that

I L T
JQ (Agf—l—n)(zVug—l—zau - qll)u )dvg

11 1
- <2 - q> JQ (Agf +n)puddvg — JQ (A2f)uldv, (A.10)

+1J (Angrn)(Vu,‘\/)gung—lJ (V(Agf),v) u?doyg.
2 Ja0 4Ja ¢

Q

This finally leads to the following:

1 1,5 5 n—-2 mn
J;) <a + z(Vf,Va)g + Z(Ag)f>u dvg + (T — a) J;) Puddvg

= (% - %) JQ (Agf+mn)Ppuidvg + JQ (V3 — ) (Vu, Vu)dvg (A.11)

1
+ —J (VF,Vi)guidvg + A,
dJa
where A is the boundary term:

A= —J (VE,v)g|VulZdoyg —J (Vu, Vi) (Vu,v)gdoy
2 00 00

n—2

- —J (Vu,v)gudog —J (Vf,v)g (llj)uq - lauz> dog (A.12)
2 20 q 2

00

-l-lJ (Agf—l—n)(Vu,v)gung—lJ (V(Agf),v) u?doyg.
2 oo 4 Jao ¢

This is the relation we referred to as the Pohozaev identity, with test function f, applied

in O to a function u which verifies the above equation.
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