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BY

	

GRACI ELA CHI CHI LNI SKY AND PETER J . KALMAN"

1 . I NTRODUCTI ON

I n r ecent year s demand and pr oducer t heor i es have been ext ended t o model s

wher e t he economi c agent s exhi bi t mor e compl ex char act er i st i cs t han t hose of

t he neocl assi cal agent . ? The opt i mi zat i on pr obl em of t hese l ess neocl assi cal

agent s i ncl udes cases wher e t he obj ect i ve f unct i ons depend al so on par amet er s ;

t her e ar e many ( not necessar i l y l i near ) const r ai nt s, and non- convexi t i es. For

exampl e, agent s' pr ef er ences among commodi t y bundl es may be par amet er i zed

or i nf l uenced by pr i ces as i n Vebl en and Sci t ovsky model s [ 6, 3] , or r eal bal ances

may ent er t he ut i l i t y f unct i ons [ 9] . Ot her model s wher e t he obj ect i ve f unct i ons

ar e par amet er i zed ar e t hose of choi ce under uncer t ai nt y- and wi t h i mper f ect i n

f or mat i on .

	

Nonconvexi t i es on t he si de of t he const r ai nt s ( t echnol ogy) ar e nat -

ur al l y i nduced by i nf or mat i onal var i abl es ; i n model s wi t h uncer t ai nt y as many

const r ai nt s may appear as st at es of nat ur e .

A nat ur al quest i on concer ni ng t he model s di scussed above i s t o what ext ent do

t he compar at i ve st at i cs r esul t s of t he neocl assi cal t heor y st i l l appl y . I n par t i cu-

l ar , si nce i t i s known t hat t he Sl ut sky mat r i x and i t s pr oper t i es of symmet r y and

negat i ve semi - def i ni t eness ar e not pr eser ved i n gener al [ 6] , one can, at most , hope

t o obt ai n condi t i ons on t he cl asses of model s ( cl asses of obj ect i ve f unct i ons and

const r ai nt f unct i ons) i n whi ch t hese pr oper t i es ar e st i l l sat i sf i ed . 3

Even t hough by nat ur e compar at i ve st at i c pr oper t i es ar e essent i al l y l ocal , t he

t echni ques i nvol ved so f ar i n t hei r pr oof s most l y used ar gument s r equi r i ng con-

vexi t y assumpt i ons of t he obj ect i ve and const r ai nt f unct i ons . Si nce compar at i ve

st at i c t heor ems concer n t he si gns of par t i al der i vat i ves i n some nei ghbor hood of

an equi l i br i um poi nt , t hese gl obal assumpt i ons pl ace mor e st r i ngent r est r i ct i ons on

t he obj ect i ve and const r ai nt f unct i ons t han ar e necessar y . ¢

' Manuscr i pt r ecei ved Apr i l 22, 1975 ; r evi sed Febr uar y 14, 1977.

Edi t or ' s por e : We r egr et t o r epor t t he unt i mel y deat h of Pet er Kal man .

Thi s r esear ch was suppor t ed by NSF Gr ant GS 18174 t o Har var d Uni ver si t y .

	

The aut hor s

t hank K. J . Ar r ow, T. Muench and T. Rader f or i nsi ght f ul suggest i ons and a r ef er ee f or hel pf ul

comment s .
r For exampl e, i n neocl assi cal consumer t heor y t he obj ect i ve f unct i on ( ut i l i t y) i s usual l y

assumed t o be concave, t he const r ai nt ( budget ) l i near , and no par amet er s af f ect t he ut i l i t i es.

I n pr oducer model s, t her e i s usual l y onl y one const r ai nt , and convexi t y assumpt i ons ar e i n gener al

made .

' These pr oper t i es have been r ecover ed f or cer t ai n separ abl e cl asses of obj ect i ve and con-

st r ai nt f unct i ons i n some of t hese mor e gener al t ypes of model s, most l y under , convexi t y assump-

t i ons and wi t h speci al r est r i ct i ons f or each par t i cul ar case [ 7] .

' Si nce 1970 t her e has been an upsur ge i n t he st udy of l ocal pr oper t i es of equi l i br i a st ar t i ng

( Cont i nued on next page)
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Theor ems 1 and 2 cont ai n l ocal r esul t s about sol ut i ons t o a gener al cl ass of con-
st r ai ned maxi mi zat i on model s ; i n Theor em 1 we st udy gener i c di f f er ent i abi l i t y of
t he sol ut i ons and i n Theor em2 we gi ve a gener al i zed Sl ut sky t ype decomposi t i on .
The t echni ques used i n Theor em 1 t o obt ai n gener i c di f f er ent i abi l i t y of t he sol u-
t i ons ar e r el at ed t o and ext end r esul t s of Debr eu [ s" ] , who par amet er i zes t he
agent s by t hei r endowment s i n a gener al equi l i br i um model , and Smal e [ 12] .
We ext end t hose r esul t s by consi der i ng as par ament er s bot h t he obj ect i ves and
t he const r ai nt f unct i ons . However , even t hough t he par amet er s of t he obj ect i ves
and const r ai nt s i ncl ude el ement s of i nf i ni t e di mensi onal f unct i on spaces, her e we
do not use Thom' s t r ans ver sal i t y t heor em as i n [ 12] .

	

The gener i ci t y i n t hese
par amet er s i s obt ai ned her e by pr ovi ng a new t r ansver sal i t y t heor em, whi ch
uses Sar d' s t heor em [ 1] , and wi t h r espect t o a t opol ogy descr i bed by t he pr o-
xi mi t y of t he val ues of t he f unct i ons and t hei r der i vat i ves, whi ch seems nat ur al
f or spaces of economi c agent s .

	

The r esul t s whi ch ar e val i d f or compact sub-
spaces of t he commodi t y space, admi t an ext ensi on t o noncompact commodi t y
spaces i f one uses t he Whi t ney t opol ogy as, f or exampl e, i n [ 12] or [ 8] .

	

The
der i vat i on of t he gener al i zed Sl ut sky oper at or of Theor em 2 becomes mor e com-
pl i cat ed her e t han i n t he usual model s because of t he many const r ai nt s, and t he
oper at or obt ai ned i s of a sl i ght l y di f f er ent nat ur e.

	

One r eason i s t hat com-
pensat i on can be per f or med i n di f f er ent manner s her e, si nce t her e ar e many
const r ai nt s .

	

Al so, t he exi st ence of par amet er s i nduces new ef f ect s t hat do not
exi st i n nonpar amet er i zed model s, and t he cl assi cal pr oper t i es of symmet r y and
negat i ve semi - def i ni t eness ar e not , i n gener al , pr eser ved [ b] .

	

Fi nal l y, we con-
si der i n t hi s paper , f or t he case of model s wi t h pr i ce dependent pr ef er ences,
t hose pr ef er ences wher e t he obj ect s of choi ce ar e - quant i t y- pr i ce si t uat i ons"
al so cal l ed uncondi t i onal pr ef er ences . An al t er nat i ve way of l ooki ng at pr i ce
dependent pr ef er ences i s wher e t he obj ect s of choi ce ar e onl y quant i t i es, f or
a f i xed set of pr i ces, al so cal l ed condi t i onal pr ef er ences ; f or a di scussi on, see, f or
i nst ance, [ 3] and [ 10] . The " compensat ed" demand f unct i ons, however , ar e
onl y def i ned i n t he case of uncondi t i onal pr ef er ences [ 10] : our r esul t s appl y t o
cases of househol ds and f i r ms wi t h uncondi t i onal pr ef er ences .

	

Pr oposi t i ons 1
and 2 gi ve suf f i ci ent condi t i ons f or r ecover i ng symmet r y and negat i ve semi -
def i ni t eness pr oper t i es i n our gener al f r amewor k-

	

Resul t s r el at ed t o t hi s paper

( Cont i nued)

wi t h t he l eadi ng ar t i cl e by G. Debr eu who i nt r oduced t ool s of di f f er ent i al t opol ogy t o st udy,
among ot her s, pr obl ems of exi st ence, l ocal uni queness and st abi l i t y of equi l i br i a ( 5] . I ndepend-
ent l y, i nt er est i n l ocal pr oper t i es ar ose f r om model s wher e t her e may be many equi l i br i a posi -
t i ons, f or i nst ance, when t he ut i l i t i es cost or pr oduct i on f unct i ons ar e not necessar i l y conves
( concave) .

2 . RESULTS

We f i r st pr ove gener i c r esul t s on l ocal uni queness, di f f er ent i abi l i t y and Sl ut sky
t ype decomposi t i ons of opt i mal sol ut i ons t o const r ai ned opt i mi zat i on pr obl ems
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ar e cont ai ned i n [ 4] .

wi t h par amet er s ent er i ng t he obj ect i ve f unct i on and const r ai nt s - whi ch can be

l i near or nonl i near . Thi s f or mul at i on cont ai ns t he model s di scussed above,

and al so t he neocl assi cal pr oducer and consumer model s . Convexi t y assump-

t i ons on ei t her t he obj ect i ve f unct i ons or t he const r ai nt s ar e not r equi r ed ; t he

speci al cases wher e t he obj ect i ve f unct i on i s concave and i ncr easi ng and t he con-

st r ai nt s ar e convex yi el d opt i mal f unct i ons - as opposed t o cor r espondences -

wi t h above pr oper t i es .

The pr obl em st udi ed her e i s t hat of an agent maxi mi zi ng a const r ai ned ob-

j ect i ve

( P)

	

maxf ( x, a)

	

subj ect t o

	

g( x, a) = b
XEX

wher e X i s a compact subset of R" +' whose i nt er i or i s di f f eomor phi c t o a bal l i n

R° , a e A, b e B, A and B ar e si mi l ar t ype` subset s of Rm+ and R' +, r espect i vel y,

and n > I .

	

An agent i s char act er i zed by an obj ect i ve f unct i on f and by a con

st r ai nt g .

	

Ther ef or e, t he space of al l possi bl e agent s can be i dent i f i ed wi t h t he

pr oduct of t he space of admi ssi bl e obj ect i ves and const r ai nt s .

	

Let t he space of

obj ect i ve f unct i ons denot ed D be Ck( X x A, R+) , t he space of maps f r om X x A

t o R+ whi ch ar e i ncr easi ng i n x and k- t i mes cont i nuousl y di f f er ent i abl e i n a nei gh-

bor hood of X x A, and l et t he space of const r ai nt s denot ed E be Ck( Xx A, B) ,

wher e k>_2 .

We now br i ef l y di scuss t he t opol ogy of t he f unct i on spaces we consi der .

	

Let

Ybe a compact bal l .

	

Then t he space C̀ ` ( Y, R) can be gi ven t he Ck nor m t opol -

ogy def i ned by :

I l f I I I , = sup { I f ( Y) I , I Dt f ( Y) I , . . . , ( Dkf ( y) L}
>eY

wher e Dj f denot es t he i - t h der i vat i ve of f .

	

Let D denot e a CI bounded subset

of D. 6	 We shal l al so consi der her e t he speci al cases of i ncr easi ng concave ob

j ect i ve f unct i ons and convex const r ai nt s :

	

Let Do be t he space of Ck f unct i ons

f def i ned on a nei ghbor hood of X x A wi t h val ues i n R' whi ch ar e i ncr easi ng and

concave on t he var i abl e x e X, and l et Eo c E be t he subset of f unct i ons of Ck( X

x A, B) whi ch ar e convex on x E X.

	

Let Do denot e D ; 1 Do .

I n t he next r esul t we st udy pr oper t i es of t he opt i mal sol ut i ons t o pr obl em

( P) , denot ed
hf . a( a, b) . Not e t hat hf , a( a, b) i s, i n gener al , a cor r espondence . 7

A sol ut i on i s cal l ed i nt er i or i f i t i s cont ai ned i n t he i nt er i or of t he set X.

THEOREM 1 .

	

For an open and dense set of obj ect i ve f unct i ons f i n D, and

' R" * denot es t he posi t i ve or t hant of Rn .

' Thi s assumpt i on on D, whi ch does not i mpl y compact ness of D, coul d be weakened by t he use
of di f f er ent t opol ogi es on D, such as t hose of [ 12, 81 .

' I n t he cl assi cal consumer case hf , , ( a, b) r epr esent s t he demand vect or , x a commodi t y bundl e,
bc- R* i ncome, and a t he pr i ce vect or . Al so, g( x, a) =x . a=b r epr esent s t he budget const r ai nt
andf ( x, a) =u( x) t he ut i l i t y f unct i on .



144

	

G. CHI CHI LI N' I SKY AND P. J . KALMAN

PROOF :

	

For any g i n E, l et

be def i ned by

def i ned by

For si mpl i ci t y, denot e ~( f , a, b) I xxso by ~( f , a, b) .

Let B t =X x Bo .

	

Thus,

Of f , a, b) e CI - t ( B I , Rn x B) .

any gi ven const r ai nt g i n E, t he i nt er i or sol ut i ons of pr obl em ( P) above def i ne

l ocal l y uni que CI f unct i ons hf - ( a, b) on a subset of A x B whi ch cont ai ns an
open and dense set . Thi s i s al so t r ue f or t he gl obal l y def i ned f unct i ons hf . a
( a, b) f or f i n Do and g i n Eo .

~ : DxAxB, Ck- t ( XxRI , R" xB)

a, b) ( x, ~) =( axf +i
zr g, g- b)

wher e ~ e R' .

We f i r st not e t hat f or each a, b i n A x B, 0( - , a, b) i s cont i nuous as a f unct i on

on D si nce, t he map

a : CI ( X, R) - - , Ck- ' ( X, Rn)

f -
a

ax f

i s cont i nuous i n t he r espect i ve Ck and Ck' t t opol ogi es .

	

Thus, t ar i s i t sel f a con-

t i nuous map .

We now consi der t he r est r i ct i on of ~( f a, b) on X x Bo , wher e Bo i s a com-

pact bal l of R' whi ch cont ai ns t he i . ' s i n t he ker nel of ~( f , a, b) ( x, - ) f or x e X. g

Let 0 be t he set of maps 5 i n Ck - t ( Bt , Rn x B) such t hat s ,

	

0 . 9	 Si nceB 1 i s com-

pact , by t he openness of t r ansver sal i t y t heor em ( see [ 1] ) , 0 i s an open set .

Consi der now t he r est r i ct i on of t he Ck - t nor m t opol ogy on t he subset I of

Ck ' t ( B, , Rn x B) , wher e I i s t he i mage of D x A x B under 0 .

	

Let 8=, 0 n I and

l et I i nher i t t he r el at i ve t opol ogy, and l et T be def i ned as equal t o ~ on t he domai n

of 0, but havi ng 1 as i t s i mage.

	

Then 0=0 n I i s open i n t he r el at i ve t opol ogy

of I and by cont i nui t y of V, T- t ( 0) i s al so open i n D x A x B.

	

Not e t hat VI M

We def i ne , l r ( f a, b) on a subset of X%- R° whi ch i ncl udes al l x i n Xand t hose . 2' s gi ven by

t he zer os of t he f i r st or der condi t i ons of y( f , a, b) ( x, - ) f or some xE=X 8y ( 11, ( 30) 1, f or al l

xEX and f or al l ( f , a, b) i n Dx Ax B t he r espect i ve I ' s i n t he ker nel of , L, ( f , a, b) ( x, - ) ar e con-

t ai ned i n some compact bal l B, of RI .

Let Mand Nbe CI : mani f ol ds, f : M~Na C° map. We say t hat f i s t r ansver sal t o a poi nt

yeNdenot ed by f i i t y i f whenever y=f ( x) , i . e. , xEf - 1 ( y) . t hen DJ' ( x) i s ont o, wher e Df ( x) r ep-

r esent s t he der i vat i ve of t he map f comput ed at x, a l i near map f r om t he t angent space of Mat

x t o t he t angent space of Nat y .

	

A poi nt x i n A- 1 i s a cr i t i cal poi nt i f and onl y i f Df ( . r ) i s not

ont o ; x i s a r egul ar poi nt i f i t i s not a cr i t i cal poi nt . y i s a cr i t i cal val ue i f t her e exi st s a cr i t i cal

poi nt x i n Mwi t h y=f ( x) ; y i s a r egul ar val ue i f and onl y i f i t i s not a cr i t i cal val ue ( see ( 11) .
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i s cont ai ned i n t he set of el ement s i n D x A x B such t hat t he cor r espondi ng i n-

t er i or opt i mal sol ut i ons hf , 9( a, b) of ( P) def i ne l ocal l y a uni que C1 f unct i on" °

by t he i mpl i ci t f unct i on t heor em( si nce
a
a

	

i r ( f , a, b) i s r egul ar at t he ker nel

of 0( f , a, b) i f and onl y i f i t i s i nver t i bl e) .

	

Hence, f or an open set of obj ect i ve

f unct i ons i n D, and an open set of par amet er s i n Ax B, t he i nt er i or sol ut i ons of

( P) def i ne l ocal l y uni que f unct i ons whi ch ar e Ct .

By Sur d' s t heor em, ( see [ 1] ) si nce k>_ 1, t he set of r egul ar val ues of T( h a, b)

i s dense i n R" x B.

	

Then, f or any a > 0, l et ( q, k) e R" x B be a r egul ar val ue of

t he map ~( f , a, b) wi t h l 1q, k1l <s.

	

Def i ne Tt by :

~` U, a, b) = ~( f , a, b) - ( q, k) .

Not e t hat ~9( f , a, b) ~ 0 i f f ( q, k) i s a r egul ar val ue of T( f , a, b) .

	

I f f =f - qx,

and b=b- k, t hen ~T° ( f , a, b) =~( f , a, b) .

	

Si nce X i s compact , f can be t aken

t o be ar bi t r ar i l y cl ose t o f i n t he C' nor m by choosi ng s smal l enough, and si mi -

l ar l y, b can be chosen ar bi t r ar i l y cl ose t o b . Ther ef or e, si nce 0 i s a r egul ar

val ue of TL( f , a, b) , t hen ( f a, 5) Eand t hus

	

i s al so dense i n

DxAxB.

I f f i s concave and g convex, i . e . , i f f i s i n Do and g i n Eo =Eo ( 1 E, t hen t he above

r esul t s al so appl y, pr ovi ng i n t hi s case t hat t he gl obal l y def i ned opt i mal f unct i ons

of t he agent s ar e C1 on an open and dense subset of A x B and of obj ect i ve f unc-

t i ons and const r ai nt s f and g i n Do x Eo .

	

Thi s compl et es t he pr oof .

Remar ks 1 .

	

Not e t hat t he r esul t s of Theor em 1 ar e r est r i ct ed t o i nt er i or sol u

t i ons of pr obl em ( P) ; sol ut i ons t o ( P) al ways exi st by compact ness of X.

	

I f t he

obj ect i ve f unct i on f i s r equi r ed t o have al l i t s hyper sur f aces ( or i ndi f f er ence sur -

f aces) cont ai ned i n t he i nt er i or of X, t hen i t woul d f ol l ow t hat al l sol ut i ons t o

( P) ar e i nt er i or .

	

However , si nce X i s compact , t hi s woul d i mpl y some sat i at i on

of t he - axi mi zi ng agent .

	

When t he choi ce space i s R" + a st andar d assumpt i on

i s t o r equi r e t hat t he i ndi f f er ence sur f aces be cont ai ned i n t he i nt er i or of R" +,

i n whi ch case al l sol ut i ons ar e i nt er i or . Thi s boundar y condi t i on does not i m-

pl y sat i at i on si nce R" + i s not compact . t t

2 .

	

Let E be a Ct bounded subset of E.

	

Then i f t he map Wof Theor em 1 i s

def i ned i nst ead as :

by

~ : DxExAxB- Ck' t ( XxR' , R" xB)

{ f a, b) ( x, A)
° \ af +Aax

g, g- bl

1° Ther e mi ght be el ement s i n Dx . 4 x B such t hat t he cor r espondi ng hf , , ( a, b) def i nes a Ct
f unct i on, but ar e not cont ai ned i n v - i ( 9) si nce ( al ax, 2) ~r ( f , a, b) may be si ngul ar . Al so, t he
boundar y sol ut i ons t o ( P) may not be cont ai ned i n

" The r esul t s of Theor em 1 can be ext ended t o t he case wher e Xi s R̂ ' , by t he use of di f f er ent
t opol ogi es on spaces of Cl : f unct i ons, such as t he Whi t ney t opol ogy [ 12, 81 .
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a si mi l ar pr oof woul d yi el d open densi t y of t he set of obj ect i ve f unct i ons and

const r ai nt s i n whi ch t he r esul t s of Theor em 1 ar e t r ue, i nst ead of a f i xed const r ai nt

9-
We next st udy exi st ence of a Sl ut sky- t ype decomposi t i on f or t he i nt er i or sol u-

t i ons t o pr obl em( P) above . Not e t hat such a decomposi t i on can onl y be def i ned

i n a nei ghbor hood of ( a, b) i f h( a, b) i s a CI f unct i on at ( a, b) .

Assume k> 1 .

	

For a gi ven f and g a necessar y condi t i on f or x t o be an i n-

t er i or maxi mumi s t he exi st ence of a 1. i n RI such t hat

The f ol l owi ng r esul t i s pr oven i n [ 4] .

THEOREM 2.

	

Let g e E be r egul ar . 1z

	

For an open and dense set of obj ec-

t i ve f unct i ons f and par amet er s a i n DxA, i f t he cor r espondi ng Lagr angi an

mul t i pl i er A. of ( 1) i s st r i ct l y posi t i ve, and Z def i ned bel ow exi st s, 13 t hen t her e

exi st s l ocal l y a Sl ut sky- t ype decomposi t i on S( a, b) i nt o l i near oper at or s, gi ven
by : 14

( 2)

	

S( a, b) - a h + ab h ( a g)

1

	

I . e. ,
ax

g( x, a) i s ont o f or al l x and a.

axf ( x, a) +~a~g( x, a) =0,

and g( x, a) = b .

as h I =t o + oh~QCO9I -

	

a
f

~~

- ~~ 8xz
L>- 1

+ ( 8x2 L)

	

ox g) ZCj x g l ` 8x z
L
) axda

wher e L( x, a, ). , b) denot es f ( x, a) + i . ( g( x, a) - b) ,

and 0 and f t ar e def i ned as f ol l ows :

Z - [ ( bx g) ( azs
L) - 1( 8x

g) ] - 1'

i - t h pl ace

0 ' . . . ' 0' 1. , 0, . . . , 0

1 ' Exi st ence and densi t y of such Z' s i s di scussed i n [ 2] .

	

Gener i c exi st ence of Z can be pr oven

f ol l owi ng t he t echni ques of Theor em 1 al so.

11 Tr ansposes of mat r i ces ar e not i ndi cat ed i n t he st at ement of Theor em2.

L)



and

COMPARATI VE STATI CS

	

1147

~. . - 1

	

i f qg1i

0

	

i f qt r and q01

i f r 0 it . r
- -

a

ot , t =0 ;

	

i f beR1, 0=0.

I f f e Do and g e Ro t he above r esul t s hol d gl obal l y .

Not e t hat t he t er m

ab
h ( 0

t ?a g - y af )

of t he decomposi t i on of S( a, b) depends on t he choi ce of t he i ndex i t hr ough t he

oper at or s u and 0. Thus t he mi ddl e t er m of t he equat i on ( 2) depends on t he

choi ce of t he par t i cul ar const r ai nt whi ch i s used f or t he compensat i on ( denot ed

by t he i ndex i i n t he def i ni t i on of t he oper at or s) .

	

However , S( a, b) as gi ven by

t he f i r st and t hi r d expr essi ons, does not depend on t he choi ce of t he i ndex .

	

I n

t he cases of opt i mi zat i on model s wi t h onl y one const r ai nt , t he compensat i on

can be done i n onl y one way ; i n gener al , one can choose as many ways of " com-

pensat i on" as t her e ar e const r ai nt s, and mor e : any l i near combi nat i on of t he con-

st r ai nt s, f or i nst ance, coul d al so be used as a compensat i ng par amet er , and a

si mi l ar pr oof wi l l f ol l ow.

	

The basi c poi nt her e i s t hat when df =0 ( on t he sur -

f ace f =const ant ) , t he component s of t he di f f er ent i al f or m db ar e not al l l i near l y

i ndependent .

	

Di f f er ent choi ces or r epr esent at i ons of t hi s l i near dependence ( of

whi ch a par t i cul ar case i s t hat gi ven by t he oper at or s 0 and u) woul d yi el d di f -

f er ent f or ms of t he t er ms of t he mi ddl e expr essi on of ( 2) .

	

When consi der i ng

t hi s par t i cul ar expr essi on i n t he mi ddl e of equat i on ( 2) , whi ch can be t hought of

as a " modi f i ed subst i t ut i on ef f ect " , t hese degr ees of f r eedom i n t he choi ce of t he

compensat i ng par amet er may al l ow one t o adopt a par t i cul ar way of compen-

sat i on dependi ng on t he t ype of economi c model under consi der at i on and depend-

i ng on t he pr oper t i es one want s t o st udy i n each par t i cul ar model .

I n t hi s gener al f r amewor k t he cl assi cal pr oper t i es of symmet r y and negat i ve

semi - def i ni t eness ar e not , i n gener al , pr eser ved [ 6] . I n Pr oposi t i ons 1 and 2

bel ow, we exhi bi t some f or ms of obj ect i ve f unct i ons and const r ai nt f unct i ons f or

whi ch S( a, b) has t hese pr oper t i es under cer t ai n condi t i ons . For pr oof s of t he

next t wo pr oposi t i ons, see [ 4] .

PROPOSI TI ON 1 .

	

Assume t he obj ect i ve f unct i on f ( x, a) has t he f or m

( i )

	

f = Y[ a - x] + f t ( x) +f ' ( a)

and t he const r ai nt s g( x, a) have t he f or m
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( u)

	

gt - bt [ a - x] + g`
t
( x) + g11( a)

and t hat al l t he condi t i ons f or exi st ence of t he mat r i x S( a, b) of Sect i on 1 ar e

sat i sf i ed, y, St e R+ .

	

Then S( a, b) i s symmet r i c when t o=n i n pr obl em ( P) .

PROPOSI TI ON 2 .

	

Under t he condi t i ons of Pr oposi t i on 1, i f f c- Do and gEE0 ,

t he mat r i x S( a, b) i s negat i ve semi - def i ni t e when l +E; ). ; bt >_0, and wher e

2=( A 1 , . . . , A) i s t he cor r espondi ng " Lagr angi an mul t i pl i er " .

Har var d Uni ver si t y

Har var d Uni ver si t y and S. U. N. Y at St ony Br ook
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