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Abstract

Some possible collocation strategies of sensor and actuator pairs for the application to active vibration control systems are analyzed,
compared and discussed in this paper. This is becausea well-designed sensor - actuator collocation configuration can provide a simpler
control algorithm with excellent performance and stability, especially when velocity feedback is adopted. As an ideal point collocation
pair of a sensor and actuator shows high possibility in actual vibration control problems, the advantage of a collocated accelerometer -
shaker pair is proven experimentally and discussed first. Then as a similar approach, a collocated piezosensor - piezoactuator pair is ana-
lyzed in depth with the in-plane motion coupling. Finally, two configurations of a practically collocated configuration with an acceler-
ometer - piezoactuator pair and a non-overlapped collocated pair of a bimorph piezosensor - two bimorph piezoactuators are described in
detail in terms of performance and stability with experimental results. Those two configurations are expected for the applications to more

practical active control of vibration systems with the velocity feedback control scheme.
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1. Introduction

Collocation configuration of sensor and actuator pairs has
been one of important factors in active control of vibration in
various structures. This is because control algorithm, perform-
ance and stability can be varied by the collocation configura-
tion [1-4].

It is well-known that an ideally collocated pair of a point
sensor and actuator with velocity feedback strategy offers an
extremely robust active feedback control system [2]. This
strategy is unconditionally stable for any type of primary dis-
turbance acting on a structure, in spite of having a very simple
controller. In the case of non-collocated systems, the trade-off
between stability and performance is critically important be-
cause better stability usually causes the degradation of per-
formance [5, 6].

Since the development of the active vibration control sys-
tem, for example, a restricted number of outputs are available
commercially even though there have been many promising
results in laboratories [4, 7, 8]. The following are some of the
main reasons for that: the requirement for a large number of
sensors and actuators, complicated centralized multichannel
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input and output controllers, and increased weights and costs
[6-8]. It is noted, by the way, that the demand for "realistic
active control systems" has been still high from industry cus-
tomers.

Smart materials such as piezoelectric transducers have been
widely used as actuators, sensors, or self-sensing actuators
especially in active vibration control and active structural
acoustical control [7-10].

In this study, dynamic responses and properties of some
practically implementable collocated sensor - actuator pair
configurations including conventional shakers, accelerometers
and piezoelectric transducers will be analyzed and discussed
in detail. Hence, this paper targets ultimately to implement a
simpler, smaller and more realistic analog active control sys-
tem, which consists of sensors, actuators and power amplifiers
without digital signal processors and low pass filters.

Section 2 of this paper describes the theoretical background
of the configuration of a collocated sensor and actuator pair
and velocity feedback control strategy for active control of
vibration. Section 3 discusses sensor - actuator response re-
sults with a collocated pair of accelerometer - shaker attached
on a beam. Section 4 shows the theoretical analysis and ex-
perimental results of a collocated in a wide area or matched
pair of a piezosensor and piezoactuator configuration. Another
practically collocated pair configuration with an accelerometer
and piezoactuator is mentioned in detail at section 5. In section



62 Y.-S. Lee / Journal of Mechanical Science and Technology 25 (1) (2011) 61~68

20
8 o Collocated FRF
g -20-

° "
o -40F e : %
2 e i
& oL Non-collocated FRF * H

. . .
10° 10" 10° 10°
Frequency (Hz)
200
g o
a Collocated FRF
H
g 200 P
Non-collocated FRF
-400p I L Il Il
10° 10' 10° 10°
Frequency (Hz)
5
ab / Collocated FRF
3l
Non-collocated
~ 27 FRF
<)
2 \<
5
5 X
& of
Fl
g
£
&
E
2l
3l
a4l
-5

. . I . . . I I I
2 -1 0 1 2 3 4 5 6 7 8
Real Part of G(jw)

Fig. 1. Responses of a collocated pair and a non-collocated pair of ideal
point velocity sensor and actuator system. 7op: Sensor - actuator fre-
quency responses. Bottom: Nyquist plots.

6, a new configuration with a non-overlapped collocated pair
of a bimorph piezosensor and two bimorph piezoactuators is
discussed with computer simulation for the application to
active vibration control in terms of performance and stability.

2. Theoretical background for collocation

Consider two identical cantilever beams with a pair of ideal
point collocated sensor - actuators on a beam and a pair of
non-collocated point sensor - actuators on the other. If an ideal
point actuator excites the beam at x, and an ideal velocity
sensor detects out-of-plane motion at x, , the out-of-plane

s

velocity field w(x,,f) of the beam is expressed as [11]

W(x,\,,t)=i¢,,(xx)§qn(x,t), ()

n=l1

where ¢, (x,) is the nth out-of-plane mode shape and ¢, (x,¢)
is the corresponding modal coordinate. The frequency re-
sponse of the beam with the collocated pair can be expressed,
W € (—0,+0) , as

G- M) 5 o)

e RPN , @
S (x,0) G5 M (0, -07)+ j28,0,0]

where x, =x, , o, is the nth natural frequency, ¢ is the

s

viscous damping ratio, M, is the nth modal mass and

f(x e is the forcing function. On the contrary, the frequency
response of the beam with the non-collocated pair when
x, # x, 1is expressed with

G, (jo) = 2@ i) (5) o

f(x,0) SM[(0] -a’)+j20,0,0]

Computer simulation results of two identical cantilever
beams (aluminum, L x B x T'=200 x 30 x 1 mm) are plotted
for the collocated pair (solid lines) and the non-collocated pair
(dotted lines) in Fig. 1. As it can be seen from top of Fig. 1,
the sensor - actuator response of the collocated pair shows that
the magnitude of each resonance is decreasing with the in-
crease of frequency and the resonances and anti-resonances
are alternating, and the phase response stays between +90°.
However, the response of the non-collocated pair shows that
some anti-resonances have disappeared and the phase re-
sponse doesn't stay between +90°.

From the bottom of Fig. 1, the Nyquist plot for the collo-
cated pair is displayed only on the positive real part region,
but that of the non-collocated part is plotted both on the posi-
tive and negative real parts regions.

As shown in Egs. (2) and (3), the denominator part of the
transfer function consists of the infinite number of complex
conjugate pairs of system poles, indicating the resonances due
to the vibration modes, which are determined by boundary
conditions and material properties of the beam. However, the
numerator part of the function is determined by the locations
of the actuator and sensor, and this represents that the numera-
tor determines the system zeros and influences the phase rela-
tion between the system input (actuator) and output (sensor)
[5]. Thus, the phase response is decided by the location of
sensor and actuator.

The non-collocation of a sensor and actuator introduces the
unstable zeros and it makes the system non-minimum phase,
which can be defined as "a system for which some, but not all,
of the complex conjugate pairs of zeros are located in the right
hand side on the s-plane" [12]. The stability of the closed-loop
velocity feedback system of a non-collocated pair with a feed-
back gain of H(jw)=h can be determined. The closed-loop
system must be unstable if the feedback gain /4 is greater than
a critical value.

On the contrary, the collocation of sensor and actuator
makes the system minimum phase, which can be defined as "a
system for which all the complex conjugate pairs of poles and
zeros are located in the left hand side on the s-plane" [12].

As a special case of a minimum phase system, strictly posi-
tive real (SPR), which can be defined as "a system for which
all the complex conjugate pairs of poles and zeros are alternat-
ing each other as well as located in the left hand side on the s-
plane" [6,12]. This indicates alternating resonances and anti-
resonances are displayed in the collocated sensor - actuator
frequency response as can be seen from Fig. 1 (solid lines at
the top). Also, the real part of the frequency response of such a
system of G(jw) is always greater than zero for all frequen-
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Fig. 2. Velocity feedback control with a collocated pair of sensor (ac-
celerometer)-actuator (shaker) on a cantilever beam.
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Fig. 3. Measured response of a practically collocated system with a
shaker and accelerometer. Top: Sensor - actuator frequency response.
Bottom: Nyquist plot.

cies, and can be written as Re[G(jw)] >0 [6]. Thus, the SPR
condition provides a very important requirement in the design
of unconditionally stable control system based on velocity
feedback scheme with a constant gain.

3. Practical collocation
3.1 Accelerometer and shaker

As shown in Fig. 2, a pair of sensor (accelerometer, B&K
4375) and actuator (shaker, B&K 4810) is installed to be col-
located (x, =x,) on the tip of an experimental cantilever
beam (aluminum, L x B x T=200 x 30 x 1 mm). The signal
from the accelerometer is integrated by a signal conditioner to
give velocity information w(x,,®) at the beam tip. The ac-
celerometer - shaker response was measured and analyzed
with a frequency analyzer.
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Fig. 4. A matched pair of distributed sensor - actuator system on a
cantilever beam.

The measured sensor - actuator frequency response function
(FRF) of the beam is plotted in Fig. 3 (top). Since the sensor
and actuator are collocated, the response shows a typical SPR
response property with the decreasing trend of resonance
magnitudes, alternating resonances and anti-resonances, and
phase response staying between +90°. Also the Nyquist plot
of the response is presented in Fig. 3 (bottom) and it indicates
that the real parts of the response are positive.

From this response, if velocity feedback control scheme is
applied as shown in Fig. 2, a powerful active vibration control
can be implemented as long as a pair of an accelerometer and
shaker is collocated. The sensor - actuator pair generates a
proper control force with a feedback gain 4 which is propor-
tional to the velocity of the beam at the sensor location [1].
Thus, this arrangement can give the effect as if a skyhook
damper is installed at x, = x, on the beam.

3.2 Piezosensor and piezoactuator

Although the configuration in section 3 provides nice prop-
erties for velocity feedback control, it requires a quite large
space to install the shaker onto the structure. So a smart mate-
rial such as piezoelectric PZT (piezoelectric zirconate titanate)
or PVDF (piezoelectric vinylidene fluoride) is considered to
minimize the space.

A matched (collocated on a wide area) pair of PVDF piezo-
sensor and piezoactuator bonded on either side of a cantilever
beam (aluminum, L x B x 7= 200 x 30 x 1 mm) is imple-
mented as shown in Fig. 4, which is inspired from the collo-
cated pair of an accelerometer and shaker described in section
3 to utilize such an attractive SPR response property when it is
implemented with the velocity feedback strategy [8, 13].

It is known that a piezoactuator bonded on a beam can ex-
cite the beam both to the in-plane (longitudinal) and the out-
of-plane (flexural) directions. The strain of the piezosensor
&, within linear elasticity due to the deformation can be ex-
pressed with [9, 10]

2
gx = i(u - hten %j = 6714 + _hven a ‘;V > (4)
Toox - ox ox o ox

where u, w and h, are the longitudinal displacement,
flexural displacement, and the distance between the neutral
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Table 1. Values of the coefficients and symbols for the aluminium

beam.

Coefficients Values Remarks
Beam [mm] 200 x 30 x 1 Aluminium
Piezoactuator [mm] 200 x 30 x 0.5 PVDF
Piezosensor [mm] 200 x 30 x 0.5 PVDF
¢, 0.05
h,, [mm] 0.75
C,, 8.3929 * 10
C, 3.5826 * 10°
M, 0.0162 Modal mass
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axis of the beam and the sensor respectively. Thus, the total
electrical charge output g¢,,,(¢) from the piezosensor is the
addition of the out-of-plane portion ¢,,,(t) and the in-plane
one q,(1), Guu()=4,,, ) +q,(t), and each of them can be
written as [10]

2

L o'w
e, B S0 S

0,0 =8, 50 D

Gopp (1) =

®

where e, =6.55[NV'm" or CN"'] is a piezoelectric con-
stant, B is the width of the beam and S(x,y) is the shape
function of the piezosensor. The total transfer function be-
tween the input voltage V,(r) to the piezoactuator and the
time-derivative of charge output i=dq/dt of the piezosen-
sor, which is equivalent to velocity signal Ww(x,,@) of a col-
located pair, can be written as

G

total

/V+z Vy=G, +G,

oo T Gy ©)

(mp

where G, and G, are the transfer functions for the out-of-
plane and in-plane motions, respectively, and they can be ex-

pressed in terms of FRF after some manipulation as

[¢,(L) 4,001

) i

w)= >
IO (o) &M, (@ -0 + 2 Cm,0)
C (oye I v.dt
. . G,U0)$ Vi (X)X
G, (jo)=—jo—= PR , ™
V(o) 5l -o') +2j¢o,0]
where C,,, C, are coefficients related to the electrome-

chanical coupling between piezoelectric transducers and the
beam. The symbols’ values are given in Table 1; ¢'(x) is the
derivative of ¢(x) with respect to x, and ¢(x) and w(x)
are the flexural and longitudinal mode shapes, respectively.

Fig. 5 (top) is the measured FRF of the matched sensor - ac-
tuator pair and shows a strange sensor - actuator response with
increasing trend of the resonances, a huge resonance at around
6,000 Hz caused by the first in-plane mode, not alternating
resonances and anti-resonances, and phase response not stay-
ing between +90°. It is clearly different from that of the ac-
celerometer - shaker pair in Fig. 3. This can be explained be-
cause, according to Eq. (6), the matched pair of piezosensor -
piezoactuator cannot avoid the coupled motion of both the
out-of-plane and in-plane motions.

As plotted in Fig. 5 (middle), the calculated total response

G, (thick hne) consists of not only the calculated out-of-
plane response G, (thin line) but also the calculated in-
plane response G, (dotted line), thatis, G, , =G, +G, .1t
indicates that the coupled FRF G, loses the SPR response
property due to the first in-plane resonance where the phase
undergoes a sudden 180° shift. The Nyquist plots in Fig. 5
(Bottom) also show the total response whether it is measured
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Table 2. Values of the coefficients and symbols for the aluminium
beam.

Coefficients Values Remarks
Beam [mm] 200 x 20 x 2 Aluminium
Piezoactuator [mm] 15x20x% 1 PZT5H
<, 0.05
C, 9.2977 * 10
M, 0.0216 Modal mass

Primary Source
(Shaker)

Error Sensor
(Accelerometer)

Feedback Gainh |hw 2ndary Sourss

(Power Amp) (Piezoctuator)
. Beam
input
i Sensor-Actuator i Signal
!  Response | | Conditoner

output W
w Integrator R

Fig. 6. An accelerometer and piezoactuator pair configuration on a
beam for active vibration control with velocity feedback.

or calculated has negative real parts that can cause instability
with a high feedback gain.

Hence, the configuration with a matched pair of piezosensor
and piezoactuator is not feasible for velocity feedback control
scheme.

3.3 Accelerometer and piezoactuator

As an alternative to the matched piezosensor - piezoactuator
pair, a practically collocated pair of an accelerometer and
piezoactuator installed on a clamped-clamped beam (alumi-
num, L x B x T=200 x 20 x 2 mm) is implemented as shown
in Fig. 6 in order to eliminate the in-plane motion only from
the coupled motion so that purely out-of-plane motion can be
obtained.

Since the accelerometer is assumed to be located at x,
which is the center of the opposite side of the piezoactuator, it
detects the flexural velocity at x, of the beam. The FRF of
the sensor - actuator pair, when the output is the velocity sig-
nal and the input is the voltage applied to the piezoactuator,
can be expressed as

RTINS S LACARTIEN)

U= o) TN (- o)+ 20w 0]

» ®

where x, and x, are both ends of the piezoactuator patch
andx, =(x,+x,)/2, and C,, is a coefficient related to elec-
tromechanical coupling and its and other symbols' values are
given in Table 2.

Actually, the accelerometer (PCB 352C66) and piezoactua-
tor (PZT5H) pair are practically collocated with x, = 100
mm, x;, =92.5mmand x, =107.5 mm for experiment.

The measured sensor - actuator FRF is plotted in Fig. 7
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Fig. 7. Top: Measured sensor - actuator FRF of an accelerometer -
piezoactuator pair. Bottom: Nyquist plot.

(top). It shows an SPR response with alternating resonances
and anti-resonances up to 12,000 Hz while the phase response
exists between +90°. The Nyquist plot in Fig. 7 (bottom)
shows the measured response is positive real below 12,000 Hz.

Thus as long as the accelerometer is attached on the oppo-
site center of the piezoactuator, that is, x, = (x, + x,)/2,
no matter where x, and x, are, and the piezoactuator length
is shorter than the 1/2 wavelength of the highest vibration
mode to be controlled, the real part of the sensor - actuator
FREF is always positive below a certain frequency, for example
12,000 Hz in this case. It means that some negative real parts
can be observed if the frequency is higher than 12,000 Hz in
which the sensor and the actuator are not in-phase. So this
configuration is a practical approach to remove the in-plane
coupling problem below a reasonably high frequency.

Also, since the magnitudes of the resonances are getting
smaller in higher frequencies generally, even if the negative
real parts in a high frequency range exist they usually cannot
threaten control stability. By the way, in this case, it has not
been observed clearly the decreasing trend of the resonance
magnitudes like that of the collocated accelerometer - shaker
pair as shown in Fig. 3 (Zop). This is because the PZT pie-
zoactuator generates not out-of-plane force but bending mo-
ments at both ends of itself [7, 8, 10]. So the maximum allow-
able feedback gain would be limited with this configuration
than the accelerometer - shaker configuration.

It is also noted that the velocity feedback control with this
pair of sensor and actuator is a kind of all mode control not a
specific mode control. Thu,s it controls not only odd modes
but also the even modes.
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For the active vibration control experiment using velocity
feedback scheme, the feedback gain H(jw)=h was ad-
justed to make the open-loop response stable with 6 dB gain
margin, and the error signal from the accelerometer is inte-
grated by a signal conditioner PCB 441A101 to give the ve-
locity output. Then the velocity signal is transferred via a PCB
Power Amplifier 790 for the feedback gain % to generate
voltage which is proportional to velocity for driving the pie-
zoactuator as a secondary source. A primary source (shaker,
B&K 4810) was installed at 50 mm away from one of the
clamped ends to generate disturbance to the beam as shown in
Fig. 6.

The error power spectra S, (f) before and after control
are plotted in Fig. 8 (Top), where the reduction of about 8§, 7
and 9 dB at Ist, 2nd and 3rd resonance, respectively, espe-
cially 22 dB at the 4th resonance near 3000 Hz.

In velocity feedback, since the control force by the piezoac-
tuator is proportional to the velocity measured by the acceler-
ometer, the piezoactuator produces a pair of bending moments

m(x,)=-m(x,) =-C,h¥(x,),where C,, isdefinedin Eq.

(8). This is derived from the fact that the bending moment due
to the electric voltage V3 () applied to the piezoactuator, can
be defined as "moment = constant * voltage". In velocity
feedback control, the sensor signal w(x,) is fed back and
multiplied by the negative feedback gain —# , then the ampli-
fied signal —/w(x,) is transferred to the piezoactuator to

ometer - piezoactuator configuration worked very well to sup-
press the beam vibration.

3.4 Non-overlapped bimorph piezosensor and p iezoactuator

Another alternative to the matched piezosensor - piezoac-
tuator pair, a non-overlapped collocated pair of a bimorph
piezosensor and two bimorph piezoactuators is considered as
shown in Fig. 9 in order to utilize the merits of piezoelectric
transducers.

A set of bimorph piezoactuator (L, x b, x t,), which extends
from x, to x,from one end of the beam, can generate pure
out-of-plane motion of the beam if the actuator set is bonded
and operated out-of-phase. The out-of-phase bimorph piezoac-
tuator set can cancel the in-plane motion of the beam. Two
sets are applied to the beam in order to generate more actua-
tion force. The out-of-phase bimorph piezosensor (L, x b X t),
which is bonded from x, to x, from one end of the beam,
consists of two piezosensor patches as shown in Fig. 9.

The longitudinal middle point of the piezosensor and
piezoactuator must be the same, as x, =(x,+x,)/2=
(x,, +x,,)/2 for this configuration. Thus, for this piezosensor
and piezoactuator configuration it is expected that the in-plane
coupling would be removed from total response.

The charge output from this piezosensor can be defined as

b 12 pxo o w
a0 =2eh, [ [ S0~ dvdy. ©)

Thus, after some manipulation, the sensor - actuator FRF of
this configuration can be obtained as
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where C is a coefficient related to the electromechanical cou-
pling between the piezosensor - piezoactuator pair and the
beam.

In computer simulation results of this configuration with a
clamped-clamped beam (steel, L x B x T'=300 x 30 x 2 mm)
are displayed in Fig. 10. In this simulation, the critically im-
portant SPR response for velocity feedback scheme is investi-
gated. Also, the effect of the sensor length variation is consid-
ered for better control performance and stability.

As can be seen from Fig. 10 (top), when the length of the
piezosensor is L, = 10 mm (a quarter of the piezoactuator
length L, ) the SPR response property collapses at about
10,000 Hz because of collocated length of the sensor and ac-
tuator is less small. However, when the collocated length is
increased to make L =L, , the SPR response property con-
tinues at least up to 20,000 Hz as plotted in Fig. 10 (bottom).
The simulation results show that this configuration using only
piezoelectric transducers could provide a powerful SPR prop-
erty in a wider frequency range and allows an increased feed-
back gain with velocity feedback scheme compared to the

accelerometer - piezoactuator pair configuration.

Even though a more precise manufacturing process is nec-
essary to implement this sensor - actuator configuration, it
could become one of nice choices to suppress unwanted vibra-
tion.

4. Conclusions

This paper describes a comparison of practically possible
three different configurations of sensor and actuator pairs in
terms of performance and stability to implement realistic ac-
tive control systems for vibration suppression with velocity
feedback scheme. Theoretical and experimental results dis-
cussed in this paper can be summarized as the following:

First, a collocated pair of an accelerometer and shaker is
very nice in terms of performance and stability with SPR re-
sponse, but the volume and mass of the shaker restricts its
applications to vibration control of smart structures. This pair
can give a skyhook damper effect when it is operated with
velocity feedback control scheme.

Second, a matched pair of a piezosensor and piezoactuator
is not relevant to an active vibration control system especially
when velocity feedback scheme is applied because of the in-
plane coupling problem which can cause instability. This con-
figuration cannot offer an SPR response.

Third, a practically collocated pair of an accelerometer and
piezoactuator allows implementing a vibration control system
that can maintain SPR response within a reasonable frequency
range. This configuration provides good performance and
reasonably high stability for the implementation of an active
vibration control system with velocity feedback scheme.

Fourth, a non-overlapped collocated pair of a bimorph pie-
zosensor and two bimorph piezoactuators could provide a
response free from in-plane coupling and is expected to offer
another good choice for better control performance and stabil-
ity with the same scheme.
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