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0 Introduction

The study of relative homological algebra was initiated by Butler and Horrocks [9] and
Eilenberg and Moore [12] and has been revitalized recently by a number of authors, nota-
bly, Enochs and Jenda [14] and Avramov and Martsinkovsky [7]. The basic idea behind this
construction is to consider resolutions of a module M over a ring R, where the modules in
the resolutions are taken from a fixed class X'. One restricts focus to those resolutions X,
called proper X'-resolutions, with good enough lifting properties to make them unique up to
homotopy equivalence, and this yields well-defined functors

Ext’y p (M, —) = H_,(Homg (X, —)).

Dually, one considers proper X'-coresolutions to define the functors Ext’;, ,.(—, M). Consult
Sect. 1 for precise definitions.

In this article we investigate relative cohomology theories that arise from dualities with
respect to semidualizing modules: when R is commutative and noetherian, a finitely gener-
ated R-module C is semidualizing when Extf1 (C,C) =0andHomg(C, C) = R.Examples
include projective R-modules of rank 1 and, when R is a Cohen—Macaulay ring of finite Krull
dimension that is a homomorphic image of a Gorenstein ring, a dualizing module.

A semidualizing R-module C gives rise to several distinguished classes of modules. For
instance, one has the class P¢ of C-projective modules and the class GP¢ of G¢-projec-
tive modules, which we use for resolutions. For coresolutions, we consider the class Z¢
of C-injective modules and the class GZ¢ of Gc-injective modules. As there is no risk
of confusion in these cases, the corresponding relative cohomology functors are denoted
Ext’;jc (-, —), Ext’épc (=, —), Ext%c (—, —)and Ext’éIC (—, —). Detailed definitions can be
found in Sect. 3.

Our investigation into these functors focuses on two questions: What conditions on a pair
of modules (M, N) guarantee that the corresponding outputs of two of these functors are
isomorphic? And when are these functors different?

As to the first question, Sect. 5 focuses on the issue of balance, motivated by the fact
that one can compute the “absolute” cohomology Ext, (M, N) in terms of a projective res-
olution of M or an injective resolution of N. This section begins with Example 5.3 which
shows that the naive version of balance for relative cohomology fails in general: even if
Pc-pdp(M) and Zc-idg(N) are both finite, one can have Ext’;pc (M,N) Ext%c (M, N)
and Ext’épc (M,N) # Ext’éIC (M, N). It turns out that the correct balance result in this

setting, stated next, uses coresolutions with respect to the semidualizing module CT =
Hompz(C, D) where D is a dualizing module. This result is contained in Proposition 5.4
and Theorem 5.7.

Theorem A Let R be a Cohen—Macaulay ring with a dualizing module, and let C, M and
N be R-modules with C semidualizing.

(@) IfPc-pdr(M) < 0o and Z-+-1dr(N) < oo, then there is an isomorphism
Ext’;pc (M,N) = Ext"IC% (M, N)
for each integer n.
(b) IfGPc-pdgr(M) < oo and GZ+-idgr(N) < 00, then there is an isomorphism

Extfp. (M, N) = Extfz_ (M, N)

;

for each integer n.
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In addition, Sect. 4 gives conditions that yield isomorphisms Ext’},c (M, N)
Ext’épc (M, N) and Ext%c (M,N)= Ext’éIC (M, N). See Propositions 4.2 and 4.4.

Section 6 deals with the even more interesting question of the differences between these
functors. The next result summarizes our findings from this section and shows that each
reasonably comparable pair of relative cohomology functors is distinct.

Theorem B Let (R, m) be a local ring, and let B, C be semidualizing R-modules.
(a) Assume C 2 R. Then one has
Extp. (=, —) 2 Extr(—, —) 2 Extgp. (=, —)
Extz. (=, —) # Extg(—, —) 2 Extgz.(—, -).
If there exist y, z € m such that Anng(y) = zR and Anng(z) = yR, then
Extp. (=, =) # Extgp.(—, —)  Extz.(—, —-) 2 Extgz.(—, —).
(b) Assume GPc-pdg(B) < oo and C 2 B. Then one has
Extp (=, —) 2 Extpy (-, —) 2 Extgp. (=, —)
Extgz,(—, —) 2 Extz (=, —) 2 Extz, (-, —) 2 Extgz (-, —).
If depth(R) > 1, then
Extgpe (=, =) Z Extgp,(—, —)  Extgz.(—, =) Z Extgz,(—, —).
If C admits a proper GP p-resolution, then
Extp. (—, =) # Extgp, (—, —).

As an aid for some of the computations in Theorem B we utilize a Yoneda-type charac-
terization of relative cohomology modules. This is the subject of Sect. 2. In particular, the
following result is contained in Theorem 2.3.

Theorem C Let M and N be R-modules.

(@) If M admits a proper X-resolution, then Extxr(M, N) is in bijection with the set
of equivalence classes of sequences 0 — N — T — M — O that are exact and
Hompg (X, —)-exact.

(b) If N admits a proper Y-coresolution, then Extgy (M, N) is in bijection with the set
of equivalence classes of sequences 0 — N — T — M — O that are exact and
Hompg(—, V)-exact.

1 Categories, resolutions, and relative cohomology

We begin with some notation and terminology for use throughout this paper.

Definition/Notation 1.1 Throughout this work R is a commutative ring. Write M = M(R)
for the category of R-modules, and write P = P(R), F = F(R) and Z = Z(R) for the
subcategories of projective, flat and injective R-modules, respectively. We use the term “sub-
category” to mean a “full, additive, and essential (closed under isomorphisms) subcategory.”
If X is a subcategory of M, then X'/ is the subcategory of finitely generated modules in X'
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Definition 1.2 We fix subcategories X, Y, W, and V of M such that WW € X and V C ).
Write X 1L Y if Extlfl (X, Y) = 0 for each module X in X and each module Y in ). For a
module M in M, write M L Y (resp., X L M) if Extil (M, Y) = 0 for each module Y in

(resp., if Extlfl (X, M) = 0 for each module X in X’). We say that W is a cogenerator for X
if, for each module X in X, there exists an exact sequence 0 — X — W — X’ — 0 such
that W is in W and X’ is in X. The subcategory W is an injective cogenerator for X if W is
a cogenerator for X and X L W. The terms generator and projective generator are defined
dually.

Definition 1.3 An R-complex is a sequence of R-module homomorphisms

X
an-%—l

. X
X = ax 8n—l

n
Xn — Xpo1 —> -+

such that 83(718,5( = 0 for each integer n; the nth homology module of X is H,(X) =
Ker(a,f( )/ Im(a,{f+l). We frequently identify R-modules with complexes concentrated in
degree 0. The suspension (or shift) of X, denoted X X, is the complex with (£X), = X,—1
and 92X = —9X .

The complex X is Homg (X', —)-exact if the complex Homg (X', X) is exact for each
module X’ in X. Dually, it is Homg(—, X)-exact if the complex Homg (X, X’) is exact for
each module X’ in X. It is — @ g X-exact if the complex X’ ®g X is exact for each module
X'in X.

Definition 1.4 Let X, Y be R-complexes. The Hom-complex Homg (X, Y) is the R-complex

defined as Homy (X, Y), = Hp Hompg (X, Yp4,) with nth differential By?omk(x’y) given

by {fp} = {8;+nfp — (—1)”f,,,181)f}. A morphism is an element of Ker(a(l){omk(x’y)).

Two morphisms «,a’: X — Y are homotopic, written a ~ o/, if the difference o — o’
is in Im(E)FomR (X’Y)). The morphism « is a homotopy equivalence if there is a morphism
B:Y — X such that Ba ~ idx and a8 ~ idy.

A morphism of complexes «: X — Y induces homomorphisms on homology modules
H,(x): H,(X) - H,(Y), and « is a quasiisomorphism when each H, («) is bijective. The
mapping cone of « is the complex Cone(«) defined as Cone(x),, = Y, ® X,,—1 with nth dif-

Cone(ar) __ (3: an—1
» =

ferential 0, 0 X ) Recall that « is a quasiisomorphism if and only if Cone(«)
n—1

is exact.

Definition 1.5 An R-complex X is bounded if X,, = 0 for |n| > 0. When X_, = 0 =
H, (X) for all n > 0, the natural map X — Hop(X) = M is a quasiisomorphism. In this
event, X is an X-resolution of M if each X,, is in X, and the exact sequence

o3 ot
Xt=... 5 X > Xg>M—0

is the augmented X -resolution of M associated to X. We write “projective resolution” in lieu
of “P-resolution”. The X'-projective dimension of M is the quantity

X-pd(M) = inf{sup{n > 0| X,, # 0} | Xis anX-resolution of M }.

The modules of X-projective dimension 0 are the nonzero modules in X'. We let res X’
denote the subcategory of R-modules M with X- pd(M) < oo. One checks easily that res X’
is additive and contains X'.
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The terms Y-coresolution and YV-injective dimension are defined dually. The augmented
YV-coresolution associated to a V-coresolution Y is denoted 1Y, and the Y-injective dimen-
sion of M is denoted )-id(M). The subcategory of R-modules N with V-id(N) < oo is
denoted cores ;)A/; it is additive and contains ).

Following much of the literature, we write “injective resolution” in lieu of “Z-coresolu-
tion” and set pd = P-pd and id = Z-id.

Definition 1.6 An X-resolution X is proper when the augmented resolution X is
Hompg (X, —)-exact. We let res X' denote the subcategory of R-modules admitting a proper
X-resolution. One checks readily that res X is additive and contains X. Proper coresolu-
tions are defined dually. The subcategory of R-modules admitting a proper )-coresolution
is denoted cores )7; it is additive and contains ).

The next lemmata are standard or have standard proofs: for 1.7 see [4, pf. of (2.3)]; for 1.8
see [4, pf. of (2.1)]; for 1.9 argue as in [7, (4.3)] and [20, (1.8)]; and for the “Horseshoe
Lemma” 1.10 see [7, (4.5)] and [14, pf. of (8.2.1)].

Lemma 1.7 Let 0 — M| — My — M3 — 0 be an exact sequence of R-modules.

(@ IfM3 L X, then My L X ifand only if M, 1L X. If My L X and M> 1 X, then
M3 L X if and only if the given sequence is Homg (—, X)-exact.

(b) IfxX L My, then X L My ifandonly if X L M3. If X 1L My and X 1L M3, then
X L M if and only if the given sequence is Hompg (X, —)-exact.

Lemma 1.8 I[fX L )Y, then X L res j)\ and cores X | V.
Lemma 1.9 Let M, M', N, N’ be R-modules.

P Lo . . .
(a) Let P — M be a projective resolution. Assume that M admits a proper YV-resolution

W L M and M’ admits a proper X-resolution X' L M'. For each homomorphism
f: M — M’ there exist morphisms f: W — X' and f: P — X' unique up to ho-
motopy such that fy = y'f and fo = y’f. If f is an isomorphism, then f and )7
are quasiisomorphisms. If f is an isomorphism and X = W, then f is a homotopy
equivalence.

(b) LetN’ i) I’ be an injective resolution. Assume that N admits a proper Y-coresolution

N 2 Y and N’ admits a proper V-coresolution N’ 3 V', For each homomorphism
g: N — N’ there exist morphisms g: Y — V' and g: Y — I’ unique up to homotopy
such that g8 = 8'g and g8 = ¢'g. If g is an isomorphism, then g and g are quasiiso-
morphisms. If g is an isomorphism and V =Y, then g is a homotopy equivalence.

Lemma 1.10 Let0 — M’ — M — M” — 0 be an exact sequence of R-modules.

(a) Assume that M’ and M" have proper X-resolutions X’ > M and X" S M" and
that the given sequence is Hompg (X, —)-exact. Then M admits a proper X -resolution

X — M such that there exists a commutative diagram

0 X’ X X" 0
0 M’ M M’ 0

whose top row is degreewise split exact.
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(b) Assume that M' and M"" have proper Y-coresolutions M’ S Y and M" S Y and
that the given sequence is Hompg (—, ))-exact. Then M admits a proper Y-coresolution

M — Y such that there exists a commutative diagram

0 M’ M M’ 0
0 Y’ Y Y’ 0

whose bottom row is degreewise split exact.

Definition 1.11 Let M, M’, N, N’ be R-modules with homomorphisms f: M — M’ and

g: N — N’. Assume that M admits a proper X-resolution X LM , and for each integer n
define the nth relative X R-cohomology module as

Ext’ o (M, N) = H_,(Homg (X, N)).
If M’ also admits a proper X-resolution X' 2, M, then let f: X — X' be achain map
such that fy = ' f as in Lemma 1.9 and define
Ext% g (f, N) = H_,(Homg(f, N)): Ext%p(M', N) — Ext’y (M, N)
Ext’ o (M, g) = H_,(Homg(X, g)): Ext’yp(M, N) — Ext’ x(M, N').

The nth relative RY-cohomology EXtr;ey(_’ —) is defined dually.

Remark 1.12 Lemma 1.9 shows that Definition 1.11 yields well-defined bifunctors
Exty p(—, —): resX x M —> M and Ext’}w(—, —): M x coresY — M
and one checks the following natural equivalences readily.
Ext7 (X, =) = 0 = Extyy, (=, V)
Eth('R (_9 _) = HOmR(—, _)|res fx/\/{
EXt?ey(_» —) = Homg(—, _)l./\/lxcoresf

Ext v (—, =) = Extp(—, =) = Ext'y7(—, -).

Definition 1.13 Let M, N be R-modules. Let P 2 M be a projective resolution. Assume

that M admits a proper W-resolution W L M anda proper X-resolution X L, M. Let
idyr: W — X and idy: P — X be quasiisomorphisms such that y = y'idy and p =
y'id s, as in Lemma 1.9 (a), and set

ewr(M, N) = H_,(Homg (idpy, N)): Ext’y g (M, N) — Ext}y,z(M, N)
K’ (M, N) = H_,(Homg(idys, N)): Extlyz(M, N) — Exty(M, N).

On the other hand, if N admits a proper )-coresolution and a proper V-coresolution, then
the following maps are defined dually

9y (M, N) = Exty,(M, N) — Ext,,(M, N)
xgy(M, N) : Extgy,(M,N) — Extx(M, N).
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Remark 1.14 Lemma 1.9 shows that Definition 1.13 describes well-defined natural transfor-
mations

ﬁ?YWR(_’ -): EXt’:\’R(_’ _)|(resWﬂresf)><M - EXtr{/VR(_’ _)|(resl7\7ﬂresf)></\/l
wyp(= =) ¢ Extyp(—, =) = Ext}(—, =) l|es Fx M

ﬁ?eyv(_v - EXt’}?y(_’ _)|M><(cores YNcores Y) EXtrIliV(_’ _)lMx(cores VYNcores )
}f;ley(—, -): Ext'l’w(—, —) — Extp(—, M pmxcores F

independent of resolutions and liftings. Note that the left-exactness of Homg (—, —) implies
that each of these transformations is a natural isomorphism when n < 0.

Lemma 1.10 yields the following long exact sequences as in [7, (4.4),(4.6)].

Lemma 1.15 Let M and N be R-modules, and consider an exact sequence
L= o> L1l 1o
(a) Assume that the sequence L is Homp (X, —)-exact. If M is in res X, then L induces a
Sfunctorial long exact sequence

Ext", (M, f') Ext. o (M, f)
= BExth o (M, L) —X8 "5 Ext% o (M, L) —2&

8", x(M,L) ExCi (M. )

Ext p (M, L") Ext3 (M, L")
(b) Assume that the sequence L is Homg (X, —)-exact. If the modules L',L,L" are in
res X, then L induces a functorial long exact sequence

Ext’, . (f,N) Ext™, . (f/,N)
= Extlyp (L, N) —285 Bxt o (L, N) —2 2

(L.N)

an Ext”H(f N)
Ext’, (L, N) 25 R

1
Ext’y% (L”, N)
(c) Assume that the sequence L is Hompg (—, Y)-exact. If N is in cores Y, then L induces a
functorial long exact sequence

Exth, (f,N) Ext, (f/,N)
_

- — Exthy,(L", N) Exthy, (L, N)

By (L,N) o Ext"“(f N)
Extgy (L', N) ——— Exti5/ (L, N) SR

(d) Assume that the sequence L is Hompg(—, Y)-exact. If the modules L', L, L" are in
cores Y, then L induces a functorial long exact sequence

Ext’h~, (M, f) Ext’h+, (M, f)
- — Exthy,(M, L'y ——" Exthy,(M, L) —>—"

By (ML) Ext"+1 M. f)
————>

Exthy, (M, L") Ex t”+‘ M, A)

2 Relative cohomology and extensions

In this section, we compare relative cohomology modules with sets of equivalence classes
of module extensions, as in the classical Yoneda setting.
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Definition/Notation 2.1 Let N and M be R-modules. An extension of M by N is an exact
sequence

O—->N—->T—->M-—=>0

and this is equivalent to a second extension 0 —- N — T’ — M — 0 if there exists a
homomorphism t: T — T’ making the following diagram commute

0 N T M 0
ile ‘[\L idMi
0 N T’ M 0.

We set

er(M, N) = {equivalence classes of extensions of M byN}
exr(M, N) = {equivalence classes of Homg (X', —) — exact extensions of M byN}

ery(M, N) = {equivalence classes of Homg (—, ))-exact extensions of M byN}.

Remark 2.2 Because of the containments YW C X and V C )Y there are inclusions
ewr(M, N) Cexr(M,N) Ce(M,N)andegy(M, N) C egy(M, N) C e(M, N).

There exists a bijection Egpyy : Ext}z (M, N) — er(M, N) whose construction we recall
from [24, Ch. 7]. Let P = Mbea projective resolution. Each element in Ext}e (M, N) is
represented by a homomorphism «: P; — N such that aaZP = 0, and each such « induces
amapa: Pi/ Im(azp ) — N. Taking a pushout yields the following commutative diagram
with exact rows

00— Pi/Im(}) ——= P M 0
e
0 N -7 M 0

and &gy ([a]) is the equivalence class of the bottom row of this diagram.
Dually, one constructs a bijection é;e MN - Ext;?(M ,N) — egr(M, N) using an injective
resolution of V.

The next result extends the construction of Remark 2.2 to the relative setting and contains
Theorem C from the introduction. The connecting maps » }( R ﬁglrw R Jf}w and ¥ }WV are
described in Definition 1.13.

Theorem 2.3 Let M and N be R-modules.

(a) Assume that M admits a proper X-resolution. There is then a bijective map
Exmun: ExtEYR(M, N) — exr(M, N) making the following diagram commute

Extly (M, N) 2% eaop (M, N)

}(.I)C.R(M,N)i i

ERMN

Extp(M, N) ———e(M, N),

where the rightmost vertical arrow is the natural inclusion. In particular, the comparison
map x} o (M, N): Extl, o (M, N) — Exth(M, N) is injective.
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(b) Assume that M admits a proper X -resolution and a proper VW-resolution. The following
diagram commutes

§
Exth g (M, N) " exg(M, N)

Z&WR(M,N)l l

Extl, (M, N) VMY oR(M.N),
where the rightmost vertical arrow is the natural inclusion. In particular the comparison
map 19A(WR (M, N) is injective.
(c) Assume that N admits a proper Y-coresolution. There is then a bijective map
%,MN : Ext}w(M, N) — ery(M, N) making the following diagram commute

y
Exthy,(M, N) Somn ery(M, N)

x]Ry(M,N)i i

g
Exth (M, N) — > e(M, N),

where the rightmost vertical arrow is the natural inclusion. In particular, the comparison
map %,ley(M, N): Ext}?y(M, N) — Ext}e(M, N) is injective.

(d) Assume that N admits a proper Y-coresolution and a proper V-coresolution. The fol-
lowing diagram commutes

EQ/)JMN
Extpy, (M, N) —— egy(M, N)

|

Exth,, (M, N) Sy erv(M, N),

where the rightmost vertical arrow is the natural inclusion. In particular the comparison
map ﬁ}eyv (M, N) is injective.

Proof Our proof is modeled on the arguments of [24, Ch. 7]; instead of rewriting much of the
work there, we simply sketch the proof, indicating how Hom g (X, —)-exactness is detected
and used. N

(a) Let X — M be a proper X-resolution and set X = X / Im(82X ). Each element
[a] € Extng(M, N) is represented by a homomorphism «: X| — N such that a82X =0,
and each such « induces a map @: X — N. Taking a pushout yields the following commu-
tative diagram with exact rows

_ o
0 X Xo M 0
al IJ/ idMl (2.3.1)
¢ = 0 N T—>M 0.

We claim that the bottom row of this diagram is Homg (X, —)-exact. To see this, first
note that the properness of the resolution X — M implies that the top row of (2.3.1) is
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Hompg (X, —)-exact. Fix an R-module X’ in X’ and apply Homg (X', —) to the diagram (2.3.1)
to yield the next commutative diagram with exact rows

0 — Hompg (X', X) — Homg (X', Xg) —— Homg(X', M) ——>0

\L l lidHomR(X/<M)
Hompg (X', )

0 —— Homg(X’, N) — Homg (X', T) —————— Homg (X', M).

An easy diagram chase shows that the map Hompg (X', 1) is surjective, as desired.

We define &y n([e]) to be the equivalence class [{] of the bottom row of the dia-
gram (2.3.1). One now verifies readily (as in the proof of the classical result in [24, Ch. 7])
that this yields a well-defined function Ext}, , (M, N) — exgr(M, N).

To show that £xpn is bijective, we construct an inverse. Fix a Hompg (X, —)-exact
sequence { = (0 > N - T — M — 0). A standard lifting procedure as in Lemma 1.9 (a)
yields the next commutative diagram with exact rows

8 off
X2 X1 Xo M 0
0 N T M 0

The map « is thus a degree-1 cycle in Homg (X, N) and so gives rise to a cohomology class
la] € Ext; r(M, N). Again, one verifies that the assignment [¢] — [«] describes a well-
defined functioney g (M, N) — Exth (M, N), and that this function is a two-sided inverse
for &y n; the reader may find [24, (7.18)] to be helpful.

The proof of part (a) will be compete once we verify gRMN%A,R =E&yyn.Let P = Mbe

a projective resolution and set P = Py / Im(82P ). Lemma 1.9 (a) yields the next commutative
diagram with exact rows

af of af
P Py Py M 0
f2 \L fi l fo i idy \L
o a3 af
- X7 X1 Xo M 0,

which in turn induces another commutative diagram with exact rows

_ o
0 P Py M 0
i o fol idMl (2.3.2)
Yo
0 X Xo M 0

Given [«¢] € Extgf g (M, N), construct the extension ¢ as above. The diagram (2.3.2) com-
bines with (2.3.1) to yield the next diagram
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7
0 P Py M 0
afi Tfol idMl (2.3.3)
¢ = 0 N T —>M 0.

It follows from Definition 1.13 that x}v g(e]) = [af1]. From [24, (7.18)] one concludes
Ermn ([af1]) = [¢], and this yields the first equality in the following sequence

§RMN(%;5R([06])) = [¢] =éxmn(a])

while the second equality is by definition. This completes the proof of part (a).
Part (b) is proved as in the previous paragraph, using a proper WV-resolution in place of
the projective resolution P — M. The proofs of (c) and (d) are dual. O

3 Categories of interest

In this section we discuss the categories whose relative cohomology theories are of primary
interest in this paper. Each category is defined in terms of a semidualizing module, the study
of which was initiated independently (with different names) by Foxby [16], Golod [19], and
Vasconcelos [28].

Definition/Notation 3.1 An R-module C is semidualizing if it satisfies the following con-
ditions:

(1) C admits a (possibly unbounded) resolution by finite rank free R-modules,
(2) the natural homothety map R — Hompz(C, C) is an isomorphism, and
3) Extz'(c,0)=o0.

A finitely generated projective R-module of rank 1 is semidualizing. If R is Cohen—-Macau-
lay, then D is dualizing if it is semidualizing and id g (D) is finite. If C is semidualizing and D
is dualizing, then [11, (2.12)] says that the R-module C" = Hompg (C, D) is semidualizing,
Ext7'(C, D) = 0 and CTT = C; see also [28, (4.11)].

Based on the work of Enochs and Jenda [13], the following notions were introduced and
studied in this generality by Holm and Jgrgensen [21] and White [29].

Definition 3.2 Let C be a semidualizing R-module. An R-module is C-projective (resp.,
C-flat or C-injective) if it is isomorphic to a module of the form P ®g C for some pro-
jective R-module P (resp., F ®g C for some flat R-module F or Homg(C, I) for some
injective R-module ). We let Pc, F¢ and Z¢ denote the categories of C-projective, C-flat
and C-injective R-modules, respectively.

A complete PPc-resolution is a complex X of R-modules satisfying the following:

(1) X is exact and Hompg (—, P¢)-exact, and
(2) X, is projective when i > 0 and X; is C-projective when i < 0.

An R-module G is G¢-projective if there exists a complete PPc-resolution X such that
G = Coker(alx ), in which case X is a complete PPc-resolution of G. We let GP¢ denote
the subcategory of G¢-projective R-modules and set GP = GPg. Projective R-modules and
C-projective R-modules are G¢-projective.

@ Springer



S. Sather-Wagstaff et al.

The terms complete TcZ-coresolution and Ge-injective are defined dually, and GZ¢ is
the subcategory of G¢-injective R-modules. An R-module that is injective or C-injective is
Gc-injective.

Assume that R is noetherian. A complete F Fc-resolution is a complex X of R-modules
satisfying the following conditions:

(1) X isexactand — ®g Zc-exact, and
(2) X;isflat wheni > 0 and X; is C-flat when i < O.

An R-module G is G¢-flat if there exists a complete FFc-resolution X such that G =
Coker(alx), in which case X is a complete FFc-resolution of G. We let GF ¢ denote the
subcategory of G¢-flat R-modules and set GF = GFg. Flat R-modules (hence, projective
R-modules) and C-flat R-modules are G¢-flat.

The G¢-flats are only used in this paper as a tool for verifying certain relations between
Gc-projectives and Gc-injectives. These relations are contained in the next result which is
essentially an assemblage of facts from [21].

Lemma 3.3 Assume that R is noetherian. Let C, E and M be R-modules with C semidual-
izing and E faithfully injective.

(@) There is an inequality GF c-pdr(M) < GPc-pdgr (M), and so GPc < GFc.

(b) If M is Gc-flat, then Homg (M, E) is G¢c-injective.

() If R has finite Krull dimension, then the quantities GIc-idg(Homg(M, E)),
GPc-pdgr(M) and GF c-pdp (M) are simultaneously finite.

Proof (a) Let R x C denote the trivial extension of R by C and view M as an R x C-module
via the natural surjection R x C — R. In the next sequence

GFc-pdg(M) = GF-pdg, (M) < GP-pdg, (M) = GPc-pdg(M)

the equalities are from [21, (2.16)] and the inequality is from [10, (5.1.4)].

(b) Assume M € GF¢.From|[21,(2.16)] we know that G is Gorenstein flat over Rix C, and
so [21, (2.15)] implies that Homr (M, E) is Gorenstein injective over R x C. An application
of [21, (2.13.1)] implies Homg (M, E) € GZ¢.

(c) Set (—)Y = Hompg(—, E). Using [21, (2.1),(2.16)] we have equalities

GIc-idrp(MY) = GI-idpxc(MY) = GF-pdg, (M) = GFc-pdg(M)
GPp-pdg(C) = GP-pdg, 5 (C).

From [15, (3.4)] we conclude that GF-pdy, ~(M) and GP-pdg, (M) are simultaneously
finite, and hence so are the six displayed quantities. O

The following equalities are taken from [27, (2.11)].

Fact 3.4 Let C and M be R-modules with C semidualizing.

() pdr(M) =Pc-pdgr(C Qg M) and Pc-pdpr(M) = pdgr(Homg(C, M)).
(b) Zc-idr(M) =idr(C ®g M) and idgp (M) = Z¢c-idg (Homg (C, M)).

Definition 3.5 Let M and N be R-modules such that GPc-pdp(M) < co and GZc-idr(N)
< 00. From [29, (3.6) and its dual] there are exact sequences

0—-K—->Gy— M—>0 0—>N-—>Hy—L—>0
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such that Pc-pd g (K) and Z¢-1idg (L) are finite, G is G¢-projective, and Hy is G¢e-injective.
The first exact sequence is called a GP¢-approximation of M, and the second one is called
a GZ c-coapproximation of N.

Augmenting the GP c-approximation with a bounded Pc-resolution of K yields abounded

GPc-resolution G = M such that G, € Pc for each n > 1. Such a resolution is called a
bounded strict GP c-resolution. Dually, N admits a bounded strict GZ c-coresolution.

The next definition was first introduced by Auslander and Bridger [2,3] in the case C = R,
and in this generality by Golod [19] and Vasconcelos [28].

Definition 3.6 Assume that R is noetherian, and let C be a semidualizing R-module.
A finitely generated R-module H is fotally C-reflexive if

(1) Extz'(H,C)=0=Ext;'(Homg(H, C), C), and

(2) the natural biduality map H — Homg (Hompg(H, C), C) is an isomorphism.

A finitely generated module that is projective or C-projective is totally C-reflexive. Let G¢
denote the subcategory of totally C-reflexive R-modules and set G = Gg.

Fact 3.7 The category Pc is an injective cogenerator for GP¢ by [21, (2.5),(2.13)] and [29,
(2.2),(2.9)], and Z¢ is a projective generator for GZ¢ by [21, (2.6),(2.13)] and results dual
t0 [29, (2.2).2.9)]. Lemma 1.8 yields the relations GP¢ L resPc and coresZc L GZc.
From [21, (5.6)] there is an equality cores GZ¢c = M.

Let M and N be R-modules such that GPc-pdr (M) < oo and GZ¢-idgr(N) < oo. The
proof of [29, (3.6)] shows that M admits a bounded strict GP c-resolution such that G, = 0
foreachn > GPc-pdg (M), and [29, (3.4)] shows that every bounded strict GP c-resolution
of M is GPc-proper and hence Pc-proper. In particular, every bounded Pc-resolution is
GPc-proper and every GPc-approximation is Homg (GPc, —)-exact. Dually, N admits a
bounded strict GZ-coresolution N = H such that H_, =0foreachn > GZc-idr(M),
every bounded strict GZ c-coresolution is GZ c-proper, and every bounded Zc-coresolution
is GZ c-proper. ,

Assuming that R is noetherian, the equality G¢ = gPé is by [29, (4.4)], and Pé is an
injective cogenerator for G¢ by [29, (2.9),(4.3),(4.4)].

Notation 3.8 We simplify our notation for the relative cohomologies
Extp. (=, =) = Extp.p(—, =)  Extgp (=, —) = ExtGp g(—, )
Ext7.(—, —) = Extg 7 (=, —)  Extgz.(— —) = Extggz.(— —)

and for the various connecting maps from Definition 1.13

n __ qn n __qn
Ugpcpe = VgPePer GTcTc = VRGIcTc
n _ n _.n
XGPc = XGPcR XGTo = XRGTc
n _ n n _ n
*Pc = *PcR *Ic = *RIc-

Fact 3.7 implies that each bifunctor EXt’éIC (—, —) is defined on M x M.
The next properties are from [27, (4.1)].
Fact 3.9 Let C, M and N be R-modules with C semidualizing.

(a) If M €res 735, then there is an isomorphism for each n

Ext';,C(M, N) = Ext (Homg(C, M), Homg(C, N)).
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(b) If N e cores fé , then there is an isomorphism for each n
Ext’}C(M, N) Z Exth(C Qg M, C Qg N).
The following is for use in Propositions 6.1 and 6.4.

Lemma 3.10 Assume that R is noetherian and let C, M and N be finitely generated R-mod-
ules with C semidualizing.

(a) A Pc-resolution X =S Mis proper if and only if Homg (C, X) is exact.

(b) Assume M € res ”PSE Then Ext’%c (M,N) = Ext’;;éf (M, N) is finitely generated and
Supp(Extg’,C (M, N)) < Supp(M) N Supp(N) for each n. Hence, if Supp(M) N
Supp(N) € m- Spec(R), then Ext’},c (M, N) has finite length.

(c) Assume GPc-pdr(M) < oo. Then Ext’éPC(M, N) = Ext’éc (M, N) is finitely gen-
erated and Supp(Ext’éPC (M, N)) € Supp(M) N Supp(N) for each n. If Supp(M) N
Supp(N) € m- Spec(R), then Ext’épc (M, N) has finite length.

Proof (a) This is immediate from Hom-tensor adjointness.

(b) The proof of [22, (5.3.b)] shows that ’Pg is precovering for the category of finitely
generated R-modules. In other words, there is an R-module homomorphism t: Xg — M
such that Xy € P'Cf and the sequence

Xo=> M —0 (3.10.1)

is Hom R(Pé , —)-exact. In particular, this sequence is Homg (C, —)-exact. Since M admits
a proper Pc-resolution, the map 7 is surjective. It follows from part (a) that the sequence

(3.10.1) is Homg (Pc, —)-exact. Using [27, (2.3.a)], we conclude that Ker(7) has a proper

‘Pc-resolution. Inductively, this process yields a Pg -resolution X — M that is Pc-proper.

This yields the isomorphism Ext’;)c (M,N) = Ext%cf (M, N) and the finite generation of
Extp. (M, N).

Fix a prime p € Spec(R). It is straightforward to check that the localization Cy is
Ry-semidualizing and, using part (a), that the Pc,, -resolution X\, > M p is proper. This yields
an isomorphism Ext%c (M,N), = Ext%cp (My, Ny) for each integer n. If p & Supp(M),
then the complex X, is exact and hence split-exact by [22, Prop. 5.2]; it follows easily
that Ext’;pc (M,N), = Ext;‘DCp (My, Np) = 0.If p & Supp(N), then one derives the same
vanishing.

(c) Using [29, (4.7)], the assumption GPc- pdp (M) < ooimplies that M admits abounded
strict GPc-resolution G such that G, is finitely generated for each n > 0. It follows that
the localized complex Gy, is a bounded strict GPc, -resolution of My, for each p € Spec(R),
and hence it is a proper GPc, -resolution by Fact 3.7. Furthermore, if M, = 0, then Gy is a
bounded augmented Pc, -resolution of (G)y, and it follows from [22, Prop. 5.2] that Gy, is
split-exact. The proof now concludes as in part (b). O

Over a noetherian ring, the next categories were introduced by Avramov and Foxby [6]
when C is dualizing, and by Christensen [11] for arbitrary C. (Note that these works (and
others) use the notation A¢ and B¢ for certain categories of complexes, while our categories
consist precisely of the modules in these other categories.) In the non-noetherian setting,
these definitions are from [22,29].

Definition 3.11 Let C be a semidualizing R-module. The Auslander class of C is the sub-
category Ac of R-modules M such that
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(1) Torf,(C.M)=0=Ext3'(C.C ® M), and
(2) The natural map M — Hompg(C, C ®g M) is an isomorphism.

The Bass class of C is the subcategory B¢ of R-modules M such that

(1) Extz'(C.M)=0=Torf (C.Homg(C. M)), and

(2) The natural evaluation map C ® g Homg (C, M) — M is an isomorphism.

Fact 3.12 Let C be a semidualizing R-module, and set G(P¢c) = GPc N Bce and G(Z¢) =
GZc N Ac. The category Pc is an injective cogenerator and a projective generator for G(Pc)
by [26, (5.3)]. Dually, the category Z¢ is an injective cogenerator and a projective generator
for G(Z¢) by [26, (5.4)]. ‘

Assume that R is noetherian and set Q(Pg) =Gc NBec = G(Pe). The category Pé is
an injective cogenerator and a projective generator for Q(Pg ) by [26, (5.5)]. If R is Cohen—
Macaulay with a dualizing module, then there are containments GP¢c € Ac+ andGZ¢ € Bt
by [21, (4.6)], and we conclude Q(Pg) C G(Pc) € Acit NBeand G(Zc) € B+ NAc.

Fact 3.13 Let C be a semidualizing R-module. If any two R-modules in a short exact
sequence are in Ac, respectively Bc, then so is the third; see [22, Cor. 6.3]. The class
Ac contains all modules of finite projective dimension and those of finite Zc-injective
dimension, and the class B¢ contains all modules of finite injective dimension and those of
finite Pc-projective dimension by [22, Cor. 6.1]. If M is in B¢, then M admits a proper
‘Pc-resolution; if M is in Ac, then M admits a proper Zc-injective coresolution;
see [27, (2.3),(2.4)].

Using the containment G(Pc) € B¢ and a GP¢-approximation, one checks readily that
G(Pc)-pdg (M) is finite if and only if GPc- pdg (M) is finite and M is in B¢. Consequently,
if G(Pc)-pdg (M) is finite (e.g., if Pc-pdg (M) is finite), then M admits a proper Pc-reso-
lution, and G(Pc)-pdr(M) = GPc-pdg(M).

Dually, G(Z¢)-idg (M) is finite if and only if GZ¢-idg (M) is finite and M is in Ac. If
G(Zc)-1dr(M) is finite (e.g., if Z¢-idg (M) is finite), then M admits a proper Z¢-coresolu-
tion, and G(Z¢)-idgr (M) = GZc-idgr(M).

If R is Cohen—Macaulay with a dualizing module, then Fact 3.12 yields

res Pe € res G(Pe) € At N Be D cores G(Zet) 2 cores Zer.
The following relations between semidualizing modules are for use in Sect. 6.

Lemma 3.14 Assume that R is noetherian, and let B and C be semidualizing R-modules.
The following conditions are equivalent.

(i) GPc-pdg(B) is finite.
(ii) B is totally C-reflexive.
(iii) Ext7'(B, C) = 0 and Homg(B, C) is R-semidualizing.
@(iv) Cisin Bg.

Proof (1) = (ii) If GPc-pdg(B) is finite then G¢-dimg(B) < oo and so [17, (3.1)]
provides the equality G¢-dimg (B) = 0 and hence the desired conclusion.

(il) = (iii) Thisisin [11, (2.11)].

(iii)) = (iv) Let P S BandC > I be projective and injective resolutions, respec-
tively. The condition Extil (B, C) = 0 implies that Homg (P, I) is an injective resolution
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of Homg (B, C). Consider the next commutative diagram

R X Hom g (Hom (P, I), Homg (P, I))

Xl: <1>J/; (3.14.1)

Hompg(2,1)
Homg(l,) ——— > Homg(P ®g Homg(P, 1), 1),

where X and X' are the homothety homomorphisms, ® is Hom-tensor adjunction, and €2 is
tensor-evaluation. Our assumptions imply that X’ is a quasiisomorphism, and so the same is
true of Homg (€2, 7). Using [10, (A.8.11)] we conclude that €2 is also a quasiisomorphism;
this uses the equality Suppr(C) = Spec(R) which holds because C is semidualizing. In
particular, we have

TorX (B, Homg (B, €)) = H, (Homg (P, I) @& P) = H,(C),

which is 0 when n > 1. The isomorphism Hg(£2) is exactly the natural evaluation map
B ®g Homg (B, C) — C, and so we have C € Bp.

(iv) = (iii) Assume that C is in 5 and employ the notation from the previous paragraph.
It follows that the morphism €2 is a quasiisomorphism, and hence so is X’. This implies that
Hompg (B, C) is semidualizing. The Bass class conditions then conspire with [17, (3.1.c)] to
imply GPc-pdg(B) < oo. O

Fact 3.15 If B and C be semidualizing R-modules such that GPc-pdg(B) is finite, then
there is a containment Pg € GPc, and C admits a proper Pp-resolution by Fact 3.13 and
Lemma 3.14. For example, the semidualizing module B = R is always totally C-reflexive;
if R is Cohen—Macaulay and C is dualizing, then B is totally C-reflexive. For discussions
of methods for generating other nonisomorphic semidualizing modules B and C such that
GPc-pdg(B) < oo, the interested reader is encouraged to peruse [17,18,25].

Lemma 3.16 Assume that (R, m, k) is local and let B and C be semidualizing R-modules
with GPc-pdg(B) < oo. Let E be the R-injective hull of k, and set (—)" = Homg(—, E).
The following conditions are equivalent.

(i) B=C. (V) Pc-pdg(B) < oo.
(ii) Pp-pdz(C) < oo. (vi) Zp-idg(C") < oo.
(iii) GPp-pdx(C) < oo. (vii) GZg-idg(CY) < oo.

(iv) pdp(Hompg (B, C)) < co.  (viii) Zc-idgr(BY) < o0.

Proof The implication (i) = (n) is straightforward for n = ii, . . ., viii, as are (ii) = (iii)
and (vi) = (vii). The implication (iii)) = (i) is in [1, (5.3)], and (ii) <= (iv) is from
Fact 3.4 (a), while (vii) <= (iii) is in Lemma 3.3 (c).

(v) = (ii) If Pc-pdgr(B) < oo, then B is in B¢ and so Lemma 3.14 implies
GPp-pdg(C) < oo.

(viii) = (v) Assume Z¢-idg(BY) < oo. Hom-evaluation yields an isomorphism

Homg(C, B)Y = C ®¢ (B)
and hence the first equality in the following sequence
idg(Homg(C, B)") = idg(C ®g (B")) = Zc-idr(B") < oo.

The second equality is by Fact 3.4 (b). It follows that Homz (C, B) has finite projective
dimension and so Fact 3.4 (a) implies Pc-pdg(B) < oo. O
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4 Comparison isomorphisms

The results of this section document situations where different relative cohomology theories
agree. The notation for the comparison homomorphisms is given in 3.8. The next result is a
more precise version of [27, (4.2)].

Proposition 4.1 Let C, M and N be R-modules with C semidualizing.
(@) If M and N are in B¢, then the natural map
z;éc(M, N): Ext’%c(M, N) — Extxr(M, N)

is an isomorphism for each integer n.
(b) If M and N are in Ac, then the natural map

%%C(M, N): Ext%C(M, N) — Extp(M, N)

is an isomorphism for each integer n.

Proof (a) Let P LN Hompg(C, M) and P’ Y, Cbe projective resolutions. Because M is
in B¢, we have Torﬁl (C,Homg(C, M)) = 0 and so the complex P’ @ P is a projective
resolution of C ®p ﬁomR (C, M) = M, and the complex C ®g P is a Pc-resolution of M.
The following diagram commutes

/

RrP
ProrP s CorP

% N &

M——M
and so it suffices to show that the induced map

Homg (y'®gP,N
_— 5

Homg(P' ®r P, N) X Homg(C ®x P. N)

is a quasiisomorphism. The following standard isomorphisms

Cone(Hompg (¥’ ®g P, N)) = ¥ Hompg(Cone(y’ ®g P), N)
= ¥ Homg(Cone(y’) @ P, N)

imply that it suffices to show that the complex Homg (Cone(y’) ®g P, N) is exact.

Observe that Cone(y”) is exact and bounded below and each module Cone(y’),, is a direct
sum of a projective R-module and a C-projective R-module. Since N is in B¢, we know that
Extfl (C, N) = 0, and it follows that Ext,%1 (Q ®gr C, N) = 0 for each projective R-mod-
ule Q. Since we also have Extf1 (Q, N) =0, it follows that Ext,%1 (Cone(y")n, N) = 0 for
each n. Breaking up Cone(y) into short exact sequences and applying Homg (—, N) to each
piece yields the desired conclusion.

The proof of (b) is dual. ]

The next result compares to [7, (4.2.3)].

Proposition 4.2 Let C and M be R-modules with C semidualizing.
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(@) If Pc-pdg(M) is finite, then the following natural transformations are isomorphisms
for each n

O&pepe (M, =) Extgp (M, —) = Extp (M, —)

and so Ext'épc (M, =) =0 for each n > Pc-pd(M).
(b) If Zc-idr(M) is finite, then the following natural transformations are isomorphisms
for each n

061070 (= M) Extgr (=, M) = Exty (=, M)
and so Ext’éIC(—, M) = 0 for eachn > Zc-id(M).

Proof We prove part (a); the proof of (b) is dual. Let W =S Mbea Pc-resolution such that
W, = 0 for each n > Pc-pdg(M). The resolution W is GPc-proper and Pc-proper by
Fact 3.7, so both Ext'épc (M, —) and Ext;gc (M, —) are defined. Further, in the notation of

Definition 1.13, we can take idy; = idw, and so the natural isomorphisms follow from the
next equalities

Prewr(M, =) =H_,(Hompg(idw, —)) = idH_, Homg(W,-)) -

The vanishing conclusion follows readily since W,, = 0 for each n > W-pd(M). O

The next lemma is a tool for the proofs of Propositions 4.4 and 4.5. Note that we do not
assume that the complexes satisfy any properness conditions.

Lemma 4.3 Let C, M, and N be R-modules with C semidualizing.

(@) Leta: G — G’ be a quasiisomorphism between bounded below complexes in GPc. If
Pc-pd(N) < oo, then the morphism Homg(a, N): Homg(G’, N) — Homg(G, N)
is a quasiisomorphism.

(b) Let B: H — H’ be a quasiisomorphism between bounded above complexes in GZc. If
Zc-id(M) < oo, then the morphism Homg (M, B): Homgz (M, H) — Homg (M, H')
is a quasiisomorphism.

Proof We prove part (a); the proof of part (b) is dual.
It suffices to show that Cone(Hompg (o, N)) is exact. From the next isomorphism
Cone(Hompg (e, N)) = ¥ Hompg (Cone(x), N)

we need to show that Hom g (Cone(«), N) is exact. Note that Cone(w) is an exact, bounded
below complex in GPc. Set M; = Ker(ajcone(a)) for each integer j, and note M; | € GPc
for j « 0. Consider the exact sequences

0— M; — Cone(a); - Mj_1 — 0. Gkj)

Lemma 1.8 and Fact 3.7 imply GP¢c L N. Hence, induction on j using Lemma 1.7 (a)
implies Ext,%1 (Mj, N) = 0 for each j and so each sequence (*;) is Homg(—, N)-exact. It
follows that Homg (Cone(«), N) is exact. O

The next two results compare to [7, (4.2.4)]. Notice that the condition M is in
res QPC Nres Pc of Proposition 4.4 (a) is satisfied when G(Pc)- pdp (M) < oo;see Fact3.12.
Also, part (b) uses the equality cores QIC = M from Fact 3.7.
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Proposition 4.4 Let C, M, and N be R-modules with C semidualizing.

(@) If M isinres §V7>c N res’ﬁé and N is in res 752, then the following natural map is an
isomorphism for each n

b pepe (M. N): Extlp (M, N) = Exth (M, N).

(b) IfMisin coresfg and N is in cores Ic, then the following natural map is an isomor-
phism for each n

9877, (M, N): Bxthz (M, N) = Bxth (M, N).

Proof We prove part (a); the proof of part (b) is dual.

The module M has a proper Pc-resolution y: W — M and a proper GPc-resolution
y': G — M.Lemma 1.9 (a) yields a quasiisomorphismidy : W — G suchthaty = y’idy,
and Lemma 4.3 (a) implies that Homg (idys, N) is a quasiisomorphism. The result now fol-
lows from the definition of 1957>C77C (M, N). O

The next result is proved like Proposition 4.4 using the containment P C GPc.

Proposition 4.5 Let C, M, and N be R-modules with C semidualizing.

(a) IfMisinres évPc and N is inres 752 then the following natural map is an isomorphism
for each n

%ng(M, N): Ext’épc (M, N) > Exth(M, N).
(b) If M is in cores fE then the next natural map is an isomorphism for each n
ngC(M, N): Ext'éIC(M, N) = Exth(M, N).

The next four lemmata are tools for the proofs of Propositions 4.10 and 4.11 and for The-
orem 5.7. Part (a) of the first one is a consequence of Proposition 4.1; parts (b) and (c) follow
from part (a). Note that Fact 3.13 gives conditions guaranteeing that M, N € Bc N Acs.

Lemma 4.6 Let R be a Cohen—Macaulay ring with dualizing module, and let C, M and N
be R-modules with C semidualizing.

(@) IfM,N € Bc N Acs, then the natural map

#p . (M.N) %%C (M,N)
Ext”PC(M, N) ——— Exti(M,N) <—— EXt"ZCT (M, N)

is an isomorphism for each n.
(b) IfM € Bc N Act and N € I+, then Ext3! (M, N) = 0 = Exty (M, N).
(©) IfM € Pcand N € Be N Act, then Bxtz' (M, N) = 0 = Extg (M, N).

Lemma 4.7 Let C be a semidualizing R-module. One has Ac L Zc and Pc L Be. If R is

Cohen—Macaulay and has a dualizing module, then GPc L Z-+ and Pc L GIc+, and so
PC L Icf.

@ Springer



S. Sather-Wagstaff et al.

Proof We verify the first orthogonality condition; the second one is verified similarly, and the
others follow immediately from the containments Pc € GPc € A+ and I+ € GZ o+ €
Bc;see Fact3.13.Let M € Ac and N € Z¢ € Ac. Foreach n > 1, the isomorphism in the
following sequence is in Proposition 4.1 (b)

Exth (M, N) = Extgc (M,N)=0
and the vanishing holds because N € Z¢. O

Lemma 4.8 If C is a semidualizing R-module, then one has GPc L coresZ and
resP L GZc.

Proof We verify the first orthogonality condition; the second one is verified similarly. Fix
modules Gg € GPc and N € coresZ and set j = idg(N) < oo. For each n > 0 use the fact
that Pc is a cogenerator for GP¢ to find exact sequences

0—>G,—>W,—>Gui1—>0 (*n)

with G,41 € GPc and W, € Pc; see Fact 3.7. From Fact 3.13 we know N € B¢ and so
Lemma 4.7 implies Pc L N. Hence, for i > 0 the long exact sequences in Extg(—, N)
associated to (x,) yield the isomorphism in the following sequence

Ext(Go, N) = Ext (G, N) =0
while the vanishing holds because i + j > j = idg(N). O

Lemma 4.9 LetC, M, and N be R-modules with C semidualizing. Assume thatidg (N) < oo
and pdp (M) < oo.

(@) Ifa: G — G'isa quasiisomorphism between bounded below complexes in GP¢, then
Hompg (e, N): Homg(G’, N) — Homg (G, N) is a quasiisomorphism.

(b) IfB: H — H'isa quasiisomorphism between bounded above complexes in G ¢, then
Homg (M, B): Homg(M, H) — Homg (M, H') is a quasiisomorphism.

Proof We prove part (a); the proof of part (b) is dual. Set M; = Ker(ajcone(a)) for each j
and consider the following exact sequences

0 — M; — Cone(a); - Mj_; — 0. (4.9.1)

Because Cone(a) is an exact bounded below complex in GPc¢, we know M; € GPc¢ for
Jj < 0. From [29, (2.8)] we know that GP¢ is closed under kernels of epimorphisms,
so an induction argument using (4.9.1) implies M; € GPc for all j. Thus, Lemma 4.8
yields M; L N and Cone(x); L N for all j. The long exact sequence in Extg(—, N)
shows that (4.9.1) is Homg (—, N)-exact, and the conclusion now follows as in the proof of
Lemma 4.3. O

The next two results follow from Lemma 4.9 in the same way that Propositions 4.4 and 4.5
follow from Lemma 4.3.

Proposition 4.10 Let C, M, and N be R-modules with C semidualizing.

(@) If M isinres évPC NresPc and N is in cores 7, then the following natural map is an
isomorphism for each n

1R

9 pope (M, N): Exthp (M, N) = Exth (M, N).
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(b) IfMisinres P and N is in cores Zc, then the Sfollowing natural map is an isomorphism
for each n

9877 (M,N): Extyz (M, N) = Exty (M, N).

Proposition 4.11 Let C, M, and N be R-modules with C semidualizing.

(@) IfMisinres év’Pc and N is in cores Z, then the following natural map is an isomorphism
for each n

xGpo (M, N): Extgp (M, N) = Extk(M, N).
(b) If M isinres P, then the following natural map is an isomorphism for each n

%Gz, (M, N): Extgr (M, N) = Extp(M, N).

5 Balance for relative cohomology

This section focuses on balance for the functors Ext, (—, —) and Ext7 (—, —), and for
C B
Ext’épc (—, —) and Ext’éIB (=, —).

Definition 5.1 Fix subcategories X’ C res X and V' C coresY. We say that Extyr and
Extgry are balanced on X’ x )" when the following condition holds: for each object M in

X' and Nin )/, if X = Misa proper X-resolution, and N Zva proper Y-coresolution,
then the induced morphisms of complexes

Homg(M,Y) - Hompg(X,Y) < Homg(X, N)
are quasiisomorphisms.

Remark 5.2 When Extyg and Extgy are balanced on X’ x )/, there are isomorphisms
Ext’y g (M, N) = Exty,(M, N) forall M € X and N € Y andn € Z.

The next example shows that the naive version of balance for relative cohomology does
not hold: when D is dualizing, one can have Ext’;DD (M,N) # EXt%D (M, N) and
Ext'éPD(M, N) & Ext’éID (M, N),evenif Pp-pdp(M) < oo and Zp-idg(N) < oo.

Example 5.3 Let (R, m, k) be a local non-Gorenstein Cohen—Macaulay ring of dimension
d > 0 with dualizing module D. Assume that R is Gorenstein on the punctured spectrum.
Fact 3.4 (b) implies that Zp-idg(R) = idgr (D) = d, and Proposition 4.2 provides isomor-
phisms

Extp, (D, R) = Extl (D, R) Ext’ (D, R) = Ext}z (D, R)

for each n. One has Pp-pdg(D) = 0 because D is in Pp, and so Ext?,ll) (D,R) = 0.
Fact 3.9 (b) yields an isomorphism

Ext’%D (D, R) 2 Extyp(D ®r D, D)
for each integer n. To complete the example, we verify

Exth (D, R) # Exty (D, R)
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for some n > 1. From the vanishing Ext%ll)(D, R) = 0, it suffices to find an integer n > 1
such that Ext’y (D ®g D, D) # 0. We utilize the spectral sequence
EJ? = Exth(Tor® (D, D), D) = Ext}™(D, R).

For each prime ideal p C m, the module D), is dualizing for the Gorenstein ring R, and so
Dy = Ry; see [8, (3.3.7.a)]. It follows that Toer (D, D) has finite length for each ¢ > 0, and

so EY" = 0if p # d and ¢ > 0. For each n < d, this yields
Ext (D ®g D, D) Z Extx (D, R).
Because R is not Gorenstein, we deduce from [5, (2.1)] that the displayed modules are
nonzero for some integer n such that 1 < n < d, as desired.
The following result contains part of Theorem A from the introduction.
Proposition 5.4 Assume that R is Cohen—Macaulay ring and admits a dualizing mod-
ule, and let C be a semidualizing R-module. Then Extp,. and EXtICJ,. are balanced on
res Pe X coresf—c?. In particular, if Pc-pdp(M) < oo and Ici-idr(N) < 00, then there

are isomorphisms for each integer n

Exth,. (M, N) = Extj_ (M, N).

Proof Lemma 4.6 implies Ext%; (res75z, Ici) =0 = Ext?c1 (Pc, coresfc\-r) and so the
desired conclusion follows from [14, (8.2.14)]. O

The next two lemmata are the primary tools for Theorem 5.7.

Lemma 5.5 Let R be a Cohen—Macaulay ring with dualizing module. Let C, M and N be
R-modules with C semidualizing.

(@) IfN € GZcr and Pe-pdg(M) < oo, then Ext3, (M, N) = 0.

(b) IfM € GPc and I+-idgr(N) < oo, then Ext%clT (M,N)=0.

Proof We prove part (a); part (b) is dual. Set Ng = N, and for each n > 0 use the fact that
Zc+ 1s a generator for GZ -+ to find exact sequences

00— Nyy1—>V,—> N, =0 (5.5.1)

with V,, in Z+ and N, 41 in GZ+; see Fact 3.7. Lemma 4.7 implies Pc L GZ+, and so
the long-exact sequence in Extg(Pc, —) shows that (5.5.1) is Homg (Pc, —)-exact. Fix an
integer j > 1 and set p = Pc-pd(M). Lemma 4.6 (b) implies Ext%; (M, V) = 0 for each
n. Lemma 1.15 (a) and Remark 1.12 yield the isomorphism in the next sequence

Ext}, (M, N) = Ext}, (M, No) = Ext}, " (M, N)) =0,

where the vanishing is from the (in)equalities j + p > p = Pc-pdr(M). O

Lemma 5.6 Let R be a Cohen—Macaulay ring admitting a dualizing module. Let C, M and
N be R-modules with C semidualizing.

(a) Assumethat GPc-pdg (M) isfinite andlet G % Mbe aproper GP c-resolution. If Y isa
bounded above complex of objects in GZIc+, then the induced map
Hompg (M, Y) — Homg(G,Y) is a quasiisomorphism.
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(b) Assume that GI -+-idg (N) is finite and let N i H be a proper GI -+-resolution. If X is
a bounded below complex of objects in GPc, then the induced map
Homp (X, N) - Homg (X, H) is a quasiisomorphism.

Proof We proof part (a); the proof of (b) is dual. To show that the induced map
Homg(«, Y): Homg (M, Y) — Hompg (G, Y) is a quasiisomorphism, it suffices to show that
Cone(Hompg («, Y)) is exact. From the isomorphisms of complexes

Cone(Hompg (e, ¥)) = ¥ Homg(Cone(x), Y) = ¥ Homz(G™,Y)
and a standard argument, it suffices to show that Homg(G™*, Y ;) is exact for each j.

The module M has a bounded strict GP¢-resolution G' = M by Fact 3.7. From
Lemma 1.9 (a) we conclude that G and (G’)" are homotopy equivalent, and so the complex
Homg(GT, Y;) is exact if and only if Homg (GHT, Y;) is exact. Thus, we may replace G
with G’ to assume that G is strict.

For each n, set M,, = Coker(ancH) and note that M_; = M. For each n > 0, we have
Pc-pd(M,) < oo and we consider the following exact sequences

0= My 25 Gy 25 M,y — 0. (5.6.1)

It suffices to show that each of these sequences is Homg (—, Y;)-exact, that is, that the fol-
lowing map is surjective.

Homg (yy, Y;): Homg(Gy, Y;) — Homg(M,, Y;).
Use the fact that Z~+ is a generator for GZ -+ to find an exact sequence
0-Y >V5Yy, -0 (5.6.2)

such that Y’ is in GZ -+ and V is in Z+; see Fact 3.7. Lemma 4.7 implies Pc L GZ~+ and
so Lemma 1.7 (b) guarantees that this sequence is Homg (Pc, —)-exact.

Fix an element A € Homg (M), Y;). The proof will be complete once we find an element
f € Homg(G,, Y;) such that A = fy,. The following diagram is our guide

0 Mn Gn Mn—l 0
% s _ 7
o ~
, // ﬁl/ LT
¥ — ¥
0 Y’ | Y; 0,

wherein the top row is (5.6.1) and the bottom row is (5.6.2).

Since the sequence (5.6.2) is Homg (Pc, —)-exact, it gives rise to a long exact sequence
in Extp. (M, —). The vanishing of Ext%jc (M,,, Y") from Lemma 5.5 (a) implies that this
long exact sequence has the form

Hompg (M), 7)
s

0 — Homg(M,,Y") — Homg(M,, V) Hompg(M,, Y;) — 0.

Hence, there exists 0 € Homg (M,,, V) such that A = to.
Proposition 4.1 (b) implies Exth(M,_1, V) = Extlfd (M, N) = 0, so the long exact
sequence in Extz (—, V) associated to (5.6.1) has the form

H n,V
0 — Homg(My_1, V) — Homg(Gn, V) —250 V) Homg (M, V) — 0.
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Hence, there exists § € Homg(G,,, V) such that o = §y,,. It follows that we have (td)y, =
7o = Aandso f = 16 € Homg(G,, Y;) has the desired property. O

Our main balance result for relative cohomology now follows. It contains part of Theo-
rem A from the introduction.

Theorem 5.7 Assume that R is Cohen—Macaulay and admits dualizing module, and let C be
a semidualizing R-module. The functors Extgp. and Extng.‘. are balanced on
resGPc x coresg/l'-;. In particular, if GPc-pdp(M) < 0o and GIc+-idp(N) < oo,
then there are isomorphisms for each integer n

Extfp, (M, N) = Extgz_ (M, N).

Proof From Fact 3.7 we obtain a bounded proper GPc-resolution« : G > M and abounded
proper GZ+-coresolution f: N — Y. By Lemma 5.6, the morphisms

H s H X,
Homg(M, ¥) 2@ Homp(G, ¥) <2 XP) Homp(X, N)

are quasiisomorphisms, as desired. O

6 Distinguishing between relative cohomology theories

From Sects. 4 and 5 we see that there are numerous situations where different relative coho-
mology theories agree. The purpose of this section is to show that these theories are almost
never identically equal. Part (a) of the next result shows EXt';;C(—, —) # Exth(—, —) &
Ext’épc (=, —). Part (b) shows again Extl(—,—) 2 Ext’épc (—, —). Part (c¢) shows
Ext’%c(—, —) % Ext’épc(—, —). Lemma 6.2 shows how one can construct modules sat-
isfying the hypotheses of part (c).

Proposition 6.1 Let (R, m, k) be a local ring and C a semidualizing R-module such that
C %R

(@) Ifn > 1, then Ext”pc (C,ky=0= Ext'épc (C, k) and Ext’y(C, k) # 0.

(b) Assume depth(R) > 1 and fix an R-regular element x € w. The exact sequence

t=0O—R LR R/xR — 0) is not Homg (GPc, —)-exact. Hence, the natural
map

#Gpo(R/XR,R): ExtGp. (R/xR, R) < Extp(R/xR, R)

is not surjective. If dim(R) = 1, then ExtlgPC(R/xR, R) % ExtL(R/xR, R).
(¢) If M admits a proper Pc-resolution and GPc-pdr(M) < oo = Pc-pdgr(M), then
Extgp . (M, —) =0 2 Extp (M, —) for eachn > GPc-pdg(M).

Proof (a) Since C is in Pc, we have Ext’épc (C, k) = Ext”PC (C,k) = 0foreachn > 1
by Proposition 4.2 (a). On the other hand, we have Ext’, (C, k) # 0 because C is a finitely
generated module of infinite projective dimension by Lemma 3.16 using B = R.

(b) Suppose that the sequence ¢ is Homgr(GPc, —)-exact. It follows that ¢ is an aug-
mented proper GPc-resolution of R/x R. Lemma 1.9 (a) combines with [29, (4.10)] to show
that ¢ has an exact sequence of the following form as a summand

0—-C"—>G— R/xR— 0.
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where n > 1. It follows that C is a summand of R. Because R is local, the R-module R is
indecomposable, so this implies C = R, a contradiction.

Theorem 2.3 (a) now implies that the natural inclusion xépc (R/xR, R) is not surjec-
tive. If dim(R) = 1, then R/x R has finite length. It follows from Lemma 3.10 (c) that the
module Ext'épc (R/xR, R) has finite length, as does Ext’, (R/x R, R). Because the inclusion

}fél?Pc (R/xR, R) is not surjective, one has
length (ExtgPC(R/xR, R)) < lengthg (Exty(R/xR, R))

and so Ext’éPC(R/xR, R) Z Ext,(R/xR, R).
(c) The vanishing Ext’épc (M, —) = 0whenn > GPc-pdg(M) follows from Fact 3.7.
The nonvanishing Ext’;,c (M, —) #0isin[27, (3.2)]. O

Notice that the following lemma does not assume any relation between the semidual-
izing modules B and C. Also, the cases B = R and B = C imply pdz(M) = oo and
Pc-pdgr(M) = oco.

Lemma 6.2 Let (R, m) be alocal ring and let B and C be semidualizing R-modules. Assume
that there exist elements y, z € m such that Anng(y) = zR and Anng(z) = yR, and set
M = C/yC. Then M € G(Pc) = GPc N B¢ and so M admits a proper Pc-resolution.
Also, one has Pp-pdp(M) = oo.

Proof Consider the chain complex
z=-.Scscics ...

We shall show that this complex is exact and that it is Homg(Pc, —)-exact and
Hompg (—, Pc)-exact. Once this is done, we will conclude from [26, (5.2)] that M is in
G(Pc). Furthermore, we will know that the truncated complex

. ScSscSc—o

is a proper Pc-resolution of M.

To see that the complex Z is exact, we first show Anng (zC) € yR: If w € Anng(zC), we
have wz € Anng(C) = 0 and so w € Anng(z) = yR. From this the obvious containment
Anng(zC) 2 yR implies Anng(zC) = yR, and by symmetry we have Anng(yC) = zR
and the desired exactness.

Next, we show that the complex Z is Homg (Pc, —)-exact and Hompg (—, Pc)-exact.
The isomorphism Homg(C, C) = R shows that an application of either Homg(C, —) or
Hompg (—, C) yields the complex

. LSRERIRS .. 6.2.1)

which is exact because of the assumptions Anng(y) = zR and Anng(z) = yR. Hom-
tensor adjointness implies that Z is Homg (Pc, —)-exact. On the other hand, the natural
isomorphism Homg(C, C ®r P) = Homg(C, C) ®g P from [29, (1.11)] implies that
Homg(Z,C ®g P) = Homg(Z,C) @ P, so Z is Homg(—, Pc)-exact.
The fact that M is in gPé yields the first two equalities in the next sequence
0=GPc-pdr(M) = Gc-dimg(M) = depth(R) — depthp (M)

while the third one is from [11, (3.14)]. Now, suppose Pp-pdr (M) < oo. Via the next
sequence, the previous display works with [29, (4.6)] to show that M is in ’Pg :

Pp-pdg(M) = depth(R) — depthy (M) = 0.
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This implies 0 # M = B™ for some m, and so Anng (M) = Anng(B) = 0. The membership
0 # y € Anng (M) contradicts this, and so Pp-pd (M) = oo. ]

We follow-up with an example where the assumptions of Lemma 6.2 are satisfied.

Example 6.3 Let Q be a local ring with semidualizing module A. Set R = Q[ X]/(X?) or
R = QlY, Z1/(Y Z). The R-module C = R ®¢ A is semidualizing by [11, (5.6)], and the
residues y = X = zor y = Y and 7 = Z satisfy the hypotheses of Lemma 6.2.

We now contrast the relative cohomology theories arising from distinct semidualizing
modules B and C. With Proposition 6.1 (a), part (a) of the next result shows Ext’;pc (—,—) &
Ext’7’33(—, —) Ext’épc(—, —). Part (b) shows Ext'éPB(—, —) Ext’épc(—, —) and again
Ext’;JB(—, —) # Ext’épc(—, —) and part (c) shows that Ext.é.pB (=, —) & Ext’7gc (=, —).
Note that Lemmas 3.14 and 3.16 contain analyses of the conditions GPc-pdg(B) < oo and
C #B.

Proposition 6.4 Let (R, m, k) be a local ring and let B and C be semidualizing R-modules
such that GPc-pdg(B) < oo and C % B.

(@) Ifn >0, then Exty, (C, k) # 0.

(b) Assume depth(R) > 1 and fix an R-regular element x € wm. The exact sequence

t=0—>B 5 B> B/xB — 0) is not Homg (GPc, —)-exact, and so the natural
inclusions

O¢ppy (B/xB. B) : Extyp (B/xB, B) — Extp, (B/xB, B)
O¢pogpy(B/xB. B) : Extip. (B/xB, B) < Extyp, (B/xB, B)

are not onto. If dim(R) = 1, then Extlgpc (B/xB,B) # Exty (B/xB,B) and
Extlgpc (B/xB,B) % Extlng(B/xB, B).

(c) If C admits a proper GP p-resolution, then Ext’;jc Cc,—) =0 # EXt’éPB(C, —) for
eachn > 1.

Proof (a) Because pdp(Homg(B,C)) = oo by Lemma 3.16, the nth Betti number
ﬁ,f (Hompg (B, C)) is nonzero for each n > 0. Using Fact 3.9 (a), the membership C € Bp
from Lemma 3.14 yields the first isomorphism in the following sequence

Ext, (C, k) = Extz (Homg(B, C), Homg (B, k))
= Ext/,(Homg (B, ), 1B (B)y =~ P (Homg (B.C))B (B) £0

while the others are standard.

(b) The sequence ¢ is Pp-proper and GP g-proper by Fact 3.7. Suppose that ¢ is
Homg(GPc, —)-exact. Because B is totally C-reflexive by Lemma 3.14, this sequence is an
augmented proper GPc-resolution of B/xB. Lemma 1.9 (a) combines with [29, (4.10)] to
show that ¢ has an exact sequence of the following form as a direct summand

0—->C"—- G— B/xB—0,

where n > 1. It follows that C is a summand of B. Because R is local, the R-module R is
irreducible, so this implies C = R, a contradiction. The remainder of (b) is verified as in the
proof of Proposition 6.1 (b).

(¢) Since C is in P¢, we have Ext’;)C (C,—) =0 foreachn > 1. Lemma 3.16 implies
QPB(-)de (C) = oo; arguing as in [7, (4.2.2.a)], we conclude Ext’épB (C, =) # 0 for each
n>0. O
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Remark 6.5 In light of the hypothesis “C admits a proper GP p-resolution” in Proposi-
tion 6.4 (c), we note that this condition is satisfied when R admits a dualizing complex
and B = R by [23, (2.11)]. As of the writing of this paper, the authors do not know if this
condition holds in general.

We conclude this paper with dual versions of the above results in this section.

Proposition 6.6 Let (R, m, k) be a local ring and C a semidualizing R-module such that
C Z R. Let E denote the R-injective hull of k.

(@ Ifn > 1, then Ext%c(—,HomR(C, E) = 0 = Ext’ézc(—, Homg(C, E)) and
Exty (=, Homg(C, E)) # 0.

(b) Assume that R is complete and that depth(R) > 1. Fix an R-regular element x € m,
and set K = Ker(E 5 E) = Homg(R/xR, E). Then the exact sequence
t=0—-K LELES 0) is not Homg (—, GZ¢)-exact, and so the map

%41, (E. K): Extgr, (E, K) < Extp(E, K)

is not surjective.
(¢) If M admits a proper Zc-coresolution and GZc-idr(M) < 00 = Zc-idgr(M), then
EXt'éIC(—, M)=0+# Ext%c(—, M) for eachn > GZc-idgr(M).

Proof The proofs of (a) and (c) are dual to the parallel parts of Proposition 6.1.

(b) Because E is injective, it is divisible, so the sequence ¢ is exact. As in the proof of
Proposition 6.1 (b) it suffices to show that ¢ is not Homg (—, GZ¢)-exact.

Because R is complete, there is an isomorphism Hompg (E, E) = R. Applying the exact
functor Homg (—, E) to ¢ yields the exact sequence

0—>R>RS R/xR— 0. (6.6.1)

Proposition 6.1 (b) shows that there exists a module G € GP¢ such that the following
sequence is not exact

Hompg (G,7)
——

0 — Homg (G, R) = Homg(G, R) Homg(G, R/xR) — 0. (6.6.2)

Lemma 3.3 (b) implies that the R-module GV = Homg (G, E) is in GZ¢. To complete the
proof, we show that the complex

Hompg (t1,GY)
5

0 — Homg(E, GY) = Homg(E, GY) Homg(K,GY) — 0

is not exact. The “swap” isomorphism Homg(—, G¥) = Homg(G, (—)V) shows that this
sequence is isomorphic to (6.6.2), which is not exact. O

Lemma 6.7 Let (R, m) be a local ring and C a semidualizing R-module. Let E denote the
R-injective hull of k. Assume that there exist elements y, 7 € m such that Anng(y) = zR and
Anng(z) = yR, and set M = Homg(C, E)/yHomg(C, E). Then M € G(Z¢) = GZcNAc
and so M admits a proper Zc-coresolution. Also, one has Ic-idg(M) = oo.

Proof The isomorphisms Homg(E, E) = Rand C® g Hompg (C, E) = E yield the follow-
ing containments

0 € Anng(Homg(C, E)) € Anng(E) C Anng(R) =0
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and so Anng (Homg (C, E)) = 0. As in the proof of Lemma 6.2, it follows that the following
complex is exact

.- 2 Homg(C, E) = Homg(C, E) > Homg(C, E) = --- . (6.7.1)

We claim that this complex is also Hom g (—, Z¢)-exact and Homg (Z¢, —)-exact. From this
it will follow that the complex

0 — Homg(C, E) = Homg(C, E) 2 Homg(C, E) = - - 6.7.2)

is a proper Z¢-coresolution of M and M € G(Z¢) = GZ¢ N Ac. For injective R-modules /
and J, the module Homg (1, J) is R-flat. The first isomorphism in the following sequence is
Hom-tensor adjunction

Homg(Homg(C, I), Homg(C, J)) = Homgz(C ®g Homg(C, I), J) = Homg(/I, J)

and the second one follows from the membership / € Bc¢. Let X denote the exact com-
plex (6.2.1) from the proof of Lemma 6.2. The displayed isomorphisms show that an appli-
cation of the functor Homg (Hompg(C, I), —) to the complex (6.7.1) yields the complex
X ®rHomg(I, E). As X is exactand Homg (1, E) is flat, the complex X @ g Homg (Z, E) is
exact, and so (6.7.1) is Homg (Z¢, —)-exact. Similarly, it is Hom g (—, Z¢)-exact, as desired.

We conclude by showing Z¢-idg (M) = oo. Applying the functor C ® g — to the com-
plex (6.7.2) yields an injective resolution of C @ g M

0>ESESES ...

This uses the memberships M, Homg(C, E) € Ac. The fact that this resolution is minimal
and nonterminating provides the first equality in the following sequence

00 =idgr(C Qg M) = Z¢-idgr (M)

while the second equality is from Fact 3.4 (b). O

Proposition 6.8 Let (R, m, k) be a local ring and let B and C be semidualizing R-modules
such that GPc-pdg(B) < oo and C % B. Let E denote the R-injective hull of k, and set
(=)" = Homg(—, E).

(@ Ifn >0, then Ext"IB(—, CY) #0.

(b) Assume that R is complete and depth(R) > 1. Fix an R-regular element x € m, and
set K = (B/xB)". The sequence { = (0 - K — BY % BY — 0) is exact but not
Hompg (—, GZ¢)-exact, and so the natural inclusions

97,1, (K. BY) : Exty7 (K, BY) < Ext} (K, BY)
947007, (K. BY) : Extfz (K, BY) < Extyy, (K, BY)

are not surjective.
(c) One has Ext"IC(—, CY)y=04# Extgz, (-, CY) foreachn > 1.

Proof (a) This follows from Lemma 3.16 using [27, (3.2.b)].
(b) Consider the exact sequence

0—>B>B25 B/xB—0. (6.8.1)
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Apply the exact functor (—)V to show that ¢ is exact. The module B" is in Zg, so ¢ is an
augmented Zg-coresolution of K. As in the proof of Proposition 6.1 (b) it suffices to show
that ¢ is not Hompg (—, GZ¢)-exact.

Proposition 6.4 (b) shows that there exists a module G € GP¢ such that the following
sequence is not exact:

Hompg (G,7)
—_—

0 — Homg(G, B) = Homg (G, B) Homg (G, B/xB) — 0. (6.8.2)

Lemma 3.3 (b) implies GV € GZ¢. To complete the proof, we show that the complex

Hompg (7V,GY)
A

0 — Homg(BY, GY) > Homg(BY, GY) Homzp(K,GY) - 0 (6.8.3)

is not exact. Because R is complete, the following natural isomorphisms are valid on the
category of finitely generated R-modules

Homg((=)", G*) = Homg(G, (—)"") = Homg(G, —)

and so the sequence (6.8.3) is isomorphic to (6.8.2), which is not exact.
(c) As in the proof of Proposition 6.4 (c), it suffices to observe that Lemma 3.16 implies
gIB—idR(CV) = Q. ]
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