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COMPARISON OF STOCHASTIC AND DETERMINISTIC MODELS
OF A LINEAR CHEMICAL REACTION WITH DIFFUSION!

By DoucLas BLouNT

Arizona State University

Particles placed in N cells on the unit interval give birth or die
according to linear rates. Adjacent cells are coupled by diffusion with a rate
proportional to N2, Cell numbers are divided by a density parameter to
represent concentrations, and the resulting space-time Markov process is
compared to a corresponding deterministic model, the solution to a partial
differential equation. The models are viewed as Hilbert space valued pro-
cesses and compared by means of a law of large numbers and central limit
theorem. New and nearly optimal results are obtained by exploiting the
Ornstein~Uhlenbeck type structure of the stochastic model.

Introduction. A chemical reaction with diffusion is often modeled by a
partial differential equation describing the evolution of the concentration of
the reactant as a function of time and space. In Arnold and Theodosopulu
(1980) a stochastic analogue of the usual model is constructed. They divide the
unit interval into N cells, allow particles to diffuse between cells by simple
random walks with jump rate proportional to N2 and allow particles to be
produced or removed at polynomial rates prescribed by the corresponding
deterministic model. Cell numbers are divided by [/, a parameter proportional
to the initial number of particles in each cell. The rescaled quantities are
viewed as concentrations, and the resulting space-time Markov process is
compared to the deterministic model, a solution to a partial differential
equation. Without diffusion, the stochastic model may be viewed as N inde-
pendent density dependent birth and death processes of the type considered in
Kurtz (1971) and Ethier and Kurtz (1986). By coupling the cell processes
through diffusion, the model of Kurtz is extended to the spatially inhomoge-
neous case.

Arnold and Theodosopulu proved a law of large numbers in L,[0, 1] (square
integrable functions on [0, 1]). Their work has been improved and extended by
Kotelenez (see references) who has proved laws of large numbers and central
limit theorems for linear and nonlinear reactions. He assumes reflecting
boundary conditions and has extended the model to the n-dimensional unit
cube. For mathematical and notational simplicity, we use a one dimensional
‘“volume,” one reactant, and assume periodic boundary conditions. We state
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only the results of Kotelenez that can be directly compared with ours. Refer-
ences to related work can be found in Kotelenez (1987, 1988).

Let X™(¢) and ¢(¢) denote the stochastic and deterministic models, respec-
tively, and {H_,} the Hilbert distribution spaces (see Section 2) with H, =
L,[0,1]. For the linear model Kotelenez (1986a) has proved, assuming N — o,
that supy 7| XV(@) — ¢@)l-o —p 0 if

2
T—>O fora =0 and NI - » fora> 3.

He shows weak convergence of VNI(XY — ) —» U in Dy__[0,x) (Skorohod
topology) if @ > % and NI — », where U(¢) is an infinite dimensional
Ornstein-Uhlenbeck process in Cy_[0, %) for g > 1. For the linear model we
show sup[oyTlllXN(t) —¢p@)-q —»p Oif

[—>®x as N-—-»x fora=0,

NI )

——Nl_z"‘(log %) - oo foraec (O, 5),
NI . .
Qogny? - © Hemo

Nl > ifa>3
and
VNI(XYN —¢) »5 U in Dy_,[0,»)if @ > } and NI — .

The primary tool in the work of Kotelenez is a maximal inequality for terms
of the form A(¢) = [(U(¢,s) dM(s) where M(s) is a Hilbert space valued
martingale and U(%, s) is an evolution operator on H, the Hilbert space. The
Doob-like inequality controls sup 7/l A(®)llz in terms of E[M (T)||%. In our
problem U(z, s) is a contraction semigroup T(¢ — s), and our improvement is
due mainly to development of a technique which exploits the smoothing effects
of the semigroup on the martingale M.

Note that all theorems, lemmas and numbered equations are considered on
the same numbering system.

1. The deterministic model. Following Kotelenez (1982a, 1986a) and
Arnold and Theodosopulu (1980) we describe the deterministic model.
For x € R let b(x) = b,x + b, and d(x) = d,x where by, by, d; = 0. Let

c(x) =b(x) —d(x).
A will denote the Laplacian and D the diffusion coefficient. Let r [0, 1]
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denote the space variable and ¢ € [0,) the time. With periodic boundary
conditions the concentration of one reactant is the solution of the reaction
diffusion equation:

P
_ﬁ(t’r) = DAy(t,r) + C(¢(t,r))’

(1.1) W(t,0) = w(z,1) forallt> 0,
0 <¢(0,7) < pg (po afinite constant).

We take D =1 for simplicity and assume (0, - ) € H?, the space of real
valued functions on [0, 1] with square integrable second derivatives in the
distributional sense. Then there exists a constant p, such that for ¢ [0, T'],
0 < ¢(¢t, - ) < py [Kuiper (1977) and Arnold (1980)]. Letting (¢) = ¢(¢, - ), we
view ¢ as a function valued process. In particular, ¥(¢) € L,[0, 1].

2. The stochastic model. Divide a circle of circumference 1 into N cells
and place an initial distribution of particles in the cells. / is a parameter
proportional to the initial average number of particles in a cell. For example, if
NI particles are initially distributed, there is an average of ! particles in each
cell. The system evolves in time and space as particles diffuse between cells by
symmetric random walks and are produced or removed within each cell by
reaction. For 1 < % < N and ¢ > 0, let n¥(¢) be the number of particles in cell
k at time ¢, and let %N = o(nY(s); 1 <k < N,0 < s < ¢) be the history of the
process. Let n®(¢) = (n¥(#),nY(®),...,n¥(t)) € RY. Using the polynomials
b(x) and d(x) appearing in the definition of the deterministic model, we define
the jump rates for n™(¢) by

(np,npyy) > (n, —l,n,,, +1) atrate N2n,,
(ng_,ng) = (ny_y+1,n, — 1) atrate N2n,,

(2.1)
n,—>n,+1 atratelb(n,/l),

n,—>n, —1 atrateld(n,/l).

For each N and ! we have a different system and n™(t) = n™ 4¢), but we
suppress the [/ in the superscript. n™(¢) is an RV valued {&#"} Markov
process, which is right continuous with left limits. Let And(t) = n¥(z) —
np(t —), where 0 — = 0. Suppose 7 is an {%,"} stopping time such that

sup supn}(t A7) I .o <M(N,Il) <.
1<k<N 20
Then n"(¢) has a bounded total jump rate and we have the following lemma, a

variant of a similar result of Kotelenez (1982a, 1986a). The proof, based on a
result of Kurtz (1971), is found in Blount (1987).
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LEmMA 2.2. For 1 <k < N the following are {#")} martingales:

T And(s) = [TIN¥(nd_(s) - 2n(s) + nf,i(s))
(a) S<tAT 0

+Ib(nf (s) /1) + ld(n{(s)/1)] ds;

o L (And())" = ["V[N?(ni_i(s) + 2nY(s) + . (s))
+1b(nY(s) /1) + 1d(n} (s)/1)] ds;

© T (And(s))(An¥i(s)) + [

S<tAT 0

tAT

NZ(n}(s) + n¥,(s))ds.

Now we construct a space-time jump Markov process which is the stochas-
tic analogue of (1.1). For ¢ > 0 and r € [0, 1) let

n¥(t) k-1 &
! N 'N
We view {n}} as a periodic sequence satisfying nY, y = n¥, so XMt r) is
periodic in » with period 1. We suppress the [/ in the superscript.
Let HY be the space of step functions on [0, 1) which are constant on the

intervals [(¢ — 1)/N, k/N). Consider them extended to periodic functions.
Define Py: L,[0,1] > HY, an orthogonal projection, by

(k+1)/N kE k+1 )

P =N dx fi €| — ,

v F(r) fk/N f(x)dx for r [N, ~

0<k<N-1

(2.3) XNt r) = for re [ ), 1<k <N.

(2.4)

Similarly, define
VEf(r) = N[Pyf(r £ N™Y) = Py f(7)],
(25) Anf(r)=—-VyWf(r) = -ViVyf(r)
N2[Pyf(r+N-1') - 2Pyf(r) + Pyf(r - N7Y].

Ay is a discrete analogue of the Laplacian. By first applying P, we consider
Ay and Vif extended to all of L,[0, 1], Let

(2.6) XN(t) = XN(¢t,-) € HN c L,[0, 1].

X% isan HY valued {#~} Markov process, and using (2.3) and Lemma 2.2 we
can write

(27) XN(£) = XV(0) + [AyXN(s)ds + ['¢c(XN(s))ds + ZN(1),
0 0

where ZN(t A 7) is an HV valued martingale for 7 as in Lemma 2.2.
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Now we follow Kotelenez in defining the spaces in which the models are
compared. Since y(2), XV(¢) € L,[0, 1] we may compare them in this space and
in the following spaces of distributions. For r € [0,1]and m € {0,2,4,...}, let
do(r)=1, ¢,(r)=vV2 cosmmr and ¢,(r) =V2 sinwmr for m > 2. Let
B,, = m2m?. Then {¢,,, ¥,,} form a complete orthonormal system in L0, 1]
and Ae,, = —B,e,, fore,=¢, or .

For f, g € L,[0, 1], let { f, g) denote the usual inner product. For « > 0 and
f e L,0,1], let

PP = T (frdm) + frthn)*

RN G
and let H_, be the completion of L,[0,1] in the norm | - ||-,. Note H, =
L,[0,1]. Define H, for a > 0 by

H, = (€ Ho IFIE = T (CFrdp + CFba)(L+ B)* < o).

For @ € R we can then summarize the definition of H, as

H,={f: f= ¥ apnbp +buim, L (a% + L)1 +B,)" < =}
If a > 0 there is a natural duality between H_, and H, defined by

(f,8) = L an(fla(8) +b,(f)b,(g) for feH_,,g¢<H,.

We have |(f, @) <|Ifll-cllglle. If fEH,NH_, and g € H, C H,, then
(f,8)={f,g» Weuse , )todenote both the inner product in H, = L,[0, 1]
and the dual pairing between H_, and H,,.

Let e’ denote the contraction semigroup generated by the Laplacian on
H,. Then e’’e, = e Prle, fore, = ¢, or ¢,, and e*’ can be extended to any
Ha by lettlng eAtf= Ze—ﬂ,,,t(< f: ¢m>¢m + <f’ ¢m>¢m)

Note HY c H_,, for @ > 0. To compute the norm || - ||, of functions in H¥
it is convenient to introduce an alternative but equivalent norm. Assume N is
an odd integer. Let ¢y y(r) =1, and for m €{2,4,..., N — 1}, r €0, 1), let

Pm, n(r) = \/gcos(wm%) and ‘//m,N(r)\/Esin(wm%)

for re(k/N,(k+1)/N), 0<k<N-1. For fe HY and a >0 define
I £ll-q, & by

(o bm w7+ {fothy W)
2.8 ZoN= : T
@9 MR R

where we take ¢, y = 0 in the sum and {-8, y} are eigenvalues of Ay
defined in Lemma 2.9(d). The following lemma is elementary but very useful.
We omit the proof, which is computational but straightforward [see Lemma
2.12 of Blount (1987)]. Let || fll. denote the essential supremum of f &€ H,,.

?
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Lemma 2.9. (a) Ifv,w € HY, then (Vyv,w) = (v, Vyw).

() Ay: HY - HY is self-adjoint.

© {b,., n» ¥m n} form an orthonormal basis for HY considered as a
subspace of Ho

(d)AAﬂﬁm N~= anbﬂﬁm N and Abﬂpm N~ Bm,Nd%uNﬁthenz-_Bm,N:=
2N %(cos(mm /N) — 1).

(e) There exist constants 0<e¢;<cyg<owwithe, <B, n/Bm <cy for 2 <
m < N. (Recall B,, = m2m?2)

(€) If ey, 5 = by, N OF U, n» then Ve, yllo < V27m.

(8) There exist constants 0 < c(a) < cy(a) < ® with c @)l fll-a <
1F1 e < cx@I fllo for f € HN,

REMARKS. For h € H,,, Kotelenez (1982a) showed |l&(-, < 10|kl » for
a = 2. Thus for h € HY, Lemma 2.9(g) extends this type of inequality to all
a > 0. Since HY is ﬁnlte dimensional, any two norms are equivalent, but the
point of the lemma is that constants defining the equivalence may be taken
independent of N.

The last result of this section is a variant of a similar result of Kotelenez
(1982a, 1986a). For V € HY let ZY(t) = (ZN(1), V). Let |cl(x) = b(x) + d(x).

LEMMA 2.10. Let V,W € HY. Then

Y (AZN(s))(AZ%(s»——

S<iAT

[(XM(s),(VWV)(VRW)
+H(VRV) (W W) + el(XN(s)), VW)] ds
is an {#N} martingale.

ProoF. Note that AZN(t) = AXN(¢) by (2.7). The proof is then a direct
computation using Lemma 2.2, the definition (2.3) of X% (¢) and the fact that
AnY@YARY@) =0for j & (i — 1,i,i + 1}. O

3. Law of large numbers for the linear model. Recall b(x) = b;x + b,
and d(x) = d,x. We have

(3.1) XV(t) = XN(0) + [‘AyXN(s)ds + byt + Z(t),
0

(3.2) W() = (0) + [ "Ay(s) ds + byt,

where Ay = Ay + b, —d; and A = A + b, — d,. In this section we prove the
following theorem.
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THEOREM 3.3. Let a > 0 and assume

(i) N - =,
()l »>0w0as N> wifa=0,
Nl i L
N1—2a logN > ® lfaG (0’5)’
Nl ) L
Gogny ~° T
Nl > o ifa> ;.

(i) |XN(0) — ¢(0)ll—, — O in probability.
Then for all T > 0 and 6 > 0,

P| sup | X™(2) - y(t)]|-. > 8| > 0.
0,71

REMARK 3.4. Theorem 3.3 eliminates the moment assumption of Kotelenez
(1986a) and extends the LLN to H_, for all @ > 0. Both theorems make a
high density assumption for & = 0, but Theorem 3.3 allows ! to grow slowly
compared to N. In Theorem 3.3 the density may be low for any a > 1, as long
as the initial number of particles approaches infinity. For a € (0, ] the initial
number of particles must approach infinity sufficiently fast. The result for
a > % gives a corresponding improvement in the CLT. Before beginning the
proof we give a simple example which indicates the best theorem of this type
possible has assumption (ii) replaced by the single condition

N
(i) lim (NI)™' Y n 22 =0,
Now n=1

This agrees with (ii) for @ = 0 or a > %, but eliminates a factor oflog N in the
assumptions for a € (0, 3]. We believe Theorem 3.3 holds with (ii) replaced by
(ii") but cannot prove it.

ExamprE 3.5. Let the initial numbers of particles in each cell, {n¥(0)}N_,,
be distributed as independent Poisson random variables with mean [. Assume
b(x) = d(x) = 0. The distribution is then stationary, so consider X™(¢) for any
fixed : XN(t,k/N) =17'CN,0 < k < N — 1, where the {C} are independent
Poisson with mean /. Note EX™(¢) = 1 and set (0) = 1. Thus ¢(¢) = 1.

Let

1 k
al,‘,ll = <XN(t) - 1, (Pm,N> = m% (C'IgV - l)‘om,N(ﬁ)’
1

k
b3 = (XN(0) = 1, ) = 57 5 (O = Db
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Then E(a)? = E(bY)? = (NI)7, since |, ylI3 = 15, y2llo = 1. Thus

N2 bN)2
E|xV¢) - 1), y=E M—
| x¥(t) — 1), ~ %(Hﬁm,w)

2 A1
Recall ¢, < B,, n/ m? < ¢, for m # 0. Since the distribution is spatially homo-
geneous, we can obtain convergence by keeping N fixed and letting [ — o.
However, if the initial distribution is not homogeneous, we need N ~» « to
force Ay — A. Assuming N — «, we have E||XV(¢) — 1||l_, » — 0 if and only
if 1/NDEZ¥n~%¢ - 0 as N > », By Lemma 2.9 the same result holds using
| - l|l—o. Assuming supy||EXY(0)|l. < «, a similar result can be proved assum-
ing any nondegenerate initial distribution. Since we are only showing conver-
gence for a fixed ¢, this indicates that (ii’) is the weakest possible assumption.
Now we follow Kotelenez and use variation of constants to rewrite (3.1) and
(3.2) as

(3.6)  XN(t) = eAnXN(0) + [0 ‘eAnt-9p ds + fo ‘eAnt=9) gZN(s),

(3.7) b(t) = eA(0) + [eA¢=, ds,
0

Ayt At

where e and e?’ are the respective semigroups generated on H, by Ay
and A. As discussed prevously e’ extends to a contraction semigroup on every
H_,. Using the representation

(3.8) e?NIf = 3 e PunNt((f, O N Om, v+ ) ¢m,N>¢m,N)’
e extends to a contraction semigroup on HY in the norm | |-, » for
a > 0 and on H,. Since e*~’b, = e2’b, = b,, we have
(8.9) XN(2) — y(2) = AV (XN(0) — ¥(0)) + (e — e )y(0) + YV(2),
where YN(¢) = [{eA"¢~9) dZN(s). Choose & € (0,1) and let

r=1(N,l,e,8) =inf{t: | X¥() - v(t)|_. = 8}.

It suffices to consider X™(¢ A 1) — (¢ A 7). Recall supy 7¢Ol < p7. By
definition of the possible transitions for X™(¢),

c( N 1/2
%70 - X7 s 7| Z moe] =0
m=1

under the assumptions of Theorem 3.3. Thus, using the equivalence of || - |-, &
and || - |-, on HY and taking p, larger if necessary, we may assume

(3.10) sup l
[0,T]

Lo s XN(E A "')”-a <ppr and pp=>1.
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Since X* is a finite dimensional process and l¢,, yll < V2, ¥, yllo < V2,
we have supy 7l . g XV A Dl < o(T, N, 1) <. Thus XV A7) has a
bounded total jump rate for #+ € [0,T], T < <.

Using (3.9) we can write
(3.11)

XN(t A7) = gt AT) = eANEAD(XN(0) — y(0))
+(eANEAT _ gAY y(0) + YN(¢ A T).

By Trotter-Kato, lim y _, ., supy 7l(e4¥¢ "™ — e4¢A)y(0)|lg = 0. Using [|Py f
—fllo = 0 for fe H, and the equivalence of | ‘|-, and ||-[-, » shows
Sup(g, 7 ||eAN(‘“)(XN(0) - tp(O))II_,, p 0. Thus, to prove Theorem 3.3 it re-
mains to show supy 7Y V(¢ A T)”—a -5 0.

Let -0, y=5b,—d;— B, n Then Aye, yn= -0, ye, y for e, =
@m, N O ¥, n- By deﬁnltlon of YV we have, for €n N= @m, N OF ¥, N»

(YN(8), e, ) = fe“’m’N(’_s)d(ZN(s),em,N).
0

We use Y,)'(), ZJ(¢) to denote either of the respective pairs (YN(¢), ¢,, n),
(ZN@), @, N OF (YN(t) U, N0 (ZN (@), ¥, n). Thus we have
YN(t) = [etnn¢=9 dzl(s),
0

¢ (2 )

(1 + Bm,N)a

Note that by Lemma 2.9 at most a finite number of {—0,, v} are nonnegative,
and for N > N, there are m,, C, and C, which may be taken independent of
N, such that for

(3.13) ‘mx=m,, 0<Cm?<8, y<Cym

||YN(t)||2—a,N= Z

ReEMARK 3.14. The results of Kotelenez were proved by applying a very
general maximal inequality [Kotelenez (1982b)] to Y™(¢). Using only Doob’s
inequality and the spectral properties of A,, the following lemma gives a
straightforward proof of a special case of this inequality relating to our
problem.

Lemma 3.15. (Y.)'(¢ A 1))2 < BY(2), where BN(¢) is a submartingale with
EBN(t) < c(t)(m? + 1)(NI)™*
Proor. From (3.12) we have
dYN(t) = —6,, yYN(t) dt +dZN(t),  YN(0) = o.
Let [ZJ1(#) = =, . (AZX(5))? be the quadratic variation of ZN(¢). By Itd’s
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formula

tAT

(YX(t A 7)) = —20,, Nf (YY(s)) ds

+ ["T2yN(s —) dZ¥(s) + [2ZN](t A 7).
0
Let
BN(t) = (YN(t A7) if—0, 520,
BN(t) = f’“zy,,fg’(s ~)dZN(s) + [ZN](t A7) if -6,y <O.

Recall m > m, implies —6,, y <0, so EBY(t) < e?™'E[ZN (¢ A 7). By Lem-
mas 2.9 and 2.10 and (3. 10)
E[ZN](t A7) < Cpp(m? + 1)(NI) ™7,

which proves the result. O

The proof of Lemma 3.15 shows |[Y¥(¢ A D%, x < BY(¢), where BN(t)is a
nonnegative submartingale satisfying

N 2
EBN(t) < e*™E| Z¥(¢ A ) |20 w < COYND " T~
n=1
Using the equivalence of || - ||-, and || - ||-,, » and applying Doob’s inequality
shows
Cc(T
(3.16) P|sup |[YV(t A )2, > & () & 2 n21-o,

L S 2
[0, T1 Nle

For a € {0} U (£,) a similar inequality was used in Kotelenez (1986a). By
(3.16) and the discussion after (3.11) we have extended the LLN in that paper
to the following result.

THEOREM 3.17. Let a > 0 and assume

(i) N - =,
(i) N22I/N? > if a €[0,2), Ni/log N > » if a =3 and Nl - = if
a > %
@iii) [1XN(0) — ¢, —
Then for all T > 0 and & > 0, Plsupy 1| X™(8) — ¢(Dll-, > 8] = 0.

REMARK 3.18. The proof of (3.16) is based on the fact that Ay has
nonpositive eigenvalues, but does not fully exploit this fact. The following
lemma will be used in the proof of the subsequent CLT. We prove it here since
the method can be generalized to give a proof of Theorem 3.3 which more fully
exploits the spectral properties of A, and e,
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LEMMA 3.19. Let V(¢) = [fe P¢~/2y(s) dW(s), where 8 >0, 0 <T =
supyo, 7¥(s) <  and W(s) is a standard Brownian motion. Then

T
2 A
Plawvie 2 4] < 7

where

f(A) =p7! ,[(BA/F)I/ZQSZ/z fse"z/z drds.
0 0

Proor. Let Dg(u) = g'(uX—2Bu + 2T) + 4Tug"(u) for g € C3(R). It is
easily shown that Df(z) =1, f(0) =0 and f'(u), f"(u) > 0 for u > 0. We
have dV2(¢) = —2B8V2(t) dt + 2V(t)y/2y(t) dW(t) + 2y(t) dt. By It&’s for-
mula, for0 <t < T,

FVA@) = [1F(V%())(~2BV*(s) + 2x(s))
+4f"(V3(s))V%(s)y(s)] ds + R(¢)

< fot[ f'(VE(s))(—2BV?(s) + 2T) + 4f"(V3(s))V*(s)T| ds + R(¢)

- /:Df(Vz(s))ds +R(t) =t + R(2),

where R(¢) is a martingale with ER(¢) = 0. Let 7, = inf{t: V() = A} and
note f(u) is strictly increasing on [0, ©). Thus
E(f(VAT A7) E(TA7) T
< < < .
] f(A) f(A) f(A)

The proof of Lemma 3.15 shows that Y¥(¢) can be decomposed into what
resembles a system of Ornstein-Uhlenbeck processes. We can exploit this
structure by applying the method used in Lemma 3.19 to Y™(¢). First we need
a simple technical lemma.

P[ sup V() > A O

[0,T]

LemMa 3.20. (a) The function

F(v) = 1 i n[_(la/C)(v +e)]

a =1 I7250((b + ae) /e +j)

solves f'(vXb — av) + f"(V)e(v + &) = 1.
(b) Ifa,b,c,e > 0 and 0 < Av < c¢/a, then for v > 0,

(v + Av) 1
f(v) =71- alv/c’

PrOOF. (a) can be checked directly. A term by term comparison of the
power series for f” and f" shows f”(v) < (a/c)f"(v) for v > 0. Thus, for
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some U € [u,v + Avl,
(v + Av) =f"(v) + f"(v)Av
<f"(v) + f"(v + Av)Av

<f"(v) + %f”(v + Av) Av. O

The following lemma provides the estimates needed to prove Theorem 3.3.
For its proof, the assumptions of Theorem 3.3 are in effect and we are stopping
in the sense defined after (3.9). |B| denotes cardinality of a set.

LEmMA 3.21. (a) Suppose we are stopping in the norm ||+ ||-, for a = 0.
Then, form = m, and A > 0,
n -1
* rNIA
P| sup (YY(t A 7)) ZA] < C(T)mz[ Y (rNI4)

[0, ] n=1(Bpr)"(n + 1)!

= C(T)m2u(e* —u — 1)1,

where u = rNIA/Bpy, r > 0 does not depend on N or m, and B = max(2, 2VA).

(b) Suppose we are stopping in the norm || - |lo. Let [-] denote the greatest
integer function. Suppose B < {0,2,..., N — 1} n{m = m} is such that m<
Cm, where m and m are the maximal and minimal elements of B and
C = C(B) is a constant not dependent on N. Let |B| < L = [(log N)?). Then for
0<gq =<1,

L rl
P|sup ¥ (YN(t A7) > %} < C(T)N2L1/2(_q

_[L1/2]
[0,7] B Pr )

where r > 0 is proportional to C~(B).

Proor. We will suppress the N in the superscript on Y, Z¥ and X% for
the duration of the proof. Recall Y, (¢) = [fexp(—8,, (¢ — s))dZ,(s) and that
for m > my, 0 < Cy <6, y/m® < C, < for C;,C, not dependent on N. We
have

dY,(t) = =0, yY,.(t)dt + dZ,(1), Y,.(0) =0,

(3.22)
dY2(t) = —202 yY2(2) dt + 2Y,(¢ —) dZ,(¢) + d[Z,,](?).

Let B be a set of indices as described in the assumptions of the lemma. B may
have only one element, which is the case in Lemma 3.21(a). Suppose f(u) is
a C?® function such that f®(u)>0 for >0 and i<3. Let 7, =
inf{t: ZY,2(t A7) > A} and let § = 7 A 74,. Summing over m € B and using
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change of variables for functions of bounded variation,
A(E YA A8) =£(0) + [F(X Yi(s -))d(E Yi(s))
+ X (f (}: Y.2(s)) - f(X ¥2(s -)))

tAS

S<tAS
(3.23) - Zt‘,/\af'(z Yi(s _)) A (Z Ynzl(s))
=10 + [ (L ¥3(s -))d( T Yi(5))

+3 T (E() (AL Y(5)),

S<tAS

where E(s) is between LY,2(s — ) and ¥ Y,%(s). From 3.22,
AY2(8) = (AY,,())" + 2¥,0(5 = )AY,,(5) = (AZ,(5))" + 2Y,,(s —)AZ,(s).

By the definition of Z,(¢) and the possible transitions for X™(2), |[AZ,(8)| <
2v2 /NI. Thus

16L 4\/5 2LTY2(s —))"*
1AZY2(S)1 N2l2 ( Nl(s )) s

using Jensen’s inequality and the fact that Y,(¢) represents (Y", ¢, ») and
(Y™, ¥, n7 in the sum. For s < 7,, CY,2(s — ))1/2 < VA and

(AL Y2()) = [ L (AZ(9))" + 2¥(s —)AZ ()]’

<4(X Y, (s —)AZ,,,(S))2 +eX (AZ,(s)),

16L 8/IA
Nzt T

We also have |[LLY2(s)| < &. Let v, = sup{(f"(u + &))/(f"(%)): u > 0}. Since
f”(u) > 0 for u > 0, we have, from (3.23) and the last estimate,

(X Y(t A 9))
<f(0) + [°F(X Ya(s -))
x[-2X% 6, y¥2(s)ds + 2L Y, (s —) dZ,(s) + ¥ d[Z,,](s)]
+2y, 3 f(X V(s )

S<tAS

for ¢ =

tAS

X[(Z Yuls =)AZn(s))" + e L (AZ,(5))]-

Assume y, < «, as it will be for the appropriate f and let V,, denote ¢,, 5 or
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¥, n- By Lemma 2.10 we have
FZ Y2 A9) <f0) + [F(E ¥(s))

y —2Y 6,, nY2(s) + (N Xel(X¥(s)), L V2)
+(ND)THXY(s), T [(VEV)? + (Y Vi)
+ 2y (N [ (L Y(s))

(3.24) - . 1
Uel(XN(8))s( X Yul8)V,) D

+(XN(s), (L Yuls)VaV,)
X[ +(Z Yol(s)VaV)D ds + R(2),
+e(lel(XM(s)), X V.2
+o(X¥(s), T [(WV)* + (W V)])

where R(¢) is a mean zero martingale.
We consider the cases |[B| = 1 and 1 < |B| < L = [(log N)?] separately. By
(3.10), the bounds on 8,, y/m® for m > m, and [[V§V,ll. < V2 7 m, we have

F(Y2(t A 5))
325 <fO+[

+f0t/\8[ f”(Y,fL(s))chzpt(Nl)_lmz(Yfrzt(s) + s)] ds + R(t),

where 0 < C; < Cy < w and C,, C, are not dependent on N or m.
Now suppose |B| > 1. In this case we are stopping in the norm || - |lp and
need a bound on

L

tAS

f1(Y2(5))[ - Cim?Y2(s) + Copm?(NI) Y| ds

1.0 SUp (XN(s), (L Yo(s)ViV,n)* +2( Y Y, (s)Va V)™ |
0.2771| +{lel(XN(s)), (X Yu(s)Vm)
For s <t A 7 consider
L, o XY(5), (£ Yu(5)Vi Vi)
< (Z 1Y) IV Vullo) L5 | XY ()0 T ¥,(8) Vi Vil
< CodL (L m*Y2(5)) (L Y2()IRV,ali3)
< Cp/L (m)*( L Y(5)),
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where we have used the fact that {VyV,,} are orthogonal in L,[0, 1] and
<VI$Vm’Vl\-;Vm> = < - AN‘/m"]m> = Bm,N = C(’ﬁ)2

by the assumptions on B. The same calculations hold for Vy replaced by Vy,
and similarly

2
1(r>0)<|C|(XN(s))’(Z Ym(s)Vm) > < Cpt‘/rz Yrrzt(s)
The remaining terms in (8.24) can be estimated as
= L O, nYn(s) < —Cy(m)* T Y2(s)

by the assumptions on B and the bounds on 6, y/m? For s < tArand 7> 0, .
7>0,

(XN(s), T [(VV)? + (Ve Vi)' + Uel(X¥(s)), T V2) < CoLp(m)?

using the assumptions on B and the same argument as in (8.25). Thus, we
have

(S YT A 8) <F(O) + [F (T YX())
(3.26) x(—Tcl(m)zz Y.A(s) + Copr L(m)*(NI) ") ds
+ [ 9 Capr LY (m) (N T F(E YA(s))

X(X Y2(s) +&)ds + R(T),

where R(-) is a mean 0 martingale, £ = L'/%¢ and C,, C, > 0 do not depend on
N. They do depend on m /m, but the blocks are chosen so as to keep the ratio
bounded.

Now we choose an appropriate f. Let f(v) be the solution of

f'(v)(—Cim®v + Cypr Lm?(NI) ™)
+ BCapr(ND) T L3 (m)* f(v) (v + £) = 1
given by Lemma 3.20 with
a = Cym? b= CszLmz(Nl)_l,
e=2, ¢=pBCypp(NI) 'LV?(m)?
where B is a constant we need to choose appropriately. Recall
f'(v +¢) 16L  8/LA
Y= sup{w:v > 0} and ¢ = N + NI

By Lemma 3.20(b), y, < (1 — az/c)"".

In Lemma 3.21(a) we are assuming L =1 and NI/ — «, and in Lemma
3.21(b) we are assuming L < (log N)’,, N > »,] > was N — «, Also, ppy > 1
and we can assume C, > 9C,.
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Let B = max(2,2VA). A straightforward estimate shows this gives y; < 2 <
B. This choice of [ and (3.26) gives

(3.27) Ef(X Y,2(TA8)) < Ef(0) + E(TAS) < Ef(0) + T.
Recall

[a/c(v +e)]”
1 nHJ’-‘;ol((b +ae)/c+j)

f0) =a X

The observations in bounding v, show f(0) < C(T) < « in case (a) of the proof
and f(0) >0 as N > » in case (b). Thus, Ef(0) + T < C(T). Also,
(b + ae)/c < VL. In case (a) we have

ot & (PNIA/Bpp)” G
(8.28) f(A) > (Cym?) n2=1 Toia+)) where r = ,

In case (b) A = gL/N — 0 as N — », so we can take g = 2. Using only the
term for n = [L'Y?] in the power series for f shows

1/2
(3.29) f(%) (CIN2L1/2)_1(%)[L | where r = 40—(;2.
Finally, note f(v), f'(v) > 0 for v > 0. Thus
Ef(EY(TA®)) _ C(T)
f(A) ~ f(A)

by (3.27) and the observations after it. With (3.28) and (3.29) this proves the
lemma. O

<

P[ sup ¥ Y2(¢A7) > A
[0,T]

We can now complete the proof of Theorem 3.3.

PrOOF OF THEOREM 3.3. By the equivalence of || - ||_, and || - ||_,, » and the
discussion after (3.11), it remains to show that

Y2(t A T)

2 m

sup [YN(¢ Ar)|Zgn=sup ¥ ———
[0, 71 0,77 (1 + B n)

First consider the case a = 0. By Lemma 3.15, for any A > 0,

-5 0.

Plsup Y Y%tA71)>A|<C(T)pr(log N)(NIA) ™ >0
[0,T] m <(log N)?

since we are assuming [ & © as N — ». Thus we need only sum over B =
{m: Jlog N2 <m <N —1,m even}. But we can let B= U B, where
M < N/[(log N)?}, IB,| < (log N)? and B, satisfies the assumptions of Lemma
3.21(b) where sup{C(B,): 1 <i < M} is bounded independently of N. By
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Lemma 3.21(b), for any ¢ < (0, 1],

Plsup Y Y2t A1) > q] < Y P|sup ¥ Y2(t A7) = g[(log N)?| N~
[0,T] B i [0,T] B;

rlg

< N(log N)_lc(T)Nz(p—

—{[(log N)?]}*/2

ifl >®oas N - .
Now let a > 0. If % is fixed, then by Lemma 3.15,
sup ), Y2t A7) —>p 0.
[0,T) m<k
Thus it suffices to show that, given ¢ > 0,
P[ sup Y, m 2Y2(tAr)>e
[0,T] m>k(s)

for all large N. If a € (0, 1), then C(a)N2*"1LN_,n~=22 < 1 for all large N
and C(log N)"'Z¥_n"2* <1 for @ = ;. Fix & > m,. If a € (0, 1), we have

<e&

P[ sup Y, m~2Y2(¢tAT)>e
[0, Tl m>k

N
SP[ sup Y, m 2Y2(t A7) >eC(a) N1 Y} n_2“]
[0, T] m>k n=1

<y P[ sup Y2(¢ A 1) > sC(a)N2°“1}
m>k [0,T]

< C(T)N** 2 exp(—C(T)N%le) > 0 if N*I(log N) ' > .
The last inequality follows from Lemma 3.21(a) with A = ¢C(a)N2*~1, In this
case k does not depend on ¢. For a = %, a similar calculation shows

P[ sup Y, m Y2t A7) > s]

[0, Tl m>k
< C(T)N*i(log N) " exp(—Cy(T) Nle(log N) ') - 0
if Nl(log N)~2 — o, This proves the theorem for « € (0, 1].
If a > %, choose y € (3, a). Then

N
P[sup Y m2Y2(tAr)>2N) ' Y n_27‘
[0, Tl m>k n=1

¥ P[ sup Y2(¢ A7) > mzw-v)(NZ)‘l]

<
m>k [0,T]
~-1
o (rm"‘“y)"
< Y a,, wherea, =C(T)m?| ¥ ———
m>k " ™ n=1p,7l'(n+1)!
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is determined by setting A = mX* "(NI)"! in Lemma 3.21(a). Since
s melm < and (NI)7'E5_n~2* > 0 as (NI) - », we can choose k(e)
large enough to obtain

P[sup Y mT2Y2(tAr) > ¢| <e. o
[0,T] m>k(e)

4. The central limit theorem for the linear model. Again consider
XN(t) — () = e(XN(0) — (0))

4.1
(4.1) +fteAN("s) dZV(s) + (e?v — e4))y(0),
0

with the same notation as Section 3. As discussed in Kotelenez (1986a), there
is a unique (in distribution) H_, (for g > 2) valued Gaussian process on some
probability space with independent increments, continuous sample paths and
characteristic functional

(4.2) Eexp(i{M(t),¢>) = exp(—%fot[(tp(s),Z(qb)z} + lel(y(s)), 902)] ds)

for ¢ € H.
Let UN(@) = VNI (XN(@) — ¢(@)).

In this section we prove the following result.
THEOREM 4.3. Assume a > 3 and

l
() v 0,

(b) NI > o,
() UN(0) — U, in distribution on H

Then
@) VNI(XYN — ¢) = UN - U in distribution on Dy;_[0,®), where

where U, is independent of M.

—a?

(4.4) U(t) = AUy + [e4¢ dM(s)
0

is the mild solution of the stochastic partial differential equation
(4.5) dU(t) = AU(t) dt + dM(¢t), U(0) = U,.

(i) If B > 3, then (UN(0), MN) -, (Uy, M) on H_, X Dy_4l0, ).
(iii) U € Cy_,[0,) a.s.

ReEMarks. In Kotelenez (1986a), U € C_ [0, ) € Dy _ [0, ), but conver-
gence Uy —4 U takes place in Dy_,_5[0,0). We now have Uy —, U in
Dy _10,%) and have eliminated the asymptotic independence assumptions of
Kotelenez by proving (ii). In Kotelenez (1986a) the proof that U € Cy__[0, T
a.s. was based on a generalization of a theorem of Dawson (1972), which was
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an application of a theorem of Newell (1963). We have reproved it here using
Lemma 3.19, a direct consequence of Ité’s formula. We note this since the
estimates of Section 3 are based on generalizing the proof of Lemma 3.19. The
proof of Theorem 4.3 parallels the proof of the CLT given in Kotelenez
(1986a). The improvement is due to the estimates developed in Section 3 with
additional technical improvements. The proof is a series of lemmas.

For the remainder of this section the assumptions of Theorem 4.3 are in
effect. In particular, we are assuming

N — o,
(4.6) NI - o,

a>3 and [XM(0) - y(0)]-. —p 0.

For a fixed 6 € (0, 1), let 7 = inf{t: | XN(#) — ¢(¢)|-, = 8}. By Theorem 3.3,
supp, | XN(#) = ¢(®)ll -y »p 0 and Pl < T]— 0 for all T > 0. Let

(4.7) MM(t) = VNIZN(t A 7).
LEMMA 4.8. Suppose B > 3. Then {M™(¢)} is relatively compact in H_.
ProoF. Proofs are given in Kotelenez (1986a) and Blount (1987). O
LEMMA 4.9. Let ¢ € Hy, B> 5. Then for 0 <s <t,
Elexp(i{M™(t) — MY(s), o) 7]

>p exp =3[ @), (6)") + del(w(w), 67 du

= Elexp(i{M(¢) — M(s), ¢))].
Proor. In Kotelenez (1986a) it was shown that

Elexp(iM™(t), ¢))] — Elexp(i{M(t), 9))].

His proof can be generalized to prove Lemma 4.9. Details are in Lemma 4.4 of
Blount (1987). O

LEmMMA 4.10. Let 0<s<s,<1,0<t<Tand B> 3. Then
E[lm7(t + 5) - M¥(8) 26| Y] < €(T)s.

Proor. Proofs are given in Kotelenez (1986a) and Blount (1987). O

Let

VN(t) = [eANt-9dMN(s) and V(¢) = [eA¢9 dM(s).
0 0
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LEmMa 4.11. (a) Form = mg, €, x = @ O ¥, v and v € (5, 0),

P[ sup m~2(VN(¢),e, n*>m % | <a,(a,T) where } a, <.

[0,T]

(b) For m = my, e,, = ¢, or ¥,, and y € (3, a),

P{ sup m~2(V(t),e, > >m~¥| <b,(a,T) where ), b, <.

[0,T)
©Vely [0, a.s.

Proor. Recall [see (3.18)] that for m > mg, 0 < C;m? < 6,, y < Cym? and
the same holds for 8, = 72m? — (b, — d,). Consider

(VN(£), € n) = [ om0 MN(s), 5, n)-
0
For m > m,, (VN(#), em’N>2 < NIKYN(@ A 1), em’N)z. But then Lemma 4.11(a)

was shown in the proof of Theorem 3.3 using Lemma 3.21(a).
For m > m,, consider

(V(t), e = [[e™ D M(s), e, = [(e™~g(e,,,))"* AW, (s),
0 0
where g(e,,, s) = {2¢(s), (¢,,)*) + (lel(y(s)),e2) and W, is a standard
Brownian motion. Since supy, 1,&(e,,, s) < C(T)m?, it follows from Lemma

3.19 that, for 1 < y < q,

P[ sup m~2(V(t), e, )* > m'27]

[0,T]
C{TImta=" 8%\ (s r? N
j;) exp 5 fexp‘—? drds| .
This proves (b).

Let R, (1) =X, . AV(®),0,.)0m + {V(&), ¥, ), and choose y € (3, a). By
Lemma 4.11(b) and Borel-Cantelli,

<b (a,T)=C(T)m?

P

sup m~2(V(t),e,, )’ > m~% infinitely often] = 0.
[0,T1]

Since £ m 2" < oo, this implies lim,, _,,, supyg 7| R (D%, = 0 as. for all T > 0.
Since V(:) — R, (+) € Cy__[0,) a.s., this proves (c). O
LEMMA 4.12. Assume UN(0) >, Uy on H_,, and B > 3. Then
@  (UN(0), M) >5(Up M) onH_,x Dy 4[0,%).
eMUN(0) + ['eAN ) dMN(5) =4 AT, + [(e4) dM(s)
0 0

(b)
on Dy _ [0,®).
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Proor. Let ¢; <t;< -+ <t,, fo€H, and f, € H;, 1 <r <k. The as-
sumption on UY(0) and Lemma 4.8 imply (UN(0), MN(¢),..., MN(t,)) is
relatively compact in H_, X (H_,)*. By Lemma 4.9,

k
E[BXP(I<UN(0)’ f0> +1i Z <MN(tr)’ fr>)}
r=1

k
> Eexp(i<U(0), f,)) -Eexp(i Y (M(t,), fr>).
r=1
Since the Borel o-algebra in H_, X (H_ B)k is generated by the finite dimen-
sional sets, this shows (UN(0), MN(¢),..., MN(t,) -, (Uy, M(t), ...,
M(¢,)). (a) then follows by Lemma 4.10, together with Theorems 7.8 and 8.6 of
Ethier and Kurtz.

Let
— t _
VN(t) = [e4t 0 dMN(s),
0

V@) = X VY@, 0000m + <VV(E), ¥ )0

Vi(t) = X AV(2), 0md0m + V(1) ¥ -

We claim that
(4.13)  VN(t) = VN(t) + R¥(¢) and V() = V(¢) + R, (),

where P[supj, 7| R, (t)ll-, > £] < & and P[sup[o’T]IIEﬁ’(t)Il_a >¢gl<eforn>
n(e) and N > N(e, n). Assume for now the claim is true. It was shown in
Lemma 8.1 of Kotelenez (1986a) that VN = ®(M™N) and V, = ®(M) where
®: Dy _gl0,®) — Dy_ [0, ) is continuous. The map f — e#’f defines a contin-
uous map from H_, - Cy__[0,). In Kotelenez (1982a) it was shown that
addition defines a continuous map from Cy_[0, ®) X Dy_ [0, ©) into
Dy;_ [0, ). Thus e4'Uy(0) + VN -, e4'U, + V, by Lemma 4.12(a).

By the claim (4.13) and an argument using the Prohorov metric given in
Lemma 3.1 of Kotelenez (1986a), it follows that

e4tUy (0) + VN(8) >4 e4U, + V(¢) in Dy_,[0,).

This proves (b), assuming (4.13), which we now prove.
The claim (4.13) for V(¢) was shown in the proof of Lemma 4.11(c).
Consider

VN(t) = Z <VN(t)’¢m,N>¢m,N + <VN(t)’ lpm,N>¢m,N

m=n

+ Z <VN(t)’ ¢m,N>¢m,N+ <VN(t)’ Ibm,N>¢m,N

m>n
V.Y(t) + RY(¢).
If h=0,, ¥n, Omy O ¥, y for m <n, then E(MN(T), k)’ < C(T)n
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Doob’s inequality shows supy, T]IIVN(t) V¥l »p 0 as N — o for n fixed.
By Lemma 4.11(a), for n > m, and $ < y < a,

sup ||RN(t)||_a> Y m#|[< Y a, where) a, <.
lo,

m>n m>n my

Now let RY() = VN() - VY¥() + RY(1). O
Before proving Theorem 4.3, we need a final technical lemma.

Lemma 4.14. () If K € H_, is compact, then

sup sup |l(e*¥ —e2)fll_, >0 asN - .
[0,T] feHNnK

(b) If f € H,, then supy pll(e*~ — e*) fllo < C(T, fIN~.
ProOF. See Lemmas 4.19 and 4.20 in Blount (1987). O

Proor oF THEOREM 4.3. Parts (ii) and (iii) of the theorem follow from
Lemmas 4.12 and 4.11, respectively. Consider

UN(t) = e2UN(0) + f ANE=9) GMN( ) + ep(t)
where
en(f) = (eAN — eAYUN(0) + foteAN(t‘s)d(\/mZN(s) — MV(s))

+VNI (A~ — e4t)y(0).

By Lemma 4.12(b) it suffices to show supjy 7llex(®)ll-. —p 0. But (0) € H,,
so it has a continuous derivative in the space variable, implying |ly(0) —
Pyy(Oll. < CN~'. Thus supyg (e?’ — e*¥)UN(0)||l_o —»p 0 by Lemma
4.14(a) and relative compactness of {Uy(0)} in H_,. We have

sup VNI || (e — e4%)y(0) [l < C(T)(I/N)'*

[0,T]

by Lemma 4.14(b). By 4.7 and the sentence preceding it,
P(VNIZN(t) - MY(¢) # 0in[0,T]) < P[r < T] — 0. O
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