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Comparison of the Null Distributions of
Weighted Kappa and the C Ordinal Statistic
Domenic V. Cicchetti

West Haven VA Hospital and Yale University

Joseph L. Fleiss
Columbia University

It frequently occurs in psychological research
that an investigator is interested in assessing the ex-
tent of interrater agreement when the data are
measured on an ordinal scale. This monte carlo

study demonstrates that the appropriate statistic to
apply is weighted kappa with its revised standard
error. The study also demonstrates that the mini-
mal number of cases required for the valid applica-
tion of weighted kappa varies between 20 and 100,
depending upon the size of the ordinal scale. This
contrasts with a previously cited large sample esti-
mate of 200. Given the difficulty of obtaining sam-
ple sizes this large, the latter finding should be of
some comfort to investigators who use weighted
kappa to measure interrater consensus.

Introduction

Suppose that two raters independently use the
same k-point ordinal scale to evaluate N sub-
jects. The results of these N pairs of evaluations
may be summarized in a k x k contingency table
in which the cell entries are the proportions of

subjects given each of the P possible dual rat-
ings. The statistic weighted kappa was proposed
by Cohen (1968) as a measure of agreement be-
tween the two raters when the relative serious-

ness of each possible disagreement could be
quantified.

Let Pii be the proportion of subjects assigned
to category i by rater 1 and to category j by rater
2; let

be the proportion of subjects assigned to the ith
category by rater 1; and let

be the proportion of subjects assigned to the jth
category by rater 2. Finally, let wij be the agree-
ment weight given the i,jth cell where

0 < wi, -< I and wii = I for all i = 1, ..., k.
The observed weighted proportion of rater

agreement is given by

and the chance-expected weighted proportion of
agreement by
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Then, weighted kappa is defined by

Weighted kappa varies from negative values for
poorer than chance agreement through zero for
just chance agreement to +1 for perfect agree-
ment.

The C statistic for ordinal scale agreement
(Cicchetti, 1972a; 1972b) is a special case of the
numerator of weighted kappa when the weights
are given by 

-

thus, 
.-

Fleiss, Cohen & Everitt (1969) found the large
sample standard error of weighted kappa to be
estimable by

where

is a weighted average of the weights in the ith
row and

is a weighted average of weights in the jth
column. The hypothesis that agreement is signif-
icantly better than chance may be tested by re-

ferring the critical ratio

to the standard normal distribution.

Cicchetti (1972a) proposed

as an approximate standard error for the C

statistic, and proposed that the resulting critical
ratio

be referred to the standard normal distribution

in order to test whether agreement was signifi-
cantly better than chance.

Because the critical ratios given by Equations
11 and 13 are quite different, a monte carlo
study was conducted in order to determine

which critical ratio was more nearly normally
distributed, and how the approach to normality
depends on (1) the number of points, k, on the
scale; (2) the number of subjects; and (3) the pat-
tern of marginals for one observer relative to the
other.

Method

The sampling distributions of the critical

ratios in Equations 11 and 13 were studied by
simulation under the hypothesis that the assign-
ments by the two raters were independent.
The following parameters were systematically

varied:

1. The number of points on the scale, k,

ranged between 3 and 7.
2. The number of subjects, N, ranged between

approximately k’/2 and 16 k’.
3. Let (n;, nj; i. _j=1,..., kJ denote the under-
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lying marginal probabilities used to

generate a set of tables. For each value of k
and N, three pairs of marginal probabilities
were studied:

(a) uniform marginals (1ti. = 1t.j.= Ilk for
a11 i and j); 

’

(b) moderately different marginals with

ranging between .04 and .10 depend-
ing on the value of k; and

(c) markedly different marginals with

values derived from Equation 14

ranging between .14 and .40. In this
condition, the underlying marginal
probabilities for rater 1 were taken to
be the exact reverse of those for rater
2. For the three-point scale, for exam-
ple, rater 1’s marginal proportions
were .7, .2, and .1, while the corre-

sponding proportions for rater 2 were
.1, .2, and .7.

Under each combination of the parameters
identified above, between 1000 and 8000 tables

(depending on the value ofN) were generated at
random by a program written for the IBM 360.
For each table, the critical ratios in Equations
11 and 13 were calculated; the weights used in

calculating kw and C were those specified in

Equation 6.
The empirical distributions of the two critical

ratios were compared with the theoretical nor-
mal distribution in terms of the mean, variance,
skewness (f31) and kurtosis (f32), for which the
theoretical values are respectively 0, 1, 0, and 3,
and in terms of selected one- and two-tailed

areas.

Results

Since the general findings of this monte carlo
study were the same for all five values of k inves-

tigated (3 <k,<7), results will be presented for
the 5-point ordinal scale only.

1. Under conditions of uniform marginal pro-
portions, the Z distributions for both C and
kw produce the best results. However, the
observed moments for kw more closely ap-
proximate the expected values of mean = 0,
variance = 1, /3, = 0, and (32 = 3. These re-
sults are best for N > 2 kZ. 

_

2. When the differences in the rater marginals
are moderate, the Z of kw continues to pro.
duce acceptable results with the variances
much closer to the theoretical value of 1

than when S.E.(C) is applied. These results
also tend to hold for N>2 k 2

3. For extreme differences in the rater mar-
ginals, the standard error for kw even more
clearly produces the better results. The ma-
jor difference between the two distribu-

tions is that Z based upon the Fleiss, et al.
standard error consistently produces vari-
ance values not departing appreciably from
1, while the Z based upon the C standard
error produces very low variances, approxi-
mately in the range of .3 to .4. Thus, even
under conditions of markedly different in-
terrater marginal proportions, the Fleiss, et
al. standard error holds up admirably well.
Once again, the two approaches work best
with N& 2 k2. These results are illustrated

in Table 1.

The results of these analyses indicate that the
critical ratio Z(i.) is always superior to Z(C) and
thus that S.E. (C) is invalid. When the observed

probabilities of the z.(t&dquo;,) and Z(C) distributions
were compared to the one- and two-tailed area

probabilities previously cited, the results, as

given in Table 2, tended to closely parallel those
based upon the first four moments. Once again,
these results indicate that S.E.(kw) is superior to
S.E.(C) and thus is the valid formula for asses-

sing levels of statistical significance for kw.

Discussion and Conclusions

The results of this study are quite easy to in-

terpret. It is clear that when assessing rater

agreement with ordinal data, the weighting sys-
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Table 1

Central Moments of Null Distributions

of Two Critical Ratios for a 5 x 5 Table

A. Uniform Rater Marginalsa

aUnderlying marginal probabilities are .2, .2, .2, .2, and .2 for each rater.

B. Moderate Differences in Rater Marginalsb

bunderlying marginal probabilities are .35, .20, .20, .15, and .10 for Rater 1,
and .40, .30, .10, .10, and .10 for Rater 2.

C. Marked Differences in Rater Marginalsc

cunderlying marginal probabilities are .45, .20, .20, .10, and .05 for Rater 1,
and .05, .10, .20, .20, and .45 for Rater 2.
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199Table 1, continued.

Empirical Tail Areas of Null Distributions

of Two Critical Ratios for a 5 x 5 Table

A. Uniform Rater Marginalsa

&dquo;Underlying marginal probabilities are .2, .2, .2, .2, and .2 for both Raters.

B. Moderate Differences in Rater Marginalsb

bUnderlying marginal probabilities are .35, .20, .20, .15, and .10 for Rater 1,
and .40, .30, .10, .10, and .10 for Rater 2.
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200 Table 1. continued

C. Marked Differences in Rater Marginalsc

~ -------~--------

~derlyinR marginal probabilities are .45, .20, .20, .10, and .05 for Rater 1,
and .05, .10, .20, .20, and .45 for Rater 2.

tem defined in Equation 6 should be used with
the standard error developed for weighted kap-
pa by Fleiss, et al. (1969), and that the critical
ratio should be defined by Equation 11. The re-
sults of this monte carlo study indicate that this
statistical approach is valid even for N as small
as 2k’. This is a particularly important finding,
since it represents a much smaller range ofN for
the usual 3-, 4-, 5-, 6-, or 7-point ordinal scales
(i.e., approximately 20 for the 3-point scale to
about 100 for the 7-point scale). This contrasts
with the more conservative estimate of Na 200
due to Fleiss, Cohen, & Everitt (1969). Given the

difficulty of obtaining sample sizes of >.200, this

finding should be of some comfort to investiga-
tors using these statistical approaches.

In summary, a large scale monte carlo study
has shown that weighted kappa and its standard
error may safely be used to assess rater agree-
ment with ordinal data. The weighting system
will vary as a function of the substantive nature

of the ordinal scale.

It should be noted that both Fleiss & Cohen

(1973) and Krippendorff (1970) have shown the
conditions under which weighted kappa and the
intraclass correlation coefficient are mathemati-

cally equivalent. The latter statistic is the appro-
priate approach to the problem of assessing
rater reliability when the data are continuous.

Thus, we appear to be at the point in which we
have available a &dquo;family&dquo; of valid, interrelated
statistics which can easily be modified to fit the
case of assessing observer agreement for dif-

ferent types of research data, both ordinal and
continuous.
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