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COMPARISON THEOREM FOR KAHLER MANIFOLDS
AND POSITIVITY OF SPECTRUM

PETER L1 & JiaAPING WANG

Abstract

The first part of this paper is devoted to proving a comparison
theorem for Kéhler manifolds with holomorphic bisectional curva-
ture bounded from below. The model spaces being compared to
are CP™, C™, and CH™. In particular, it follows that the bottom
of the spectrum for the Laplacian is bounded from above by m?
for a complete, m-dimensional, Kahler manifold with holomorphic
bisectional curvature bounded from below by —1. The second part
of the paper is to show that if this upper bound is achieved and
when m = 2, then it must have at most four ends.

0. Introduction

In 1975, Cheng [1] proved a comparison theorem for the first Dirichlet
eigenvalues of the Laplacian on geodesic balls. One of the consequences
is a sharp upper bound for the bottom of the spectrum on a complete
manifold with Ricci curvature bounded from below.

Theorem 0.1 (Cheng). Let M™ be a complete Riemannian manifold
of dimension n. Suppose the Ricci curvature of M has a lower bound
given by

RiCM Z —(n — 1).
Then, the bottom of the spectrum of the Laplacian must satisfy the upper
bound )
—1
A (M) < u
4

Cheng’s estimate is sharp and equality is achieved by the hyperbolic
space form H". A key ingredient of Cheng’s theorem is the Laplacian
comparison theorem asserting that the Laplacian of the distance func-
tion Ar has an upper bound for manifolds whose Ricci curvature is
bounded from below.
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A natural question is to study those manifolds satisfying the equality
case in Cheng’s theorem, i.e., M satisfying

(0.1) Ricyr > —(n—1)
and
(0.2) M (M) = @

Other than the fact that H" is an example of the equality case, it was
not known what can be said about this class of manifolds.

More examples of complete manifolds satisfying (0.1) and (0.2) can
be found by considering hyperbolic manifolds M = H"/T" obtained by
the quotient of H" with a Kleinian group I'. According to a theorem of
Sullivan [14], the bottom of the spectrum, A\;(M), can be expressed by
the Hausdorff dimension, §(I"), of the limit set of I". In fact, he proved
that if I' is geometrically finite, then

(’ﬂ*l)g . n—
)\I(M)_{ N WA S

o) — 1 - §(I)), it o) > o5t

[y

| »o

Hence, (0.2) is equivalent to §(I') < 21 for geometrically finite I.

In 1995, Lee [6] proved that if M is a conformally compact Einstein
manifold with

RiCM = —(n — 1),

whose conformal infinity has non-negative Yamabe invariant, then (0.2)
is valid. This theorem provided more examples of manifolds satisfying
(1) and (0.2).

In [12], the authors proved the following theorems:

Theorem 0.2. Let M"™ be a complete Riemannian manifold of di-
mension n > 3. Suppose M satisfies (0.1) and (0.2). Then, M must
either be:

(1) A warped product manifold M =R x N of dimension n = 3 with

metric given by
ds3; = dt* + cosh? t ds,
where N2 is a compact manifold with Gaussian curvature bounded

from below by —1;
(2) A warped product manifold M =R x N with metric given by

ds3; = dt* + e* ds3,,
where N" 1 is a compact manifold with non-negative Ricci curva-

ture; or
(3) M has only one end.
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When n = 2, they proved that

Theorem 0.3. Let M? be a complete Riemannian surface. Suppose
the Gaussian curvature of M satisfies

Ky > -1
and )

Then, M must either be:
(1) A warped product manifold M = R x S* with metric given by

ds%; = dt* + e* dsg,

where S is the circle; or
(2) M has no finite volume ends.

At this point, we should point out that in a previous work [11] of
the authors where they generalized the theorems of Witten—Yau [17],
Cai-Galloway [B], and Wang [16], they proved that:

Theorem 0.4. Let M"™ be a complete Riemannian manifold of di-
mension n > 3. Suppose M satisfies ([.1) and

M (M) > (n—2).
Then, M must be either:
(1) A warped product manifold M =R x N with metric given by

ds%; = dt* + cosh(2t) ds?;,

where N1 is a compact manifold with Ricci curvature bounded
from below by —(n —2); or
(2) M has only one end with infinite volume.

The purpose of this article is to investigate the corresponding setting
for complete Kiihler manifolds. The authors observed in [11] that on a
Kahler manifold, one can rule out the existence of two infinite volume
ends much easier than the Riemannian case, hence prompted this study.
A major new ingredient in this paper is a comparison theorem (Theo-
rems 1.5 and i.6) for Kihler manifolds whose holomorphic bisectional
curvature is bounded from below. It is a general principle that holo-
morphic bisectional curvature is more suitable for the Kéhler category.
Though assumptions on the holomorphic bisectional curvature are more
restrictive compared to assumptions on the Ricci curvature, the results
obtained, however, should be sharper.

Now, let us assume that M™ is a Kéhler manifold of complex di-
mension m. Let {ej, -, e} be a unitary frame for the (1,0)-part of
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the complexified tangent space, T+OM. The holomorphic bisectional
curvature is denoted by
Ra&ﬁB = <R€a€a €8, eﬁ_>
fora,f=1,---,m.
Definition 0.5. Let M™ be a Kéhler manifold of complex dimension

m. We say that the holomorphic bisectional curvature of M is bounded
from below by a constant K, denoted by

BKy > K
if
Ra&ﬂﬁ_ > K(l + 5@5’)
for any unitary frame {ej,es,...,en}.

Note that for the simply connected complex space forms CP", C" and
CH", their holomorphic bisectional curvatures satisfy

Ra&,@,@ = K(l + 5015)7

where K =1, 0 and —1, respectively.

We would like to point out that a complex Hessian comparison the-
orem for the Busemann function was proved by Greene-Wu [§] in 1978
for Kéhler manifolds with non-negative holomorphic bisectional curva-
ture, i.e., BKy > 0. In their recent paper [4], Cao-Ni proved the
complex Hessian comparison theorem for the distance function on a
Kaéahler manifold with BKj; > 0. Since the assumption BKy; > —1 is
not the same for the cases a = § and « # 3, it is difficult to come up
with a comparison theorem. In Section 1, we gave a new proof of the
Hessian comparison theorem for the Riemannian case which allows us
to generalize to the Kahler case.

A consequence of the comparison theorem (Theorem il.6) is a ver-
sion of Cheng’s upper bound for A;(M) for Kéahler manifolds with
BK); > —1. In fact, we proved (Corollary i.7) that

A (M) < m?.
Similar to Cheng’s estimate, this estimate is also sharp as equality is
achieved by the complex hyperbolic space form CH™. Of course, one
now faces the question of what can be said about those Kéhler manifolds
satisfying
(0.3) BK > —1
and

(0.4) M (M) = m?
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In Section 3, we proved that (Theorem 8.1) if M™ satisfies (0.3) and
)\l (M) > m,

then M must have only one end with infinite volume. In particular, for
those manifolds satisfying (0.3) and (0.4), we will only have to content
with finite volume ends.

Finally, in Section 4, we considered complete Kahler surfaces satisfy-
ing (0.3) and (0.4). We showed that such a surface must have at most 4
ends, one of which has infinite volume and the rest have finite volumes.
Unfortunately, we do not know if this is sharp, and we suspect that it
is not. We also suspect that this finiteness phenomenon should also be
true in high dimensions.

1. Comparison theorems

In this section, we will prove a sharp comparison theorem for Kéhler
manifolds satisfying curvature bounds. We will start by giving a new
proof for the Riemannian case to illustrate the ideas. This argument,
which relies on the commutation formula for covariant derivatives, also
gives a slight extension of the Riemannian case.

Let (M",g) be a complete Riemannian manifold and let r(z) =
d(x,p) be the distance function to a fixed point p € M. For any unit
vector V' in the unit tangent sphere Sg_l(M ), we define

p(V) =sup{T : yv(t) = exp,(tV) is minimizing on [0, 77}
to be the maximum distance for the geodesic in the direction of V to
be minimizing. We also let
Cp = {p(V)V : p(V) < o0, V € S~ (M)}
to be the tangential cut locus of p. The cut locus of p € M is denoted
by Cut (p) = exp,(Cp). Moreover,
M = exp,(S(p)) U Cut (p),
where
S(p)={tV:0<t<p(V), VeSS (M)}
and
exp,, : 5(p) — exp,(3(p))
is a diffeomorphism. It is known that the set Cut(p) has measure zero in
M. The polar coordinate system (r,6) on the tangent space T),(M) also
induces a coordinate chart on exp,, (¥(p)). The definition of exponential
map implies that r(x) =t if 2 = exp,(t0) for t < p(#). Moreover, r(x)

is smooth on exp, (X(p)) \ {p} and [Vr| =1 on exp, (X(p)) \ {p}
We begin by defining the following notion of curvature.
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Definition 1.1. For any integer 1 < ¢ < n — 1, we defined the /-
sectional curvature of a pair {w,V'}, where w € T,M and V C T,M is
an (-dimensional subspace perpendicular to w, by

¢
Ky (w,V) = Z(Rweiwvei>
i=1
with {ej,ea,..., e} being an orthonormal basis for V.

Note that K ]@ (w, V') does not depend on the choice of orthonormal
basis {e;}. We say that a manifold M has ¢-sectional curvature bounded
from below by a constant K if

K (w,V) > (K
for all pairs {w,V'} at any point p € M. When ¢ = 1, this is equivalent

to saying that the sectional curvature Kj; > K. When ¢ = n — 1, this
is equivalent to the Ricci curvature bounded by

Ricyr > (n— 1)K.

To set up our model for the comparison theorem, we consider ijl to
be the (¢ + 1)-dimensional, simply connected, space form of constant
sectional curvature K. For a fixed origin p € Mf;“, we denote the
distance function from any point z to p by 7(Z).

Theorem 1.2. Let M be a complete Riemannian manifold of dimen-
sion n. Assume that the {-sectional curvatures of M satisfy Kfu > UK.
Then, within the cut locus of a fized point p € M and for any V C T, M
perpendicular to Vr(z),

¢ ¢
> D2(r)(ei,e) <Y D*(F)(ei, &)
=1 i—1

with {e1,...es} being any orthonormal basis of V' and {é1,...¢&} being
an orthonormal basis of TﬁMf;H with &; L Vr.

Proof. For x € exp,(X(p))\{p}, let v be the minimal normal geodesic
joining p to z. At x, we choose an orthonormal frame {e,...,e,}, such
that e; = Vr. By parallel translating the frame {e;}, we obtain an
orthonormal frame along 7 also denoted by {e;}!"; with the property
that e; = Vr. Since |[Vr[> = 1 on exp,(X(p)) \ {p}, by taking covariant
derivative of this equation, we obtain

(1.1) 0= (|Vr]*)aa

n n
=2 § Tia Tia + 2 § Ti Tiaars
i=1 =1
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for each 2 < a < n. Since 7 is a geodesic and each e; is parallel
along v, each term on the right-hand side of (.1) can be interpreted as
covariant derivatives. The commutation formula for covariant derivative
then implies

n

n n
E Ti Tioa = E Ti Taoi T g Riqjarirj.
i=1

i=1 ij=1
Substituting into (i.I) and using the fact that |Vr| =1 = r1, we obtain

0
(1.2) 0>22, + 2% + 2K (e, eq).
T
Suppose V' C T, M is spanned by {es,...,esi1}, then summing over

a=2,...,0+1, (1.2) becomes

041 5 (&
(1.3) 0> O;ria + o (Z raa> + K% (e1, V).

a=2

Using the lower bound of the f-sectional curvature, the inequality
0+1 0+1 2
>z} (L)
a=2 a=2

and by setting f(t) = Zﬁ:;é Taa(Y(t)), (1.3) can be expressed as

~|

1
(1.4) 0> Zf2(t) + f(t) + UK.
Note that since a smooth Riemannian metric is locally Euclidean,
%g% tf(t) ="

We will now consider the three separate cases when K = 0, K > 0,
and K < 0.

Case 1. When K = 0, inequality (1.4) becomes

710+ 512(0) <0

This implies that f/'(t) <0 and f(¢) is a decreasing function. Let (0,7")
be the largest interval such that f(¢) > 0, then we have

' _
(?)“F—Z

and f(t) < f on (0,7T). Since f(t) <0 for t > T, we can still conclude
that f(t) < £ on (0, p(0)).
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Case 2. When K > 0, inequality (1.4) can be written as

Lf'(t)
7200 + K =

%tan_l (6\5_> < VK.

Integrating from 0 to ¢, we have

tan—l( ! ><——\/_t

—1.

This implies that

WK
implying that
£(t) < (VE cot (\/Et) .
Case 3. When K < 0, let T be the first time such that
fA(t) + K =
Then, on (0,7), we have f2(t) + 2K > 0 and

Lf'()

f2(t) + 2K — -l

This implies that

d - f
— coth™! >VI|K
@ (wm) = vIn
t)gﬁx/|K|coth( K|t
n (0,7). For t > T, we claim that f(t) < ¢y/|K|. Indeed, if f(¢;) >

) <
0\/|K| for t; > T, then there exists to € (T, 1) such that f'(t2) >0 and
f(te) > £4/|K]|. In this case,

f(t2) + %fQ(tQ) + (K >0,

which is a contradiction. Thus,

t) < /K]

for T <t < p(#), and we conclude that

) < E\/Wcoth( | K| t)

and

for 0 <t < p(0).

The Theorem follows by observing that r;; = 0 and that the above
inequalities become equalities on a simply connected space form with
constant sectional curvature. q.e.d.



COMPARISON THEOREM AND POSITIVITY OF SPECTRUM 51

Observe that the standard Laplacian comparison theorem and the
Hessian comparison theorem follow from Theorem 1.2 by setting
{ =n—1and ¢ = 1, respectively. Moreover, the Bishop comparison
theorem is also a corollary. Indeed, if we consider the polar coordinate
system (r,0), Gauss lemma implies that

ds3; = dr? + gas(r,0) d6“ do°® | o, 8=2,... n.
If we denote
J(r,0) = y/det(gap)
to be the area element of the geodesic sphere 0B)(r), then
0? 0

0

Ay 3

Thus,
Ayr = E(ln J)
MET oy
on exp,, (%(p)) \ {p}-
Corollary 1.3 (Bishop). If Ricys > (n — 1)K, then

J(r,0)
JK (1)

is a non-increasing function of v, where Ji(r) is the area element of
the geodesic sphere of radius r in the space form My given by

sin™~! (\/Er) , if  K>0
Ji(r) = qr1, if  K=0
sinh" («/\K!r) , if K <O.

Moreover, if Ap(r) and V,(r) denote the area of 0By(r) and the vol-
ume of By(r), respectively, then

Ap(ra) _ Ji(ra)
Ap(r1) = Jk(r1)

and

forry <.

The following theorem is a global version of the Laplacian comparison
theorem. For a proof, we refer to [[7].
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Corollary 1.4. If Ricys > (n — 1)K, then
Ar(z) < A7 (r(z))
in the sense of distributions, where A is the Laplacian on the space form

My and 7 is the distance function of My with respect to a fized point.
That is to say, for any ¢ € C§°(M) with ¢ > 0, we have

| r@ae@) < [ (an)e

We are now ready to prove the comparison for Kéahler manifolds.
Recall that if the Kéhler metric of M is given by ds?> = h.gdz* dzP,
then the gradient and the Laplacian is given by

(Vf,Vg) = 2h*(fags + f390)
and
5_0f
020028
Theorem 1.5. Let M'™ be a complete Kdhler manifold such that its
bisectional curvature BKyr > 0. Then, on exp, (X(p)) \ {p}, we have

(T2)ad S 1.

Af = 4h"

Proof. For any x € M, we choose a unitary frame {e1, - ,e,} at
and parallel translate each e, along the minimizing geodesic v. We also
parallel translate each e, so that they are defined on a neighborhood
of v. Setting u = r?, a similar calculation as in the Riemannian case
above shows that

2
|8u|a64 = Z (u5u5)a&
é
= (lusal® + [tas|®) + tagsus + taastis + Ragoquziin
1)

1
Z E(Vua@, VU> + ”U,a@P.
Let f(t) = uaa (7(t)). Then, we have

PO +tf'() < f(1)
and f(0) = 1. If there exists ¢ > 0 such that f(t) > 1+ ¢ for some € > 0,
then using the initial condition

lim (r?)ag = 1
r—0
there must be a 0 < t; <t such that f'(t1) > 0 and f(t1) = 1+ €. This
contradicts the differential inequality above and the theorem follows.
q.e.d.
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Theorem 1.6. Let M™ be a complete Kahler manifold with its holo-
morphic bisectional curvature satisfying the bound BKy; > —1. Then,

on exp,, (X(p)) \ {p}, we have
Ar(xz) < 2(m — 1) coth(r(z)) + 2 coth(2r(z))
= A7(r(z)),

where A and 7 are the Laplacian and the distance function of the model

manifold CH™.

Proof. For any x, we choose a unitary frame {ej,--- , e} at point =
such that

1
elzi(Vr—\/—_lJVr).

We parallel translate each e, along the minimizing geodesic v between
p and z and then to a neighborhood of v. Along ~, one easily checks
that the Hessian of r must satisfy 711 = —r;7. Therefore,

0=|Vr|;
= 2|75 * + 2 ru[* + (Vrig, V) + 2 Rypyirir
0
> 4|r7f* + E(TH) - L
Let f(t) =77 (7(t)). Then, we have
(1.5) AP+ f(t) <1
and limy_o ¢ f(t) = 1. It is then not difficult to see that

1
(1.6) ft) < 3 coth(2t).
For o # 1, we have
0= ‘vﬂia
> 2r0a)? + (VTaa, V) + 2 Ri1aar1m1
0 1
> 2 aa 2 o Vaa) 7 5>
> 2lraal? + - (ras) — 5
Let w(t) = 7o (¥(t)). Then, we have
1
(1.7) 4w (t) + 2w (t) < 5
and limy_,gtw(t) = 1, hence
1
(1.8) w(t) < 3 coth(t).
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Finally, we have

m
Ar =4 Z Taa
a=1
< 2(m — 1) coth(r) + 2 coth(2r).
Equivalently, this can be written as
A(In(cosh(r))) > 2m.
One computes readily that equality is achieved on CH™. q.e.d.

Corollary 1.7. Let M™ be a complete Kdhler manifold with its holo-
morphic bisectional curvature satisfying the bound BKy; > —1. Then,
for any x € M and 0 < r < R, the volume of the geodesic balls satisfy

Vi(R) _ Vew (R)
Va(r) = Vewr(r)’
where Vegm (1) denotes the volume of the geodesic ball of radius r in

CH™. In particular, the bottom of the spectrum of M has an upper
bound given by A (M) < m?.

<

Proof. The volume comparison theorem follows similar to the Rie-
mannian case by applying Theorem |.q. Taking » = 1 in the volume
comparison inequality, we have

Vy(R) < C Vg (R)

for all R > 1. However, in [11], we have proved that

Vo(R) = C exp(2 /M (M)R).

Combining with the upper bound, we conclude that A\ (M) < m? as
claimed. q.e.d.

Theorem 1.8. Let M™ be a complete Kahler manifold with its holo-
morphic bisectional curvature satisfying the bound BKyr > 1. Then, on

exp, (X(p)) \ {p}, we have
Ar(xz) <2(m —1) cot(r(z)) + 2 cot(2r(x))
= Ar(r(z)),

where A and 7 are the Laplacian and the distance function of the model

manifold CP™.
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Proof. Following the argument as in the proof of Theorem [, except
(1.5) and (1.6) become

40+ f'(t) < 1
and
F(t) < 5 cot(20),

respectively. Also (1.7) and (1.8) become
1
4w?(t) + 2w (t) < -5

and
1
w(t) < 3 cot(t),

respectively. The theorem now follows as claimed. q.e.d.

Corollary 1.9. Let M™ be a complete Kahler manifold with BKy; >
1. Then, the diameter d(M) of M is bounded above by

s
dM) < =
( )—27

which is the diameter of the model space CP™. Moreover, the volume of
M is bounded by

V(M) < —sin®"(d(M))
< V(CP™).

™

Proof. Suppose the diameter of M is greater than 7. Then, there
exists a pair of points p, x € M such that r(z) > § and z € exp, (X(p))\
{p}. Using the fact that Ar(x) is given by the mean curvature H(z) of
the geodesic sphere of radius r(z) at x, the bound given by Theorem
1.8 asserts that the function r cannot be smooth since the upper bound

2(m — 1) cot(r) + 2 cot(2r)

becomes —oo at r = §. This contradicts the assumption that d(M) >

27
and the first part of the theorem follows.

If we write x = (7,0) in polar coordinates and let A(r,0) be the
area element of the sphere of radius r centered at p, then %A(r,@) =
H(r,0) A(r,0). The comparison theorem then asserts that

0A(t,0)

A7t 0) 5 < 2(m — 1) cot(t) + 2 cot(2t).
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Integrating over the interval 0 < ¢ < r, we obtain

A(r,0) < sin® ™Y 1 gin 2r

2m—1

= 2sin“""" " r cosr.

Following the same argument as in the Riemannian case (see [T)]), we
conclude the volume comparison

V(M) = Vp(d(M))

d(M)
< 2/ sin?™ 1y cosrdr
0

- % sin2™ (d(M)).

q.e.d.

Following Cheng’s argument [j], one can also conclude the following
eigenvalue comparison theorem.

Corollary 1.10. Let M™ be a complete Kahler manifold with holo-
morphic bisectional curvature bounded from below by K, where K is
either 1, 0, or —1. Then, the first Dirichlet eigenvalue, A\1(By(r)), of
the geodesic ball of radius r centered at p € M must be bounded from
above by

M(By(r) < M(By(r)),
where A1 (Bj;(r)) is the first Dirichlet eigenvalue of the geodesic ball of
radius v on the model manifold M™. The model is taken to be CP™,
C™, or CH™ for K being 1, 0, or —1, respectively.

2. Estimates for harmonic functions

Throughout this section, we assume M™ is a complete Kéhler man-
ifold of complex dimension m with holomorphic bisectional curvature
bounded by

(2.1) BKy > —1.
We also assume that the bottom spectrum of M satisfies
(2.2) A (M) > m?.

The first step is to give precise estimates on the volume growth or vol-
ume decay of an end of M. The volume estimates will then be used to
derive sharp estimates for the barrier harmonic functions on the corre-
sponding end.

Recall that an end F is defined to be an unbounded component of
M \ D for some compact set D. Without loss of generality, we may
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assume that D = B),(Ry) is a geodesic ball centered at some fixed point
p € M with radius Ry > 0. We will denote Vg(R) to be the volume of
the set B,(R)NE, and Vg(00) is simply the volume of E. Also, we recall
(see [8] and [9]) that an end F is said to be a non-parabolic (or parabolic)
end if it admits (or does not admit) a positive Green’s function for the
Laplacian on E with Neumann boundary condition on JF.

Let us first recall Theorem 1.4 of [11] stated for the class of manifolds
being considered.

Theorem 2.1. Let E be an end of a complete Kdhler manifold M
satifying (2.2). Then, either

(1) E is a parabolic end with finite volume, and it must have exponen-
tial volume decay given by

Ve(o0) — VE(R) < C exp(—2mR)

for R > Ry + 1 and some constant Cy > 0 depending only on E;
or

(2) E is a non-parabolic end with infinite volume, and it must have
exponential volume growth given by

Ve(R) > Cs exp(2mR)
for R > Ry + 1 and some constant Co > 0 depending only on E.

On the other hand, if M satisfies (2.1), then by setting r = 1 in
Corollary 1.7, we conclude that for any = € M,

(2.3) Vp(R) < C3 exp(2mR)

for sufficiently large R. On the other hand, if we let € 0B, (R1), r =1
and R = Ry + 1 in Corollary .7, then we have

Ve(1) > Cy Vp(Ry + 1) exp(—2m(Ry + 1))
> Cy V(1) exp(~2m(Ry +1)).
Since B(1) C By(R1 + 1), this can be rewritten as
(2.4) Vp(R) > C5 exp(—2mR)

for z € 9B,(R). Combining (2.3), (2.4) with Theorem 2., we obtain
the following corollary.

Corollary 2.2. Let M™ be a complete Kdahler manifold satisfying
(2.1) and (2.2). Let p € M be a fized point and E be an end of M given
by an unbounded component of M \ By(Ry). Then, either

(1) E is a parabolic end with finite volume, and it must have exponen-
tial volume decay given by

Cy exp(—2mR) < Vg(0) — VE(R) < Oy exp(—2mR)
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for R > Ry + 1 and some constants 0 < C1; < Cy depending only
on E; or

(2) E is a non-parabolic end with infinite volume, and it must have
exponential volume growth given by

C3 exp(2mR) < Vg(R) < C4 exp(2mR)

for R > Ry + 1 and some constants 0 < C3 < Cy depending only
on E.

According to Theorem 0.1 in [11], the condition A\;(M) > 0 implies
that M must have infinite volume. Hence, we may assume that M has
a non-parabolic end Fy. In the following discussion, we assume that M
also has a finite volume, parabolic end Fj.

Recall that the theory of Li-Tam [0] (also see [8]) asserts that there
exists a positive harmonic function f satisfying the following properties:

(1) infop, e () =0 as 7 — oo
(2) $uPgs,(ryp, £(x) — 00 as 7 — oo; and
(3) f is bounded and has finite Dirichlet integral on M \ Es.

In order to obtain the appropriate estimates on f, we will give an
outline of the construction. Let us consider the sequence of harmonic
functions vg satisfying

Avrp =0 on Eq(R),
vp =1 on 0F,
and
vp =0 on 0B,(R)N Ey.
The assumption that Fq is non-parabolic implies that vr converges uni-

formly on compact subsets of £ to a non-constant harmonic function v.
Similarly, let ur be a sequence of harmonic functions satisfying

Aur =0 on Es(R),
ur =0 on 0F,
and
UR = CR on 0B, (R) N Es.
The assumption that FEs is parabolic implies that there exist a subse-
quence R; — oo and a sequence of constants ¢; = cgr, — oo such that
the sequence of functions
U; = UR;
converges uniformly on compact subsets of Es to a harmonic function
u. Multiplying u by a constant if necessary, we may assume that

ov ou

OE; 8V OE> 81/
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After this normalization, it was proved (also see [15]) that there exists
a harmonic function f defined on M which is bounded distance from v
and u on the corresponding ends £y and Es. Moreover, f will satisfy
the properties stated above.

It was proved in Lemma 1.2 of [11] that on M \ FEa, the Dirichlet
integral of the function f must satisfy the decay estimate

(2.5) |VfI* < C exp(—2mR)

/(Bp(R+1)\Bp(R))\E2
for R sufficiently large.

Theorem 2.3. Let M be a complete Kdhler manifold satisfying (2.1)
and (2.2). On the parabolic end Es, the function f satisfies the gradient
estimate

IVFl(z) < C exp(2mr(z))

as x — oo and x € Ey with r(z) being the distance from x to the fized
point p € M.

Proof. Let u be the harmonic function defined on Fs obtained from
the above construction. Observe that since the Ricci curvature is bound-
ed from below, the gradient estimate of Cheng—Yau [2] (also see [13])
implies that
(2.6) V(logu)|*> < C
on Ey \ Ey(Ry + 1). Integrating along a geodesic joining from x €
Es\ E3(Rog+ 1) to 0B, (R + 1) N E», this implies that

u(z) < Co exp(Cr(x)).
Applying the gradient estimate again, this yields the estimate
(2.7) |Vul(z) < Cu(x) < C7 exp(Cr(z))

for some constant C7 > 0.
For R > 0, let us denote

si(R) = sup  |[Vu|.
x€0Bp(R)NE>

Since w; is harmonic, the Ricci curvature bound implies that |Vu;| sat-
isfies the Bochner formula

AlVu;| > =2(m + 1) [Vu,|.
If € OBp(R) such that s;(R) = [Vu;|(x), then the mean value inequal-
ity of Li-Tam [10] implies that

|V, |2 (z) V(1) < C |V, |2
B (1)
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Combining with the volume lower bound (2.4), we have
s2(R) < C exp(2mR) / Vg2
B, (1)
On the other hand, if we let a = infp (1) u; and b = supp, (1) u;, then

/ yvm\?g/ Vusl?,
x(l) Qb\Qa

where Q, = {z|u;(x) < a}. Note that by the maximum principle, if
x € B9\ Ea(Ro + 2) and for ¢ sufficiently large, then 0 < a < b < ¢; and
the set € \ 2, is bounded. Hence, the quantity on the right-hand side
is finite. However, Stoke’s theorem yields that

/ |Vui|2 =b Ous —a auz,
0\ o, OV 00, OV

where v is the outward unit normal to the sets 92, and 9€2,. On the
other hand, we also have

0= Aui
Qa

o 8uz . / 811,1
00, OV JoB,(Ro)nE, OV

for any a > 0. Therefore, we conclude that

s2(R) < C exp(2mR) | sup u; — inf wu; / ou;
0Bp(Ro)

B (1) Be(1) nEy OV
< C exp(2mR) sup |Vu,| / Ous
Ba(1) 8B,(Ro)NEy OV

< C exp(2mR) s;(R+1) / aui.
3By (Ro)NFx2 v

1

3

. C/ Ou; ’
dBp(Ro)NEs ov

we can rewrite the above inequality as

Setting

si(R) < A exp(mR) sl-% (R+1).

Iterating this inequality k times, we conclude that

k—1o—j5

k-1
si(R) < A%i=02"" exp Z 277 m (R +j) s?_k(R + k).
=0
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Letting ¢ — oo, this implies that
(2.8)  s(R) < AXi=02 " exp 22 im(R+3j) | s*"(R+k)

where s(R) = supyp,(r) |Vul|. Note that since

o0

D 2i=2,

J=0

o0
exp 22 Im(R+j) | =exp Zj 277 | exp(2mR)
j=0

= C exp(2mR),
and by (2.7)

lim s> (R+k) < lim CF " exp (c (R+ k)2‘k>

k—o0

=1,
after letting k — oo in (2.8), we obtain
s(R) < C exp(2mR)
= C exp(2mR).
Integrating along geodesics, this gives the estimate
u(z) < C exp(2mr(x))

as x — oo and x € Fs. Since f — u is bounded on Ejs, the same upper
bound is valid on f. Applying the gradient estimate (2.6) on f, we
obtain the growth estimate as claimed. q.e.d.

Corollary 2.4. Let M be a complete Kdihler manifold satisfying (2.1)
and (2.2). There exists a constant C > 0 such that the complex Hessian
of [ satisfies the growth estimate

| ltsl<cr
By(R)
for all R > 1.

Proof. Using the fact f is harmonic and the Ricci curvature of M has
uniform lower bound, from the Bochner formula and a standard cut-off
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argument, we have

/ flt<C VI
(Bp(R+2)\Bp(R+1))\E2 (Bp(R+3)\Bp(R))\E2

< C exp(—2mR),

where we used (2.5) for the last inequality.
On the end Es, Theorem 2.3 and the volume decay estimate in Corol-
lary 2.2 imply that

/ falt<C VP
(Bp(R+2)\Bp(R+1))NE> (Bp(R+3)\Bp(R))NE>

< C exp(2mR).

Combining these two estimates, we conclude that

/ Fudl
By (R+2)\Bp (R+1)

/ sl + [ ol
(Bp(R+2)\Bp (R+1))\E2 (Bp(R+2)\Byp (R+1))NE2

1

2
< ( / !fa,a!2> V2 (R+2)
(Bp(R+2)\Bp (R+1))\E2
1
2

+ (/ |fa5|2> (Vs (R+2) — Vi, (R+1))
(Bp(R+2)\Bp (R+1))NEq

<C.

S

The corollary now follows by iterating and summing over this estimate.
q.e.d.

3. Infinite volume ends

In this section, we will prove that for a broad class of Kahler mani-
folds, there are only one end with infinite volume. A version of this
theorem was first proved in [11] where the authors assumed a lower
bound on the Ricci curvature. In the following theorem, we will present
a version which a lower bound of the holomorphic bisectional curvature
is assumed.

Theorem 3.1. Let M be a complete Kdahler manifold of complex
dimension m. Suppose the holomorphic bisectional curvature of M is
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bounded below by BKyr > —1 and the bottom of the spectrum Ay (M) of
M satisfies

AL(M)2 4+ mA (M) —m(m—+1) > 0.
Then, M must have only one end with infinite volume. In particular, if
)\1 (M) Z m,

then M must have only one end with infinite volume.

Proof. Following the proof of Theorem 2.1 in [i1], if M has more
than one infinite volume ends, then there exists a harmonic function f
with finite Dirichlet integral. It follows from Lemma 3.1 of [8] that it
must be pluriharmonic. On the other hand, if we set h = |V f|, then
the Bochner formula for pluriharmonic function (see [§]) becomes

VAP
n

since the assumptions on the holomorphic bisectional curvature imply
that the Ricci curvature of M is bounded by

Ricys > —2(m + 1).

If we let ¢ = AP, 0 < p < 1, then by an argument similar to (2.5) of
[11], and the volume estimate of Corollary .7, we have

(3.1) Ah > —2(m + 1) b+ S

Ly
By(2R)\Bp (R)
2R 1=p
< CRP </ exp <——2 VAL (M ) exp(2mr) dr) .
R
Choosing p to satisfy
(3.2) pvV (M) = (1 —p)m,

we conclude that

/ 7 = O(R).
Bp(R)

Moreover, since (3.1) implies that g = hP satisfies
Vgl®

Ag > =2p(m+1)g +
by Lemma 4.1 of [11], we obtain

2 1)(1+96) 52
(uion) - 2OEDLEON [ g < (14 1555 [ vere?

for all 6 > 0. Now, if
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then there exists a sufficiently large § such that
B 2p(m +1)(1 4 9)
1+20

Arguing as in Theorem 4.2 of [11], we conclude that g = 0 and M has
only one infinite volume end. However, condition (3.2) for p asserts that

)\1(M) > 0.

P /NG
hence, we need
(3.3) M(M)(m+ M (M)) —m(m+1) > 0.

This proves the first part of the theorem.
Note that since the function

q(z) = 2% + ma? —m(m + 1)

is strictly increasing when x > 0 with ¢(0) < 0, (3.3) will be fulfilled as
long as A\; (M) > x3, where xg > 0 is the positive solution to the cubic

23 +ma? —m(m+1) =0.

The second part follows by observing that ¢(v/m) = m(y/m — 1) > 0.
Hence, the assumption that A\j(M) > m implies that A (M) > 23 for
m > 1. q.e.d.

Following the argument in [I1}, one can also prove the following finite-
ness theorem.

Theorem 3.2. Let M be a complete Kdhler manifold of complex
dimension m. Let xg be the unique positive solution to the cubic

23+ ma? —m(m+1) =0.

Suppose there exists a geodesic ball By(Ro) C M such that A\i(M \
Bp(Ro)) > 23 + € for some € > 0. Also assume that

BKy > -1

on M \ Bp(Ry). Then, M must have finitely many ends with infinite
volume. In particular, there exists a constant C(m, Ry, o, v,e) > 0
depending on the quantities n, Ry, ¢, a = inpr(3RO) Ricyr, and v =
inf,ep,(2ry) Va(Ro), such that the number of infinite volume ends of M
1 at most C.
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4. Finite volume ends

To deal with finite volume ends, since the constructed harmonic func-
tion may not be pluriharmonic, we will utilize a Bochner type formula
for the Laplacian of the length of the complex Hessian.

Lemma 4.1. Let M be a Kdhler manifold with complex dimension
m. If f is a harmonic function on M, then

m+1

Alfosl? = =8mp|fa51° + arw—

ol 2 IV 1 fapl 2,
where f,5 denotes the complex Hessian of f and BKy(x) > —p(x) is
the pointwise lower bound of the holomorphic bisectional curvature of

M.

Proof. Let {z',--- 2™} be complex normal coordinates at a point
z € M. The Hermitian metric can be written in the form

ds® = hopd2" 2"

where 1 < «, 8 < m. Using the Kéhler condition

(41) TAlfual? = Olfusl
= h9 p0; (h‘w TP fop fﬁ)
= 101 ((000gh TV W77 5 frs + BT (00017 fog F o
+ W B2 (09 f3) (05 Fr3) + B W70 (05 £,5) (D fr)
+hT W (00 fu) fry + WP £ (000 f3))

at the point z, where we have used the assumption that 9ph®7(2) = 0 =
Oghay(2). Using the assumption that Af = 0, we have

(4.2) 0 = 04095 (W7 foy)
= (9a03h"") for + 1" 0a053( for)
= (9a03h"") for + 1’7 9905(f.53)-

The Kahler condition also implies that
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Substituting (4.2) and (4.3) this into (4.1) yields
(4.4)
Tl = TR Ry £ o
+ WO BT TR Ry fop Fry + 2100 f o5
_ e B poe Rﬁﬁéa for fry — 7 BB 00 Ry"5. fon fa 5
= 2107 W 1O Ry g f o fry + 2000 f o3l
— 207 WO WP R3T5, foq fra
At a fixed point z € M, let us choose normal coordinates so that
Jag = Aadag

and

This implies that

20T B RO Ry g fap frn = 2Ry an A2

(e}

and
217 WP WP RgT5., foq fry = 2R:%5. Mo Ar-.

Hence, the assumption on the bisectional curvature and two curvature
terms in (4.4) combine to become

2Ra" 5o \s = 2Ra” 5 Mo g = Raga (Aa — Ag)?
> _p()‘a - )‘ﬁ)2'

However, f is harmonic implies that
D X =0
[0}
Hence,

2R 50 N2 = 2R 50 Aa Xg = —2mp > N2 —2p Y Ao Mg
« a,f

= _2mp ‘faB‘Q

Substituting this estimate into (4.4), we conclude that

1
(4.5) ZA\faB\Q > 2[99 fo5l* — 2mp | fo5l°
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On the other hand, let us now consider the term
1 _
Z’v‘fa,@‘2’2 = W% 09 £, 31" 05l f51?

= W (f55 09 fup + fo Oofap)(fry O fry + Frs O5fzr)-
At the point z € M, this can be written as
(4.6) IV fap*1? = 1607 (Ao Op fac) (A Oy fr5)
< 16‘fa,@‘2 |00 fac]®-
Also note that

(47) 100 fupl* = 100 faal” + Y 108 o5l
Ba
> |09 foal® + D 100 fosl?
O+#a
= 100 foal” + Y 10afoal
O#a
Using the fact that f is harmonic yields
2
(4.8) (m =1 0afoal* = | Oafos
04a 0+a
= ’aafa&’2 )
hence,
m > |0a fogl” > 100 faal*
0+a
Combining this with (4.7), we concude that
m+1
100 fapl® = ——— 10 faal”
Substituting this estimate into (4.6) gives
16m
_12)2 _12 12
V| fapl®l” < p—— |fopl” |00 fopl™
The lemma follows by combining this with (4.5). q.e.d.

We now restrict our attention to the case m = 2.

Lemma 4.2. Let M be a complete Kahler manifold of complex di-
mension 2. Suppose the holomorphic bisectional curvature of M
18 bounded from below by BKy; > —1 and the bottom of the spectrum of
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the Laplacian for functions is bounded by A1 (M) > 4. If f is a harmonic
function on M whose complex Hessian satisfies the growth estimate

-~ 2
/B AR

as r — oo, then f must either be pluriharmonic, or the function
1
9= 1fa5l?
must be positive and satisfy the equation
Ag = —4g.
Proof. Let g = | fa,@’%‘ Lemma 4.1 asserts that
m—2
Ag > —2mg — —— g~ ' |Vg[*.
m
When m = 2, this becomes

Ag > —4g.

For a non-negative compactly supported function ¢ defined on M, ap-
plying the assumption on the spectrum, then

(4.9) 4 /M<¢g>2 < /M V(b9

= [ [Vo[’g*— | ¢*gAg.
fwere = |,

So, we have

4.10 29(Ag+4g) < Vo|? 2.
(4.10) /M¢g( g+ g)_/M! 9% g
If we choose the function
1 on By(R)
o) = TE o B eR)\ By(R)
0 on M\ B,(2R),

then

/ IVol? g < RQ/ g

M By (2R)\ By (R)
Since the right-hand side tends to 0 as R — oo due to the growth
assumption on g, we conclude that all the inequalities used in the proof

and Lemma 4.1 must be equalities.
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If f,3 is identitally O, then this implies that f is pluriharmonic. Oth-
erwise, g = | fa,@’% must satisfy
(4.11) Ag = —4g.

We now claim that g > 0. Indeed, if ¢ = 0 at some point, then by
regularity of the equation (4.11), g must change sign. However, since
g > 0, this is impossible.

Since inequality (4.8) becomes equality, we have

Do fog = Doty
for all 6, n # «. In particular, this implies that

8afa07 = (m - 1)aaf99_

for all # # «. Also, the fact that inequality (4.7) becomes equality
implies that

89fa5 =0
for all 0 # (6 and 3 # «. q.e.d.

Theorem 4.3. Let M? be a complete Kihler manifold of complex
dimension 2. Suppose the holomorphic bisectional curvature of M is
bounded by BKy; > —1. If the bottom of the spectrum of the Laplacian,
A (M), is bounded from below by A1 (M) > 4, then M must have at most
four ends. Moreover, exactly one of its ends must have infinite volume,
while the rest of the ends have finite volume.

Proof. As discussed earlier, the assumption A;(M) > 4 implies that
M must have exponential volume growth. In particular, one of the ends
of M must have infinite volume. Combining with Theorem 3.1, we see
that M has exactly one infinite volume end FEj.

Let us now assume that M has at least three ends. By the above
discussion, other than FEy, all the other ends must have finite volume.
For each finite volume end Es, following the construction in [ and
[15], there exists a positive harmonic function f satisfying the following
properties:

(1) suppp,(r)nE, f(x) — 00 as R — oo

(2) infap,(r)nE, f(x) — 0 as R — oo; and

(3) f is bounded on all other ends.
Moreover, it also follows that f has finite Dirichlet integral on E7. In
fact, we also derive the growth estimate in Corollary 2.4 that

| italzcr
Bp(R)
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Applying Lemma 4.2, we conclude that either f is pluriharmonic, or
1

that g = [f,5/? is positive satisfying the equation

(4.12) Ag = —4g.

If f is pluriharmonic, then using the argument in Theorem 5.1 of [11]] or

Theorem 3.1, we conclude that this is impossible. Hence, g must satisfy

(4.12). Since there are more than one finite volume end, we can find at

least two linearly independent harmonic functions f and f , constructed
using two small ends Fy and Ej3, such that

gzmm%
and o
g=1fa5l?
both satisfy (4.12). If g is not a scalar multiple of g, then we can find a

linear combination G = ag+bg such that G must change sign. Moreover,
G also satisfies

AG = —4G.
The function |G| will then satisfy
A|G| > —4|G]

in the weak sense and must vanish somewhere. However, since g and ¢
have L? norms satisfying the growth condition

/ ¢ <CR
By(R)

/ i* <CR,
By(R)

the function |G| will also satisfy the growth condition

/ G2 < CR.
B,(R)

Applying the cut-off argument on |G| as in the proof of Lemma #.2, we
conclude that

and

A|G| = —4|G]|.
The regularity argument of Lemma .2 implies that this is impossible.
Hence, g must be a scalar multiple of g. In particular, after a rescaling
of f, we may assume that g = g.
Let us now choose a unitary frame {e1, e, e, €5} such that

(LM—(S_&)
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Since
g' =1f.5l°

is positive, the unitary frame is, in fact, globally defined. With respect
to this frame, the complex Hessian of f can be written as

(ﬁﬁ—(ﬁ_i)

9" = |fa5?
= 2% + 2vf?

Since

we conclude that
(4.13) p? =i+ v
On the other hand, for any 0 < ¢ < 1, the function

h=tf+1-1t)f
is harmonic. Moreover, the above argument implies that there is a
constant o > 0, depending only on ¢, such that
hosl* = ag’.
On the other hand, since
(h.s) = tu+(1—1t)n (1-t)v
-5 —tp—(1—1)p
we have
2ap® =2t p+ (1 —t) 1) +2(1 — t)2|v]2
Using the identity (4.13), this implies that

(a— Dp =2t(1 —t)a.
However, since
a—1
2t(t — 1)
is independent on the point in M and

i

I
is independent on ¢, we conclude that

p=p5p
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for some constant

a—1
ﬂ_2ﬂr—n'
Using (4.13) again, we deduce that
Py Bu 1- 2 e
(f“ﬁ)_< 1-FPue™  —Bp

for some constant 0 < 6 < 2. . 3

Note that if 3 = 1, —1, then either f — f or f + f will be a non-
constant pluriharmonic function and the argument in [11] will give a
contradiction. Hence, —1 < § < 1 because of (4.13). In the event if
(3 # 0, then the linear combination

f-6f

N>

will have complex Hessian of the form

0 I e—ié’
L e*i@ 0 :

In any case, by possibly multiplying by —1, we may then assume

;o 0 Me*i@
(fa,@) - (,U/ €7i9 0 > )

for some constant 0 < 6 < 7.

Now, let us assume that M has at least 5 ends. Since exactly one end
has infinite volume, there must be at least 4 finite volume ends. Each of
the ends with finite volume will produce a positive harmonic function
as discussed above. Let us denote these functions by {f;}% ;. Using fi
to play the role of f and each f; playing the role of f , we conclude that
their complex Hessians are of the form

=5 %)

o) = (20 "5 )

for 2 < j < 4, where 0 < 0; < 7. Obviously, by taking linear combi-
nations of { fj}§:2, we may arrange an f in the subspace spanned by

and

the {f;} such that its complex Hessian is identically 0. Hence, fisa
non-constant pluriharmonic function, which gives a contradiction. This
implies that M cannot have more than 4 ends. q.e.d.



COMPARISON THEOREM AND POSITIVITY OF SPECTRUM 73

5. Acknowledgements

The first author was partially supported by NSF grants DMS-0202508
and DMS-0112416. The second author was partially supported by NSF
grant DMS-0072181.

2]

References

H.-D. Cao & L. Ni, Matriz Li- Yau-Hamilton estimates for the heal equation on
Kdhler manifolds, to appear in Math. Ann..

R.E. Greene & H. Wu, On Kdhler manifolds of positive bisectional curvature

P. Li, Lecture Notes on Geometmc Analyszs, Lecture Notes Series7 6, Research
Instltute of Mathematics and Global Analyblb Rebearch Center, Seoul National

P. Li, Cumature and functwn theory on Riemannian manifolds7 in ‘Survey in
leferentlal Geometry “In Honor of Atlyah Bott, lezebruch and Singer”,’


http://www.ams.org/mathscinet-getitem?mr=0378001
http://www.emis.de/cgi-bin/MATH-item?0329.53035
http://www.ams.org/mathscinet-getitem?mr=0385749
http://www.emis.de/cgi-bin/MATH-item?0312.53031
http://www.ams.org/mathscinet-getitem?mr=1812136
http://www.emis.de/cgi-bin/MATH-item?0978.53084
http://www.ams.org/mathscinet-getitem?mr=0499318
http://www.ams.org/mathscinet-getitem?mr=1362652
http://www.emis.de/cgi-bin/MATH-item?0934.58029
http://www.ams.org/mathscinet-getitem?mr=1320504
http://www.emis.de/cgi-bin/MATH-item?0822.58001
http://www.ams.org/mathscinet-getitem?mr=1919432
http://www.ams.org/mathscinet-getitem?mr=1158340
http://www.emis.de/cgi-bin/MATH-item?0768.53018
http://www.ams.org/mathscinet-getitem?mr=1109619
http://www.emis.de/cgi-bin/MATH-item?0748.58006
http://www.ams.org/mathscinet-getitem?mr=1906784
http://www.emis.de/cgi-bin/MATH-item?1032.58016
http://www.ams.org/mathscinet-getitem?mr=1987380
http://www.ams.org/mathscinet-getitem?mr=0834612
http://www.emis.de/cgi-bin/MATH-item?0611.58045
http://www.ams.org/mathscinet-getitem?mr=0882827
http://www.emis.de/cgi-bin/MATH-item?0615.53029
http://www.ams.org/mathscinet-getitem?mr=1766105
http://www.emis.de/cgi-bin/MATH-item?0963.31004
http://www.ams.org/mathscinet-getitem?mr=1879811

74 P. LI & J. WANG

[17] E. Witten & S.-T. Yau, Connectedness of the boundary in the 4@3_/_0_}7'_7’
correspondence, Adv. Theor. Math. Phys. 3 (1999) 1635-1655, MR 11812133

k]
P T TR T e = e 1

Zbl 0978.53083

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA
IrRVINE, CA 92697-3875

E-mail address: pli@math.uci.edu

SCHOOL OF MATHEMATICS
UNIVERSITY OF MINNESOTA
MINNEAPOLIS, MN 55455

E-mail address: jiaping@math.umn.edu


http://www.ams.org/mathscinet-getitem?mr=1812133
http://www.emis.de/cgi-bin/MATH-item?0978.53085

