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Abstract

It has been conjectured by Fino and Vezzoni that a compact complex manifold
admitting both a compatible SKT and a compatible balanced metric also admits a
compatible Kéhler metric. Using the shear construction and classification results for
two-step solvable SKT Lie algebras from our previous work, we prove this conjecture
for compact two-step solvmanifolds endowed with an invariant complex structure
which is either (a) of pure type or (b) of dimension six. In contrast, we provide two
counterexamples for a natural generalisation of this conjecture in the homogeneous
invariant setting. As part of the work, we obtain further classification results for
invariant SKT, balanced and Kéhler structures on two-step solvable Lie groups. In
particular, we give the full classification of left-invariant SKT structures on two-step
solvable Lie groups in dimension six.

1 Introduction

Hermitian geometry has been a very active field of study for several decades. His-
torically, most focus has been on Kihler manifolds and many important results have
been obtained for these manifolds, including several severe topological restrictions
in the compact case. These topological restrictions show that most compact com-
plex manifolds do not admit a Kéhler structure and this has led to rising interest in
generalisations of Kéhler manifolds. In particular, two types of non-Kéhler Hermi-
tian manifolds (M, g, J, o) have intensively been investigated, namely strong Kdihler
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with torsion (SKT) and balanced manifolds, which are characterised by dJ*do = 0
or 8;0 = 0, respectively. If M has real dimension 2, then the balanced condition is
equivalent to d (" H=o.

Interest in SKT manifolds stems from various sources. First of all, these manifolds
are precisely those almost Hermitian manifolds for which there exists a compatible
connection V2 with totally skew-symmetric torsion T8 that, when considered as a
three-form, is closed. It is because of this property that they occur in physics in the
context of supersymmetric theories, see for example [19, 22, 32]. Secondly, any Her-
mitian conformal class on a compact complex surface contains an SKT metric [20],
a property which is no longer true in higher dimensions. Moreover, any compact
even-dimensional Lie group admits a left-invariant SKT structure [23, 31].

Balanced metrics are of interest since they occur naturally on several types of
complex manifolds: for example, any unimodular complex Lie group [1] admits a
compatible left-invariant balanced metric and any compact complex manifold which
is bimeromorphic to a compact Kéhler manifold admits a compatible balanced met-
ric [2]. Furthermore, they are an important ingredient in the Strominger system from
physics [9, 18].

The SKT and balanced conditions for a fixed Hermitian structure are known to be
mutually exclusive in the sense that any compatible metric g on a complex manifold
(M, J) which is both SKT and balanced has to be Kihler [3]. More generally, Fino
and Vezzoni conjectured

Conjecture 1.1 ([14, Problem 3], [15, Conjecture]) Any compact complex manifold
(M, J) which admits a compatible SKT metric and admits a compatible balanced
metric also admits a compatible Kdhler metric.

This conjecture has been confirmed in some special cases, including twistor spaces
of compact anti-self-dual Riemannian manifolds [35], non-Kéhler manifolds belong-
ing to the Fujiki class C [7] and for left-invariant complex structures on compact
semi-simple Lie groups [11, 28]. We will extend the latter result to all compact
even-dimensional Lie groups in Theorem 4.1.

We define nil- and solvmanifolds to be manifolds of the form M = I'\G, with G
nilpotent or solvable, respectively, and I" a discrete subgroup. This definition includes
non-compact examples such as G itself and by [24] is broad enough to cover all
compact manifolds with a transitive action of a nilpotent group, but excludes certain
examples with a solvable group action such as the non-orientable Klein bottle. One
says that a complex structure J on I'\G is invariant if it pulls-back to a left-invariant
complex structure on G. Now Conjecture 1.1 has been proved for all compact nil-
manifolds with invariant complex structure (by [15] combined with [5]), and for
the following classes of compact solvmanifolds with invariant complex structure:
six-dimensional solvmanifolds with holomorphically trivial canonical bundle [14],
almost Abelian solvmanifolds [12], Oeljeklaus-Toma manifolds [27], regular com-
plex structures on non-compact semi-simple Lie groups [21], and special types of
invariant metrics on almost nilpotent solvmanifolds for which the associated Lie
algebra has a nilradical with one-dimensional commutator [13].
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Actually, compactness of I'\G implies that G is unimodular, and in all of the
above cases of I'\G with invariant J the results are proved by just considering all
left-invariant structures on G. This is possible since [10, 34] showed that once J
is left-invariant, any compatible SKT or balanced metric on compact I'\G may be
averaged to a left-invariant metric of the same type. Hence, the following question
has a positive answer for these Lie groups G.

Question 1.2 Let G be a unimodular Lie group with a left-invariant complex
structure J. If (G, J) admits a left-invariant compatible SKT metric and admits a
left-invariant compatible balanced metric, does (G, J) also admit a left-invariant
compatible Kdhler metric?

In this paper, we consider Question 1.2 for G two-step solvable. We have imposed
that all the metrics considered be left-invariant, since any solvable group admits a
Kihler metric, see Proposition 4.2, however this metric is not necessarily invariant.

We will give two examples of two-step solvable Lie groups to show the condition
of unimodularity is necessary. In particular, Examples 4.4 and 4.16 are the first known
examples of Lie groups with left-invariant complex structure admitting both left-
invariant SKT metrics and left-invariant balanced metrics, without admitting left-
invariant Kihler metrics. As these examples are not unimodular, they do not give
counterexamples to Conjecture 1.1.

In contrast, we give a positive answer to Question 1.2 for all two-step solvable Lie
groups G endowed with an invariant complex structure J in the following situations:
(a) J is of pure type, (b) G is of dimension 6. Here “pure type” means one of three
summands in a natural decomposition of the Lie algebra g vanishes. Writing g’ =
[g, g] for the derived algebra, we have the following pure types: () ¢’ N Jg' = 0,
Mg =Jg, D) g +Jg = g.

Our approach, is to build on our study [17] of SKT structures on two-step solvable
Lie groups. The individual cases are proved in Theorems 4.3, 4.10 and 4.14 for the
three pure types. For the six-dimensional case we first complete the classification of
SKT structures on two-step solvable Lie groups in Theorem 4.7 and then apply this
to Question 1.2 in Theorem 4.17.

From the remarks on averaging above, we then get

Main result Let I'\G be a compact two-step solvmanifold and with an invariant
complex structure J. Then Conjecture 1.1 holds if either G is six-dimensional, or

(I'\G, J) is of pure type.

The paper is organised as follows. Definitions from Hermitian geometry, the
notions of pure type, our approach to two-step solvable Lie algebras via the shear
construction, and notation for concrete Lie algebras are summarised in Section 2. We
then derive some general results for two-step solvable Lie algebras, in the case that
they have either a balanced structure Section 3.1, or a Kéhler structure Section 3.2, in
the latter case obtaining more detailed information than the general structural results
of [8]. Then in Section 4, we prove the main theorems of the paper, as described
above. One consequence is an explicit list of two-step solvable Kéhler Lie algebras
in dimension six, see Corollary 4.21.
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exposition of the paper.

2 Preliminaries
2.1 Non-Kahler Hermitian Geometry

First, we recall the basic definitions. We write (M, J) for a complex manifold, so J
is an integrable complex structure. A metric g is compatible with J if g(J -, J -) =
g(+, +), and then the triple (M, g, J) is called a Hermitian structure. We write ¢ =
g(J -, ) for the fundamental two-form.

Definition 2.1 A Hermitian manifold (M, g, J) of dimension 2n is

(i) Kdhlerifdo =0,
(i) balanced if d(o"~1) = 0,
(iii) strong Kdhler with torsion (SKT) manifold if d J*do = 0.

The following result is given in [3, Remark 1].

Proposition 2.2 Let (M, g, J) be a Hermitian manifold which is both balanced and
SKT. Then (M, g, J) is a Kihler manifold.

Next, consider a simply connected Lie group G which admits a cocompact discrete
subgroup I" and consider the compact manifold M := I'\G. Any left-invariant tensor
field on G may be pushed down to a tensor field on M. The resulting tensor fields
on M are said to be invariant.

By using averaging one has the following result of [10] and [34].

Proposition 2.3 Suppose M = I'\G is a compact manifold that is the quotient of a
simply connected Lie group G by a discrete subgroup T.

Suppose J is an invariant complex structure on M. If (M, J) admits a compatible
metric that is balanced or SKT, then it also admits a compatible invariant balanced
or SKT metric, respectively.

Now consider left-invariant structures on the simply connected Lie group G
directly and identify them with the corresponding structures on the associated Lie
algebra g. We may then also speak of Hermitian, balanced or SKT Lie algebras.
Throughout we will assume g # 0 and write dimg = 2n for the dimension of g
over R.

Definition 2.4 We say a complex Lie algebra (g, J) with derived algebra g’ = [g, g]
is of

(1) pure type I if @' is totally real, i.e. ¢’ N Jg =0,
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(2) pure type II if g’ is complex, i.e. g’ = Jg/, and
(3) puretypelllifg=g + Jyg'.

If one of these conditions hold, we simply say that (g, J) is of pure type.

When there is a compatible Hermitian metric g, we introduce the following vector
subspaces. We set g’ ; = g’ N J g’ to be the maximal complex subspace of the derived
algebra g’ = [g, g]. Moreover, we let g, be the orthogonal complement of g’; in
¢’ and then define V, = ¢/, & Jg',. Note that this direct sum is not orthogonal in
general. Observe that now

g+Jgd=d,0V

and define V; to be the orthogonal complement of g’ + Jg’ in g. We then have a
vector space orthogonal direct sum decomposition

g=g 0V, ®V,. 2.1
of g by spaces that are preserved by J. We define s, r, £ € N by
2s == dim(g',), 2r = dim(V,), 2¢ .= dim(Vy)

and use this notation throughout the article. Note that so s + r 4+ ¢ = n and that
these numbers depend only on (g, J), and not on the metric g, since 2r = dim(V,) =
dim(g’ + Jg') —dim(g’;) = dim(g’ + Jg') —2sand £ =n —r — 5.

Then we have (g, J) is of pure type [, L or I, if g¢'; = 0, V, = 0 or V; =
0, respectively. This is equivalent to there being at most two non-zero summands
in (2.1). Note that non-zero Abelian algebras can not be of pure type III.

2.2 Complex Shears of R2"

One can construct every two-step solvable algebra as a shear of the Abelian Lie alge-
bra R?". Although the shear construction is defined for arbitrary manifolds, we will
just need the version for Lie groups and algebras as presented in [17]. The moti-
vating example is as follows. Let H, P, K be simply connected Lie groups with
dim(H) = dim(K) and whose associated Lie algebras are related by surjective Lie
algebra homomorphisms ) < p — ¢ with Abelian kernels. We then have two
Abelian Lie algebras ap, ap of the same dimension, and two Lie algebra extensions
of the form

h«p<ap and ap <> p—» L

The Lie algebra p and the shear algebra € may constructed from certain “shear data”
on h: two Abelian Lie algebras ag and ap, a Lie algebra monomorphismé&: ag — b,
a two-form w € A?h* ® ap on h with values in ap, a representation n € h* ®
Hom(ap) and a Lie algebra isomorphism a: ay — ap, with certain compatibility.
The vector space p is then h @ ap and the Lie bracket is specified by [X, Y], =
[X, Y]y —o(X,Y), [X, Z]y = n(X)(Z),for X,Y € hand Z € ap, and that ap is
an Abelian ideal. Writing p: ap — p = h @ ap for the natural inclusion, the map

o]

E:ag — p, E=&+4poa
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is a Lie algebra monomorphism and § (ag) is an ideal in p. The shear algebra € is
then the quotient p/& (ag). As vector spaces, ) is a summand of p = h @ ap and is

isomorphic the shear algebra ¢ = p/ § (ap) via the projection. In this way, tensors on
b may be transferred to tensors on £.

For studying two-step solvable algebras, we may take h = RY Abelian, a = ay =
ap asubalgebra of h = RN, & = inc, the inclusion map, and a = idq, see [17]. The
remaining shear data is @ € A2h* ® a and n € h* ® Hom(a). Compatibility gives
N(X)(Z) = —w(X,Z) for X € h, Z € aand w|p2,« = 0. Thus a and @ determine
the entire shear data.

Definition 2.5 A pair (a, ) consisting of a subspace a of RY and a two-form o €
A2(RN)* ® a with w| 52, = 0 is called pre-shear data (on RY).

Now suppose that N = 2n. As R*" is Abelian any J € End(R*") with J? = —id
defines an (integrable) complex structure. Combining [17, Lemmas 2.1 and 3.1] and
[16, Proposition 2.5] gives

Proposition 2.6 Let J be a complex structure on the Lie algebra R*" and let (a, w)
be pre-shear data on R*". Then the shear (g, Jg) of (R?",J) is a Lie algebra g
endowed with a complex structure Jg if and only if

Alw@(-, -), -)) =0, J*o=w—-JoJuw, 2.2)

where J.w = —w(J -, -)—w(-, J -) and A is anti-symmetrisation. Moreover, every
two-step solvable Lie algebra g with a complex structure Jg may be obtained in this
way.

Definition 2.7 Pre-shear data (a, ») on (R?", J) that satisfies (2.2) will be called
complex shear data.

To describe certain consequences of (2.2), we need some further notation. On R2,
let (a, w) be pre-shear data and let J be a complex structure. Any compatible metric g
on R?" then makes (Rz", g, J) into a Kihler Lie algebra.

Set a; = aN Ja, and let a, be the orthogonal complement of a; in a. Put U, :=
a, @& Ja, and let U; be the orthogonal complement of a + Ja = a; & U, in R2",

For each X € a, we define

Ax = w(JX, -)|q € End(a)
and decompose A x according to the splitting a = a; @ a, as

Ax = Kx+Gx + Hx + Fx
€ End(ay) @ Hom(ay, a,) @ Hom(a,, a;) @ End(a,).

We have associated bilinear maps f: a, ® a, — a, and h: a, ® a, — ay given by

f(X,X) = Fx(X), (X, X) = Hx(X).

& Birkhauser
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Moreover, for each Z € Uy, we set

Bz = w(Z, )|« € End(a).

Lemma 2.8 On the Abelian Lie algebra R2" Jet (g, J) be a Kdhler structure and let
(a, w) be complex shear data. Then

i) Gx =0foral X € a,,

() [J,Kx]=0foral X € a,,
(iii)) fis symmetric,
@iv) forall X, X € a,, we have

w(UX,JX)€ea; and o(UX,JX)=JhX, X) —hX, X)),
(v) forall )N(, X e a, and all Z, 7 e Uy, we have

[Af(’ AX] =0= [Af(, Bz] = [Bz, Bz] and [Kf(, KX] =0.
Moreover,
0" (JZ,JX)=0w"(Z,X),

where o is the part of o that takes values in a,.

Proof Parts (i)—(iv) and the final part of (v) may be found in [17, Lemma 3.3]. The
rest of part (v) follows from the first equation in (2.2) evaluated on one element of a
and two elements of Ja, @ Uy, and from the fact that the endomorphism Ay is block
upper triangular by part (i). O

Finally, we recall the following result from [17, Lemma 3.1].

Lemma 2.9 On the Abelian Lie algebra R*", let (g, J) be a Kihler structure and
let (a, ) be complex shear data. Then the shear (g, g4, Jg) of (R?", g, J) is an SKT
Lie algebra if and only if

where A is anti-symmetrisation.

Remark 2.10 1In the rest of the article, when we consider a two-step solvable (almost)
Hermitian Lie algebra (g, g4, Jg), we will regard it as being obtained by appropriate
pre-shear data (a, @) from a flat Kéhler structure (g, J) on R2". The identification of
g = R as vector spaces, identifies gg With g and Jg with J. Note that this also gives
—w =[-, -1g and that g’ = Imw. We can then without loss of generality identify a
with ¢’

2.3 Lie Algebra Notation
When we need to specify concrete Lie algebras, we will often use Salamon’s nota-
tion [29]. If ey, ..., e, is a basis for g with dual basis e, ..., ¢" thende (ej,er) =

—ei([ej, er]) and the algebra is specified by listing the differentials (del,...,de",
but writing for example 3(e! A €2 — e* A €0) = 3(e!? — ¢*0) as 3.(12 — 46).
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Table 1 Notation for certain Lie algebras

g dim differentials

affp 2 (0,21)

b 3 (0,0,21)

%, 3 (0, .21 + 31, =21 + 1.31) A>0

R 4 (0,21, ;1.31, 1.41) O<ir<lu<l

tzku‘)n 4 0, w21, .31 + 41, =31 + 1.41) n>0

a2ty 5 (0,221 431, —21 + a.31, @>0y#0
BAL+y .51, —y.41 +a.51)

g 6 (0, @21, B31 +41, =31 + .41, s #0
y.51+58.61,-8.51 +y.61)

Ng e 6 (@.15+ B.16, y.25 + 5.26, ap # 0, (y.8) # (0,0)

35,46, 0, 0)
i 6 (.15 + B.16, 26, ap #0

.35 — 45, .45 435,0,0)

In Table 1, we use this notation to list the Lie algebras of this article that have
standard names, with notation coming from [4, 6, 25, 26, 33].
3 Balanced and Kdhler Geometry
3.1 Balanced Lie Algebras
Lemma 3.1 Let (g, J) be a flat Kiihler structure on the Lie algebra R*" with associ-

ated Kéihler form o. Then the shear (g, g4, Jg) of (R?", g, J) by complex shear data
(a, w) is balanced if and only if

A(a(w(-, Y -)Aa”*Z) —0. G.1)

Proof Since & =inc: a — R?" and a = idg, [16, Corollary 3.11] implies

dgcg_l =dgono" ' —(Eoa'o" HAw=—@m—1)(ncLio) AwAo"?
=—-(n-DA(c@(-, ), - )Ac"?).
So (g, g, Jg) is balanced, i.e. dgol ! = 0, if and only if (3.1) holds. O

Proposition 3.2 Let (g, g, J) be a Hermitian two-step solvable Lie algebra and write
g=¢,;®V,®Vyasin(2.1). Then (g, J) is balanced if and only if

tr(ad(Z)) = 0
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forall Z € Vj, and there exist unitary bases X1, ..., Xor of (Vy, g, J) and Z1, ..
Zore of (Vy, g, J) such that the element

.

r 4
C = Z[X%—L Xoi] + Z[sz—l, Z1j] (3.2)
i=1 j=1

is orthogonal to ¢’ ; and satisfies
tr(ad(X)) = —o (C, X),
forany X € V,.

Proof Fix unitary bases Y|,Y, = JYi,..., Yo of (¢'7,8,J), Xi1,..., Xo, of
Vr,g,J)and Zy, ..., Zy of (Vy, g, J). We have to check (3.1) for all combina-
tions of 2n — 1 vectors from the basis Y1, ..., Ya5, X1, ..., Xor, Z1, ..., Zy of g.

There are thus three cases, corresponding to omitting one basis vector W from g,
V. orVy.

First, if we omit W € {Z, ..., Zp;} C V;, we can relabel our bases, so W = Zy,
and put Z = Z;_1. Then (3.1) only has non-zero contributions when each of the pure
o factors in ¢! is evaluated on pairs A, JA. This implies that contributions from
Z are only from terms where it is one of the arguments of the factor o (w(-, -), -).
But Im(w) L Vy, so Z is an argument of @ and the only contributions to (3.1) are

S
0= 0(@(Z, Yaj-1). Y2j) — 0(@(Z. V2j). Yaj1)
j=1

,
+ > 0(@(Z, Xok-1), Xot) — 0(@(Z, Xox), Xot—1)
k=1

S
= Y 8(@(Z. Y2j-1). Yaj-1) + 8(@(Z. Y2)). Y2))
j=1

-
+)g@(Z. Xox-1). Xok—1) + g(@(Z. Xor), Xo1)
k=1
= tr(w(Z, -)) = —tr(ad(2)).
For the next case, W = Xp, is omitted and we put X = Xj,_1. As before, the

only contributions are from inserting X and two J-linearly dependent vectors into
o(w(-, ), -). Noting that w| 2, = 0 and Im(w) L V,, one computes

N
0= o@(X,Y2;-1). Ya;) — o (@(X, Y2)), Y2j1)
j=1
r—1

+ Y o (@(X, Xa1), Xa) — 0 (@(X, Xot), Xog—1)

k=1
r—1 J4
+o <Zw(X2k1, Xo) + Zw(zqu, Zk), X)
k=1 k=1
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2s 2r—2
=Y 8@(X.Yp), ¥p) + Y g(@(X, Xy), Xg) +0(=C +[X, W], X)
p=1 qg=1

= —tr(ad(X)) + g(IX, W], W) — o (C, X) + g(J[X, W], X)
= —tr(ad(X)) — o (C, X).

Finally, for W = Ya,, Y = Ya2,_1, we need to have Y as the final argument of
o(w(-, +), -), and the first two arguments need to be J-dependent vectors from
V. @ V. So (3.1) on these vectors reduces to

0=—0(C,Y)=g(C,JY),

giving C is orthogonal to ¢’ ;. O

Remark 3.3 The proof shows that if the conditions of Proposition 3.2 hold for one
pair X1, ..., Xo, and Zy, ..., Zo¢ of unitary bases, then they hold automatically for
all such pairs.

Remark 3.4 Proposition 3.2 allows us to recover the classification of certain bal-
anced Hermitian Lie algebras in [12]. For this, let (g, g, J) be a 2n-dimensional
almost Abelian Hermitian Lie algebra, meaning that there is a codimension 1 Abelian
ideal. For simplicity, let us just consider the generic case when dim(g’) = 2n — 1.
With more effort the methods also apply to dim(g’) < 2rn — 1. Under this additional
assumption, (g, g, J) is of pure type III with dim(g’;) = 2n — 2 and dim(g/,) = 1.
Choose X € ¢, of norm one and consider Ay = w(JX, -) € End(g)). By
Lemma 2.8, there exista € R, v € g'; and A € gl(g’;, J) such that

= (53)
with respect to the splitting g’ = g’, @ g’;. By Proposition 3.2, (g, g, J) is balanced
if and only if
a+tu(A) =tr(@d(JX)) = —o(X,JX],JX)=gaX,X)=a
and [X, J X] = v is orthogonal to g’ ;. But v € g’ ;, so we have balanced if and only

if tr(A) = 0 and v = 0, which coincides with [12].

For unimodular Lie algebras tr(ad(X)) = 0 for all X € g, so Proposition 3.2
simplifies as below and Remark 3.3 holds in this context.

Corollary 3.5 Ler (g, g,J) be a unimodular Hermitian two-step solvable Lie
algebra. Then (g, J) is balanced if and only if C = 0 in (3.2).

Note that in Proposition 3.2, the restriction of g to g’ ; plays no role.
Corollary 3.6 Let (g, g, J) be a two-step solvable balanced Lie algebra. If g is

another metric compatible with (g, J) satisfying (g/J)J-g = (g/J)J‘g and 8ligr yte =
§|(g,J)L§, then g is balanced too.
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3.2 Kahler Lie Algebras

Lemma 3.7 Let (g, J) be a flat Kiihler structure on the Lie algebra R** with associ-
ated Kéihler form o. Then the shear (g, g4, Jg) of (R?", g, J) by complex shear data
(a, w) is Kdhler if and only if

Proof Similar to the proof of Lemma 3.1, [16, Corollary 3.11] implies
dgog = —A(o(w(-, ), +))
and so that (g, gg, Jg) is Kihler, i.e. dgoy = 0, if and only if (3.3) holds. O

We first note some general consequences of (3.3).

Lemma 3.8 When the shear in Lemma 3.7 is Kdhler, we have

wU;,U) =0, wla,Ja,)=0 and h=0.

Furthermore, there exist a complex unitary basis Y1, . .., Ys of ay, a real orthonormal
basis X1, ..., X, of ay, one-forms ay, ..., a5 € af on ap, and A1, ..., A € R such
that

Kx(Yj) = —a;(X)JY;, S Xk, Xin) = —SgmMi Xk

forall X € a,, Ze Uy, je{l,...,standk,m e {l,...,r}.

Proof Inserting Z1, Z, € Uy, which is orthogonal to a, and W € a + Ja into (3.3)
yields

0=o0(w(Z, Z7), W),
and so w(Z1, Z3) = 0, giving w(Uy, Uy) = 0. Next, observe that for )A(, X € a,
the endomorphisms K 3, Ky € End(a,) are complex and commute by Lemma 2.8.
Inserting Y, ¥ € ay and JX € Ja, into (3.3) yields

0=0(Kx(Y),Y)+0o(¥,Kx(Y)),

meaning that Ky € sp(ay, o). But Ky is complex, so Ky € u(ay, g, J). It follows,
that the Ky are simultaneously complex diagonalisable with imaginary eigenvalues.
In particular, there exists a complex unitary basis Y1, ..., ¥, of (a;, g) and one-forms
o1, ...,0s € a¥ on a, such that

Kx(Yj) = —Olj(X)JYj

forAall X eaandall j € {1,...,s}. Next, (3.3) evaluatedon Y € ay, X e a, and
JX € Ja, shows
0=0(Y, Hy(X)) = o(¥, h(X, X)),

so i = 0. Lemma 2.8 gives w(JX, JX) = J(h(X, X) — h(X, X)) = 0, and hence
w(Ja,, Ja,) = 0. Finally, putting X, JX, JX € a, in (3.3) gives

0=—0(f(X,X),JX)+0o(f(X,X),JX) = —g(f(X,X), X) +g(f(X, X), X).

) Birkhauser



M. Freibert, A. Swann

However f is symmetric by Lemma 2.8, we get that g(f (-, -), -) is totally symmet-
ric. In particular, all endomorphisms Fy are symmetric. Since these endomorphisms
commute by Lemma 2.8, we have a common orthonormal basis X1, ..., X, of (a,, g)
of eigenvectors for all Fx. Now

span(X;) 2 Fx,(X;) = f(Xi, X;) = f(Xj, Xi) = Fx,;(X;) € span(X;)
foralli, j € {1,...,r}implies the existence of A1, ..., A, € R such that
f(Xi, Xj) = =8ijA;X;
foralli, je{l,...,r} O

It seems hard to solve (3.3) in full generality, so we now restrict to a certain sub-
class, namely those two-step solvable Kihler Lie algebras (g, g, J) with [J g/, g’ ;] =
g’ ;. Note that this class includes those of pure type I. Moreover, it also includes alge-
bras of pure type I1L, i.e. with V; = 0, since by Lemma 3.8 we have [J¢/,, Jg',] =0
and & = 0 and so must have [Jg', g’;] = ¢/, in order for g’ to be the commutator
ideal.

When [Jg', ¢’ ;] = ¢, the form of Bz, Z € V;, simplifies and allows for a
classification. The condition [Jg, g’;] = ¢’ is equivalent to o; 7 O for all j =
1, ..., r. Moreover, for any Z € Uy, the endomorphisms Bz commute with Ay for
all X € a, by Lemma 2.8. As Ax has imaginary non-zero eigenvalues on a,; and real
eigenvalues on a,, we get that Bz preserves the splitting a = a, @ a;. Using this
property, we will obtain:

Theorem 3.9 Let (g, g, J) be an almost Hermitian Lie algebra. Then (g, g, J) is a
two-step solvable Kihler Lie algebra (g, g, J) with [Jg', ¢ ;1 = ¢'; if and only if

Jg', L ¢, and there exist a complex unitary basis Y1, . .., Y5 of ¢’ ;, an orthonormal
basis X1, ..., X, of ¢, non-zero one forms ay, ...,as € (g/,)* \ {0}, one-forms
Bl,...,Bs € VJ* and non-zero real numbers Ay, ..., A € R\ {0} such that the only

non-zero Lie brackets (up to anti-symmetry and complex linear extension on g’ ;) are
given by

UX. Y l=a;(X)JY;,  [Z.Y]1=B:(2)JY;.,  [JXp, Xl = hXs
forje{l,...,shke{l,....,r},Xeg,and Z € V,.

For the proof, we first need the following result.

Lemma 3.10 Let V be 2n-dimensional vector space endowed with a Hermitian
structure (g, J) and denote by o the associated fundamental two-form. Suppose
A1, Ar € sp(V, o) satisfy [A1, A2l =0and A1 + JA1J + JAy — AyJ = 0. Then
we have Ay, A» e W(V, g, J).

Proof Fori = 1,2, decompose A; = Alt’ + Aij ~ into the sum of its J-invariant
part Aij and its J-anti-invariant part Aij_. Then Aij e wV,g,J), and Ail_ is
symmetric with respect to g.
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Now
0=A1+JAJ+JAr— AyJ = J[A1, J] — [A2, J] = 2JA] ™ — 247,
SO
J— J—

AT =JAT.

Moreover, the J-invariant part of 0 = [A1, A>] yields
0=1[A], AJ1+[A]", A 1=[A], AJ]1 - 2JA{"A]".

Since A{ e uw(V, g, J), there exists a basis of V consisting of vectors v € V with
A'IIU = cv and AIJ_Jv = —cv for some ¢ € R. For such a vector v, we obtain

g(Jv, [A], AfTv)
=g(Jv, A{Agv) —g(Jv, AgAljv) = —g(Alij, Az{v) —cg(Jv, Aglv)
=cg(v, Az{v)—cg(Jv, JAgv) =cg(v, Agv)—cg(v,Agv) =0.

Hence,

0=g(Jv, JA{ A} "v) = g(v, A{ " A "v) = g(A] v, A] "v) = |A] v|?
This shows A{f = 0 and so also A;f = ]Aljf = 0, finishing the proof. O
Lemma 3.11 [fthe shear in Lemma 3.7 is Kdihler and for each Z € U, Bz preserves

the splitting a = aj + a,, then the Y in Lemma 3.8 may be chosen so that Bz(Y;) =
—Bj(Z2)JY;, for all j, for some B; € U7.

Proof Write By = bz+cz withbz € End(ay) and cz € End(a,). Then [bz, byz] =
0 and [bz, Kx] = 0 for all X € a,. Moreover, the second equation in (2.2) yields

byjzJ(Y) =T *0(JZ,JY)=w(Z,Y)+J(w(JZ,Y)+w(Z,JY))
=by(Y)+Jbyjz(Y)+ JbzJ(Y)

forall Y € ay, and so
bz+JbzJ +Jbjz —bjzJ =0.
Inserting Z, )7, )A’, where 17, Y e ay, into (2.2) gives
0=0z(T).Y) +o (T, bz(¥)),

so bz € sp(ay, o). Thus, we deduced from Lemma 3.10 that bz € u(ay, g, J).
Lemma 2.8 gives that all bz commute pairwise and with all Kx, X € a,, and the
result follows. O]

Proof of Theorem 3.9 Using shear data, let Z € U; be given. As we argued before
Theorem 3.9, Bz preserves the subspaces a; and a,, so we may apply Lemma 3.11
to get the Y;, ; and B;. The hypothesis [Jg', g';]1 = ¢, implies that each «; is
non-zero.
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Next, by Lemma 2.8, we have ' (JZ, JX) = o' (Z, X) = ¢z(X) for any Z €
Uy, X € a,. Hence,
0=A@c (-, )., NUIZ JX, JX)=0(cz(X), JX) — 0 (cz(X), JX)
= g(cz(X), X) — glcz(X), X),
and cz is symmetric. Since all ¢z commute pairwise and with all Fx, X € a,, by
Lemma 2.8, there is a common eigenbasis X1, ..., X, of g/, for all these operators.
Moreover, by Lemma 3.8, there exist A1, ..., A, € R with
F(Xj, Xi) = Fx;(Xp) = =8 ik X
Next,
0=Al(@(-, ), WNZ, Xj,JXj)=0(cz(X;), JX;) —o(@(Z,JX;), X})
=g(cz(X)), X)) +o0(cjz(Xj), Xj) =glcz(X}), X;)
forany j € {1,...,r} since ¢;z(X;) € span(X;). As cz(X;) € span(X ), we get
cz(X;) =0andhenceczy =0.Sow"(Uy, Ja,) = 0as well. Hence, f: a,xa, — a,
has to be surjective in order to have Im(w) = a, andthus A; # Oforall j = 1,...,r.
Next, inserting X ;, Xy, J Xy for j, k € {1, ..., r} with j # k into (3.3) yields
0=A((@(-, ), NXj, Xi, JXy) = —o (f (Xi, Xi), Xj) = g (J X, X ).

Since A # 0 and trivially g(J X, Xx) = 0 holds, this implies Xy L Ja,, soa, L
Ja,.
We now have all the claimed properties except that w(Z, JX) = 0 for Z € Uy,
X € a,. However, we already showed that w(Z, JX) € a;. Moreover, inserting
Z,JX,Y intoLemma3.7forY €ay, X € a, and Z € Uy yields
0=A(c(w(-, ), NZ,JX,Y)=0((Z,]X),Y).

Thus, w(Z, JX) =0forall X € a,, Z € Uy, which completes the proof. O]
For the three different pure types we arrive at the classification below.
Corollary 3.12 Let (g, g, J) be a 2n-dimensional almost Hermitian Lie algebra that

is two-step solvable. Then we have the following.

M) (g, g, J) is Kiihler of pure type I if and only if Jg' 1 ¢, and there exists an
orthonormal basis X1, ..., X, of ¢ and Ay, ..., A, € R\ {0} such that the
only non-zero Lie brackets (up to anti-symmetry) are given by

JX;, Xj1=x;X;

forj=1,...,r.
(D (g, g, J) is Kdhler of pure type Il if and only if there exists a complex unitary
basis Y1, ..., Y of g’ and non-zero one-forms By, ..., Bs € V}k such that the

only non-zero Lie brackets (up to anti-symmetry and complex-linear extension)
are given by

[Z,Y;1=B;(2)JY;
forje{l,...,s}and Z € V;.
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(D) (g, g, J) is Kdhler of pure type IIl if and only if Jg¢', L ¢, and there exist
a complex unitary basis Yy, ..., Ys of ¢ ;, an orthonormal basis X1, ..., X,
of ¢, non-zero one-forms ay, ..., a5 € (g',)* \ {0} on ¢/, and non-zero real
numbers L1, ..., \x € R\ {0} such that the only non-zero Lie brackets (up to
anti-symmetry and complex-linear extension) are given by

[V Xk, Y] =a;(Xp)JY;, [J Xpe, Xkl = A Xk

Proof For pure types I and III this is just specialisation of Theorem 3.9. For pure
type II, we have g’, = 0, so we may use Lemma 3.11. O

Remark 3.13 For pure type I this implies (g, J) = r(affg, J) @ (R**~), J) as Lie
algebras with complex structures. Up to change of basis, complex structures on affg
and R?>*~") are unique.

4 Compatibility of Balanced and SKT Metrics

We now consider the question of Lie groups or Lie algebras with a complex structure
that admit both a compatible balanced metric ¢ and a compatible SKT metric g.
We will say that a complex structure J is SKT, balanced or Kdihler if it admits a
compatible metric that is SKT, balanced or Kahler, respectively.

We first consider some general results for compact groups and for solvable
groups in Section 4.1. Thereafter, we will focus on two-step solvable Lie algebras,
considering each pure type in turn, and then specialising to the six-dimensional case.

4.1 General Results

Theorem 4.1 Let J be a left-invariant complex structure on a compact Lie group G.
Then J is SKT, but is balanced only if G is Abelian, in which case it is also Kdhler.

The special case when G is also semi-simple was proved in [11, 28].

Proof Existence of the SKT metric was given in [23, 31].

Now suppose that G is not Abelian. It is sufficient to assume G is connected. Note
that g = R @ ¢ for some semi-simple Lie algebra € of compact type. It follows that
there is a finite cover of G by the group T* x K, where K is compact, connected
and simply connected with Lie algebra ¢, and it is sufficient to consider the case
G =TrxK. By [30, Theorem in (3.2)] there is a Cartan subgroup N of G and
holomorphic fibration 7: G — G/N with G/N projective. Note that N = T* x
N1, with N; a Cartan subgroup of K. Let Y be a complex submanifold of G/N of
complex codimension one, and put X = 77 1(Y). Then X = T* x (X N K) and is of
real codimension two. In particular, for the fundamental class [X] € H,_2(X) of X
and any generator ¢ € H" (K, Z) = 7, where m = dim K, we have ¢ ~ [X] = 0.

On the other hand, the Whitehead Theorems imply that H LK) =0 = H3(K), so
by duality H”~1(K) =0 = H™2(K). Writing 2n = k + m = dim G, the Kiinneth
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formula gives H'~2(G) = @?_, H* 2 (THQH" 5 (K) = H* 2(THQH" (K).
If o is the two-form of a balanced metric, we have d(6"~1) = 0,s0 [6"" ] = bQR ¢
for some b € H*2(T*). But now 0 < fx " l=boc) ~[X]=b ~ (c ~
[X]) = 0, which is a contradiction. Thus if J is balanced, then K = {e} and G is
Abelian. But then J is a left-invariant complex structure on a torus and so admits a
compatible Kihler metric. O

Now let us show that invariance of the Kéhler metric is necessary in Question 1.2.

Proposition 4.2 Let G be a simply connected solvable Lie group and let J be a left-
invariant complex structure on G. Then (G, J) admits a compatible Kdhler metric.

Proof By the theorem in [30, (1.3)], there is a discrete subgroup I" of G such that
I'\G is biholomorphic to an open subset V of C". Now C", and hence V, car-
ries a compatible Kihler metric that we may pull back under the natural projection
7: G — I'\G £V C C" to get a compatible Kihler metric on (G, J). O]

4.2 Pure Typel
Pure type I gives g’ ; = 0, so ¢ is totally real.

Theorem 4.3 Let (g, J) be a unimodular two-step solvable Lie algebra g with com-
plex structure J of pure type I that is SKT and is balanced. Then g is Abelian and so
J is Kdhler.

Proof of Theorem 4.3 Without unimodularity, the structure of the SKT algebras is
given in [17, Theorem 5.5]: g = r affg @ b, for some nilpotent Lie algebra . But § is
unimodular and affy is not, so g is unimodular if and only if r = 0. [17, Theorem 5.5]
now gives that g = b is two-step nilpotent. As J is SKT, is balanced and g is two-step
nilpotent, [15, proof of Theorem 1.1] shows that (g, J) is Kéhler. O]

Next, we provide an example that shows that the unimodular condition in
Theorem 4.3 is necessary, and hence is also necessary in Question 1.2.

Example 4.4 Let g = affg @ h3 @ R. Then g is a non-unimodular two-step solvable
Lie algebra with a basis ey, . . ., e for which (up to anti-symmetry) the only non-zero
Lie brackets are

le1,e2] =ex and [e3, es4] = es.

Let J be the almost complex structure with Jep;_1 = ep; fori = 1,2, 3. Thus (g, J)
is a direct sum of (affr, J1) and (h3 @ R, J2). For the dual basis e, ..., e® the non-
zero differentials are de> = —e!? and de® = —e3*. Then Ji is integrable, and for
J> the (1, 0)-forms are spanned by o1 = e —ietand oy = & —ie®. Asda; =0
andday = —e3 A et = %oq Ao is of type (1, 1), we have that J,, and hence J, is
integrable. Moreover, g’ = span(ey, es) is totally real, so (g, J) is of type L.
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Let g be the metric on g for which ey, ..., eg is an orthonormal basis. Then g is
compatible with J, and the associated fundamental two-form is
& =€12+e34+656.
We now find that
d.]*d6 — —d.]*€346 =d€345 =0’
so g is an SKT metric.

Next, let ¢ be the metric on g for which e; — eg, €2 + es, g, —es, €3, e4 is an
orthonormal basis. Since this basis is unitary, ¢ is compatible with J. Moreover, a
dual basis is given by el e?, el +e0, e?2—ed, 3, e* and so the associated fundamental
form & is given by

6=e2 4 (61 +€6) A (62 _85) LM pel2 15 26 4 34, 56
We now have

d(62) =26 ANd6 =26 A (—el3 4 120 _ 346y
— 2(612346 _ 613456 4 612346 _ 2612346 4 613456) — 0,

and hence that g is balanced.
However, g 2 r affg @ R~ for any r € {1,...,3}, so by Corollary 3.12(I),
(g, J) does not admit any compatible Kédhler metric.

4.3 Pure Typell

Pure type II means that g’ is complex. We will first classify two-step solvable SKT
Lie algebras (g, g, J) of pure type II up to some remaining “nilpotent” equations
and give a full classification if g’ is of codimension two. The latter case was the
remaining open case in our classification of the six-dimensional two-step solvable
Lie algebras admitting an SKT structure in [17, Theorem 7.1] and so we complete
this classification here in Theorem 4.7.

We begin by deriving some consequences for the form of the endomorphisms Bz.

Lemma 4.5 Let (g, g, J) be a two-step solvable SKT Lie algebra of pure type IL
Then there exists a complex unitary basis Y1, ..., Y, of ¢ = ¢'; and one-forms
ay, ..., € Vy such that for any Z € V;, the endomorphism ad(Z)|y € End(g’ ;)
is complex and satisfies

[Z,Y]l=a;(2)J]Y;
forall j €{1,...,r}.

Proof Working with shear data, choose Z € Uy and set By := Bz, By '= B;z. Then
[B1, B2] = 0 by the first equation in (2.2). Moreover, the second equation in (2.2)
yields
BJY)=w(JZ,JY)=w(Z,Y)+ J(w(Z,JY)+w(JZ,Y))
=B(Y)+JB{J(Y)+ JBy(Y),
forall Y € a, so
Bi+JBiJ+JBy— By =0.
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Next, inserting 17, Y caand Z , JZ into (2.3) yields

0=—gwUZ,JV),wJZ, V) +g@Z,JY),w(Z,T¥) ~g(Z JYV),o(Z,T))
+8(@(Z,JY), 0(Z, 7)) + g (Z,¥), 2), ) = g (Z,Y), Z), ¥)
+g@J0(JZ,Y),JZ),Y) - glw(Jo(JZ,Y),JZ),Y)
= —g(B2J (1), Boa(Y) + g(B2J (V), Ba(V)) — g(B1J (Y), Bi(Y)
+8(B1J(Y), B1(Y)) — g(B1JB1(Y),Y) + g(B1JBi(Y), Y)
—8(B2JBy(Y),Y) + g(B2J B2(Y), Y)
= —g(CBn+cmBn T, 7)+g (7. CB)+CB) ),

where C(B) := BT BJ + BJB. We conclude that C(B;) + C(B,) is required to be
g-symmetric.

Fori = 1,2, decompose B = B’ +B’~ intoits J-invariant part B’ and into its J-
anti-invariant part B/~ and then for A € {J, J—} decompose B# = Bﬁ—i—Bé into its
g-symmetric part B f and its g-skew-symmetric part B4. Then the g-skew-symmetric
part of C(B) is

Lcm) —cB)T) =1 (B"BJ+BJB+ JBTB+ BTJBT)
(BT(BJ + JBT) + (BJ + JBT)B)
J(BL — B’y +J(B]—-B'")B (4.1)

T
(2817 =282 + (B — B/~ B, + BL71).

1
1
2
B
J

Note that this has trace

2te((BD)?) — 2te((BZ 7)) = 2(IBLI* + 11B.7 1),

since for B = ¢B, ¢ = %1, and any orthonormal basis E1, ..., Es of a, we have
2s 2s
w(B?) = > g(B’E;.Ej)=¢Y g(BE;, BE;) =¢|B|".
j=1 j=1

Thus for C(B1) + C(B3) to be g-symmetric we must have Bl{ +=0= Bi{: for
i = 1,2. But then B; = Bl.{_ + Bl{; which lies in sp(a, o). Consequently, we may
apply Lemma 3.10 to deduce that we actually have B; € u(a, g, J), so BiJJ: = 0.
Then (4.1) gives that C(B;) + C(B,) is g-symmetric.

Thus Bz € u(a, g, J) for Z € U;. But by Lemma 2.8 gives that all By commute
pairwise, so these complex endomorphisms of (a, J) are simultaneously diagonalis-
able with only imaginary eigenvalues. This is the assertion of Lemma 4.5 U

In the case that g’ is of codimension two, there are no further conditions to be
satisfied, cf. [17, §7.2]. Hence

Corollary 4.6 Let (g, g, J) be an almost Hermitian Lie algebra. Then (g, g, J)
is a two-step solvable SKT Lie algebra of pure type Il for which ¢ is of
codimension two if and only if there is a complex unitary basis Yi,...,Ys of
(¢, g,J), elements Z1,Zy € ¢ spanning a two-dimensional complement to ¢,
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and (ai1,a1.2), ..., (a1 s, axrs) € R2 \ {(0, 0)} such that (up to anti-symmetry and
complex-linear extension) the only non-zero Lie brackets are given by

[Zy, Y] =a ;jJ Y,
fork=12and j=1,...,s.

Proof Choose Z € Vj \ {0}. Then Z, JZ is a basis for V; and hence the union of
the images of ad(Z)|y and ad(JZ)|y spans g'. As [Z, JZ] € g and g’ is Abelian,
we can find f’, Y e ¢ suchthat Z; = Z + 17, Zr=J7Z+ Y has [Z1, Z>] = 0. The

result now follows from Lemma 4.5 with a; ; = @;(Z) and a2 j = a;(J Z). O
If g is six-dimensional, one deduces that g admits a dual basis e', ..., e® whose
differentials are given either by
(25, —15, 46, —36, 0, 0), 4.2)
when (ay, ;) is of rank two, or by
(25, —15,1.45, —1.35,0,0) for some A € (0, 1], “4.3)

when (ay, ;) has rank one. In the first case, the Lie algebra is isomorphic to 2t}

and in the second case to gg’?’f @ R. This covers the remaining equations in [17,

Theorem 7.1] and we have

Theorem 4.7 A six-dimensional two-step solvable Lie algebra g admits an SKT
structure if and only if it is one of the algebras explicitly listed in [17, Corollary 4.8,
Theorems 4.10, 7.5 and 7.1] or it is one of the algebras in (4.2) or (4.3).

Returning to Corollary 4.6, we see from the fact that ad(Z + Y)|y = ad(Z)|y for
allZ € Vyand Y € g/, that the SKT condition only depends on g

Corollary 4.8 Let (g, g, J) be a two-step solvable SKT Lie algebra of pure type Il
such that g is of codimension two in g. If g is another Hermitian metric on (g, J)
with glg = glg, then g is also SKT.

Thus, we obtain the desired result in the codimension two case:

Corollary 4.9 Suppose (g, J) is a two-step solvable Lie algebra with a complex
structure of pure type II such that ¢ is of codimension two. If J is SKT and is
balanced, the J is also Kdihler.

Proof Let g be the SKT metric and g the balanced metric. Write 1% ; for the orthog-
onal complement ong/ with respect to g. Define a new metric g on g by declaring g’
to be g-orthogonal V; and setting

gly = 8&ly, g|\7]:§|\7]-
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Then g is compatible with (g, J) and both balanced by Corollary 3.6 and SKT by
Corollary 4.8. Thus, g is Kéhler by Proposition 2.2. O

Next, we consider the general case of two-step solvable SKT Lie algebras and give
a full classification of these, up to some “nilpotent terms”. This will be sufficient to
obtain the generalisation of Corollary 4.9.

Theorem 4.10 Let (g, g, J) be a two-step solvable almost Hermitian Lie algebra of
pure type II. Then (g, g, J) is SKT if and only if there exists a complex unitary basis
of Yi,....Ys of (¢, g, J) and, for some m € {0, ...,s}, oneforms ay,...,a, €
Vi \ {0}, numbers z1, ...,z € C, complex (1, 1)-forms gpy1,...,¢s € Al’lV}'<
and complex (2, 0)-forms ¥y 41, ..., s € AZ’OVJ* such that

S
Z O APE — Yk Ak =0,

k=m-+1

the two forms ¢ + Vi, k = m + 1, ..., s, are linearly independent, and the only
non-zero Lie brackets (up to anti-symmetry and complex-linear extension) are given

by
[Z,Y;] = a;j(2) Y, ji=1,...,m, (4.4)
[Z, W] =) zj(e; AT ) (Z, W)Y+ Y (o + ) (Z, W) Yy (4.5)
j=1 k=m+1

forall Z, W € Vj.

In the above, we have used complex notation, so (x +iy)Z =xZ + yJZ, etc.

Proof Use Lemma 4.5 to choose a complex unitary basis Y7, ..., Yy so that (4.4)
holds, with «q, ..., «, non-zero, and [Z, Y;] = O, for k > m. Using shear data,
define

vi=o(-, a2y, e AUl ®a=AU;®ay.

In complex notation, we may write v = ijl v;Y; withv; € AZU}k ® C. The first
equation of (2.2) yields

s
0= Zw(w(zl, Z), Z3) = Zw ZVJ'(ZI, 2))Y;, Z3
cyclic cyclic j=1

m

= > 0 (Z3)vj(Z1. Z) Y = Y (aj Av))(Z1. Za. Z3) Y,

j=I1 cyclic j=l

for all Zy € Uy. Hence, there exist complex one-forms ¢; € U}" ® C, for j =
1, ..., m, such that

Vi =aj AEj. (4.6)
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Evaluating (2.3) on Z1, Z3, Z3 € U; and some Y € span(Y;, JY;) gives

0= Y g@(Z1,J2Z2), 0(Z3, V) + g(@(J Z3, I Y), 0(Z1, Z2))

cyclic

+g(w(Jw(Z1, Z2),JZ3), 7).

DY =g (Tw(Z1, Zo)Ye, @ (Z3)TY) + g (@ (J Z3)Y, vk(Z1, Z2) Vi)

cyclic k=1
—g (ar(JZ3)v(Z1, Z2)Y, Y)
= —Zaj(zg)g (J*v;(Z1, 2)Y;,JY). 4.7
cyclic

This holds trivially for j > m. For j < m it gives
(aj AT aj AL ()Y, IV))(Z1, Z2, Z3) = 0.

Taking ¥ = Y; and then Y = JY; we get that a; A J*a; A J*¢; = 0. S0 ¢; €
span(aj, J*a;) and v; = —z;a; A J*a; for some z; € C.

In complex notation the second equation of (2.2) is J*v; = v; —i J.v;. This says
that the (0, 2)-part of v; vanishes. For j < m, we already have that v; is type (1, 1).
For j > m, we write v; = —@; — ¥; with ¢; type (1, 1) and ¥; type (2, 0).

Now the only remaining equation to satisfy is (2.3) evaluated on A*U;. In this
case, only the first term of (2.3) contributes, since Im(J*w) = a L Uy, so we have

AU (-, ) o, My, = 3 Re(T*v; AT))

0=
j=1
S S
= Y Re(@—v0 A +V0) = D e AT ¥ AT,
k=m-+1 k=m+1
and the claimed result. ]

As the metric on V; plays no role in Theorem 4.10, we get the following version
of Corollary 4.8 in arbitrary codimension.

Corollary 4.11 Let (g, g, J) be a two-step solvable SKT Lie algebra of pure type II.
If g is another Hermitian metric on (g, J) with §|gy = glg and gt =g/t then g
is SKT too.

Moreover, we may also change an SKT metric on a two-step solvable SKT Lie
algebra of pure type Il in such a way that Theorem 4.10 holds withz; = --- =z =
0.

Proposition 4.12 Let (g, g, J) be a two-step solvable SKT Lie algebra of pure
type II. Then (g, J) admits a compatible SKT metric g with

g =V, g1V, V)]
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as a Hermitian orthogonal direct sum, where Vy is the g-orthogonal complement
of g

Proof We use the notation from Theorem 4.10. Define an injective R: V; — g by

k
R(Z)=Z+r(Z),  wherer(Z) =) (a; —iJ*a;)(2)z,Y;.
j=1

Asaj —iJ*a; is type (1, 0), we have that R is complex linear, so ‘7] =R(Vy)isa
J-invariant complement to g’ in g. We get a Hermitian metric g on g by declaring g’
to be to be g-orthogonal to vy, letting g be g on g’ and setting §|‘7, = (R’l)*(g|vj).

For Z € Vyand Y € ¢, we have [R(Z),Y] = [Z + r(Z), Y] = [Z,Y], so
[R(Z),Y;] =iaj(Z)Y; for j < m and [R(Z), Y;] = O for k > m. Moreover, we
have

[r(2). W+ (Z.r(W)] = > (e — iJ*a;)(Z2)z,[Y;, W]
j=I
+(Olj — iJ*[Xj)(W)Zj[Z, Yj]

m
=Y ((aj —iJ*a)) Aaj)(Z, W)z, T Y
j=1

m
=Y i AT (Z. W) Y.
j=1

So

[R(Z), RW)] = [Z, W]+ [r(Z), W]+ [Z,r(W)]

N

= Y @0 @ W Ye= Y (i) (RZ), ROW) Vi,

k=m+1 k=m+1

where @, = (R~!)*¢; and lﬁj = (R—l)*xpj. We may now apply Theorem 4.10, to

conclude that g is SKT. The non-vanishing of the &, j =1, ..., m, gives [17], g]=
SEaH(XI, ..., Yy), and the linear independence of <,Z>k+1}k, k=m+1,...,s,implies
[Vy, V;] = span(Yy+1, - - -, Ys), so these two spaces are orthogonal. O]

These preparations now allow us to prove

Theorem 4.13 Let (g, J) be a unimodular two-step solvable Lie algebra g with
complex structure J of pure type Il that is SKT and is balanced. Then (g, J) is Kdhler.

Proof Let g be an SKT metric and g be a balanced metric, both compatible with
(g, J). By Proposition 4.12, we may assume that g’ splits as an g-orthogonal direct
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sum of the complex spaces [Vj g'] and [V], Vj] Let Vj be the g- orthogonal com-
plement to g'. Then there is a complex vector space isomorphism R: V; — Vjof
the form R(Z) = Z + r(Z) with r: V; — g’ complex linear.

We define a new metric g on g by requiring g’ to be g-orthogonal to V;, putting
g tobe g on g’ and letting g on V; be R*(§|‘;]). This metric g is Hermitian and, by
Corollary 4.11, SKT.

To show that g is also balanced, recall Proposition 3.2, which for pure type II
implies the existence of a (g, J)-unitary basis Z], .. Zzg of VJ with

¢ = Z[izjfl, 22,'] =0.
j=1
Defining Z; € vy by Z; = R_I(Zk), we get a unitary basis for Vs, g,J). Let
C = Z?Zl[Zgj_l, Z5;] which lies in [Vy, V] C g As g’ is the g-orthogonal direct
sum of [V, V;]and [V, g'], we have for Y € [V, V;], that

£
0=g(¥.C) = gV, [R(Zzj-1) R(Z2)))
j=I

)2
> 8V, (2o 1, Zo) + (Y, [Zaj 1, 7(Zap)]) + 8V, [F(Zaj 1), Zaj)
j=1

4
=Y g(Y.[Zsj-1. Z5j]) = g(¥. C).

j=1

We conclude that C = 0. As g is unimodular, Corollary 3.5 implies that g is also
balanced. By Proposition 2.2, we learn that g is Kéhler. [

4.4 Pure Typelll
Pure type III means that V; = 0,s0g=¢' + Jg'.

Theorem 4.14 Let (g, J) be a unimodular two-step solvable Lie algebra g with
complex structure J of pure type Ill. Then (g, J) cannot be both SKT and balanced.

For the proof, we first need to recall some facts on two-step solvable SKT Lie
algebras from our previous paper. In particular [17, Proposition 3.8 and Corollary 4.4]
give:

Lemma 4.15 Let (g, g, J) be a two-step solvable SKT Lie algebra. Then:

(1) There exists a complex unitary basis Y, ..., Y5 of ¢’ ; and complex-valued one-
forms &; € (¢/,)* @ C such that

VX, Y;]=¢§;(X)Y;
holds forall X € ¢/, and all j € {1, ..., s}.
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(2) Ifg=g + Jg, then there exists an Xo € Jg', such that
[Xo.X]-Xeg/,

forall X € ¢,.

Proof of Theorem 4.14 Suppose on the contrary that (g, J) admits a Hermitian met-
ric g that is SKT and a Hermitian metric g that is balanced. As usual g/, is the
g-orthogonal complement of g'; in g’ and V, = ¢/, & Jg',. Write g7 for the
g-orthogonal complement of g’ ; in ¢, and put V; = gz & Jg';.

Corollary 3.5 gives a (g, J)-unitary basis X1, ..., Xo, of V, with

C =) [Xoy 1. Xu]=0. (4.8)
k=1

Asg =g ; +9+ Jg7 we may write each X € V, as X = ¥ + W + JX with
Yeg,and W,X € ¢;.

By Lemma 4.15(a) there is a complex unitary basis Y, ..., ¥; of (g’;, &, J) and
£1,...,& € (¢g/;)* ® C such that

[X.Y;]=[JX.Y;]=£(X)Y;

foreach j € {1,...,s} and X € V,. Inserting now X = Xp_1,JX = ng, Y =
Y;, JY into the version of (2.3) for the SKT metric g, and writing z = &;(X), w
£;(JX), yields

0=—3(JX,JY,[JX, JYD+Z(JX, JIY],[JX, YD+Z([JIX,JY],[X,JY])

—g(JIX,JIYL X, YD)+ g(J[X,JX],JY],JY)
—3([JIX,JX1,JJYLY) —&(JIX, Y], JJX], JY)
+3([J[X,JY], JIX],Y)+g(J[JX, Y], JX], JY)
—Z([JIJX,JY],JX1,Y)

= —23(wY, wY) —28(Y, zY)+Z(J[X, J X1, JY], JY)+&([J[X, JX], Y], Y)
—23(Z2Y,Y) — 23 (w?Y, Y)

= —2(zZ 4+ Re(2?) + ww + Re(w?)) + g([J[X, J X1, JY], JY)
+3([J[X, JX],Y],Y)

= —4(Re(2)” + Re(w)?) + g(J[X, JX], JY], JY) + g(IJIX, JX], Y], Y)

= —4(Re(&; (Xo—1))* + Re(; (Xn))?)
+8([J[Xok—1, Xor ], JY;1, JY ) + g([J [ Xok—1, X1, Y1, Y)).

Summing over k and using (4.8), we get

r

0= (Re(§; (Kot + Re(;(Xa))?)

k=1

Thus, Re(§; (X)) = 0 for all 7, so Re(éj(f()) =0forall X € V. and all j.
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Note that

r@d(X)ly,) = Y &(X, Y;1,¥)) + §(UX, JY,], JY;)
j=1

s s
= Y 23 (X)Y;, ¥)) =2 Re(;(X)) =0.
Jj=1 j=1

AsIm(ad(X)) € g’ = ¢'; @ ¢'5, the unimodularity of g gives for X € V, that

0 = tr(ad(X)) = tr@d(X) |y ,) + tr@d(X)|y,) = tr@@d(X)|y,).
By Lemma 4.15, there exists an Xo € Jg'z with

[Xo. X1-X eg/,
for any X € g';. Write
Xo=Xo+ Yo
for Xg € V, and Yy € ¢';. Then ad(Yp) = 0 on g’ and
0 = tr(ad(Xo)lg;) = tf(ad(f(oﬂg’;).

Choosing a g-orthonormal basis 5‘1, R Sr of g’;, we have

0 = tr(ad(Xo)lg,) = Y _ 2([X0. Si1. So) = Y &(Sk. Si) = dim(g'7).
k=1 k=1

Thus ¢, =0and g = g’ + Jg = ¢, contradicting that g is solvable. O

We end this section by providing an example that the unimodular condition in
Theorem 4.14 is necessary, and which also supports the need for this condition in
Question 1.2.

Example 4.16 Let g be the six-dimensional Lie algebra with basis ey, . .., e whose
dual basis ¢!, .. ., ¢° has differentials given by

(=15 + 16, —25 + 26, 2.(35 + 46), 2.(36 + 45), 0, 0),

which is isomorphic to N, 11 /271200 consider the almost complex structure J on g

given by Je; = e3, Je3 = es5, Jeq4 = e¢. Then J is integrable, so defines a complex
structure on g. We have g’ = span(ej,...,eq) and g’ + Jg = g.

Consider the metric g on g for which ey, ..., eg is orthonormal. Then g is
compatible with J and the associated fundamental two-form & is

& = e12 +635 +e46.

A direct computation yields dJ*dé = 2dJ*(e'? A (e’ —e®)) = 2d(e'* A (e —e)) =
0, so g is SKT.
Next, consider the metric g for which e, ey, e3, e5, €3 +e4, e5 + e is an orthonor-

mal basis. Since this basis is unitary, ¢ is compatible with J. As el, e2, e — 64,
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& — e®, ¢, ¢0 is the dual of the above basis, the associated fundamental two-form &

is given by
6 =24 (=M A —e8) 4 e = e!? + ¢35 4 26% — 36 _ %5
One computes
d(6%) =26 AdG =46 A (e A (7 —€®) +¥0) =0,

so g is a balanced metric.

Thus, (g, J) is a two-step solvable Hermitian Lie algebra of pure type III that is
SKT and is balanced.

We claim that (g, J) is not Kéhler. For contradiction, suppose g is a compatible
Kéhler metric. Let g’, be the orthogonal complement of g'; = span(ej, e2) in g'.
Then Jg', is a complement of g’ = span(ey, ..., e4) in g and so it has to contain a
vector of the form es + W for some W € g’. Moreover, by Corollary 3.12(IIT), one
has tr(ad(V)|gy,) = O forany V € Jg'.. However, ad(es + W)(e;) = [es, ;] = ¢;
fori = 1,2 and so tr(ad(es + W)|y,) = 2, a contradiction.

4.5 Dimension 6

We can now consider general unimodular six-dimensional two-step solvable Lie
algebras g endowed with a complex structure J.

Theorem 4.17 Let g be a six-dimensional unimodular two-step solvable Lie algebra
endowed with a complex structure J. If (g, J) is SKT and is balanced, then it is also
Kdihler.

Theorems 4.3, 4.13 and 4.14 give the result when (g, J) is of pure type. However,
in dimension 6, if (g, J) is not of pure type, then we have dim(g’ ;) = 2, dim(g’,) =
I and dim(V;) = 2. The SKT Lie algebras of this type are described in detail in
[17, Theorem 7.5]. There are three cases, but they share common properties, so that
the following holds.

Proposition 4.18 Let (g, g, J) be a six-dimensional two-step solvable SKT Lie alge-
bra which is not of pure type. Then there exist Y € g';, X € ¢, and Z € Vy,
all non-zero, such that ad(Z), ad(J Z) preserve ¢ ; and are complex-linear on that
space. Additionally there exist (bg, by, by, b3) € R4\{0} and zg, 21, 22, WO, ..., W5 €
C, with

bobz + b3 + b3 =0, Re(z;) = —8ib;j/2, fori =0, 1,2 and some 8; € {0, 1},

and with zo = 0 implying bo = by = by = 0, such that the only non-zero Lie brackets
(up to anti-symmetry and complex-linear extension) are given by

VX, Y] =z, [Z,Y]=nY, [JZ Y]=2zY,

[JX, X] = boX +woY, [Z,X]=b X4+ wY, [JZ, X]=bX+ wyY,
[Z,JX] = —brX +w3Y, [JZ,JX]=b01X4+wsY, [Z,JZ]=b3X+ wsY.
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Theorem 4.17 now follows from the following result that does not require g to be
unimodular.

Proposition 4.19 Ler g be a six-dimensional Lie algebra endowed with a complex
structure J such that (g, J) is not of pure type. If (g, J) is SKT and is balanced, then
it also Kdhler.

Proof We use the notation of Proposition 4.18. Moreover, let ¢ be a compatible
balanced metric on g, write V, for the g- orthogonal complement of g'; in g’ + Jg'
and V; for the g- -orthogonal complement of g/ +J g ing.

Choose a g-unit vector X € V, N g’. Then X has the form

X=uoX+7

for some g € R\ {0} and ¥ € ¢’ ;. We may also find a g-unit vector Z € Vj of the
form

Z=mZ+pmIX+muX+Y

with ;€ R\ {0}, u2, u3 € Rand Y € g';. Proposition 3.2 has C = [X, JX] +
[Z, JZ] and implies

tr(ad(J X)) = —6(C, JX) = —3([X, J X1+ [Z, J Z], X). (4.9)
We have tr(ad(J X)) = 2Re(z9) 4+ bg = (1 — §p)bg and hence
trad(J X)) = potr(ad(J X)) = po(1 — 80)bo.
On the other hand, X is g-orthogonal to g’ ;, so
g(UX., JX1+1Z.JZ]. X) )
= g([noX, poJ X1+ 1 Z + p2 X + n3X, piJZ — po X + pu3J X1, X)
g ((—bo(u% + M2 + 13) + ulbs — 21 puaby — 2p psbr) X, X)
= - (=bo(ud + 13 + 1) + u3bs — 21 (uabi + b))
Putting these expressions in to (4.9) times wg, we get
bo(Soug + 143 + 13) — 1ibs + 201 (uaby + p3ba) = 0. (4.10)

Recall that bob3+b3+b3 = 0.1f by = 0, then by = b, = 0, s0 (4.10) gives b3 = 0,
which contradicts (bg, b1, b2, b3) being non-zero. Thus by # 0. Now multiplying
(4.10) by bg gives

0 = b (Soud + 13 + 13) + (b + b3)ui + 2u1bo(uabr + paba)
= bgdoug + (1b1 + pabo)® + (w1b2 + 13bo).
As o # 0, we thus have
80 =0, u1by + pnabg =0 and  wiby + uzbg = 0.

Using this, and since the structure equations give tr(ad(Z)) = (1 — 81)b; and
tr(ad(JZ)) = (1 — 82)by, one computes

tr(ad(Z)) = pitr(ad(2)) + patr(ad(J X)) = wi(1 — 81)by + pabo
= —d81u1b1 = 2 Re(z1),
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and similarl~y tr(ad(JZ)) = —du1b2 = 2u1Re(z2). By Proposition 3.2, we must
have tr(ad(Z)) = tr(ad(JZ)) = 0, so Re(z;) = O fori = 1, 2. Write z; = icj, for
somec; €R, j=0,1,2.
Putting X=X+ (wo/(1 —icp))Y, one computes that
[JX, Y] =icoY, [JX, X]=boX.
Note that, since by # 0, we must have co = —izg # 0. Noting that
[Z,X]1=bi X+ WY and [JZ, X]=brX + Y,
for some Wy, Wy € C, the Jacobi identity yields
0=1[Z [JX. X]I+[JX.[X,Z]] = [Z,boX] — [J X, b, X + ;Y]
=bob1 X + bow1Y — bob1 X —icow1Y = (bg —ico)w;Y.
As by # 0, we conclude that w; = 0. Similarly, we obtain 1w, = 0. Thus, setting
. bi o by
Z=7Z—-——JX—-—=X,
by by
one easily checks that
[Z,X]1=0, [JZ,X]1=0, [Z,Y]=i&Y, [JZ,Y]=i&Y,
for some ¢, ¢, € C and that [Z ,J Z] € g’ ;. Moreover, we check that
(Z,JX] = 0Y, [JZ,JX]=0Y,

for certain w, w € C. Then, the vanishing of the Nijenhuis tensor Nj on (Z , X )
yields w = iw. Hence, setting

A ~ w

Z =7+ —Y,

ico
one calculates
[Z,JX]=1[JZ,JX]=0.
Furthermore, [Z, JZ] € g’ so the Jacobi identity yields
0=[2,UZ, JXN+[JZ,[JX, ZN+ [JX,[Z,J 2]l = ico[Z, J Z],

and we conclude that [2, Ji] = O.A o
Thus, denoting the basis Y, JY, X, JX, Z, JZ of gby ey, ..., es, the differentials

of the dual basis ¢!, . .., ¢° are given by

(—co.24 — ¢1.25 — ¢2.26, cg.14 + ¢1.15 + .16, by.34, 0, 0, 0).
The metric g for which ey, ..., eg is orthonormal is Hermitian for J with associated

two-form o = e'? + ¢3* 4+ 3. But do = 0, so (g, g, J) is Kihler. O

Remark 4.20 From the proof of Proposition 4.19, one deduces that the 6-dimensional
two-step solvable Lie algebras which admit a Kéhler structure of non-pure type are
given by

(—24,14,a.34,0,0,0), (—25,15,34,0,0,0)
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for a > 0, with the second case occurring exactly when (¢, ¢3) # 0. The algebras in
the family are almost Abelian and isomorphic to v , , ® R?. The second algebra is
isomorphic to t; , @ affr ® R.

From Remark 4.20 and Corollary 3.12 we deduce

Corollary 4.21 The six-dimensional two-step solvable Lie algebras admitting a
Kdihler structure are the following ones:
,B,0 ,0,0,8 0,0,
NEGP @B #0), g2 (@8 #£0). g3 @R (L € (0.1]), ¥, 0 ®R? (a > 0),

tho ® s W50 ®affg BR, t5 o ®R’, 3affg. 20affg @ R?, affp ® R*, RC.

Proof By Remark 4.20, v} , o @ R? for a > 0 and v5 o @ affg @ R are precisely the
six-dimensional two-step solvable Lie algebras admitting a Kdhler structure which
are not of pure type.

For pure type I, Corollary 3.12(I) gives that the algebras are kaffr © RO~2F for
kef{0,...,3}.

For pure type II, we use Corollary 3.12(Il). This gives (a) for dim(g’;) = 2, the
algebra

(—=23,13,0,0,0,0),

which is tg,o @ R3 and (b) for dim(g’ ;) = 4, one of

(=25, 15, —46,36,0,0), (=25, 15, —1.45,1.35,0,0)

for A € (0, 1], which are v3 , ® v} ; and gg:?’f @ R, respectively.

Finally, for pure type III, Corollary 3.12(II) gives (a) for dim(g';) = 2 the
algebras

(=25 —¢.26, 15 4 c.16, a;.35, a».46, 0, 0)
for some ay, ay € R\ {0}, c € R, which are isomorphic to g’l’i’o for certain o, B8 €

R\ {0}, and (b) for dim(g’ ;) = 4, the algebras
(=26, 16, —c.46, ¢.36, a.56, 0)

for certain a, ¢ € R\ {0}, which are isomorphic to g‘g,‘?io’a fora, § € R\ {0}. O
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