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1. Introduction

In this paper we further develop the theory of compensated convex transforms intro-
duced in Ref. 48 and apply this theory to geometric singularity extraction problems
for singularities such as ridges, valleys, edges for general functions, images and ge-
ometric objects given by their characteristic functions in the Euclidean space R™.
These geometric singularity extraction problems arise, for example, from signal,
image and data processing, and computational geometry and computer-aided geo-
metric design.'®*! We are particularly interested in geometric objects defined by
their characteristic functions or by ‘point clouds’ and consequently, in the devel-
opment of singularity extraction methods that are Hausdorff stable, that is, stable
against dense random samples of the geometric object concerned.

In the present work, we will develop compensated convexity based, Hausdorff
stable, multiscale global methods for extracting ridges, valleys, edges and exterior
corners for functions and domains. Parallel to these theoretical developments, we
have designed corresponding accurate and efficient numerical methods and schemes
that are able to extract geometric singularities in two and three dimensional func-
tions, images, shapes and data arrays. Here we focus on mathematical properties
and refer to a follow-up paper®® for numerical algorithms.

Let us first recall the notions of quadratic compensated convex transforms de-
fined in Ref. 48. We will consider functions f : R” — R meeting one of the following
conditions for z € R™

(L): f(2) = —A(+[2[2),  (U): f(z) < AQ+]22),  (B): [f(2)] < AQL+]af2),
(1.1)
for some constant A > 0. Later we simply refer to (L), (U) and (B) for these
restrictions. Due to the locality property of compensated convex transforms*® and
our practical concerns for applications to image and data processing, we in fact only
need the function f to be bounded, as data arrays have finite number of entries and
we can always extend a function defined in a rectangular domain to the whole space
by a constant value zero outside the domain.
Suppose f : R™ — R satisfies (L). Then the quadratic lower compensated convex
transform?® (lower transform for short) for a given A > A is defined by

Ci(N@) =co[Al- >+ f] (@) = Alz*  zeR", (1.2)

where |z| is the Euclidean norm of x € R and co[g] the convex envelope?34 of a

function g : R™ — R bounded below. Suppose f : R" — R satisfies (U). Then the
quadratic upper compensated convex transform*® (upper transform for short) for a
given A > A is defined by

CL(f)a) = Naf* —co [\~ f] (1) weR". (13)

If f:R™+— R satisfies (B) in (1.1), then the two quadratic mixed compensated
convex transforms?® (mixed transforms for short) for given A > A and 7 > A are
defined respectively by C*(C4(f)) and CL(CY(f)).
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From definition (1.2), it also follows that® C}(f)(z) is the envelope of all the
quadratic functions with fixed quadratic term A|z|? that are less than or equal to
f, that is,

Ch(f)(x) =sup {=Az|* + £(z) : —Aly]*+£(y) < f(y) for all y € R and ¢ affine} ,

(1.4)
whereas from (1.3) it follows that CY¥(f)(z) is the envelope of all the quadratic
functions with fixed quadratic term A|z|? that are greater than or equal to f, that
is,

CY(f)(z) = inf {Az|* + £(z) : f(y) < Aly]> +€(y) for all y € R™ and ¢ affine} .
(1.5)

The compensated convex transforms as defined by (1.2) and (1.3) were intro-
duced for the purpose of tight approximation of functions defined in R™ and their
definition was motivated by the variational approach of material microstructure”®
which led to an extensive study of the quasiconvex envelope (see Refs. 15, 48 and ref-
erences therein). The ‘tight’ approximation property of lower and upper transforms
is pivotal in our current work, because it provides a new mathematical tool for de-
tecting singularities of functions that we exploit to detect features in images or data,
remove noise from images, etc. It was established in Ref. 48, among other properties,
that C% (f) (vespectively, C¥(f)) is a ‘tight’ approximation from below (respectively,
from above) in the sense that if f is C*! in a neighbourhood of g, there is then
a finite A > 0, such that f(zo) = CL(f)(wo) (vespectively, f(zo) = C¥(f)(wo)
whenever A > A. Furthermore, it was established in Ref. 48 that given a compact
set K C R™ the lower transform C%(dist?(-; K)) of the squared-distance function
dist?(x; K) and the upper transform CY(f)(x) of a convex function satisfying (U)
for A > A are both C™! functions. Some explicit examples for compensated convex
transforms have also been given in Ref. 49. The proofs of these regularity results
used some methods from Ref. 9.

Lower and upper compensated convex transforms can be considered as pa-
rameterized semiconvex and semiconcave envelopes, respectively, for a given func-
tion. The notions of semiconvex and semiconcave functions go back at least to
Reshetnyak3? and have since been studied by many authors in different contexts
(see, for example, Refs. 2, 3, 12, 29, 35, 46). Let Q@ C R™ be an open set, a func-
tion f : @ — R U {400} is semiconvex if there is a constant C > 0 such that
f(z) = g(z) — Clz|* with g a convex function. More general weight functions, such
as |z|o(]z|), for example, are also used in the literature for defining more general
semiconvex functions.?36:37:3% We do not discuss such generalised versions here.

Compensated convex transforms can also be viewed as critical mixed Moreau

2We are grateful to an anonymous referee of an earlier version of this manuscript to point out this
characterization of the compensated convex transforms.
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envelopes®, given that

CL()(z) = MMMA(f)(x),  CX()(x) = Ma(M(f))(2), (1.6)

where the Moreau lower and upper envelopes3':32 are defined, in our notation,

respectively, by
My(f)(x) = inf{f(y) + Aly —z*, y € R"},
MA(f)(x) = sup{f(y) = Ay — 2|, y € R"},

with f meeting condition (L) and (U), respectively. Moreau envelopes play impor-
tant roles in optimization, nonlinear analysis, optimal control and Hamilton-Jacobi
equations, both theoretically and computationally.!412:23:36 The mixed Moreau en-
velopes M7 (M (f)) and M, (M*(f)), also known as Lasry-Lions regularisations,
have also been extensively studied and used as approximation and smoothing meth-

(1.7)

ods of not necessarily convex functions.®!? In particular, in the partial differential
equation literature, the focus of the study of the mixed Moreau envelopes has mainly
been on the case 7 > A, given that, for this case, and under suitable growth con-
ditions, M™ (M (f)) and M, (M™(f)) are both C*! functions®1%2 but, crucially,
not ‘tight approximations’ of f, in key contrast to our lower and upper transforms
CL(f)(x) and C¥(f)(x).*® Generalised inf and sup convolutions have also been
considered, for instance in Refs. 12, 36.

Moreau lower and upper envelopes have also been employed in mathematical
morphology in the 1990’s,2>!!1 to define greyscale erosion and dilation morpho-
logical operators, whereas the critical mixed Moreau envelopes M*(My(f)) and
My (M?*(f)) are greyscale opening and closing morphological operators.** If we de-
note by by(z) = —\|z|? the quadratic structuring function, introduced for the first
time in Refs. 25, 10, then with the notation of Refs. 40, 44, we have®

M(f)(x) = yieann{f(y) —ba(y—x)} = foba,

M()(w) = sup {(F(u) + ba(y — )} = f Sy (18)

so that (1.6) can alternatively be written as
CA(f)=(foby) @by and CY(f) = (f®br) Obx. (1.9)

The application of M*(My(f)) and My(M?*(f)) in mathematical morphology, how-
ever, has not met with corresponding success, nor have its properties been fully
explored. This is in contrast with the réle, recognized since its introduction, that is
played by paraboloid structuring functions in defining morphological scale-spaces in

PWe are grateful to an anonymous referee of an earlier version of this manuscript to point out this
identity.

°In convex analysis, the infimal convolution of f with ¢ is denoted as fOg and is defined as
(fOg)(z) = igf {f(y) + g(=z — y)}.3* This is closely related to the erosion of f by g, given that

(f0g)(x) = f(z) © (—g(—=)).
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image analysis.?%10 For this and related topics concerning the morphological scale-
space representation produced by quadratic structuring functions, we refer to the
pionering works.?%1? Here, we would like only to observe that via the identity (1.6),
we now have a direct characterization of the quadratic structuring based opening
and closing morphological operators, either in terms of the convex envelope (see
(1.2) and (1.3)) or in terms of envelope from below/above with parabolas (see (1.4)
and (1.5)). Such characterizations will allow us to derive various new geometric and
stability properties for the opening and closing morphological operators.

Given the interpretation (1.6) and the observation that lower and upper com-
pensated convex transforms are also parameterized A-semiconvex and A-semiconcave
envelopes of f, respectively, the compensated convex transforms become very useful
geometric (curvature based) opening and closing morphological operators based on
one-sided curvature restrictions. For instance, we have that, in the viscosity sense,
the Hessians D2C4(f)(z) > —2X and D2C¥(f)(z) < 2\. As far as we know, the
connections between these types of opening and closing morphological operators
and the compensated convex transforms were not known before the present work.

When we apply compensated convex transforms to extract singularities from
characteristic functions of compact geometric sets, our operations can be viewed
as the application of morphological operations devised for ‘greyscale images’ to
‘binary images’. A natural question would therefore be, what is the advantage of
adopting such an approach, given that we are applying more involved operations
for processing binary images, when in the current literature*®** there are ‘binary’
set theoretic morphological operations that have been specifically designed for the
tasks under examination. Some reasons are the following:

(1) Since compensated convex transforms of characteristic functions are (Lipschitz)
continuous, applying a combination of transforms will produce a landscape of
various levels (heights) that can be designed to highlight a specific type of
singularity. We can then extract multiscale singularities by taking thresholds
at different levels. In fact, the graphs of functions obtained by combinations
of compensated convex transforms contain much more geometric information
than binary operations that produce simply a yes or no answer. Also, for ‘thin’
geometric structures, such as curves and surfaces, it is difficult to design ‘binary’
morphological operations to be Hausdorff stable.

(2) We will show that the upper transform E +— Cy(xg) is Hausdorff-Lipschitz
continuous, in the sense that for every x € R™

|3 (xg) (@) — CX (xr)(x)] < 2V Adisty(E, F)

for non-empty compact sets E, F C R", where disty(FE, F') is the Hausdorff
distance between two non-empty compact sets E' and F'. Thus we can define
transforms that are Hausdorff stable against sampling of geometric shapes. This
helps us to deal with surfaces given by sampled ‘point clouds’ in R3.

(3) For many prototype geometric models, we can calculate our designed singularity
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extraction operations explicitly. We can then exploit the Hausdorff stability
result mentioned above to prove that our methods also apply in more general
cases.

(4) Although compensated convex transforms are defined for functions in R”, they
can be easily adapted to image pixel settings. In this paper, we will not explicitly
define our transforms on pixels, and rely on numerical schemes just for the
convex envelope.

We proceed now to introduce the singularity extraction operations discussed in
this paper using the notation and theory of compensated convex transforms.

The ridge, valley and edge transforms of scale A for f : R® +— R are defined,
respectively, by the following operations:

Rx(f)(2) = f(z) = CX(f)(@), Wa(f)(z) = f(2) — CL(f)(2),
Ex(f)(z) = CX(f)(z) = C(£)(=),

for x € R™ and A > A, with f and A\ meeting the corresponding conditions listed in
(1.1). Note that these are basic morphological operations**: Ry(f) is the ‘top-hat’
transform, i.e. Ra(f) = f — ((f ©bx) ®ba); —=VA(f) is the ‘bottom-hat’ transform,
ie. =Vi(f) = ((f®br)Sby)— f, and E\(f) is the set-complementary top-hat mor-
phological operator, being the arithmetic difference between the closing and the
opening of f,i.e. Ex(f) = ((f®bx)©by)— ((f©bx)®by). Their definition in terms
of compensated convex transforms, and the exploitation of some basic properties
of these transforms, permits a relatively easy evaluation of some of their geometric
properties and of how they respond to the different types of singularities. Specif-
ically, we will show that the transforms are invariant with respect to translation,
stable under curvature perturbation and enjoy precise locality and tight approxi-
mation properties by giving explicit estimates.

We will then establish the key property that the upper compensated convex
transform of characteristic functions is Hausdorff-Lipschitz continuous as mentioned
above. This central result underpins our definition of the stable ridge transform for
characteristic functions yg of a non-empty compact set £ C R", namely

SR (xp) = CX(xe) — CL(CX(xE))

which is the top-hat transform of the closing operator C} (xg). Taking into account
the identities (1.9), we therefore have

SR:a(xe)=(f@by)oby—(((f@br)Sbry)©b) @b, .

The Hausdorf-Lipschitz continuity property of the upper transform enables us to
prove that this transform is Hausdorff-Lipschitz stable, and we then verify that
this operator is able to extract the boundary and exterior corners of a domain.
We show that the stable ridge transform at a regular point zg € 0K has the
fixed value SRy ,(xk)(o) = (WVA+7 — /T)%/\, whereas for a prototype ex-
ample of an exterior corner zp, the value of SRy r(xx)(xo) is greater than the
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one attained at all regular points. By using the prototype example as a tool,
we therefore establish sufficient conditions for the extraction of exterior corners
for a domain. This provides a filter for extracting exterior corners defined by
{z e R" : SRy, (xK)(x) > (VA+ T —7)?/A}.

In current image processing practice, numerous methods for extraction of ridges,
valleys and edges have been proposed.20-3%39 Examples include techniques that rely
on the search for local maximum and minimum along one direction such as the
ones proposed in Ref. 22, 17; methods that use an approximation of the gradient
or of the Hessian of the underlying function, such as the Sobel*? and the Canny
edge detectors,'3 or the Harris corner detector??; procedures that are integral based
edge and corner filters such as the Yaroslavsky filter,*” the SUSAN filter*? and the
bilateral filter®; or based on the succesive application of different morphological
operators such as the morphological corner detector introduced in Ref. 28 which
performs the dilation of an image using a given structuring element followed by
an erosion using another structuring element. The effectiveness of these methods
is mainly justified on the basis of numerical experiments, and to our knowledge,
at present none of the existing techniques has been proved to be Hausdorff stable.
On the other hand, Hausdorff stability is particularly important when one needs
to extract features of 'point clouds’ representing sampled domains. If a geometric
shape is densely sampled, from the human vision point of view, one can still iden-
tify geometric features of the sample and sketch its boundary. However, from the
mathematical and computing science perspective, the identification of such features
poses a great challenge. So the development of Hausdorff stable approaches to ridge,
valley and edge detection is highly desirable.

(a) (0) (¢) (d)

Fig. 1. (a) Image of f(x,y); (b) Sampled image of f(z,y) by random salt and pepper noise; (c)
Ridges of f(z,y); (d) Ridges from sampled image.

To illustrate the application of our stable ridge transform, consider the scaled
image of the ‘tent’ function f(x,y) = max{0, 1 — max{|z|, |y|}}, with |z] < 1
and |y| < 1, and its sparse sampling - see Figure 1(a), (b) respectively. Due to
the Hausdorff stability of the stable ridge transform, we are able to recover an
approximation of the ridges from the sampled image - compare Figure 1(c), (d).

The plan of the paper is as follows. In Section 2 we present our notation, recall
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some known results of convex analysis, and state basic properties of compensated
convex transforms. In Section 3 we describe further properties of the compensated
convex transforms, such as the Expansion Theorem and locality and density results.
Such properties are fundamental for the design and understanding of the behaviour
of the ridge, valley and edge transforms, which are introduced and analysed in
Section 4. Section 5 presents the stable ridge transform and contains the main
result on its Hausdorff stability. The behaviour of this operator is then verified on
some prototype examples in Section 6. We conclude the paper with Section 7 that
details the proofs of the main results.

2. Notation and Preliminaries

We first collect together some results and definitions from convex analysis for func-
tions f taking finite values, i.e. for f : R"” — R, and refer to Refs. 23, 34 for further
references and proofs. We then list some basic properties of compensated convex
transforms, some of which can be established with the help of the characterization
(1.6). This section is concluded with the definition of some types of regularity of a
domain and its boundary points.

Proposition 2.1. Let f : R™ — R be coercive in the sense that f(z)/|x| = oo as
|x| = o0, and xy € R™. Then

(i) The value co[f] (xo) of the convex envelope of f at xg € R™ is given by

n+1 n+1 n+1
co[f] (zo) = i:1,i.1,1.,fn+1 { Z; ICHE Z; Ai=1, ; AiT; = To,

A >0, z; €RM Y.

(2.1)

If, in addition, [ is lower semicontinuous, the infimum is reached by some
(A5, xf) fori=1,2,...,n+ 1 with (x}, f(zF))’s lying in the intersection of a

supporting plane of the epigraph of f, epi(f), and epi(f).
(ii) The value co[f] (xo), for f taking only finite values, can also be obtained as
follows:

co[f] (o) =sup{l(xg) : £ affine and L(y) < f(y) for ally e R"} (2.2)
with the sup attained by an affine function £* € Aff(R™).
We will also introduce the following local version of convex envelope at a point.

Definition 2.2. Let r > 0 and 29 € R™. Suppose f : B(xo;7) — R is a bounded
function in B(zo;7). Then the value COB(z0:r) [f] (z0) of the local convex envelope
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of f at z¢ in B(zo;r) is defined by
n+1 n+1 n+1

OB (z:ry Lf] (20) = i:l,i.?,fn+1 { Z Aif () : Z Ai =1, Z AiTi = To,
i=1 i=1 i=1
A >0, |xi—m0\§r, J]iER"}.

The difference between the local convex envelope defined here and the global
convex envelope in Proposition 2.1 is that we only allow the infimum of convex
combinations to be taken locally in B(zg; 7). We need this notion for deriving the
locality and density estimates for compensated convex transforms later in Section
3.

The next result will enable us to extend some of our prototype examples to
higher dimensional spaces through rotation. A proof of this result can be easily
obtained by using the characterization of the convex envelope as biconjugate f**
(i.e. the convex conjugate of the convex conjugate) of the function f.

Proposition 2.3. (Partial Rotation Invariance property) Let f(x,y) be a bounded
function for (x,y) € R? such that f is even in y € R, that is, for all (z,y) € R?,
flz,y) = flx,—y). Let F: R x R™ — R be defined by F(x,z) = f(x,|z]) forx € R
and z € R™. Then

copn+1 [F](z, 2) = copz|[f](x, [2]),
where cognt1[F] and copz[f] are the convexr envelopes of F and f in R" ™ and R?,

respectively.

The following is an estimate of the Lipschitz constant for a convex function?327

that will be used in the proof of Theorem 3.13.

Proposition 2.4. Suppose g is a bounded convex function in B(xg;2r), then
osc(g, B(xo; 2r))

Lip(g, B(zo;7)) < R —

where Lip(g, B(xo; 1)) is the Lipschitz constant of g in B(xo;r) and osc(g, B(xo;T))

is the oscillation of g in B(zo;r) defined by osc(g, B(xo;r)) = Br(nax)g — Br(nin)g
o7 o7

Definition 2.5. Given a non-empty subset E of R™ and § > 0, we define the
s-neighbourhood E? of E by

E’ ={z e R": dist(z; E) < ¢},
where dist(z; F) = inf{|z — y|, y € E}.
Note that E? is an open subset of R”.

Definition 2.6. Let E, F' be non-empty subsets of R™. The Hausdorff distance
between E and F is defined in Ref. 4 by

disty(E,F) =inf {§ >0: F C E° and E C F°}. (2.3)
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For a non-empty subset F of R™, its characteristic function x g is lower (respec-
tively, upper) semicontinuous if and only if F is an open (respectively, closed) set.
Furthermore, we can easily check that Xp = Xgn\(B\E)> (see Ref. 26 at pag.211),
where f is the lower semicontinuous envelope of f.

We now list some properties of the quadratic compensated convex transforms
and their relation to Moreau envelopes. This relation can be exploited to state
certain convergence and regularity results for compensated convex transforms, e.g.
the approximation results in Theorem 2.12 below. The following ordering properties
can be found in Ref. 48 and are easy to prove:

My(f)(x) < C5(f)(2) < f(2) < CX(f)(x) < MP(f)(z) (forz €R™),  (24)
and for f < g in R",
CA(f)(x) < Ci(g)(x) and CX(f)(x) < CX(g)(z) (for x € R"). (2.5)
The following result is a special case of Theorem 3.5.8 at pag. 72 of Ref. 12.
Proposition 2.7. Suppose f : R" — R is a Lipschitz function, then
lim My(f)(@) = lim MA(f)(x) = f().
Jim MTQL(D)(@) = lm M, (MN()(@) = f(a)
uniformly in R™.

For completeness, we also recall the following properties, which can be derived
directly from corresponding ones of the convex envelope and using the definition of
the compensated convex transforms.

Proposition 2.8. Let f : R™ — R be nonnegative and meeting Condition (L) in
(1.1). Then, for any X\ > A, there holds

CL(f)(x) >0 (for x€R"). (2.6)

Proposition 2.9. Let f, g be two real valued functions defined in R™ and meeting
the conditions (1.1) with corresponding positive constants Ay and Ay. Then for
A o> max{Ay Ay} and x € R", there holds

Chiulf +9)(@) > CA(f)(@) + Clg)(x)  and
Clin(f +9)(2) < CX(f)(@) + Ci(g)(2) -

Proposition 2.10. (Translation invariance property) For any f : R™ — R bounded
below and for any affine function ¢ : R™ — R, co[f + ¢] = co[f] + £. Consequently,
both C%(f) and CL(f) are translation invariant against the weight function, that is

C(f)(@) = co [A() = mo* + f] (x) = A — o],
CX(f)(x) = Az = zof* = co [A(-) — zol* — f] (2)

(2.7)
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for all x € R™ and for every fized xo. Hence, at xg,

CA(f)(0) = co[A|(-) —wo*+f)(z0),  CX(f)(wo) = — co[Al(-) ~zol*~ f](wo) . (2.8)

Next we state some results on the rate of approximation of the lower and up-
per transforms under weaker regularity assumptions than those given in Theorem
2.3(iv) of Ref. 48, where f was required to be locally of class C't. We give first the
following definitions.

Definition 2.11. Suppose f : R” — R and let g € R™.

(i) We say that f is locally C* at x for some 0 < a < 1 if there are constants
6 >0 and L > 0 such that when 0 < o < 1,

|f(z) — f(xo)| < Ljz — xo|® whenever |z — xg| < 4. (2.9)

(ii) We say that f is locally C® at xg for some 1 < o < 2 if f is differentiable in
the closed ball B(zg;d) and there are constants § > 0, L > 0 such that

|Df(x) — Df(z0)| < Llz — x0|** whenever |z — xo| < 4. (2.10)
(iii) For @ = 1, we say that f is locally Lipschitz at xq if
|f(x) — f(zo)| < Lz — x| whenever |z — x| < 0. (2.11)

We then have the following estimates that are stated here only for the lower
transforms; similar results hold for upper transforms. Note that some of these es-
timates can be established by exploiting the connections between our lower and
upper transforms and Moreau envelopes and developing ideas from Lemma 3.5.2,
Theorem 3.5.3, Lemma 3.5.7 and Theorem 3.5.8 of Ref. 12. See Section 7 for more
details.

Theorem 2.12.

(i) Suppose f:R™ — R is lower semicontinuous, f maps bounded sets to bounded
sets and satisfies Condition (L). If at some xo € R"™, f is locally C* at xq for
0 < a <2, then for A > 0 sufficiently large and L of Definition 2.11,

CL(f) (o) < flo) < CL(F)(wo) + LY~ (%)a/(%a) (1 - %) L (2.12)

(i) Suppose f:R™ — R is lower semicontinuous, f maps bounded sets to bounded
sets and satisfies Condition (L). If at some xq € R™, f is differentiable, then
for any € > 0, there is a A > 0, such that when A\ > A,

62

CL()(wo) < Flwo) < CA(f)(wo) + -

(iti) Suppose f : R™ +— R is a globally Lipschitz function with Lipschitz constant
L > 0. Then for every A > 0 and for every x € R",

(2.13)

N) < J() < A @) + 5 (214)
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These results can be generalised for f bounded and uniformly continuous in R™
using the modulus of continuity. We recall from Ref. 16 the definition of modulus
of continuity of a function along with some of its properties.

Definition 2.13. Let f : R™ — R be a bounded and uniformly continuous function
in R™. Then,

Wyt €0, 00) > wr(t) = sup {|f(x) — f)|: 2,y €R" and |z —y| < t} (2.15)
is called the modulus of continuity of f.

Proposition 2.14. Let f: R™ — R be a bounded and uniformly continuous func-
tion in R™. Then the modulus of continuity wy of f satisfies the following properties:

(i) wr(t) = w(0) =0, ast — 0;
(11) wy is non-negative and non-decreasing continuous function on [0, c0);

(111) wy is subadditive: wy(t1 +ta2) < wyr(tr) +wy(ta) for all ty, ta > 0.
(2.16)

A function w defined on [0, c0) and satisfying (2.16) is called a modulus of
continuity. A modulus of continuity w can be bounded from above by an affine
function (see Lemma 6.1 of Ref. 16), that is, there exist some constants a > 0 and
b > 0 such that

w(t) <at+b (forall t>0). (2.17)

As a result, given wy, one can define the least concave majorant of wy, which we
denote by w§, which is also a modulus of continuity with the property (see Ref. 16)
1 (& C
5wf(t) <wy(t) Swjs(t) (forall t € [0, o0)). (2.18)

The next theorem gives a complete picture of how compensated convex trans-
forms can approximate uniformly continuous functions.

Theorem 2.15. (Approzimations for uniformly continuous functions) Let f :
R™ +— R be bounded and uniformly continuous and denote by w§ the least con-
cave magorant of the modulus of continuity wy of f. Assume a > 0, b > 0 are such
that w$(t) < at +b fort € [0, +o0). Then for every A > 0,

f(@) —w§ (;I\‘F i) < CL(f)(=) < f(z) (for z € R™),

and f(z) < CHA)() < () + w5 (i + ﬂ) (for © € R™).
(2.19)

We conclude this section with definitions of types of regularity of a domain and
its boundary points.
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Definition 2.16. Let  C R™ be a bounded open set with [0Q2] = 0 (i.e. 9 has
zero n-dimensional measure), and zy € R™.

(i) The set € satisfies the d—exterior ball property with ¢ > 0 at a point = € 92
if there is an open ball B(xg;8) C Q¢ such that x € dB(x¢;65). We call = an
exterior d-regular point of 0f).

(ii) The set €2 satisfies the d-interior ball property with 6 > 0 at a point « € 9
if there is an open ball B(xo;d) C € such that € 9B(x9;d). We call z an
interior J-regular point of 0).

(iii) If a point x € 0N satisfies both the d—interior ball property and the j—exterior
ball property, we call z a —regular point of 99). A non-empty domain 2 C R"”
is called a —regular domain (or for short, regular) if there exists a 6 > 0
such that € is §—regular at each point of its boundary.

Remark 2.17. These definitions of interior and exterior ball properties have been
used extensively in the study of elliptic partial differential equations.'® Notice that
it can happen that a boundary point of a domain can be both an exterior and
interior corner point.

3. Further analytic and geometric properties of compensated
convex transforms

For a locally bounded function f : R™ — R, let us consider the upper and the lower

semi-continuous closure f and f 23,34 defined, respectively, by

f(z) =limsup f(y) and f(z)= 1izr!ri>i£ff(y).

y—x
Then f is upper semicontinuous (i.e. f(x) > limsup f(y)) and f is lower semicon-
y—x -

tinuous (i.e. f(z) < lirri}nff(y)).%’?"l Recall also that f is the pointwise infimum
I L

of the upper semicontinuous functions that are greater than f, whereas f is the
pointwise supremum of the lower semicontinuous functions that are lower than f.
It was established in Ref. 48 that if f is lower semicontinuous (respectively, upper
semicontinuous) and satisfies Condition (L) (respectively, Condition (U)) in (1.1),
then

/\ILm CL(f)(x) = f(z) (respectively, Ale CY(f)(z) = f(m)) x e R™.

Next we characterize the limit of compensated convex transforms for A — oo for
more general functions.

Proposition 3.1. If f : R™ — R satisfies Condition (L) (respectively, (U)) in
(1.1), then

L) = CA((w)  (respectively, C3(H)(@) = CE(Plw)) zeR™ (31)
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Consequently,
)\li_}m CL(f)(z) = f(z) <respectively, Ali_)m CY(f)(z) :f(a:)> x €R™ (3.2)

Note that the convergence result (3.2) follows from properties of Moreau en-
velopes (see, for instance, Prop. 1.1 of Ref. 5) and the ordering property (2.4).

Theorem 3.2. (Closure and Conversion Properties) Let E be a subset of R, E°

the complement of E in R™, i.e. E¢ = R™ \ E and E the interior of E. Assume
A> 0. Then

(i) C¥(xg)(x) + C4(xp:)(z) =1 for all z€R".
(ii) For the upper transform,
Cx(xe)(x) = CX(xp)(x) for all z € R™.

o

(iii) For the lower transform, if E¢ = R", or equivalently, E = @, then
Cl(xe)(x) =0 forallz cR".
Remark 3.3. Statement (zii) does not hold for the lower transform of a character-

o o
istic function in general, though it holds if £ # @. If F = @ and F is dense in R™,
for example, if E consists of all points with rational components, then Cf\ (xg) =0.
However, since E = R", we have C} (yz) = 1.
The following result characterizes the values of the upper transform of the char-
acteristic function of a non-empty subset E of R™.

Theorem 3.4. (Ezpansion Theorem) Let E C R™ be a non-empty set and let A > 0
be fized, then for x € R™
=1 ifzek
Ci(xp)(x) =0 ifze(BYYVe
€ (0,1) ifz € EYV2\ E.

It is possible to have a better understanding on how C{(xq)(x) is defined ‘near’
the regular points of 0€2. For a bounded non-empty set £ C R™ and a fixed A > 0,
Theorem 3.4 states that the support of C¥(xg) is the set E1/VA_ We now establish
an upper bound for C}{(xg) that vanishes exactly at z, with z € OEYYA We also

show that the expansion operation C}(xg) of a domain § is smoothly attached to
the background.

Proposition 3.5. Let E C R™ and A\ > 0 be such that EY/YX % R™. For all
x € QEYVA

(1) CY¥(xE) is bounded above by CY (XBc(z;1/ﬁ)) in R™, where B®(x;1/v/)\) is the
complement in R™ of the ball B(xz;1/v/\), i.e. for any x € OEY/ VX,

C(x)(®) < C% (Xpetajum)) (v) for all y € R (3:3)
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and

C3 (X v ) (@) = 0. (3.4)

(i) CY¥(xe) is differentiable at x and the gradient of CYV(xg) satisfies
DCY(xg)(z) =0.

The following example gives a prototype for the behaviour of the upper and
lower transforms near regular points.

Example 3.6. Let E = {(z,y) € R?, < 0}. According to Definition 2.16, every
point on JF is a d-regular point for any § > 0. Let f(x,y) = xg(x,y), then for

(z,y) e R?
1 <0 yeR
CY(N(z,y) = Mz —1/VA)?0<z<1/VAyeR
0 z>1/VA  yeR
1 r<-1/VA yeR
CLN@y) = 1=z +1/VAN21/VA<z<O0yeR
0 x>0 yeR.

The following theorem extends Example 3.6 to general exterior and interior
d-regular points.

Theorem 3.7. (Regular extension) Suppose A > 0, g € R™ and Q C R™ is an

open set satisfying Q # R™.

(i) Suppose Q satisfies the §-exterior ball property at x € 0Q with radius 6 > 1/v/X.
Let B(zo;0) C (Q)¢ be the ball such that x € OB(xo;9). Let [z, xo] be the line
segment connecting x and xo and ¥, € [z, xo] be such that |z; — x| = 1/VA.
Then fory € [z, zo]

Ay =21 y € [2, 21]

C(xa)(y) = {

0 Y € [z1,Z0].

(ii) Suppose §) satisfies the d-interior ball property at x € I with radius § > 1/\&
Let B(zg;0) C Q be the ball such that © € 0B(x0;9). Let [z, o] be the line
segment connecting x and xo and x1 € [z, zo] be such that |x; — x| = 1/ﬁ
Then for y € [z, xo)

L= Ay —z[*y € [z, 1]

Cilxa)(y) = {
1 y € [z1, 0]
The following theorem is a stability result for compensated convex transforms
under curvature perturbation. The result is a simpler version of the stability theo-
rems for ridge and valley transforms in the next section.
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Theorem 3.8. Let f : R™ — R be a bounded function and Ao > 0. Suppose the
smooth perturbation g € CH1(R™) satisfies

|Dg(x) — Dg(y)| < Xolz —y| for all z, y € R™. (3.5)
Then for every A > A\o/2 and x € R™,
9(@) + €y (@) < CA(F + 9)(a) < g(@) + CL, s (D)
9(0) + O s () < O +0)(2) < (2) + Yy (1)(a).

The following lemma gives an estimate on the points needed to compute the
value of the convex envelope of fy(x) = Ax|? — xg(z) at the point 29 = 0. The
lemma is a special case of the locality property stated in Theorem 3.10(%).

Lemma 3.9. Let A > 0 and consider a closed subset E of R" with E # R™.
Let fr(x) = MNz|> — xz(z). By Proposition 2.1(i), there ewist (1;,x;) € R x R",
i=1,...,n+1, such that

ntl n+1 n+1
o[A(0) =D mifa(z:) withm; >0, Y m=1, and » 7w;=0. (3.7)
i=1 i=1 i=1
Then,
lzi| < AN with AN = (1+V2)/VA (3.8)
and
—1 < co[£2](0) < 0. (3.9)

Next we state a locality and density property for the upper and lower transforms
applied to general bounded functions. The proof of locality given here exploits the
characterization (1.6) of the transforms as critical mixed Moreau envelopes. Without
loss of generality, by Proposition 3.1, we can assume the functions to be lower
(respectively, upper) semicontinuous. For the locality properties of more general
functions, the reader is referred to Theorem 2.4 of Ref. 48. The density property
can be viewed as a tight approximation property for general bounded functions.

Theorem 3.10. (The locality and density properties for bounded functions) Sup-
pose f: R™ — R is bounded, satisfying |f(z)| < M for some M > 0 and for all
r€R™ . Let A >0 and zg € R".

(i) The following locality properties hold:
CL(F)(@0) = COB(aysry a) Lf + AIC) = @o|*)(w0) ,
CY(f)(0) = — €OB(ag: Ry ) () — z0|* — f1(20)

with Ry y < 2v24/3E, and COB(20:Ra.1) 9] (T0) the value of the local convex
envelope of g at zo in B(xo; Rxar) defined according to Definition 2.2. Conse-
quently,

CA(f)(@o) = CA(fao)(x0),  CX(f)(wo) = CX (fuo)(w0),
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where

Jao (@) = F(2) XBao;rr 00y (@), @ €R™.

(i) The following density property holds:

(a) If
CA(f) (o) < (o)

there are x; € B(zo; Rar), with xl #xg, and X\; >0 fori=1,...,n+1,
satisfying Zn+1 Ai=1 and Zl 1 ' \;z; = mo, such that

CA(f)(xi) = f(z;) fori=1,...,n+1.
(b) If
CX(f)(wo) > f(wo),

there are z; € B(xO;RAVM), with z; # xg, and 7; > 0 fori=1,....,n+1,
satisfying Zz 1 7 =1and 22‘:11 T;zi = X, such that

CLf)(z) = fz) fori=1,...,n+1.

If f is bounded and continuous, all statements in Theorem 3.10(ii) for f and f

hold also for f, given that for continuous functions one has: f = f = f. Using the
approximation properties stated in Theorem 2.12, it is possible to establish sharper
locality and density properties if f has more smoothness.

Remark 3.11.

(a)

Part (i) of Theorem 3.10 simply says that the value of the lower (respectively,
upper) transforms for a bounded function at a point is determined by the values
of the function in its R ps neighbourhood. Therefore when A > 0 is large, the
neighbourhood will be very small. If f is globally Lipschitz, our result is a
special case of Lemma 3.5.7 at pag. 72 of Ref. 12.

For the upper transform C}(xg) of the characteristic function of a set £ C R",
Lemma 3.9 provides a slightly better estimate Ry < (1 + \@)/ﬁ When
n =1, a direct calculation of the supporting points z; shows that |z;| < 1/v/\.
This is also the case for n > 1if fy(z) = Az|? — xg(x) is differentiable at x;.
Part (i¢) of Theorem 3.10 says that the sets of points at which the compensated
convex transforms equal the original function satisfy a density property. Recall
first that, in general,

CA(f) < fF<F<TFLCH).

Suppose now f satisfies the assumptions of Theorem 3.10 and define the fol-
lowing sets

Tu(f.A) ={z eR": CX(f)(z) = f(z)} and
Ti(f,A) = {z € R : CA(f)(2) = f(x)}.
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We can call T,,(f, \) and T;(f, \) the upper and lower touching sets of the com-
pensated convex transforms. Then the closed Ry, a-neighbourhoods of T, (f, A)
and T;(f, \) both cover R™.

(d) Our density property can be viewed as a convex covering density in the sense
that for any point x(, the point z( is contained in both the local convex hulls
co [Ti(f, A) N B(zo; Ra,ar)] and co [T (f, A) N B(wo; Raar)]. If we call Ry s the
radius of density for T, (f,\) and T;(f, A), Part (ii) also implies that the radius
of density shrinks to zero as A — +oc.

(e) If f is bounded and continuous, T;(f, A) and respectively, T, (f, \) are exactly
the sets of points at which f are A-semiconvex and respectively, A-semiconcave,
i.e. the points xg where

f(x) > f(xo) + () — Mz — x> for all z € R
(respectively, f(x) < fzo) +€(x) + Mo — x0|* for all z € R™),

with ¢ an affine function satisfying ¢(z¢) = 0 and f meeting Condition (L)
(respectively Condition (U).

(f) The density property provides also another angle from which to view our tight
approximation property in Ref. 48, where we proved that if f satisfies condition
(B) in a neighbourhood of xg, f is C%!, then CL(f)(z0) = C¥(f)(z0) = f(z0)
as long as A > 0 is sufficiently large. If we further assume that f is bounded and
continuous, the density property says that the graphs of the lower and upper
transforms touch that of f on sets whose density can be measured.

The following result is a special case of Theorem 3.5.3 at pag. 70 of Ref. 12.

Theorem 3.12. Suppose f : R™ — R is a globally Lipschitz function with Lipschitz
constant L > 0. Then for X > 0, CL(f) and C¥(f) are both globally Lipschitz
functions satisfying for all x, y € R™

CA(H) (@) = CXH W) < Lz =yl 1CR() @) = CX(H)] < Llz —yl. (3.10)

Next we give an estimate of the Lipschitz constants for compensated convex
transforms applied to bounded functions and use Theorem 2.12(ii¢) to examine
error bounds for the mixed transforms approaching upper and lower transforms.

Theorem 3.13. Suppose f : R™ — R is bounded, that is, |f(z)| < M for some
M >0 and for x € R™. Then

i) Both CL(f) and C*(f) are Lipschitz functions with Lipschitz constants bounded
A A
by 8V MM, that is, for all x, y € R",

ICA(N)(@) = CAN W) < 8VMA  |C(N)(x) = CH()(y)] < 8VMA|z —y].

(i) For A >0 and T > 0, the mized transforms C*(CL(f)(z) and CL(C¥(f)(z) are
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Lipschitz functions with Lipschitz constants bounded by 8/ MA and for x € R™
“ ” 16 M A

0. < CX(f)(z) = CHOR(f)(2) < —
u 16 M A

0 < CHCA()(2) = CX(f)(x) < :

T

(3.11)

In fact, the mixed transforms above are bounded C1! functions. We will discuss
this elsewhere.

4. Ridge, valley and edge transforms

In this section we introduce the notions of ridge, valley and edge transforms and
study their properties. These are basic operations for extracting geometric singu-
larities.

Definition 4.1. For a function f : R™ — R satisfying (B) in (1.1), assume A > 0
the constant entering the conditions (1.1), we define the translation invariant ridge
R\(f), valley V\(f) and edge E\(f) transform for f of scale A > A by, respectively,

RA(f)=f—C\(f); W) =f—CX(f);
Ex(f) = BA(f) = Va(f) = CX(f) — C5(f) -

If f is of sub-quadratic growth, that is, |f(z)| < A(1 +|z|*) with 0 < a < 2, in
particular f can be a bounded function, the requirement for A\ in Definition 4.1 is
simply A > 0.

(4.1)

Remark 4.2.

(a) Since the original function f is directly involved in the definitions of our ridge,
valley and edge transforms, these transforms are not Hausdorff stable if we
consider a dense sampling of the original function. In the following Section,
however, we will introduce our stable versions of ridge and valley transforms
which are based on these basic transforms.

(b) The ridge transform Ry(f) = f — CL(f) and the valley transform V) (f) = f —
C{(f) are non-negative and non-positive, respectively, because of the ordering
property (2.4) of the compensated convex transforms. As a result, the geometry
of ridges and valleys is better reflected and the algebraic properties stated in
Proposition 4.4 below hold. However, in practice, we usually consider —V,(f)
to make the resulting function non-negative.

(¢) When f is a bounded and continuous function, say, |f(z)| < M for some
M > 0, our density property (Theorem 3.10(ii)) implies that the set on which
Rx(f)(x) = 0 (respectively, Va(f)(x) = 0) has the property that its closed
R, m-neighbourhood is the whole space R™. However, without further knowl-
edge of the function, we cannot say that the supports of Ry(f) and V)\(f) are
‘thin’ sets.
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The following result shows that our ridge and valley transforms are both invari-
ant with respect to translation, and scale covariant.

Proposition 4.3.

(i) The transforms Rx(f) and V\(f) are invariant with respect to translation, in
the sense that

Ry(f+€)=Rx(f) and Vi(f+10) =Vr(f) (4.2)

for all affine functions £ € Aff(R™). Consequently, the edge transform Ex(f) is
also invariant with respect to translation.
(i) The transforms Ry (f) and Vx(f) are scale covariant in the sense that

Ry(af) = aRy/o(f) and  Vi(af) =aVy(f) (4.3)

for all a > 0. Consequently, the edge transform Ex(f) is also scale covariant.

The numerical experiment depicted in Figure 2 illustrates the property defined
by equation (4.2) for the edge transform E). We use a 256 x 256 binary image of a
Chinese character and denote by x (i, j) its characteristic function. Since the format
uint8 can only display values between 0 and 255, we consider the affine function
£(i,7) =i —1 and define f(i,7) = 3x(¢,7) +£(4,7) for 1 <4, j < 256. Observe that,
for instance, Canny edge detector is not invariant with respect to translation.

(a) ®) (©) @

Fig. 2. (a) A binary image x of a Chinese character; (b) Image 3x + ¢, i.e. the scaled characteristic
function of the character plus a simple affine function; (¢) Edges extracted by Canny edge detector;
(d) Edges extracted by the edge transform Ej(f) with A =1 after thresholding.

The ridge and valley transforms satisfy also the following properties which, for
simplicity, are stated for bounded functions.

Proposition 4.4. Suppose f : R™ +— R is bounded. Then for every A > 0 and
7 > 0, we have

(1) RA(f) = =Va(=f) and Vx(f) = —Rx(—f);
(i) Reia(f) < R (BA(S)) < BA(f) and VA(f) < Vo(VA(f)) < Vega(f)-
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Remark 4.5. For many one dimensional functions, we can verify that R, (Rx(f)) =
R, (f). However, we suspect that the equality does not hold in general.

The following theorem provides estimates for the stability of our feature detec-
tion transforms under curvature perturbations.

Theorem 4.6. The transforms Rx(f), Va(f) and Ex(f) are all stable under cur-
vature perturbations in the sense that for any g € CY1(R™) satisfying |Dg(x) —
Dg(y)| < elx —yl, if A > € then

Raye(f) S RA(f+9) S Rac(f); Va—e(f) S V(S +9) < Vage(f);
Exye(f) S EX(f+9) < Ex—c(f).

Remark 4.7. Of course when the perturbation g belongs to C?(R") with
|D%g(z)| < ¢, our requirement for g in Theorem 4.6 is satisfied. However, the slightly
weaker assumption for g (i.e. g € C1!) is not only a technical improvement. It is
known that even if a function f is C*°, in general the best regularity we can expect
for the convex envelope co|f] is C11.27

The numerical experiment displayed in Figure 3 illustrates the stability of our
edge transform under curvature perturbations. The performance of the Canny edge
detector is also shown.

(@) (b) (©) (d)

Fig. 3. (a) A scaled binary image of a Chinese character plus a smoothed cat image; (b) The image
is perturbed by a trigonometric function; (c) Edges extracted by Canny edge detector; (d) Edges
extracted by the edge transform E\ (f) after thresholding.

The geometric structure of the Ridge, Valley and Edge Transforms is made
precise in the following Theorem.

Theorem 4.8. (Geometric characterization for ridge, valley and edge transforms)
Let Q C R™ be a non-empty open regular set such that 0 # R™ and T’ C 0. Let
A >0, then
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(i) The ridge and valley transforms Rx(xgq) and Vi(xq) satisfy, respectively, for

r € R"
=0  ze(Q\T)uQ\ (Q9)/VA
Ra(xaur)(@) § € (0, 1) z € (Q°)/V \ Q¢ (4.4)
1 zel.
=0 z € (QY/V2ey @\ T)
Valxaur)(z) § € (=1, 0) z € QU/VA\ Q (4.5)
=-1 zel.

Furthermore both Ry(xaur) and Vx(xaur) are continuous in R™ \ 0.
(i) The edge transform Ex(xqur) satisfies, for x € R™

0 ze@/V¥eu)\ (Qo)/vA

Ex(xaur)(z) 4§ ¢ (0, 1) & € QUVA\ QU (Q0)Y/VA\ Qe (4.6)
1 x € 090.

Furthermore, Ex(xaur) is continuous in R™ and, for x € R"

lim E)(xaur)(z) = xoa(z) . (4.7)

A— 400

The following Proposition shows instead that for points with different smooth-
ness properties, the rate of approximations of upper and lower transforms are dif-
ferent.

Proposition 4.9. Suppose f : R™ — R maps bounded sets to bounded sets.

(i) If f is lower semicontinuous and satisfies (L) and f is C* at xo for 0 < a < 2,
then

/(2—a) «@
- a/(2—a) < 12/(2—a) (X\® _a
llgsotipA Rx(f)(xo) <L (2) (1 2) . (4.8)

(i) If f is upper semicontinuous and satisfies (U) and f is C* at xy for0 < a < 2,
then

a/(2—a) a
eva/(2—a) > _p2/e-a) (& _Z
I&Iglgf)\ A(f)(zo) > —L (2) (1 2) . (4.9)

Proposition 4.10. Suppose f : R™ — R is a Lipschitz function with Lipschitz
constant L. Then for every x € R™ and for all A > 0,

L? L?
<

ARA(f)(z) < and  AVA(f)(2) 2 ——. (4.10)

Furthermore, for almost every x € €1,

Ali_)rgo ARN(f)(x) =0 and )\li_)n;o AVa(f)(z) = 0. (4.11)
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Original graph fix,y)=|x|-|y| CMu_lTaLy), with A=9
AR g

e

oAy with 1=9

e

AV_Mif(x,y) with A=9 AR Aifix,y) with 1=9 AE_Al(xy) with 1=Y
Lol BT e T Al

i =

.;/ -

Fig. 4. Graph of the function: (a) f(z,y) = [z| = |y|; (b) CX(f); () C5(f); (€) AVA(f); (f) ARA(S);
(g) AEA(f) for A = 9. Observe that the height of the scaled Ridge and Valley transform is less
that 1/4 in agreement with Proposition 4.10.

Figure 4 displays for the special case of f(x,y) = |z| — |y|, the graph of its
upper and lower transform, the scaled ridge, valley and the edge transform AV (f),
ARA(f), and AE,(f), respectively, for A = 9.

We conclude this Section by examining singularities of continuous piecewise
affine functions defined in R™. Let f : R™ +— R be a continuous piecewise affine
function, that is (see Ref. 21), f is continuous in R™ and there exists a finite col-
lection of closed convex polyhedra with non-empty and mutually disjoint interiors
whose union covers the whole space R™ (polyhedral partition) such that the restric-
tion of f to each of the polyhedron of the partition coincides with the restriction
therein of an affine function. Clearly, in this case, f is a Lipschitz function and f
can be non-differentiable on boundaries of these polyhedra. The following example
illustrates such behaviour in a special case.

Example 4.11. Suppose 2y € R" is a relative interior point of an n— 1-dimensional
polytope so that f(x) = min{l;(x), l2(x)} or f(z) = max{li(x), l2(x)} near
xo, with ¢; and ¢y two affine functions. We consider the case where f(z) =
min{¢;(x), ¢3(x)} near z¢ first and calculate the ridge transform.

Proof: Without loss of generality we may assume zg =0, ¢1(xz) = a1 - = + b and
ly(x) = ag - + b with a; # as. Let a = (a1 — a2)/2. Since the ridge transform
is affine invariant, we may subtract ¢(x) = (a1 + ag) - £/2 + b from f(z) so that
F(z) := f(z) — ¢(z) = min{a - 2, —a - 2} near 0. Let g(x) = min{a -z, —a - z}. If
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we define E = span[a] and let E* be the orthogonal complement of E. The lower
transform of g is, for x € R”,

|CL|2 A 2 2 \a|
B\ Pe(@)]? + |Ppi (2)]? |Pe(z)] < 22
Clig)(@) ={ a
g(x) Po(@)] > &2

where |Pg(z)|? and | Pg. (z)|? are orthogonal projections of 2 to F and E- respec-
tively. By the locality property of lower transforms (see Theorem 2.4 of Ref. 48) we
have, for large A > 0, C% (F)(z) = C4(g)(z) near 0 and

RAF)(0) = Ra(F)(0) = Ralg)(0) = o [l
4\ 16
Thus ARx(f)(0) = |a; — az]?/16. If we compare this with our estimate in Proposi-
tion 4.9, we have L = max{|a1], |az|} and ARx(f)(0) < max{|a;|?, |az|*}/4. O

If f(x) = max{l1(x), l2(x)} with ¢1(x) = a1 -z + b and l3(z) = az - x + b, we
apply the formula V) (f) = —Rx(—f) given by Proposition 4.4. Note that —f(z) =
min{—¢(x), —f2(x)} so that

~ar — asf? la; — as)?
) C16M

Note that if z( is an interior point of an n-dimensional convex polyhedron on
which f(z) is affine. Then for sufficiently large A > 0, Ex(f)(zo) = 0 as f is locally
CY! near zg (see Theorem 2.3(iv) of Ref. 48).

Rx(=1)(0) hence Vi (f)(0) =

5. The Hausdorff stable ridge transform

We introduce first a distance based function D% (z; E) which will serve two purposes:
(2) to prove the Hausdorff-Lipschitz continuity of the upper transform C} (xg) and
(#) to define a Hausdorff-stable operator that will permit the detection of exterior
corners of domains and of intersections of surfaces and curves.

Definition 5.1. Let £ C R™ be a non-empty closed set with E' # R™ and denote
by dist(z; F) = inf{y € E, |y — x|} the Euclidean distance function to E in R,
where | - | is the Euclidean norm in R™. For a given A > 0, we define

Dy(z; E) := max{0, 1 — V\dist(z; E)}, z€R". (5.1)
In the following, we will mainly consider D3(x; E). Clearly, we have 0 <
D3(z; F) <1in R™ with
=1, if xeFE,
D}(z; E){ =0, if dist(z; E) % (5.2)
€ (0,1

2
. . A 1
), if 0 < dist(z; E) < 7
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The following properties for the function D3 (x; E) are easy to verify and will
be used later.

Proposition 5.2. Suppose E, F C R" be two non-empty closed sets, then

(i) if ECF,
D3(x; E) < Di(z; F), z€R™ (5.3)
(i) if EN B(x; 1/V/A) # @, then
D3(x; E) = D3(z; EN B(x; 1/VX), zeR". (5.4)

The following identity justifies the use of D3 (z; E).

Proposition 5.3. Let E C R™ be a non-empty closed set. Let A > 0. Then
CX(xe)(z) = CX(Di(s E))(x), zeR™ (5.5)

Lemma 5.4. Let E, F be non-empty compact subsets of R™. Assume X\ > 0. Then,
the function D3(z; E) is Hausdorff-Lipschitz in the sense that

|D3(z; E) — D3(x; F)| < 2V \disty (E, F) (for z € R"). (5.6)

Next we state the Hausdorff-Lipschitz continuity of the upper transform C}{(xg)
of the characteristic function of a non-empty compact subset £ C R".

Theorem 5.5. (Hausdorff-Lipschitz continuity) Let E, F be non-empty compact
subsets of R™. Assume \ > 0. Then

C3 (xp) (@) = CX(xr)(2)] < 2V Adistw (B, F) (for z € R"). (5.7)

Remark 5.6. If we apply our locality property for bounded functions (Theorem
3.10), we see that for any non-empty closed set £ C R™,
Cx(xe)(@) = CX(XEnB(:r)) (®), = €R", (5.8)

where 0 < R()\) < (1 4+ v2)/VA. Here we define xyp = 0. This observation and
the Hausdorff-Lipschitz continuity are two useful tools to design and analyse stable
singularity detector operators, such as, our Stable Ridge Transform (see definition
below) and other stable operators.

As an immediate consequence of the preceding Theorem 5.5, we obtain

Corollary 5.7. Let E, I' be non-empty compact subsets of R™. Assume X\ > 0 be
fixed. Then there holds

[CLCK () () — CHCK (x) ()] < 2VAdisty(E.F) (forz €R", 7> 0).
(5.9)
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The Stable Ridge Transform for characteristic functions is defined next.

Definition 5.8. Let E be a non-empty compact subset of R™. We define the stable
ridge transform of E by

SRy -(xe)(z) = R-(CX(xp))(x) z€R", A>0, 7>0, (5.10)

The stable ridge transform SRy -(xg)(x) is Hausdorfl-Lipschitz continuous.
This is the content of the following Theorem.

Theorem 5.9. Let E, F' be non-empty compact subsets of R™. Assume X\ > 0 and
7> 0. Then, there holds

[SRx-(xe)(x) — SRy - (xF)(z)| < 4\f)\distH(E, F) (forzeR"). (5.11)

Figure 5 illustrates the content of Theorem 5.9. Figure 5(a) displays a domain F
represented by a binary image of a cat, (¢) shows a domain F' obtained by randomly
sampling F, whereas (b) and (d) picture a suplevel set of the stable ridge transforms
of the respective characteristic functions.

P
g s
- £
P

(

i

SN

| ~
e Ui

(©) (d)

Fig. 5. (a) Domain E given by the image of a cat displayed here as 1 —x g; (b) Boundary extraction
using the stable ridge transform, SRy - (xg)), for A = 0.1 and 7 = A/8; (c) Domain F obtained by
randomly sampling F; (d) Boundary extraction of the data sample after thresholding the stable
ridge transform, SRy ,(xr)), computed for A = 0.1 and 7 = A/8.

Remark 5.10. Similarly to the Stable Ridge Transform of a non-empty compact
subset E of R, we can then define the Stable Valley Transform of E for A > 7 as

SVar(xe)(x) =V (CY(xe))(z) ze€R™ A>7>0,
and the Stable Edge Transform of F for A > 7 as

SEx-(xg)(z) = E-(CY(xe))(x) ze€R" A>7>0.
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The condition A > 7 is invoked because from Theorem 2.1(i7¢) in Ref. 48, we have
that

CY(f),for A< 7

CH(CL()) = {CU Do e

Hence, if A < 7, we would get SV) -(xg)(x) = 0 and SE) (xg)(z) would sim-
ply equal to SRy r(xg)(z). The Hausdorft stability of SV -(xg)(z) follows from
Theorem 5.5 and the triangle inequality.

6. Prototype examples

To justify the stable ridge transform as a tool to extract exterior corners and lower
dimensional objects, we present some prototype examples where it is possible to
derive an explicit expression for the stable ridge transform. To simplify the notation,
for A > 0 and 7 > 0 we introduce the following positive constants

L T e g AT L
VA A+ 1) N AT v

o (6.1)

Example 6.1. We consider first some one-dimensional examples to show the dif-
ferent effects of SRy -(xk)) when K is (i) a single point set Ky = {0}, and (i) a
single jump K_ = (—o0, 0].

Case (i): For this case, with the constants « and 8 defined by (6.1), we have for x € R

Alle] = 1/VN)? i Jo] < 1/VA,

C’lt —
)\(XKO)(J:) 0 if |{IJ| > ]./\/X7
Py —ra? if x| < )\ﬂ,
CHCY O )a) = 4 AT 5
Cy if |z| > ; 6.2
A (xro) () if |2 > AT (6.2)
(A7) (m—f ) it ol < 2
SRxr(xxo)(@) = T \J}T
0 if |x| > A
+7
The function SRy r(xk,)(z) attains its maximum at z = 0 with

SR (XK,)(0) = A/ (A + 7).
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Case (i1): For this case, with the constants « and § defined by (6.1), we have for z € R

0, if 2 > 1/V\,
CXxr @) =9 Mo - 1/VNZif1/VA > 2 >0,
1, if z <0;

1-7(x+pB)°,if —f<z<a,

Cr (G e ) () = {C’/%(XK)(a:), otherwise; (6.3)

A+7)(z—a),if0<z<a,

SRx-(xx )(@) =9 7(z+p)?, if —g<z<0,
0, otherwise.
The function SRy (xx_)(z) attains its maximum at = = 0 with

SRy (xkx_)(0) = (VA+7 —/7)?/A. For A > 0, 7 > 0 we have moreover
that for z € R

SRy +(xrx_)(0) < SRx+(XK,)(0) <= (VA + 71— VT2 <A/ (A +71)
= 1/(VA+T7+VT)E<1/(A+7),

which is clearly true since A, 7 > 0.

(6.4)

Figure 6 displays the graph of the transforms SRy ;(xx)) in the case of K = K
and K = K_.

Fig. 6. (a) Graph of SRy -(xk_); (b) Graph of SRy -(xk,); (¢) Graphs of both the transforms
for A =20 and 7 = \/8.

We will present the explicit calculations needed to determine CL(C¥(xk )) and
SRy -(xK_), because these will be used in the proof of our ‘Height Theorem’ (The-
orem 6.4) below for regular points on the boundary of a domain in R™.

The expression of the upper transform C}(xx_) can be obtained quite eas-
ily, hence we focus only on deriving an expression for the lower transform of
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C3(xxk_)- For this purpose, by definition, we need to compute the convex enve-
lope of C¥(xk_) + 7| - |*. Given

T2 if x> 1/\5\,
Ci(xx ) @)+ 7z> = Mz —1/VA)?2 + 722 if 1/VA >z >0, (6.5)
1+ 722 ifz <o,

we observe that (6.5) is a piecewise quadratic function with each piece a convex
function. In order to find its convex envelope, we look for the common tangent line
of the following two functions fy and f1, representing restrictions of (6.5), and show
that this is a supporting line of the whole function. Given

fo(x) =1+ 722 for x <0
and fi(z) = Mz — 1/VN)? 4+ 122 for 0 <z < 1/V\,

the tangent line to fo is fo(z) = 1 — 723 + 27202 With 29 < 0 and the tangent line
to f1is 1(z) =1 — (A +7)2? — 2/ Az + 2(\ + 1)z with 0 < 21 < 1/V/A. As the
common tangent line must satisfy ¢y = ¢1, by comparing the coefficients, (xq,x1)
must then solve the system

1—722=1—(\+7)a?
(6.6)
21y = —2VA+ 20\ + 1)1y
whose solution yields
1 A 1
Zo 7 =-0, = : =o. (6.7)

R A VAT

Since 2o < 0 and 0 < z; < 1/v/), the common tangent line to the pieces fo and f;
is then given by

bo(x) = 1 — T2 + 2720 (6.8)

Clearly £o(z) < fo(x) for x < 0 and £o(x) < fi(z) for 1 <z < 1/v/X. Furthermore,
we have £y(xo) = fo(zo) and £y(x1) = f1(x1). To complete the proof, we only need
to show that £o(x) < 722 for > 1/v/X. For A >0, 7 > 0 and z > 1/v/X we have

lo(z0) < 22 = 1 — 12% + 27307 < T2
= 1(z—170)? > 1
= —x0> /T (6.9)
19 <1/VAX-1/yT

AT
= 1/yT <A
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which is clearly true since A > 0 and 7 > 0. Here we have used the definition of x
in (6.7) and the fact that z > 1/v/A. It thus follows that, for z € R,

1+ 722, if x < xg,
co[Cl(xx_ ) + 7| - [P)(x) = fo(@) oo sesm (6.10)
B Mz —1/VA)?2 + 122 if o <2 < 1/V,
T22, if x> 1/\5

By subtracting (6.10) to 7|z|?> we obtain first CL(C¥(xx_)) as given in (6.3), and
then by substracting C¥(yx_) to CL(C¥(xk_)) we can verify the explicit expression
for SR - (xx_) given in (6.3). O

Next we show that given an open subset 2 of R™, along the normal direction to
a d-regular point x¢ of 0L, SRy r(xq) reaches its maximum at xo, and the height
of the stable ridge transform at xo is given then by SRy -(xq)(zo) = (WVA+ T —
V/7)? /). To establish this result, we first need the following lemma.

Lemma 6.2. Assume that A > 0, 7 > 0, the positive constants a and [ are as
defined by (6.1), and r > max{1/v/\, 3}. Let B(0;r) C R" be the open ball centred
at 0 with radius r. Then, for x € R™,

17 ’Lf|$‘ S T,
C;\L(XB(O,T))(:I:) = )\(|I|77’*1/\/X)2, ZfTS “T| ST+1/\/X,
0, ifr+1/VX < Ja;
l L—r(lz|—r+B)°, ifr—B<|a|<r+a,
CX(XB(0r)) (@), otherwise;
7 (| =+ B)%, ifr—p<l|z] <,
SRy +(Xpow) (@) = A +7)(Jzl—r—a)?,ifr <|z[ <7 +a,

0, otherwise.
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For the complement B¢(0;r) of B(0;r), we have, for x € R™,

0, if le| <r —1/VA,
CY(xpeom) (@) = Az —r+1/VN2, if r—1/VA< |2 <,
1, ifr <lzl;

o _Ji=r(al—r =B ifr—a<|p[<r+8,  (6.12)
CT(CA (XBﬁ(O)))(x) = {Og(XBC(O;r))(x)v otherwise;

A+ 7) (|=] —7°+a)2, ifr—a<|z|<r,
SR}\,T(XBC(O;T))(’I) = T(|$|—T—ﬁ)2, ZfTS |$‘ ST‘Fﬁy
0, otherwise.

Remark 6.3. The assumption r > max{1/v/)\, 8} has been made only to ensure
that r— 3 >0 and r—1/ VA > 0, for otherwise the expression of the transforms can
be easily obtained, by direct inspection, specializing the ones given in (6.11). Recalll
also that, in general, for A — 0, C4(f) and C¥(f) will converge to the convex and
concave envelope of f, respectively. So in the present example, they would be the
constant functions equal to zero and to one, respectively. 0

Theorem 6.4. (The Height Theorem) Let A > 0, 7 > 0, and § be as defined
n (6.1). Suppose that Q2 is a non-empty open subset of R™ with Q # R". If r >
max{1/V\, B} and xo € 0N is an r-reqular point (that is, Q satisfies both the -
interior and r-exterior ball condition), then Q) has a unique normal line at xqy, and
along the outward normal direction v (with |v| = 1), we have

CX(xa)(xo + tv) = CY(xx_)(1),
CL(C¥(xq))(zo + tv) = CL(C¥(xx_))(2), (6.13)
SRy (xa)(wo +tv) = SRxr(xx_)(t)

for t € [—r, r] whenever r > 1/v/A. The function t — SRy ,(xq)(xo + tv), for
[t| < r, reaches its maximum at t = 0 with

Sy (xa) o) = WAET VY (6.14)

We recall from Ref. 19, for instance, that we say that the boundary 99 is C1!
at xq if (7) there is a neighbourhood B(zg;d) of o and an orthogonal coordinate
system (z1,...,2}) near z such that 99 is locally the graph of a function g; (i%)
the function g is locally differentiable in a neighbourhood of 0 and (ii¢) there is a
constant L > 0 such that |Dg(x},) — Dg(0)| < L|z/,| in a neighbourhood of 0, where
we have set a/, = (27, ..., 2],_;). The relation between this notion of regularity and
that given by Definition 2.16 is contained in the following result.
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Proposition 6.5. Let Q C R"™ be a non-empty open set with Q # R™. Then every
CY1 point xg € 00 is an r-regular point of Q for r > 0 sufficiently small, and

SP (o) ao) < AET VI (6.15

The stable ridge transform of the characteristic function of an open set 2 C R™
is supported in the 1/v/A-closed neighbourhood of the boundary 9.

Proposition 6.6. Let A > 0 and 7 > 0. Assume Q be a non-empty open sub-
set of R™ with Q # R™. If zg € R™ is such that dist(xo; Q) > 1/V/A, then
SRx+(xa)(xo) = 0.

Remark 6.7. By Theorem 6.4 and Proposition 6.6, if we take the suplevel sets of
the stable ridge transform SRy r(xg), that is, if we consider the set S; := {z €
R™, SRy - (xq)(z) >t} with 0 <t < (VA+7 —/T)%/), we are able to extract at
least a small neighbourhood of the set of the 1/ Vv A-regular points. Using a prototype
example we will show that if we lift the threshold further (that is, if we consider
a value of ¢ greater than the maximum value (vVA+ 7 — ﬁ)Q /A), the stable ridge
transform can actually extract exterior corner points. We can also standardise the
height of regular points by taking, for example, 7 = A/8. For this choice, the height
at regular points will be 1/2. Therefore, for 7 = A/8, if the stable ridge transform
at a point is greater than 1/2, we say that the point is A-singular. 0O

The preceding observation motivates the following definition of extractable cor-
ner points.

Definition 6.8. Assume 2 be a bounded open subset of R™. A point zy € 9N is
called an extractable corner point of ( if for at least sufficiently large A > 0 and
T >0,

SRy - (xa)(@o) > p1 (A, 7), (6.16)
where

(A7) = M, (6.17)

is called the standard height for codimension-1 regular boundary points.

To show an application of Definition 6.8, we give below the expression of SR (X k)
for the case of K := Kén) = {0} C R™. This example is a straightforward generali-
sation to R™, by a simple rotation, of the Case (¢) of Example 6.1.
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Example 6.9. Let Kén) = {0} C R", then, for z € R",

Az = 1/VN)?if |2 < 1/V/A,
CX (X em ) () =

0 if 2] > 1/V/\;
o )f?foQ if|x|§>\‘:§,
CHOX (X)) () = 3 (6.18)

CH (e (@) if |2] > 322
2

A7) (Jo] = 22 ) if [2] < 32,

SRy (Xgm)(®) = ( H) M

0 if || > YA

The transform SRy ;(x ) attains its maximum value at z = 0 with
(0]

A (AEr- g
COA+T A '

As a result of the inequality (6.19), it follows that if a regular lower dimensional

SR,\,T(XK((]”))(O) (6.19)

manifold is present in the data set, for example, if we consider K UQ C R™, where
K is a smooth compact manifold of dimension < n — 1, then for large A and 7, the
values of SRy ;(xxua) on K are extractable singularities according to Definition
6.8. This effect is visualized in the numerical experiments displayed in Figure 7,
Figure 8 and Figure 9. 0

(a) (©) (d)

Fig. 7. Multiscale extraction of exterior edges and lower dimensional objects by the stable 2d
corner transform. (a) Original shape; (b) A suplevel set of the stable ridge transform of the object
shown in (a); (¢) Randomly sample of the object shown in (a); (d) A suplevel set of the stable
ridge transform of the object shown in (c).

Notice that Theorem 6.4 tells us nothing about what happens at the singular
points. It might happen that at some r-singular points of 012, R-(C}(xg)) takes on
values lower than at the regular points of 0. This indeed happens, for instance,
at the interior corners (see Proposition 6.10 below). By contrast, by means of a
prototype example of an exterior corner, we will see that, using Definition 6.8,
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Fig. 8. Multiscale extraction of exterior edges and lower dimensional objects by the stable 3d
corner transform for the case of well sampled object with different displayed suplevel sets in (a)
and (b); and for the same object loosely sampled with different displayed suplevel sets in (¢) and
(d). For sake of visualization, the extracted exterior edges and lower dimensional objects are also
displayed separately, as well as superimposed to the original object.

Fig. 9. Stable ridge transform for a sampled nonconvex polytope: (a) Exterior edges; (b) Exterior
vertices

R-(C¥(xq)) can detect exterior corners. However, even in this case, it can hap-
pen that on isolated lower dimensional objects, such as curves or isolated points,
R, (C%(xq)) can take on values higher than those at the near external corner point.
It follows that, for these cases, a different Hausdorff stable method will be therefore
needed to detect interior corners and boundary intersections of domains.

Proposition 6.10. Assume Q to be a bounded and open subset of R™. Let zy €
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O be an interior r-regular point, that is, there is a ball B(a';r) C Q such that
xg € IB(2';r). Then g is not extractable in the sense of Definition 6.8, that is,

for 1/\5\ <r,
0 < SRx-(f)(mo) < pa(A, 7). (6.20)

Using the example of an explicit prototype exterior corner in R?, we next show
that R-(C¥(xq)) can detect exterior corners following Definition 6.8.

Example 6.11. Assume a > 0, A > 0 and 7 > 0 and denote by « and S the
positive constants defined by (6.1). Let K, := {(z,y) € R?, |y| < ax, > 0}. The
upper transform of y g, has the following expression for (z,y) € R,

1, if |y| < ax and = > 0,
2
—az+y| 1 ) . —azrtly _ 1 z + alyl
A —) Lifo< < — and 49 5 ¢
u (\/1+a2 VA V14 a? \f Vv14a2 —
Cx(xk,)(@,y) = \/ﬁ 1 \/ﬁ 1 x+ a|y|
T ,if /a2 +y?2 < — and <0,
( ) Y VA vat |a|
1 T+ aly
0, if /22 +9y2 > — and <0;
Y v V14 a?
(6.21)
whereas the mixed transform CL(C¥(xk,)) is given by, for (z,y) € R,
CHC (xw,)) (@, y) =
p —7(2? +y?), if \/22 +92 < )\7\/57 andﬂz:<—%7
2
)\(\/aﬂ—&—yz—\%\) ) if/\—‘/ﬂ < \/x2+y2§ 1 and ltil“g' <0,
7(vV1+aZ+azvA)? 2 . VA(14a?)+az NGY B—aa®
S sz - iyl < ey and - \/1+Z2(A+T) STS AT
—aztlyl| _ 1 e —aztlyl 1 VA(+a?)+raz talyl ~ B
M| ﬁ)g’ if ier < va W2 AR and 0< 750 <4
V1+a? z V1+a? z
1+T<B%fa) 77<5+ %11+ (’6 ij *Efa:c)) —T1Y?,
o o+ aa?
1ff/%‘ay2|§ = and z > fm,
—artlyl| _ 1\® ip g < Zewtlul o L o whalul 5 B
/\( Vita? | ﬁ) N has e S5 e = o
—axr+ —ax+|y rx+a
1—7'( 1+J321‘+B> , if =8 < +a‘;’| < o and 1+\32\ Zg’
—ax+ rz+a
N T \?aﬂd :y%za’ o v
if L < zZaztly w+a ] 2 2 z+aly
0, 1f\&7\/1+2 nd > 0or if x+y> d\/7§0.

(6 22)
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The value of SRy ;(xk,) at the corner tip (0,0) of K, is given by

T itat < 25T,
a,\,7) = SRy, .)(0,0) =
er) = st =TGR
a? A = T
(6.23)

We call ps(a, A, 7) defined by (6.23) the standard height of codimension-2 edges
of a domain with angle 6 satisfying a = tan(0/2). It is easy to verify that in both
cases the value of po(a, A, 7) is greater than that at a 1/v/A-regular point, that is,

pa(a, A\, 7) > pr (A, 1), fora >0, and El}rl po(a, A, 7) = pu1 (A, 7). (6.24)

The limit above simply says that when the angle approaches m, the singularity at
(0,0) will disappear. If we further assume that 7 is proportional to A, say, 7 = o\
for some fixed o > 0, we obtain

/,61(/\,0'/\) = (V l+o-— \/5)2 = Ml(l’a)v

1
- - if a2 < /e
1+ (14 a?)o - g’ (6.25)
pa(a, A, o) = pa(a,1,0) = 1+(2 )
L (VTH0-o)ifa?> /e,
a

Figure 10 displays the graph of the upper and mixed transform of xx, and of
the stable ridge transform of K,

Fig. 10. Let K, := {(z,y) € R?, |y| < az, = > 0}. The figure displays the graph of: (a) the upper
transform C¥(xk,); (b) the mixed transform CL(C%(xk,)) and (c) the stable ridge transform
SRy r(xKk,) (fora =0.5, A =16, 7 = A/8).

Remark 6.12. Since a prototype interior corner is defined as the complement of
an exterior corner, one could think of detecting interior corners of Q by looking
at the stable ridge transform of the complement of 2 in R™. But this would not
provide useful information for geometric objects subject to finite sampling, which
is the principal type of application we have in mind. On the other hand, traditional
methods, such as Harris and Susan, as well as other local mask based corner detec-
tion methods, would also not apply directly to such a situation. Thus alternative
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methods are needed to suppress lower dimensional objects. The detection of interior
corners is important when we try to find intersection ‘curves’ of two solid bodies
which are defined by samples. We will discuss these aspects in a future work. O

Just for comparison purposes, assume a > 0, A > 0 and 7 > 0 and consider
now the set Kyc := (K,)¢ = R?\ K,, i.e. K, is the complement of K, in R? with
K. = {(z,y) € R? . |y| < az, z > 0}, already introduced in Example 6.11. The
set K o has an interior corner at the point (0,0). Also for this case, it is possible
to obtain closed form expressions for the upper and mixed transform of yg,., and
the stable ridge transform of K,.. We limit ourselves, however, to display in Figure
11 only the graphs of such transforms for two different combinations of a, A and 7
and to note that SRy (xk,)(0,0) is lower than i1 (A, 7).

Fig. 11. Let Kge 1= (Kq4)¢ = R?\ K, with Ko = {(z,y) € R? : |y| < az, = > 0}. Graph of: (a)
the upper transform of xk_.; (b) the mixed transform of x i . and (c) the stable ridge transform
of Kqe for a = 0.5, A = 16 and 7 = A\/8 (a®X —7 > 0). Graph of: (d) the upper transform of XKycs
(e) the mixed transform of xx . and (f) the stable ridge transform of K, for a = 1/V8, A =16
and 7 = \/8 (a?X — 7 =0).

From the definition of stable ridge transform and Proposition 6.6, we can cap-
ture a neighbourhood of the corner points by taking an appropriate value for the
threshold. Now we consider the limit as A — 400 of the stable ridge transform
of the exterior corner domain K, introduced in Example 6.11. We show that such
limit captures singularities of different nature by its heights.

Lemma 6.13. Assume a >0 and A\ > 0, and let K, = {(z,y) € R?, |y| < azx, z >
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0}. Let T = o\ with o > 0 fized. Then, for (x,y) € R?,
0, if lyl # ax,
I R (@ (v )@.0) = § (L) ifll =az and >0, (620
pz(a,1,0), if (x,y) = (0,0).

The pointwise limit (6.26) contains more information than only determining the
regular boundary points and exterior corners. They also provide a measure of the
‘strength’ of the corners based on their opening angles. However, for interior cor-
ners, we note that if the opening angle is large enough for a given o > 0, then
such corners are not extractable even in a weak sense, since it does not hold that
Jim  Rox(CX(xx))(0,0) > 0.

7. Proofs

Proof of Theorem 2.12. Part (i): We give the proof for 1 < a < 2; the case
0 < a < 1 can be shown using a similar but simpler argument. Note first that
|Df(z) — Df(xo)| < Llz — zo|*~! for | — x| < § for some § > 0 and L > 0.
Then by the locality property (see Theorem 2.4 of Ref. 48) for compensated convex
transforms, there exists A > 0 such that if A > A and

n+1

Ci(f)(xo) = co [f +AI() = 550\2] (wo) = ZTi (f(xi) + Az — $0|2) (7.1)

i=1

forz; e R", 7, >0,i=1,2,...,n+1 E"‘T 7, = 1 and E"‘T T;T; = Xo, then
x; € B(x0;9). Now consider F(x) = f(x ) Df(a:o) (x — xp). Since for any affine
function £ € Aff(R™), we have CL(f +¢) = CL(f) +¢, it follows that, for sufficiently

large A > 0, we have

(]2

F(xzo) — C\(F)(xo) = Y 7i (f(zo) = f(z:) + Df(xo) - (w; — 20) — M; — o|?)

=1

<.

3
T
=

=> 7 (—/0 (Df(zo +t(zi — x0)) — Df(z0) - (2i — 0))dt — N|3s — 3302>

1

.
Il

n+1
< 3" 7 (lee — ol = o] = Mzs — of?)
=1
n+1 1 N o N
2 2—a
= 27 (Llzi = 2ol = Alzs —aol’) < e L== (3077 (-3)

s
I
-

(7.2)

where the last inequality follows from the fact that the mapping s — Ls® — \s?
attains a maximum value of \~/(2=) [2/2=a(q/2)*/(2=2)(1 — a/2) on (0,00) at
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s = (La/2\) 7. 0

Part (i7): In this case, note first that if f is differentiable at xq, then for any e > 0,
there is a § > 0 such that

|f(x) — f(z0) = Df(x0) - (x — 20)| <e

|z — xo] -

(7.3)

whenever x € B(xg;§). Again we have, by the locality property (see Theorem 2.4 of
Ref. 48) for compensated convex transforms, there exists A > 0 such that if A > A,
then
n+1
CL(f)(wo) = co [f + Al() = mol?] (wo) = D 7 (f (i) + Alzi — zo|”) (7.4)
i=1
forx; e R", 7, > 0,1 =1,2,....,n+ 1, Z?:Jrlln =1 and Zl | TiT; = o, then
x; € B(xg;d). Thus
n+1
flzo) = Clx(f)(ﬂfo) = ZTi (f(xo) = f(@i) = Alzi — 1‘0\2)
i=1
n+1

== Zn %) = f(w0) = Df(w0) - (w; — o)) + Ali — w0[)

n+1
<37 7 (el — wo| — Mai — xol?) < &
i=1

cln
>/ [

(7.5)

Here we have used the fact that Zn+1l 7:Df(x0) - (x; — x9) = 0. As in (4), we have
also used the fact that the maximum of the function et — A\t? for ¢ > 0 is €2/(4)). O

Remark 7.1. Note that when 0 < a < 1, (i) can be proved alternatively by first
showing a corresponding estimate for M) (f), developing ideas from Chapter 3 of
Ref. 12, and then using the ordering property (2.4). On the other hand, however,
(ii) and the case of 1 < a < 2 in (i) seem easier to establish directly for the lower
transform C4 (f), because C4 (f) enjoys the property that C4 (f +¢) = C4(f)+¢ for
any affine function ¢ € Aff(R™) whereas M, (f) does not, and, in fact, we are not
aware of corresponding estimates for the Moreau envelope M, (f).

Part (i3i): This is a direct consequence of the characterisation (1.6) of the lower
transform as a critical mixed Moreau envelope and the proof of Theorem 3.5.8 of
Ref. 12. 0

Proof of Theorem 2.15. Without loss of generality we may assume that z = 0.
Since f is bounded and continuous, the function y — f(y) + Aly|? is continuous and
coercive. Therefore, by Proposition 2.1,

n+1

CL()(0) = colf + Al - | ZA (i) + Alzi[*) (7.6)
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for some A; > 0 and z; € R”, i = 1,2,...,n + 1 such that ZnH A; = 1 and

Z?:ll Aixz; = 0. Now, on one hand, we have the upper bound

CA(H)(0) < £(0), (7.7)
whereas on the other hand,
n+1
Z Xi(f(25) + AN)?)
n+1 n+1
(by (2.15)) > £(0) = Y Aiwr(lzl) + A Al
= n+1 ’L:'rILJrl
(by (2.18) and concavity of w$) > f(0) — w§ <Z )\Z|ml|> +A Z iz 2
n+1‘: n+_11
(by (2.17)) 2f(O)—aZ)\i|xi|—b+)\Z/\i|xi\2
n+1 0,2
+>\Z)\(|$Z ) - b
(7.8)
By comparing (7.7) and (7.8), we find
n+1 2
a b
<—4+ - .
ZA (W ) ety (7.9)

Now using the Cauchy-Schwarz inequality, it follows that

n+1
(Sona) -5 = 500 (- 55) < ot - g5 = St - 5
ntl \ Y2 /nt 1/2 2\ 12 2
§<2A> (Zx(m )) <(4°;2+A> siﬂfx

so that
n+1
Z Ailag| < \f (7.10)

Since w§ is non-decreasing, from (7.10) and the first part of (7.8) we have

n+1 n+1
CL(N(0) = f(0) — wf (ZA|mzl>+AZA|x,|2 > f(0) — <i+\/§>

(7.11)
which concludes the proof. The proof for the upper transform follows similar argu-
ments. O

Proof of Proposition 3.1. By definition of f(z) as pointwise supremum of the
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lower semicontinuous functions that are lower than f, we have f(x) < f(z) for all
r € R", hence CL(f)(x) < C4(f)(z). Next we prove the opposite inequality. By

definition,?334

colf + Al - |?](z) = sup{l(z) : L(y) < f(y) + My[* forally € R", ¢ Aff(R™)}.

(7.12)
Now for every ¢ € Aff(R™) such that £(y) < f(y) + Aly|? for all y € R™, it is easy to
see that £(y) < f(y) + Aly|* for all y € R™. Hence

colf + A *)(z) < colf + Al |*)(z) forall z € R™, (7.13)

and therefore

CA(f)(@) < CA()(=), (7.14)

thus, C4(f) = CL(f). By passing to the limit for A — oo, and recalling Theorem

2.3 of Ref. 48, given that f is lower semicontinuous, we obtain that for each z € R"

Jim CL(f)(x) = lim CL(f)(x) = £(2), (7.15)

which concludes the proof for the lower transform. The proof for the upper transform
follows similar arguments. O

We report next the proof of Lemma 3.9, whose arguments are then used also in the
proofs of Theorem 3.4 and Theorem 3.10.

Proof of Lemma 3.9. Since F is a closed set, —xg is lower semicontinuous and so
is f, hence from Proposition 2.1, there exist (7;, ;) € Rx R fori=1,...,n+1,
with Y72, =0, > 7, =1 and 7; > 0, and a hyperplane ¢, say £(z) = a-x + b with
some a € R™ and b € R, such that

Uz) < fo(x) forx € R™ and l(z;) = foa(x;) for i=1,...,n+1. (7.16)
From (7.16) it follows

(x;) = co[fa](x;) fori=1,...,n+1, (7.17)
n+1
and given that co[f)](0) = Z Tifa(z;), then from (7.16), we have co[fr](0) = ¢(0),
that is, =
co[fr](0) =b. (7.18)

Since 0 < xg(x) <1 for all x € R”, then
ANz =1 < co[fa](z) < fa(z) < Nz|* for all z € R (7.19)

where we have used the fact that co f) is the pointwise supremum of the convex
functions below fy and Mx|? — 1 < fy\(z) for all x € R™. Hence, for = 0 and by
accounting for (7.18) we obtain

~1<b<0. (7.20)
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From (7.16), at the supporting points x; we have
N2 = xp(z) =a-z;+b fori=1,....n+1, (7.21)
thus,
Nai|? < la| - o] +1 fori=1,....,n+1 (7.22)

where we have used the fact that xg(z) +b < 1 for all # € R™ and the Cauchy-
Schwarz inequality. To obtain now an estimate on |a|, we note that since ¢(x) <
fa(z) for all z € R™, in particular, then, for © = a/(2)) we deduce

la| < 2VA. (7.23)
By combining (7.22) and (7.23) we obtain, therefore, that there must hold

Mezi|? =2V 2| —1<0 fori=1,...,n+1 (7.24)
hence,
1 2
wl < MY i et (7.25)
VA
which concludes the proof. O

Proof of Theorem 3.2. Part (i): Since obviously E N E° = @ and FU E¢ =R",
we have xg(z) + xge(x) = 1 for x € R™. Thus

CX(xp)(@) = CX(1 = xpe)(@) = Mz* —co [A] - | = 1+ xpe] ()

(7.26)
= Az]? +1—=co [Nl [+ xge] (z) = 1 = Ch(xpe) (@) -
0
Part (ii): This is a direct consequence of Proposition 3.1 as xg = x5- O

Part (iii): If E¢ = R", then by (ii) and the same definition (1.3) of C¥, we have

CX(xpe) () = CX(xge)(2) = CX (xrn ) (2) = 1. (7.27)
By (i), we have C4 (xg)(z) = 1 — C¥(xg)(z) = 1 — 1 = 0, which completes the
proof. O

Proof of Theorem 3.4. Note first that by Theorem 3.2(ii), it suffices to prove the
result when E = E. We use the characterisation (1.5). If # € E, then

1= f2) <CHP@) <Ay —al+1] =1,

y=x
) =1.If x € (EYY*)¢, then for each y € E, |z — y|? >
f(y). Hence

so that

so that C¥(f)(z 1,

Nz —y]2>1

0< C(f@) <Aa—y?| =0,

y=x
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and thus C}(f)(xz) = 0. Finally, take z € (EYYX)\ E. Then there exist & € E
with |z — 2| < % and § € (EV/Y2)e with |z — | < % Since, as above, we have
Mz —g| > f(y) for all y € R™, it follows that

CX(xe)(z) < Az —g* <1.

On the other hand, if C}(xg)(z) = 0, then it follows from (1.5) that there exist
x) — x and ¢ — 0 such that xg(y) < My — 2x|? + ¢, for all y € R™, and hence
xe(y) < Az —y|? for all y € R", so that

3

1=xe@) <ANz—-z*<1,
which is impossible. So C}(xg)(z) > 0. d
Proof of Proposition 3.5. Part (i): For any z € EY/V*, the definition of EY/V*
gives that B(z;1/vA) N E = @ and thus E C B¢(x;1/v/\), so that xg(y) <

XBe(zi1/v/N) (y) for all y € R™. Then applying the upper transform with any A > 0,
we have

C3 (X)) < CF (Xpegu ) ) (W) for all y € R™. (7.28)

In particular, for y = « € aEl/ﬁ, since z € 0B¢(x; 1/\5\), then applying Theorem
3.4 to B¢(x;1/V/X) yields

]

Part (ii): First note that xpe,.;,x)¥) < Aly — z|? for all y € R™. So the char-
acterisation (1.5) yields that C} (XBc(z;l/ﬁ)> (y) < My — x|? for all y € R™, and

hence
0< CY (xe) (y) — CX (xe) (v) < Ay — 2|
ly — |
which, for y — x, shows that C{ (xg) (y) is differentiable at  and DCY(x£)(z) = 0.
u

Proof of Theorem 3.7. Part (i): Without loss of generality, we can assume x; = 0
and take E := Q. Let us then consider the function A|y|?> —xg(y) and define £(y) = 0
as the proposed supporting affine function. First we show that

@) =Aly* —xe(y) > L(y) =0 forallyeR". (7.30)

For this purpose, we distinguish the following two cases.
Case (a): y € B(x1;9). In this case xg(y) = 0 hence

Faly) = Alyl® = xe(y) = Alyl* > ty) = 0. (7.31)
Case (b): y ¢ B(x1;6). In this case Aly|?> > A% > 1, hence
Faly) = Ayl = xe(y) = A6* =1 > {(y) = 0. (7.32)



December 4, 2015 12:37  WSPC/INSTRUCTION FILE ZOC-Paperl-m3as

44 Zhang, Orlando, Crooks

Next we have f(0) =0 = £(0) and, since z € E,
fa@) = Mz)2 =1 =X X1/VA)?2=1=0={(z). (7.33)

Therefore co[fy](y) = ¢(y) = 0 for y € [0, z], hence C¥(xg)(y) = Aly|? for
y € [0, z]. For every point y € [z, z1], we have y ¢ EWA | thus Ci(xe)(y)=0. O

Part (ii): By using the identity C%(xx)+C%(xg<) = 1, we can then apply the same
arguments as in Part (i) and conclude the proof. O

Proof of Theorem 3.8. We fix g € R™ and apply Taylor’s expansion to g at xg.
We have

1
9(a) = glzo) + D(aa)-(e—s0)+ | [Dg(ao+t(a~z0)) - Dy(ao)]-(o-z0) dr. (7.31)
0
By our assumption on g, we have the following estimates:

o)+ Dy(w0)-(a—r0)~Lle—rol* < g(2) < gleol+Dylro)(r—v0)+ 2|0l

(7.35)

If we let £(z) = g(x0) + Dg(zo) - (x — x0), clearly ¢ is affine and £(z¢) = g(z¢), thus
we obtain

Ca (9)(20) = g(w0) = C% (9)(wo) - (7.36)

By applying then (2.7) once to f and ¢, and once to f + g and to —g, and by
accounting for (7.36), we easily conclude with (3.6). O

Proof of Theorem 3.10. Part (i): We prove our result for the lower transform;
the proof for the upper transform is similar. Recall from (1.6) that CL(f)(z) =
M (M(f))(z). If y, 2 € R™ are such that |y — z|> > 2}£, then

FE)+ Ay =27 > -M+2M =M > f(y),
and hence
M(f)(y) = inf{f(2) + Aly — 2|, 2 € R"} = inf{f(2) + My — 2|*, z € B(y; VE)}.

: : : 2 o 2M
Moreover, since |[M(f)(x)| < M, it follows that for x,y € R™ with |z —y[* > =7,
we have

My(f)(y) =Nz —y> < M —2M = -M < My(f)(x),
so that

M*(M(f))(z) = sup{Mx(f)(y) — Az — y|*, y € R"}
= sup {Mx(f)(y) = Mz —y>, y € B (x;/Z)}
=sup {inf { f(z) + Ay — 2|*, 2 € B(y; VEI)} — Nz —y|*, y € B (x;/Z)}.

Thus C4(f)(x) = M*(Mx(f)(x) depends only on points in the ball B (z;2/ZL). [
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Part (ii): By Proposition 3.1, C4(f) = C4(f) hence, the assumption of this part

of the theorem reads also as C}(f)(z0) < f(x0) and, by accounting for (2.8), this
can also be expressed as

CL(f)(wo) = co [A[(-) — wo|* + f] (w0) < f(x0) - (7.37)

Now, let fy = Az — x0|? + f(x) and observe that fy is lower semicontinuous and
coercive, hence, for the Proposition 2.1, there are x; € R™ with x; # x¢ because
of (7.37), which belong to B(zo; Rx ) in virtue of Part (i) of this theorem, and
Ai > 0fori=1,...,n+1satisfying 77 Ay = 1, 22" \iz; = 2, and a supporting
hyperplane ¢(z) = a - = + b such that

Uz;) = fa(z;) fori=1,...,n+1, and {(z) < fa(x) forallz e R™. (7.38)
Hence, we have
co[fa] (z;) =4L(x;) fori=1,...,n+1,
that is, by accounting for (7.38),

co [N(-) = mol* + f] () = £(ws) = falwi) = Nwi—wo*+f(x:) fori=1,...,n+1.

(7.39)
Since the convex envelope is invariant with respect to affine functions, we observe
that

co [N(-) = @i + @ — xo|* + f] (2) = co [A() — il* + f] (@)X [zi—zo[*+2M\(wi—m0)-(x—2s) ,
therefore, for x = x;, we obtain

co [A(-) — mo|? + f] (z3) = co [A|(-) — z|* + f] (25) + Aai — zo]?. (7.40)
By comparing (7.39) and (7.40) we have for i =1,...,n+ 1,
co [A(-) = zol* + f] () = co [M() = @il* + f] (@) +A|[zi—zo|* = fa(as) = A|zi—zo|*+ [ (x:)
that is,

CY(f)(ws) = o N() = mif* + £] (w0) = f(ws) fori=1,...n+1,

which concludes the proof. O

Proof of Theorem 3.13. Part (i): We prove the case for the lower transform
CL(f)(z). The proof for the upper transform is similar. Since | f(z)| < M for x € R,
we see that |C4 (f)(z)| < M for € R™. Fix 29 € R” and let 7 > 0 to be determined,
we have

Lip(CA(f), B(zo;7)) < Lip (co [f + A(-) — zo|?] , B(zo;7))+Lip (co [A|(-) — zo|?], B(zo;7))-
By Propostion 2.4, we have

osc (co [f + Al(-) — @ol?] , B(zo; 2r)) < 2M + 4 r?

r o r

Y

Lip (co [f 4+ A[(-) = zo|*] , B(zo; 7)) <
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given that
somax Jeolf + M) —aofl@)} € M+an minfeolf + /() = woll(e)} = ~M.
Moreover,
Lip (co[A|(+) — mo|?], B(zo;7)) < 2Ar,
and thus
Lip (C4(f), Blaoir) < 20+ 2

If & — x| > 7, as |CL(f)(x)| is bounded above by M, we have
C4UN() ~ (Do)l _ 2M

|z — 0] r

So if we take r = \/M/(3X), we then see that for any z € R",
CA(f)(@) = CA(f)(xo)| < 4VBMA < 8VMA.

O
Part (ii): Since both C4(f) and C¥(f) are Lipschitz functions with Lipschitz con-
stants bounded above by 8/MM\, by Theorem 3.12 the Lipschitz constants for
C*(C4(f)) and CL(CY(f)) are then bounded by 8v/M), and the inequalities in
(3.11) follow from Theorem 2.12(ii7). O

Proof of Proposition 4.3. Part (i): We only consider Ry(f), as the other case is
similar. For given € R™ and ¢ € Aff(R"), it follows from Proposition 2.10 that

CX(f + O)(x) = CA(f) (@) + L) (7.41)
and by the Definition 4.1 of Ry (f
RA(f +6)(x) = f(a) + £(z) — (CX(f

we obtain

)
)(@) + () = f(z) = CA(f)(@) = Ra(f)(@),

which concludes the proof.

Part (ii): For given x € R™ and a > 0

cofaf + Al [?] () = sup {r(x) s r(y) < af(y) + My|? for all y € R™ and r € AH(R”)}
= sup {af(az) sally) <a (f(y) + 2|y|2) for all y € R™ and ¢ € AH(RH)}
= asup {f(x) y) < fly) + 2|y|2 for all y € R"and ¢ € AH(R")}

—aco |7+ 21 P @)
(7.43)
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Thus
chaf)@) =a (oo |£+21- 7] ) - J1aP) (7.44)
so that
@)@ = afw)~a (e £+ 21| (0) - 2P ) = aRyulfe). (145
which concludes the proof., O

Proof of Proposition 4.4. Part (i): By definition

RA(f)(w) = (2) = CL(F)(@) = f(&) + Ml = o] - |2 = ()] (@)
(7.46)
= (= 1) = CY(=N)@)) = “VA(=N)(@).

The proof of the other equality is similar. 0

Part (i1): We first prove that Ry, (f) < R (Rx(f)). From (2.7), we have
Chi-(f) = CL(f = CL(f)) + CA(CL(F)) (7.47)
and since CL(C4(f)) = CL(f), we conclude that
Rr(RA(f)) = (f = C2(£) = CA(£) + Co(f = CA(f)) = f = Chyr () = Ragr (F).
(7.48)
To show that R, (Rx(f))(z) < Rx(f)(x), just observe that for any A > 0, since

Rx(f)(x) > 0, then from (2.6), we have for any 7 > 0 that CL(Rx(f))(z) > 0,
hence

RA(f)(x) = CL(RA(f))(x) < Ra(f)(2), (7.49)
which concludes the proof. 0

Proof of Theorem 4.6. The statements are direct consequences of Theorem 3.8.
a

Proof of Theorem 4.8. Part (i): Observe first that given a regular open set 2
of R™ and I' C 092, then it is Xour = X9 where we recall that Xaur is the lower
semicontinuous envelope of xqur. By Proposition 3.1 it thus follows that

C (xaur) = Ci(Xqp) - (7.50)

By recalling the above, we have that Xour = X9 and hence by Theorem 3.2 we can
conclude that

Cl(Xqp) = 1= CX (xar) - (7.51)
Now, by Theorem 3.4 we have the following characterization for C} (xq-)
=1 if z € Q°
Cixa)(x){ =0 ifzeQ)\ (Q)VA (7.52)

€ (0, 1) if z € (Q9)VA\ Q°,
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and given that

Rx(xaur) = xaur — C(xaur) , (7.53)

taking into account (7.50), (7.51), and (7.53) we can conclude that (4.4) holds. The
continuity claim in R™ \ 9 also follows as xq(x) is continuous at any = € R™\ 0§
The claims for Vy(xqur) are proved with similar arguments. O

Part (ii): This also follows from Theorem 3.2 and Theorem 3.4. The continuity
claim is a consequence of the fact that both the upper and the lower transforms
are continuous in R”. Finally, we establish the limit property. We have, on 012,
Ex(xo)(z) = 1 for all A > 0 and on [(8Q)YV*]¢, Ex(xa)(z) = 0. Therefore for
any given x ¢ €2, we have z ¢ [(9€)/V*]¢ when A > 0 is large enough. Therefore
,\ETooE’\ (xa)(z) = xoa(x) for each fixed x € R™. O

Proof of Proposition 4.9. The bound (4.8) is a direct consequence of Theorem
2.12. From (4.8) and the observation that for A > 1, and 0 < f < o < 2,

0 < liminf M/ @9 R, f(x) < limsup A @) Ry f(zo) lim (1/A\) TG |
A—r+oo A—+o0 A—r+o0
(7.54)
it follows that lim inf AB/(Q_H)RAf(xo) =0. 0

A—+o0
Proof of Proposition 4.10. The proof follows the arguments used to prove Propo-

sition 4.9. O

Proof of Proposition 5.2: The proof follows from the definition (5.2) of D3 (z, E).
O

Proof of Proposition 5.3: Since by definition (5.2), xg(z) < D3(x; E) for z € R™,
we have, by (2.4), that

0< CY(xp)(@) < CUDR(: B))(a), = €R™ (7.55)

To establish the opposite inequality, let p(z) := M|z — 20| + ¢ be such that p(z) >
xe(z) for all x € R™ and p(2) = 1 = xg(Z) for some & € E. It will suffice to show
that

D3(z; E) < p(x) for all x € R™, (7.56)
since the characterisation (1.5) will then yield that CY(D3(; E))(z) < C¥(xr)(z),

x € R™. Define R := 4/ 1;‘3 and note first that £ C B(xo; R)¢, since if x € E, then

1 < Az — 29| + ¢, and hence z € B(xzg; R)¢. Hence, by Proposition 5.2(i), we have

D?(z; E) < D3(x; B(zo; R)°) for all z € R™. (7.57)

Now if € B(xo; R)¢, then p(z) > 1 > D3(z; E), so (7.56) clearly holds.
On the other hand, if # € B(zo; R), then Dy(z; B(zo; R)¢) = max{0,1 —
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Vdist(z, B(zg; R)°)} =1 — VA(R — | — 20|), and hence
D} (; B(wo; R)°) = (1 = VAR — |z — o))?
=Mz — 2o+ 2VAJz — 20| (1 = VI—¢) + (1 — V1 —¢)?
<Mz -2 +2vV1I—c(1—=vV1—c)+ (1 —+V1-c)?
= o —zo|* +¢ = p(a),

which, together with (7.57), yields that (7.56) holds in this case also. O
Proof of Lemma 5.4: We have
|DX(w; B) — DX(x; F)| = [Da(x; E) + Da(w; F)|[Da(x; E) — Da(x; F)]
< 2|Dx(z; E) — Da(z; F)
1 1
2 2
< 2V |dist(z; E) — dist(z; F)| < 2V disty(E, F),

where we used 0 < Dy(z; E)) < 1,0 < Dy(z; F)) <1 and max{0, a} = (a+ |a])/2
for a € R. O

—2 (1 — VX dist(z; E) + |1 — VA dist(z; E)|) -

(1 — VI dist(z; F) + [1 — VA dist(z; F)) ‘

Proof of Theorem 5.5: By Proposition 5.3, we only need to show that
C¥(D3(+; E))(z) is Hausdorff continuous. By Lemma 5.4 we have

D3(z; F) — 2v/Xdisty (E, F) < D3(x; E) < D3(x; F) + 2V A disty (E, F).

Taking the upper transform in the above inequalities and using the ordered property
for the upper transforms, we obtain

CH(D3 (s F)—2V\disty(E, F)) < CY(D3(; E)) < CY(D3 (s F)+2V A disty (B, F)).

By the property co[f + ¢] = co[f] + ¢ for the convex envelope when ¢ is an affine
function, we have

CY(D3(5 F))=2V\disty (E, F) < CY(D3(5 E)) < CY(D3(+; F))+2VAdisty (B, F).
The result follows. O

Proof of Corollary 5.7: Since C}(xg) and C{(xr) are bounded functions, it
follows immediately from Theorem 5.5 and the fact that

Chixp)(@) = CLlur)@)| < sup Ixs(y) — xr(v)]  (orallz € R), (7.58)

yeRm

that for all z € R",

|CH(CR (xp)) (@) = CLCK (xp) ()| < yseuﬂgblCK(XE)(y) — CY(xm)(y)| < 2V Adisty(E, F),

as required. 0
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Proof of Theorem 5.9: The proof follows from the definition (4.1) of ridge trans-
form, the application of the triangle inequality, of the Theorem 5.5 and of the
Corollary 5.7. 0

Proof of Lemma 6.2: The lemma can be proved by direct calculation using Propo-
sition 2.3. O

Proof of Theorem 6.4: By comparing the expressions of the transforms for
XB(O;r)) in Lemma 6.2 with those for yx_ in Example 6.1, it is easy to see that

Cx(XBom) (@) = CX(xx )zl = 1) CLCK (XB(ow)) (%) = CH(CX (xx_))(|2] = 7);

SEx (X5 o) (€) =SB+ (xx ) (|| = 7).
(7.59)
Now let (z,y) € R” with x € R and y € R*"1, and B((—7,0);7) be the closed ball
centred at (—r,0) € R x R* 1 If » > max{1/v/X, 8}, then it follows from (7.59)
that along the line segment [—r, r] x {0} C R™, we have

CY(XB((=r0)m) (£:0) = C¥(xk_)();  CLHCY(XB((—r0)m))(t0) = CL(C (xx_))(t);
SR)\,T(XB((fr,O);r))(u 0) = SR)\,T(XKf)(t)

(7.60)
for t € [—r, r]. The proof then follows from (7.60), a direct application of (2.5) and
Lemma 6.2. We leave the details to interested readers. 0

Proof of Proposition 6.5: It is well-known (see, for example, Lemma 2.2 of Ref. 1)
that a C1! point xy € 9§ is an r—regular point for r sufficiently small. Let 2’ € Q
and r > 0 be such that B(z';r) C Q and zg € 90. Let 2" = 29 — (' — o) be the
opposite point of x’ with respect to xy and consider the open ball B(z";r). Now
consider the closed set K := Q\ B(2”;7) C Q. Clearly z¢ is now both an interior
and exterior regular point of K and z¢ € K. Furthermore, xx < xg. By Theorem
3.4(7), we have C{(xq) = CY¥(xa), whereas from (2.5) we have C¥(xx) < C¥(xq)
and CL(C¥(xk)) < CL(C¥(xqa))- Note that since xp € K and xo € , we have
O3 (x10) (20) = O3 (x@) () = 1, hence

VA+T—7)?
SBx < (x0)(x0) = SBx - (x0)(x0) < SBx - (i) (o) = 2FTZVIE 7 6
due to Theorem 6.4. This completes the proof. O

Proof of Proposition 6.6: By Theorem 3.4(ii), C¥%(xq)(z) = 0 if dist(x; Q) >
1/VX and C¥(xq)(z) = 1 if 2 € Q. To calculate CL(C¥(xq))(zo) for z satisfying
dist(zo; 0Q) > 1/V/A, we first observe that 0 is the minimum value of C¥(xq)(z)
so that CL(C{(xa))(wo) = 0 if dist(zo; Q) > 1/VA. If 29 € Q and dist(zo; 9Q) >
1/V/X\, we consider the following function: x — Az — 20|> + C{(xq)(x), and its
convex envelope at xo. We take then the affine function ¢(z) = 1 and observe that
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for |z — zo| > 1/v/\, we have
1=0(z) < Ma —z0]? < Mz — z0]® + C¥(xa)(2), (7.62)
whereas for [z — x| < 1/v/A, we have C{(xq)(x) = 1 so that
1={(z) < Mz —zo* + 1= N — z0]* + C¥(xa)(x) . (7.63)

Thus ¢(x) = 1 is a supporting affine function for z — Az — z¢|? + C{(xa)(z) and
this implies that CL(C¥(xa))(zo) = 1, which concludes the proof. O

Proof of Proposition 6.10: By a simple translation we may assume the ball is
centred at 0, so that B(0;r) C Q and zy € 0B(0;r). By (6.11) in Lemma 6.2 and
(2.5), we have

CX(XBEn) (@) < CX(xa)(z), = eR", and CX(xp(om)(®0) = CX(xa)(xo) =1

(7.64)
so that
CL(CY (X5, (0))(x0) < CL(C3 (xa)(x0) (7.65)
hence
SRy -(xa)(xo) < SR (X5, (0)(T0) = p1(A,7). (7.66)

The last equality follows from (6.11) as |zg| = r, and this completes the proof. [

Proof of Lemma 6.13: The value of the limit (6.26) can be evaluated as a direct
consequence of Example 6.11. O
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