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Overview

m Two stage serial supply chain

m Stationary stochastic demand

m Fixed transportation time

m Single product

m Inventory holding costs at each stage

m Consumer backorder penalty at each stage
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Motivation

m Retallers
Kroger
JCPenny
Best Buy

m Suppliers
Kellogg
Nike
Apple
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Contribution

m Models competitive behavior of agents
Game theoretic analysis

m Each agent has equal position in the game
Analysis of Nash equilibria

m Study of two different games
Echelon inventory tracking

Local inventory tracking

m Design of linear transfer payments that help
minimize system cost at Nash equilibrium
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m Time Is slotted

m Flow of product: Source — Supplier — Retaller
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m Time is slotted
m Flow of product: Source — Supplier — Retailer
m Supplier and retailer submit the orders
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m Time is slotted
m Flow of product: Source — Supplier — Retailer
m Supplier and retailer submit the orders
m Shipments are immediately released
m | eadtime: Source to Supplier (L,), Supplier to Retailer (L))
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m D’ random total demand over 7 periods

m Stationary distribution: density ¢, distribution ®@°
m Demand is a continuous random variable

m Positive demand occurs in each period
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Inventory levels of interest:
m In transit inventory: IT., Supplier (i =2), Retailer (i=1)

m Echelon inventory level: L, all inventory at stage i or
lower In the system minus consumer backorders

m Local inventory level: ILx, Inventory at stage I minus
backorders at stage |
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Inventory levels of interest:
m Echelon inventory position: [P, = IL, + IT,
m Local inventory position: I[P, =IL, + IT,
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Holding costs:

m Supplier: h, per period for each unit in its stock or en
route to the retailer

m Retailer: h +h, per period for each unit in its stock
m Assumption: h, >0, h >0
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Backorder costs:
System backorder cost: p per unit backorder

Supplier: ap
Retailer: (1-a)p
Assumption: 0<a <1

Retailer
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Cost Functions

Retaller:

m Costinperiodt: G,(IL, - DY

G-lfy} = (h, + J'T‘Fz}[};a’]Jr + HP[H]_
m Expected cost in period t+L,: G,(IP,,)
Gi(y) = E[G,(y = D"*")]
m [P, depends on supplier’s order and demand up to time t
If s, — D = s, IP,=s,
If s5,-D"*<s, IP,=s,— D"
m Total expected cost
H,(s, s,) = E[G,(min{s, — D™, 5,})]
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Cost Functions

Supplier:

m Backorder cost in period t: G,(IL, — DY)
Gg{y} =(1-a)ply]”
m Expected backorder cost in period t+L, : G,(IP,,)
Gy(y) = E[Gy(y — DB*Y)]
m |et
Hy(sy, x) = hop™ + hy[x]T + G,(s, + min{x, 0})
m Total expected cost
Hay(sy, s5) = E[Hy(sy, s, — s, — DY)]
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System optimal solution

m A system optimal solution minimizes the
total average cost per period.

(510’52) =argmin H,(s;,s,) + H,(s;, ;)

(51,52)
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Echelon Inventory (El) Game

m Players:1=1,2
m Strategies: s. € o = [0, §], 1=1,2
m Payoffs: -H(s,s,), 1=1,2

m Pure strategy Nash equilibrium (sj, s3)
such that,

t?

S5, E 1y(87) s7E r(s))

ri(ss) = {s1 € o | Hy(sy, 5;) = min Hy(x, s;)}

rEr

r,(s;) =18, € ol Hy(sy, 3,) = min Ha(s,, x)}
xeo

m Game Is common knowledge
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Local Inventory (LI) Game

m Players:1=1,2
m Strategies: s. € o = [0, §], 1=1,2
m Payoffs: -H(s, s, +5)), 1=1,2

m Pure strategy Nash equilibrium (5}, 5))
such that,

5, E74(5) 5y E7,(5))

7(5,) =15, € o lH,(5, 5,4+ 5) = min H,(x, 5, + x)}
Y
?2(51} - {Ez Eol Hg{gl,« EE + El] = min HE(EIJ X+ El)}

rEr

m Game Is common knowledge
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Nash equilibria

m Theorem 4: For 0 < a < 1, EI game has a unique Nash
equilibrium.
(51 =s], 85 = 1,(s}))

(DL1+'1{ ﬁ} _ &IIU
1= h'l + hz + ﬂ‘_"l;'

m Theorem 8: For 0 < a < 1, LI game has a unique Nash
equilibrium.
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Nash equilibria (cont’)

m Theorem 9: For « = 1,El game has the following Nash

equilibria. ?
| (s € [s3 S, 55 € [0, s])

m Theorem 10: For a« = 1,LI game has a unigue Nash
equilibrium. . y
{51: r1{0}; 52 = }

m Theorem 11: For ¢ = (, both El and LI games have unique
Nash equilibrium and they are identical.
(57 =10, 55, =1,(0))

— 1 ; _
(51 =53, 5, = 5, = 5))
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Comparing Nash equilibria

m Theorem 12: For 0 < a < 1, the base stock levels for both
firms are higher in the LI game equilibrium than in the EI
game equilibrium, i.e. s, > s and s} > s

m Theorem 13: For 0 < « < 1, the supplier’s cost in the LI game
equilibrium is lower than its cost in the EI game equilibrium.
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Nash equilibria and Optimal Solution

m Theorem 14: In an EI game equilibrium, the retailer’s base
stock level is lower than in the optimal solution.

m Theorem 15 & 16: For a <1, the supplier’s base stock level

In both the LI and the EI equilibria is lower than in the system
optimal solution.

m Theorem 17: For & < 1, the system optimal solution is not a
Nash equilibrium in either game.

m Theorem 18: For a@ = 1, the system optimal solution is a
Nash equilibrium in the LI game only when

. p
[a+L1+1 0y —
) = T F !
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Linear Contracts

m Period t transfer payment from supplier to retailer
tlyy + BoBy + BBy

m Expected transfer payment in period t+ L, due to retailer
Inventory and backorders

Ty(y) = E[u[y = D*"']" + By[y = D*"117]

m Expected per period transfer payment from supplier to retailer
T(5y, 5,) = E[By[5, — D]~
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System with modified costs

m Costs accounting for transfer payments
Hi(5y, 51+ 5,) = Hy(5y, 51 +5,) — T(54, 59

,..I
=

m Objective: To determine the set of contracts, (v, B8,, B,),
such that (s}, 5;) is a Nash equilibrium for the cost functions

H:(Ep §1 + gg)r where Ei = S-T, and ;;_ + Efy_ = Sg,
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Finding optimal linear contract

m  Assuming H; to be strictly concave in s,
find the contracts satisfying

OH 9H;
__p and —=9
93, 33

at systems optimal

m  Out of this set of contracts, select the subset of contracts that
make the cost functions strictly concave.
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Set of optimal linear contracts

m  Theorem 19: When the firms choose a contract (v,, 8,, B3,
that satisfies the following properties,

]

(1=e)p= (h'-l + hq)tl ~ By

"

hf:l .. ]. - "n..
hl - ( - )'31 'I' (—%)Bz

B+ 0y . Y2
B+ 0,> 1 =0
B;>0

ap > Bz —(1-a)p,

then the optimal policy is a Nash equilibrium.
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Conclusion

m  When both players care about consumer backorders, there is
a unigue Nash equilibrium in EI game as well as LI game,
and these equilibria differ.

m  The Nash equilibrium of such El and LI game does not
provide optimal solution of supply chain.

m  Competition lowers the supply chain inventory relative to
the optimal solution.

m  Appropriate linear contracts can help achieving optimal

supply chain solution at some Nash equilibrium.
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Future Scope

Multi product supply chains where demands of different
products are correlated and are stationary, can be studied
similarly by considering joint distribution of demands of
these products.

Other contracts can be investigated which ensure that all
Nash equilibria provide optimal supply chain solution.

The work can be extended to incorporate processing times of
orders.
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