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Arteries exhibit a remarkable ability to adapt to sustained alterations in biomechanical
loading, probably via mechanisms that are similarly involved in many arterial pathologies
and responses to treatment. Of particular note, diverse data suggest that cell and matrix
turnover within vasoaltered states enables arteries to adapt to sustained changes in blood
flow and pressure. The goal herein is to show explicitly how altered smooth muscle
contractility and matrix growth and remodelling work together to adapt the geometry,
structure, stiffness and function of a representative basilar artery. Towards this end, we
employ a continuum theory of constrained mixtures to model evolving changes in the wall,
which depend on both wall shear stress-induced changes in vasoactive molecules (which alter
smooth muscle proliferation and synthesis of matrix) and intramural stress-induced changes
in growth factors (which alter cell and matrix turnover). Simulations show, for example, that
such considerations help explain the different rates of experimentally observed adaptations to
increased versus decreased flows as well as differences in rates of change in response to
increased flows or pressures.
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1. INTRODUCTION

With considerable foresight,Rodbard (1975, p. 12)wrote:
Let us assume that each endothelial cell is equipped with

receptors which are sensitive to the magnitude of the

drag force that impinges on it. Deviations of drag from

this set-point initiate negative feedback mechanisms

that return the magnitude of the drag to its set-point. In

blood vessels, these effects appear to operate through

two related mechanisms: an immediate physiological

adjustment in vascular tone induced by the change in

flow, and a delayed anatomical change that develops

when the changed flow rate persists.
Although this scenario is most apparent in arterial
adaptations to sustained alterations in blood flow,
smooth muscle vasoactivity appears to play similar
roles in cases of altered blood pressure and axial stretch
as well as in diseases ranging from pulmonary
hypertension to cerebral vasospasm. That is, diverse
clinical observations and laboratory experiments over
the past three decades (cf. Humphrey 2002) have
confirmed Rodbard’s general concept: many adap-
tations occur via matrix remodelling (i.e. delayed
anatomical changes) within altered vasoactive states
orrespondence (jhumphrey@tamu.edu).

une 2008
une 2008 293
(i.e. adjustments in vascular tone) so as to maintain
constant various mechanical factors. For a recent lucid
review of the coupling between vasoactivity and matrix
remodelling, see Dajnowiec & Langille (2007).

Prior computational models of the biomechanics of
arterial adaptations have been based primarily on
either the concept of kinematic growth (e.g. Taber
1998; Rachev 2000) or a constrained mixture theory
(e.g. Gleason & Humphrey 2004; Gleason et al. 2004).
The goal of this paper is to illustrate the importance of
matrix remodelling within altered vasoactive states for
basilar arteries in response to sustained alterations in
blood flow and blood pressure. Towards this end, we
employ an extended constrained mixture model of the
arterial wall whereby the mass fractions, material
properties and natural configurations of individual
constituents can evolve separately and thereby dictate
overall growth and remodelling (G&R).
2. METHODS

2.1. Wall mechanics and haemodynamics

Werestrictourattentiontoelastostatics (cf.Humphrey&
Na 2002) and two-dimensional wall mechanics (cf.
Gleason et al. 2004), which can capture salient features
of the structural stiffness and overall geometry
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sufficient for many clinical and fluid–solid interaction
studies (Humphrey & Taylor 2008). Hence, note that
two-dimensional equilibrium equations for a straight,
cylindrical segment of an artery can be written, at each
G&R time s, as

sqðsÞZ
PðsÞaðsÞ
hðsÞ ; ð2:1Þ

szðsÞZ
f ðsÞ

phðsÞð2aðsÞChðsÞÞ ; ð2:2Þ

where P is the transmural pressure; a is the deformed
luminal radius; h is the deformed wall thickness; and f
is the applied axial force. (Note that although often
derived for thin-walled tubes, these mean values of
stress also hold for thick-walled tubes exhibiting linear
or nonlinear material behaviour and subjected to
negligible perivascular tethering; Humphrey & Delange
2004.) The values of a/h tend to be 7–10 in normal large
arteries, thus yielding homeostatic values of circumfer-
ential stress of the order of 90–130 kPa at mean arterial
pressure, which appear to be similar to computed
values of axial stress (Humphrey & Wilson 2003).

Inasmuch as these two equilibrium equations are not
sufficient to determine the three primary geometric
variables for the wall (radius a, thickness h and length l ),
even after introducing constitutive relations for the
stress responses, we invoke a constancy of total mass
density (Humphrey & Rajagopal 2002) to close this
system of equations. That is, given that the mass
density of the arterial wall r(s)yr(0), let

bðsÞZ phðsÞð2aðsÞChðsÞÞlðsÞ
phð0Þð2að0ÞChð0ÞÞlð0Þ c s; ð2:3Þ

where l denotes the deformed length of the segment and
b(s) describes overall changes in mass or volume, which
are potentially measurable. It is assumed, of course,
that all geometric values are known at G&R time sZ0,
where b(0)h1. Letting l(s)hl(0) allows us to solve for
a(s) or h(s) at any G&R time s; marked increases in l(s)
can result in tortuous arteries, an important consider-
ation in some cases (Lehman et al. 1991), but this
complicates the biomechanics considerably.

Among others, Rodbard (1975) and Zamir (1977)
recognized that Murray’s (1926) result could be
interpreted as a ‘constancy of wall shear stress’ if the
mean wall shear stress is given by the solution of a
steady, fully developed, laminar, one-dimensional,
incompressible flow of a Newtonian fluid within a
rigid circular tube (a rough approximation for an

artery): twZ4mQ=pa3, where m is the viscosity of blood
at high shear rates (approx. 3.5 cP);Q is the volumetric
flow rate; and a is again the deformed luminal radius.
That is, if a3 remains proportional to Q for a fixed
viscosity, as suggested by Murray’s simple analysis,
then tw must remain constant.
1See appendix A for evaluations of special cases for these constitutive
functions. Note that the original paper denoted G&R time via t rather
than s.
2.2. G&R framework

We employ an extension (Baek et al. 2006) of a
constrained mixture theory of isothermal G&R for
soft tissues (Humphrey & Rajagopal 2002). The
Cauchy stress response by the arterial wall s results
J. R. Soc. Interface (2009)
from passive elasticity and smooth muscle activation,
and thus can be approximated as

sZ
1

det F
F

vW

vFT
Csactq ðCaCCÞeq5eq; ð2:4Þ

where F is the deformation gradient; W is a stored
energy function for the elastic response; and sactq

denotes the smooth muscle contractility that exists
primarily in the circumferential direction and ulti-
mately depends on intracellular calcium. Herein, we
restrict our attention to FZdiag½lz ; lq�. By the rule of
mixtures, the stored energy can be thought of
conceptually as WZ

P
fkW k, where fkZrk/r are

constituent mass fractions. Assuming that G&R
commences at sZ0, Baek et al. (2006) proposed the
following relations for the evolving constituent mass
densities and strain energy functions:1

MkðsÞZMkð0ÞQkðsÞC
ðs
0
mkðtÞqkðs; tÞdt; ð2:5Þ

WkðsÞZMkð0Þ
rðsÞ QkðsÞ bWk

Ck
nð0ÞðsÞ

� �
C

ðs
0

mkðtÞ
rðsÞ qkðs; tÞ bWk

Ck
nðtÞðsÞ

� �
dt; ð2:6Þ

where Qk(s)2[0,1] account for fractions of material
produced at or before time sZ0 that survive to time s,
with Qk(0)h1; mk(t)R0 are true mass density pro-
duction rate functions; and qk(s, t)2[0,1] account for
the fractions of material produced at time t2[0,s] that
survive to time s. Moreover, Mk(s) is the mass per unit

area of constituent k at time s and bWk
is the energy

stored elastically in constituent k, which depends on
Ck

n, the right Cauchy–Green tensor for that constituent
defined relative to its individual natural configuration.
In particular, Ck

nðtÞðsÞZðFk
nðtÞðsÞÞTFk

nðtÞðsÞ, where

Fk
nðtÞðsÞZvxkðsÞ=vXkðtÞ, with xkðsÞZxðsÞ consistent

with the concept of a constrained mixture and Xk(t)
reflecting evolving natural configurations for constitu-
ent k when produced at time t. Clearly, the survival
functions qk(s, t) ensure that a constituent contributes
to load bearing only until it is degraded, which owing to
the convolution integral is reminiscent of a fading
memory behaviour, characteristic of viscoelasticity,
wherein a constituent contributes more to the stress
response the more recently it was produced. Finally,
note that

P
rkðsÞZ

P
rkð0Þ is consistent with (2.3).
2.3. Specialization for two-dimensional
wall mechanics

Combining the equilibrium equations and constitutive
relations for the principal tensions TiZsih, where iZz,
q, we have at any G&R time s

Pa ZTq Z
1

lz

X vWk

vlq
Csactq h; ð2:7Þ

f

pð2aChÞ ZTz Z
1

lq

X vWk

vlz
: ð2:8Þ
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Figure 1. Active response by smooth muscle where CZCB

(solid curve), 2CB (dashed curve) and N (dotted curve).
Stretch is expressed with respect to the muscle’s natural
configuration. Increases in C result in corresponding increases
in active stress for a given stretch.
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In general, for a fibrous constituent k (e.g. collagen), we
have

v bWk
lknðtÞðsÞ
� �
vlqðsÞ

Z
v bWkðsÞ
vlknðtÞ

vlknðtÞ
vlqðsÞ

Z
v bWkðsÞ
vlknðtÞ

Gk
h

lðtÞ
vlðsÞ
vlqðsÞ

;

ð2:9Þ

v bWk
lknðtÞðsÞ
� �
vlzðsÞ

Z
v bWkðsÞ
vlknðtÞ

vlknðtÞ
vlzðsÞ

Z
v bWkðsÞ
vlknðtÞ

Gk
h

lðtÞ
vlðsÞ
vlzðsÞ

;

ð2:10Þ
with lknðtÞðsÞZGk

hðlðsÞ=lðtÞÞ and

lðtÞZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2zðtÞcos2 ak

0

� �
Cl2qðtÞsin2 ak

0

� �q
c t2 ½0;s�;

ð2:11Þ

where ak
0 denotes the angle between a fibre and the

z -axis in a common reference configuration for the
mixture (i.e. artery). These kinematic relations are
derived by Baek et al. (2006). Note that Gk

h represents a
basic hypothesis in the theory, that new fibres are
incorporated within extant tissue at a preferred
(homeostatic) stretch. We call Gk

h the ‘deposition
stretch’. Finally, one must prescribe the direction in
which the fibre is deposited. Without loss of generality,
herein, we assume that fibre directions are preserved in
the non-pathological cases of adaptations to altered
flow and pressure.
2.4. Illustrative constitutive relations

As revealed by the G&R framework, constitutive
relations are needed for the true mass density pro-
ductions, survival functions and stress responses for the
individual structurally significant constituents (elastin,
fibrillar collagen and smooth muscle) as well as for the
deposition stretches and deposition alignment.
Although there is need for much more research on the
precise forms of each of these relations and best-fit
values of the associated material parameters, the
considerable data available in the literature enable
one to postulate relations sufficient for illustrative
purposes. Vascular elastin is typically assumed to be
isotropic and to exhibit a neo-Hookean-type response
(Dorrington & McCrum 1977; Holzapfel et al. 2000),
hence we assume that the elastin-dominated
amorphous matrix is described by

bW eðsÞZ c leqðsÞ2 ClezðsÞ2 C
1

leqðsÞ2lezðsÞ2
K3

 !
;

ð2:12Þ

where c is a material parameter. Moreover, we assume
that most of the elastin is produced in the perinatal
period and that it is normally very stable biologically
(Langille 1996; Stenmark & Mecham 1997). Hence, we
assume that in non-pathological conditions Q e(s)Z1
and me(t)Z0 c s, t2[0,N). Collagen and vascular
smooth muscle, on the other hand, appear to turnover
continuously but slowly in the normal arterial wall,
albeit at different basal rates mk

0. We assume that for
J. R. Soc. Interface (2009)
each family of collagen and circumferentially oriented
passive smooth muscle (Baek et al. 2006),

bWkðsÞZ ck1 exp ck2 lknðtÞðsÞ2K1
� �2� �

K1

� �
; ð2:13Þ

and for active smooth muscle (Rachev & Hayashi
1999),

sactq ðsÞZTmaxf
mðsÞ 1KeKCðsÞ2

� �

!l
mðactÞ
q ðsÞ 1K

lMKl
mðactÞ
q ðsÞ

lMK l0

 !2" #
; ð2:14Þ

where Tmax is a scaling parameter with units of N mK2;
lM is the circumferential stretch at which the active
stress is maximum; and l0 is the circumferential stretch
atwhich the active stress goes to zero.C(s) is the net ratio

of constrictors to dilators and l
mðactÞ
q ðsÞZaðsÞ=amðactÞðsÞ,

where am(act)(s) can evolve via a first-order rate equation
(cf. Baek et al. 2007). For these simulations, we consider

CðsÞZCBKCS

twðsÞKthw

thw

� �
; ð2:15Þ

where CB is the basal constrictor to dilator ratio; CS is a
scaling factor for the shear-induced change in con-
strictor concentration; and tw(s) and thw are the shear
stress at G&R time s and the homeostatic state,
respectively. The instantaneous change in active stress
as a function of stretch and constrictor concentration is
shown in figure 1. Note that this active behaviour is
taken with respect to individual unloaded configu-
rations for smooth muscle (cf. fig. 1 in Baek et al. 2006),
not for the entire mixture.

As in prior work (Taber 1998; Rachev 2000; Gleason
et al. 2004; Baek et al. 2007), we let mass density
production rates depend in part on differences in
intramural stress from homeostatic values. In addition,
however, we know that vasoactive molecules regulated
by the endothelium in response to altered wall shear
stress also affect cell and matrix turnover. For example,
nitric oxide (NO) is an inhibitor of smooth muscle
proliferation and synthesis of collagen (Rizvi & Myers
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1997), whereas endothelin-1 (ET-1) is a promoter of
smooth muscle proliferation and synthesis of collagen
(Rizvi et al. 1996); NO is upregulated in response to
increased wall shear stress and ET-1 is upregulated
in response to decreased shear (Malek & Izumo 1992;
Uematsu et al. 1995). Many other endothelially derived
molecules (vasoactive, growth regulatory and pro-
teases) are regulated similarly. In principle, then,
mk Z f kðsq; sz ; twÞ for kZcollagen and smooth muscle.
Alternatively, anticipating the future use of reaction–
diffusion equations to determine concentration histories
for diverse soluble substances, we can let mkZ
f kðsq; sz ;CÞ, where C is the aforementioned ratio of
constrictors to dilators. Specifically, we consider the
following candidate constitutive relation for true mass
density productions:

mk Zmk
0 1CKk

sDsCKk
CDC

� �
; ð2:16Þ

where mk
0 is the basal production rate; Kk

j are ‘rate
parameters’ that govern stress- and constrictor-mediated
changes in production; and s is a scalar metric for wall
stress as in Baek et al. (2007). In a three-dimensional
model, s andCwould be field quantities, but we focus on
mean values here. For example, mass density pro-
ductions can be prescribed individually for fibre families
based on the stress borne by that family. Moreover, Ds
and DC represent normalized differences in stress or
constrictors from their homeostatic values. Hence, in the
case where these differences are zero, one recovers
homeostatic production rates. Finally, although the
kinetics of cell apoptosis and matrix degradation are
extremely complex, it appears that gross responses follow
first-order-type kinetics. Hence, let the survival functions

qkðs; tÞZ exp K

ðs
t

Kkð~tÞd~t
� �

; ð2:17Þ

where the functions Kkð~tÞ are rate-type parameters
for mass removal having units of dayK1. Of course,
the rates of removal can also depend explicitly on
changes in the tension within fibres; hence one specific
form to consider is

Kkð~tÞZKk
h CKk

hDzð~tÞ2; ð2:18Þ
whereKk

h is an initial value for the rate parameter;Dzð~tÞ
is the difference in fibre tension from its homeostatic
value; and zk(t) is the level of tension on constituent k
that was produced at time t and defined by

zkðtÞðsÞZ
v bWk

=vlkn lknðtÞðsÞ
� �

v bWk
=vlkn Gk

h

� � : ð2:19Þ

In summary, our two primary governing equations
are

PaZT e
q C

1

lz

X vW j

vlq
C

1

lz

vW m

vlq
Csactq h c s;

ð2:20Þ

f

pð2aChÞ ZT e
z C

1

lq

X vW j

vlz
c s; ð2:21Þ

subject to the mass density constraint (equation (2.3)),
where T e

i are tensions borne by elastin. Recall that
superscripts ‘m’ and ‘e’ denote passive smooth muscle
J. R. Soc. Interface (2009)
and unchanging elastin, respectively. Moreover, we
allow j families of collagen fibres, each defined by
different parallel orientations. In particular, it appears
that jZ2 or 4 allows one to model the complex
contributions of the collagen reasonably well (Holzapfel
et al. 2000; Baek et al. 2007). We employ four families
of collagen (cf. Wicker et al. 2008) for basilar arteries:
axial, circumferential and two helical families with
ak
0ZG458.
3. ILLUSTRATIVE RESULTS

3.1. Altered flow

It is well accepted that sustained increases (or decreases)
in blood flow result in an increased (or decreased) arterial
calibre (Kamiya & Togawa 1980; Langille & O’Donnell
1986; Langille et al. 1989; Brownlee & Langille 1991;
Rudic et al. 1998), often with increased (or decreased)
thickening of the wall and possible changes in length
(Zarins et al. 1987; Lehman et al. 1991).

A change in blood flow will have an almost immediate
effect on vessel geometry due to smooth muscle
relaxation or contraction in response to endothelial
production of NO or ET-1, respectively. Of course,
smoothmuscle can only relax or contractwithin a certain
range. If thw can be restored by an acute dilation or
constriction within the active range of the smooth
muscle, no further change in calibre will be observed. In
the cases herein, the basilar artery is allowed to
accommodate up to an approximately 3 per cent active
dilation and an approximately 30 per cent active
constriction. Figure 2 illustrates the consequences of
altered muscle tone as a function of altered flow rate as
well as the beginning of G&R as prescribed by the above
dependencies of mass density production and the
removal on changes in wall stress and constrictor
concentration. The model captures the maximum
dilation and constrictions inherent to smooth muscle
due to the prescribed lM and l0 (table 1).

If flow rate is altered beyond a certain threshold,
however, the smooth muscle will not be able to restore
thw by a single instantaneous change in diameter.
Rather, a maximum instantaneous dilation or constric-
tion will occur, to be followed by a more gradual
convergence via G&R (see equations (2.15)–(2.18) and
figures 3 and 4) to the calibre at which shear stress
returns to normal. This two-step change in inner radius
is due to reorganization and/or turnover of smooth
muscle and collagen (see below) as new constituents are
deposited at their homeostatic prestretches, thus
allowing further dilation or constriction as needed
(Gleason et al. 2004; Gleason & Humphrey 2005a,b;
Baek et al. 2007).

For cases in which reductions in flow were beyond
what the extant active muscle could accommodate,
predictions suggested that inner radius could be
stabilized within two weeks (figure 4). The model
imposes no upper bound to constrictor concentrations,
which in addition to changes in stress can drive
substantial instantaneous constrictions and rapid sub-
sequent G&R-driven changes. On the other hand, the
lower bound limit of CZ0 means that any G&R-driven
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Table 1. Parameter values used to simulate the response of a
basilar artery that consists primarily of smooth muscle and
collagen.

prestretches and elastic parameters
Ge

hZ1:4, Gc
hZ1:08, Gm

h Z1:2
cZ382.4 kPa
cc2Z22, cm2 Z3:5
cc1Z280:2 kPa, cm1 Z36:5 kPa

muscle activation parameters
TmaxZ150 kPa
lMZ1.1, l0Z0.4
CBZ0.68, CSZ20CB

initial mass fractions and half-lives
fc
0Z0:22, fe

0Z0:02, fm
0 Z0:76

Km
h Z1=80 dayK1, K c

hZ1=80 dayK1
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Figure 2. Numerically instantaneous (i.e. first computational
time step) constrictions and dilations for a range of flow rates
(shown as Gper cent changes from Qh). Solid lines represent
cases in which the instantaneous change in radius returns
twZthw. Dashed lines represent cases for which the vessel
cannot accommodate the altered flow with a single instan-
taneous constriction or dilation. Dotted line represents the
case for which Q(s)ZQh. Note the bias towards constriction
rather than dilation, which is consistent with the behaviour of
cerebral arteries (Faraci 1990). Also note the clearly defined
limit for maximal instantaneous constriction. One can see
initial G&R governed changes for large reductions in flow rate
(beyond what the vessel can accommodate instantaneously)
as a gradual decrease in radius after the step change.
A corresponding delayed increase in radius for the 30%
increase in flow is not discernible at this short time scale. All
parameters Kk

sZKk
CZ1.
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dilations beyond that limit must be governed exclusively
by changes in stress (see equations (2.14) and (2.16)).
Thus, delayed dilations occur much more slowly than
delayed constrictions (figures 2 and 3) as a consequence
of the inherent bias towards constrictors within our
relations for mass density production and active muscle
behaviour, consistent with NO-inhibiting and ET-1-
promoting turnover. Indeed, increasing flow in adult
rabbit carotids by 60 per cent results in no enlargement
within twomonths and no changes in thickness ormedial
cross-sectional area (Brownlee & Langille 1991). This is
consistent with our model’s predictions, as inner radius
restores wall shear stress only after at least 100 days
following a substantial increase in flow.
J. R. Soc. Interface (2009)
As inner radius increases (or decreases) to return
tw(s) towards its homeostatic target, the mean circum-
ferential stress will initially increase (or decrease) due
to the thinning (thickening) of the vessel wall from an
isochoric motion. These changes in circumferential
stress drive further, albeit perhaps more gradual,
G&R, and wall thickness continues to change long
after the step change in flow (figure 5). Because tw is
nearly returned to its homeostatic value almost
immediately, this manifestation of G&R occurs more
slowly, being driven by changes in circumferential
stress without the additive effect of changes in
constrictor concentration (figures 6–8).

As the vessel constricts in response to reduced tw,
collagen fibres are unloaded, and the stresses borne by
collagen are drastically reduced. This provides a
negative input to the production function (see equation
(2.16)); that is, it promotes atrophy. On the other hand,
the increase in constrictors (figure 8) provides a positive
input to the production rate. Depending on the values
of Kk

C and Kk
s , this dynamic interplay can have

drastically different consequences on the simulated
morphology and overall wall composition (figure 7).



10–1 1 10 102 103
0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5
no

rm
al

iz
ed

 th
ic

kn
es

s

time (days)

Figure 5. Normalized wall thickness over 1000 days for a
30% reduction in flow, where Kk

sZKk
CZ1 (dotted curve),

Kk
sZ1 and Kk

CZ10 (dot-dashed curve), Kk
sZ10 and Kk

CZ1
(dashed curve) and Kk

sZKk
CZ10 (solid curve). The model

predicts an initial thickening as the production rate of smooth
muscle increases and causes accumulation (figures 6 and 7).
After the first week, however, some collagen is degraded, and
the wall begins to lose mass. In all cases, wall thickness is
stable after approximately 500 days, although the expected
value (88% of original) is only attained for cases whereKk

sO1.

0

2

4

6

8

10(a)

(b)

(c)

SM
C

 p
ro

du
ct

io
n

0

2

4

6

8

10

10–1 1 10 102 103
0

2

4

6

8

10

time (days)

co
lla

ge
n 

pr
od

uc
tio

n 
( 

 )
co

lla
ge

n 
pr

od
uc

tio
n 

( 
)

Figure 6. Time courses of mass density production rates,
normalized with respect to homeostatic rates, for (a) smooth
muscle, (b) circumferentially oriented collagen and (c) axially
oriented collagen for a 30% reduction in flow, where
Kk

sZKk
CZ1 (dotted line), Kk

sZ1 and Kk
CZ10 (dot-dashed

line), Kk
sZ10 and Kk

CZ1 (dashed line) and Kk
sZKk

CZ10
(solid line). Note the rapid (unrealistic) drop in the rate of
collagen production for the cases where Kk

sZ10. Time courses
for helical collagen (not shown) follow the same general trends
as axial collagen. Note also that fold changes in production
rates are within expected ranges (cf. Xu et al. 2000).
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For instance, when Kk
sZ10, the negative input from

the unloaded collagen serves to effectively halt its
production (figure 6b,c). Conversely, when Kk

CRKk
s ,

the production rates for collagen increase substantially
as the increase in C(s) overwhelms reductions due to
stress-mediated mass production. Since smooth muscle
can actively generate force, its production rate remains
positive. In fact, because muscle is always actively
constricting the vessel in cases of reduced flow, its
production rates are always above the homeostatic
value as both the stress and constrictor levels provide
positive inputs into muscle production (figure 6a).
Langille et al. (1989) reported no significant change in
medial mass or constituent fraction ratios after one
month of reduced flow in carotids. Our results predict
little medial remodelling after 30 days (figure 7),
consistent with this observation. Although they
reported no significant changes in mass or wall
constituents, they did report a markedly undulated
appearance in internal elastic laminae. This is most
likely a result of the unloading of elastin due to the
reduced inner radius and is consistent with our
hypothesis that elastin does not remodel in adults.
Brownlee & Langille (1991) reported that after one
week of reduced flow and a subsequent restoration of
flow, the vessel reverted to its original calibre. This
implicates different and as yet unknown mechanisms
for remodelling in cases of increased flow (from normal)
versus cases of decreased and subsequent restoration of
normal flow. This may be related to the elastin not
turning over and retaining its ability to return to its
original length without exceeding its homeostatic
stress. Our model predicts similar behaviour (figure 9).

Histological changes in collagen and muscle have
measurable mechanical effects on the vessel. The
simulated passive response to reduced blood flow
involves an initial stiffening, due to a modest increase
in muscle deposition, followed by a gradual increase in
compliance as the vessel loses circumferential collagen
(figure 7). After 1000 days, the vessel is predicted to be
J. R. Soc. Interface (2009)
slightly more compliant than at day 0 (figure 10a),
though this difference would be within experimental
noise. In fact, this shift towards compliance is complete
after 500 days (not shown) when all parameters
Kk

sZKk
CZ1. For cases where Kk

sRKk
C , the vessel’s

eventual shift towards increased compliance is
complete within 300 days (not shown), due to a
(unrealistic) nearly complete loss of collagen. This
difference in the time to converge on a stable passive
mechanical behaviour highlights the importance of the
parameters within equation (2.16) from the point of
view of the time course of the vessel’s evolution.
Nonetheless, the model predicts a modest passive
softening regardless of the values used therein.

Finally, figure 10b shows the evolving active
behaviour as the vessel accommodates a 30 per cent
reduction in flow. Note the rapid leftward shifting of the
curve due to smooth muscle being turned over in the
new vasoconstricted state. The maximum values for
stress are related to evolving constrictor levels
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Figure 7. Time courses of changes in total mass, normalized
with respect to homeostatic values, for (a) smooth muscle, (b)
circumferentially oriented collagen and (c) axially oriented
collagen for a 30% reduction in flow, where Kk

sZKk
CZ1

(dotted line), Kk
sZ1 and Kk

CZ10 (dot-dashed line), Kk
sZ10

and Kk
CZ1 (dashed line) and Kk

sZKk
CZ10 (solid line). Note

the eventual (unrealistic) complete loss of collagen for the
cases where Kk

sZ10. The time courses for helical collagen
(not shown) follow the same general trends as axial collagen.
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Figure 8. Time courses of constrictor concentration ratio C(s),
normalized with respect to CB, for a 30% reduction in flow
where Kk

sZKk
CZ1 (dotted line), Kk

sZ1 and Kk
CZ10 (dot-

dashed line), Kk
sZ10 and Kk

CZ1 (dashed line) and
Kk

sZKk
CZ10 (solid line). Note the return to baseline, but

at very different rates depending on the values for the
production rate parameters. This emphasizes the complex
coupling between endothelial function and wall biomechanics.
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Figure 9. Normalized inner radius over 100 days for a 70%
reduction in flow at day 0 and a restoration of blood flow at
day 7, where Kk

sZKk
CZ1 (dotted line), Kk

sZ1 and Kk
CZ10

(dot-dashed line), Kk
sZ10 and Kk

CZ1 (dashed line) and
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CZ10 (solid line).
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Figure 10. (a) Evolving passive ‘pressure–diameter’ curves at
days 0 (solid curve), 7 (dashed curve), 14 (dot-dashed curve)
and 1000 (dotted curve) for a 30% reduction in flow. All
parameters Kk

sZKk
CZ1. The abscissa ‘normalized inner

radius’ is expressed as the ratio of the current deformed inner
radius to the current unloaded inner radius (a(s)/A(s)). The
rapid initial shift to the left indicates stiffening (s) due to
gradual turnover of constituents such as collagen and resultant
thickening of the vessel wall in the vasoconstricted state. The
gradual rightward shift indicates passive relaxation (r) while
the vessel loses mass. Note that after 1000 days, the simulated
vessel is slightly more compliant than at day 0, but this would
be within experimental noise. (b) Predicted shifting of the
active muscle response due to G&R at days 0 (solid curve),
7 (dashed curve), 14 (dot-dashed curve) and 1000 (dotted
curve), also for a 30% decrease in flow. The abscissa
‘normalized muscle fibre stretch’ is expressed as a range of
values for l

mðactÞ
q ðsÞamðactÞðsÞ=amðactÞð0Þ. Increasing constriction

(c) occurs over the first 7 days followed by a gradual relaxation
(r) as the constrictor levels return to normal.
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(see equation (2.14) and figure 8) as well as the evolving
loaded active muscle length am(act)(s), with increasing
constriction occurring in the first 7 days and gradual
J. R. Soc. Interface (2009)
relaxation occurring as the constrictor levels return to
normal. Langille et al. (1989) observed an early
reduction in radius associated with the vasoactive



1.000

1.005

1.010

1.015(a)

(b)

no
rm

al
iz

ed
 in

ne
r 

ra
di

us

10–1 1 10 102
0.9

1.1

1.3

1.5

no
rm

al
iz

ed
 th

ic
kn

es
s

time (days)

Figure 11. Geometric changes over 100 days in (a) normalized
radius and (b) thickness in response to a 50% increase
in pressure, where Kk

sZKk
CZ1 (dotted lines), Kk

sZ1
and Kk

CZ10 (dot-dashed lines), Kk
sZ10 and Kk

CZ1 (dashed
lines) and Kk

sZKk
CZ10 (solid lines). The inner radius

initially increases due to the passive response to an increase
in pressure, but the vessel can largely recover its inner radius
within two weeks in order to restore th

w. Wall thickness
increases as collagen and smooth muscle are deposited in
response to increased circumferential stresses. The vessel can
also attain a stable wall thickness within two weeks.
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Figure 12. Time courses of mass density production rates,
normalized with respect to the homeostatic rates, for
(a) smooth muscle, (b) circumferentially oriented collagen
and (c) axially oriented collagen for a 50% increase in pressure,
where Kk

sZKk
CZ1 (dotted line), Kk

sZ1 and Kk
CZ10

(dot-dashed line), Kk
sZ10 and Kk

CZ1 (dashed line) and
Kk

sZKk
CZ10 (solid line). Time courses for helical collagen

(not shown) follow the same general trends as axial collagen.
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response followed by entrenchment (two weeks), with
the vessel essentially functioning as a smaller vessel after
one month. After 3 days, papaverine (a vasodilator) was
able to reverse the constriction, suggesting that little to
no G&R entrenchment had taken place. After one week,
papavarine was able to reverse only half of the
constriction suggesting that modest smooth muscle
G&R entrenchment had taken place, and after two
weeks, papavarinewas unable to reverse the constriction,
suggesting full entrenchment. Similarly, Brownlee &
Langille (1991) reported fully reversible dilation after
3 days of reduced flow but irreversible vasoactive
entrenchment after one month. This progression
suggests a full shift in contractile response by two
weeks. Our model predicts comparable time courses
(figure 10b). This progression can be observed morpho-
logically since a large nuclear profile in smooth muscle
cells (SMCs) indicates that SMCs have not yet returned
to their normal lengths (Langille et al. 1989).
3.2. Altered pressure

The most conspicuous consequence of hypertension in
arteries is a thickening of the wall that tends to restore
the circumferential stress towards its normal value
(Wolinsky 1970; Matsumoto & Hayashi 1996; Fridez
et al. 2002; Hu et al. 2007a,b). This is a more delayed
manifestation of vascular adaptation compared with
the instantaneous reduction in calibre observed in the
case of reduced flow simply because the vessel must
J. R. Soc. Interface (2009)
accumulate mass over some period. In the case of an
increase in transmural pressure, the vessel instan-
taneously distends due to the gross passive behaviour
of the mixture (figure 11a). All constituents thus
initially support greater loads, causing Ds to increase.
In addition, the increase in inner radius results in a
decrease in tw and an associated increase in C(t). These
effects work synergistically to increase mass production
(figure 12), resulting in mass accumulation (figure 13)
and wall thickening (figure 11b). Note the trend for the
wall to thicken by nearly 50 per cent for a 50 per cent
increase in pressure, which is consistent with expec-
tations based on a simple force balance.

The predicted accumulation of collagen is quali-
tatively similar to observed morphological changes in
basilar arteries (cf. fig. 6 in Hu et al. 2007b) and causes
irreversible passive stiffening (figure 14a). Our model
predicts stiffening within two weeks, with only modest
subsequent stiffening to day 100. Similar behaviour has
also been observed within two to four weeks in basilar
arteries in animal models (Hu et al. 2007a,b). The
model also predicts a negligible change in the active
muscle length (figure 14b), as the inner diameter
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Figure 13. Time courses of total mass, normalized with
respect to the homeostatic masses, for (a) smooth muscle,
(b) circumferentially oriented collagen and (c) axially oriented
collagen for a 50% increase in pressure, where Kk

sZKk
CZ1

(dotted line), Kk
sZ1 and Kk

CZ10 (dot-dashed line), Kk
sZ10

and Kk
CZ1 (dashed line) and Kk

sZKk
CZ10 (solid line). Note

the accumulation of mass for almost all fibre families. The
time courses for helical collagen (not shown) follow the same
general trends as axial collagen.
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Figure 14. (a) Evolving passive ‘pressure–diameter’ curves at
days 0 (solid curve), 7 (dashed curve), 14 (dot-dashed curve)
and 100 (dotted curve) for a 50% increase in pressure. All
parameters Kk

sZKk
CZ1. The abscissa ‘normalized inner

radius’ is expressed as the ratio of the current deformed
inner radius to the current unloaded inner radius (a(s)/A(s)).
The irreversible shift to the left indicates stiffening due to
gradual accumulation of constituents as the vessel wall
thickens in response to increased circumferential stress.
(b) Predicted shifting of active muscle response due to G&R
at days 0 (solid curve), 7 (dashed curve), 14 (dot-dashed curve)
and 100 (dotted curve), also for a 50% increase in pressure.
The abscissa ‘normalized muscle fibre stretch’ is expressed as a
range of values for l

mðactÞ
q ðsÞamðactÞðsÞ=amðactÞð0Þ. Note the very

modest shifting of the curve, due to a correspondingly modest
change in vessel radius. The maximum values for stress are
related to evolving constrictor levels (see equation (2.14) and
figure 15). The ‘residual’ elevation in active stress may reflect
the lower NO production reported in hypertension and often
referred to as ‘endothelial dysfunction’.
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changes only slightly, with maximum active stresses
varying with C(s) (figure 15). The values forKk

s andKk
C

again had large influences on the various predicted time
courses. Clearly, production rates are directly pro-
portional to these parameters; higher values result in
accelerated changes in morphology and geometry.

The changes in unloaded length have been reported
with decreasing longitudinal retractions in hyperten-
sive canine aorta (Vaishnav et al. 1990). Our model
predicts an increased unloaded length and inner radius
with time (figure 16), which is qualitatively consistent
with this observation. These changes are related to the
quantities in axially and circumferentially oriented
collagen, as collagen’s smaller prestretch serves to
restrict the retractive effects of elastin.
10–1 1 10 102

time (days)

Figure 15. Time courses of constrictor concentration ratio
C(s), normalized with respect to CB, for a 50% increase in
pressure, where Kk

sZKk
CZ1 (dotted line), Kk

sZ1 and
Kk

CZ10 (dot-dashed line), Kk
sZ10 and Kk

CZ1 (dashed line)
and Kk

sZKk
CZ10 (solid line). The early vasoconstriction

offsets the initial increased elastic distension (Humphrey &
Wilson 2003).
4. DISCUSSION

We have learned much about the biomechanics of the
arterial wall over the past four decades (cf. Fung 1993;
Humphrey 2002), yet we are just beginning to under-
stand and quantify the remarkable ability of arteries to
adapt in response to altered mechanical loading. For
example, arteries increase in calibre in response to
J. R. Soc. Interface (2009)
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Figure 16. Time courses of per cent changes in unloaded axial
length (solid line) and unloaded inner radius (dashed line) for
a 50% increase in pressure. All parameters Kk

sZKk
CZ1.
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increased flow, they thicken in response to increased
pressure and they lengthen in response to increased
axial loading (e.g. Wolinsky 1970; Kamiya & Togawa
1980; Langille et al. 1989; Matsumoto & Hayashi 1996;
Jackson et al. 2002; Gleason et al. 2007).

It is instructive to consider simple geometric
implications of stress-mediated G&R in response to
altered flow and pressure (Humphrey 2008). Let
homeostatic values be given by

thw Z
4mQ h

pa 3
h

; shq Z
Pha h

h h

; ð4:1Þ

and consider a step change to new values of flow and
pressure via QZ3Qh and PZgPh. Hence, if both wall
shear and circumferential stress are returned towards
homeostatic values, then

tw Z
4mð3Q hÞ

pa3
/

4mQ h

pa 3
h

; ð4:2Þ

sq Z
gPha

h
/

Pha h

hh
; ð4:3Þ

or a/31=3a h and h/gða=a hÞh hZg31=3h h. In other
words, we see that the changes in flow affect both wall
shear stress and circumferential stress, and thus both
luminal radius and wall thickness, provided the vessel
attempts to restore these stresses to normal. As seen in
figures 2–5 and 11, the present simulations predict this
trend, and, as noted in the figure captions, provide the
correct degree of change (e.g. aZ(0.7)1/3ahZ0.88ah for
a 30% reduction in flow).

Whereas these simple results suggest what should
happen, the G&R framework addresses how these
changes can occur. Our model predicts changes in
geometry, structure and mechanical behaviour as
natural consequences of biochemomechanically
mediated G&R and the need to satisfy equilibrium at
each G&R time. This is in contrast to other models that
prescribe changes in geometry, properties and/or
constituent mass fractions as functions of time or
evolving stress differences (Taber 1998; Rachev 2000;
Gleason et al. 2004; Tsamis & Stergiopulos 2007). Thus,
our approach allows for a more realistic framework in
which to model vascular G&R. Also, in contrast to
previous work (e.g. Gleason et al. 2004), where the focus
was on modelling geometric and morphological changes
as functions of non-dimensional time, we have also
J. R. Soc. Interface (2009)
extended the constrained mixture approach to occur
continuously in actual time.

Although we focused on the basilar artery, we did not
attempt to model any one experimental dataset from the
literature (largely because no single study provides data
sufficient for detailed modelling). Nevertheless, the
current predictions represent a marked improvement
over prior models in capturing salient features of flow-
and pressure-induced adaptations in diverse arteries.
Predictions show the importance of combined effects of
altered vasoactivity and matrix turnover (cf. Fridez
et al. 2002; Dajnowiec & Langille 2007), including
potential differences between the initial extents of
vasodilatation and vasoconstriction; they show that
adaptations can occur faster in cases of decreased
compared with increased flow (cf. Brownlee & Langille
1991); they show that wall shear stress can be restored to
normal faster than intramural stress in cases of increased
flow (cf. Masuda et al. 1999); they show that active
length-tension behaviours can evolve but be restored at a
different diameter due to adaptations (cf. Langille et al.
1989); and they show that inner radius remains constant
while wall thickness increases and thus circumferential
wall stress normalizes within a few weeks in cases of
increased pressure (cf. Matsumoto & Hayashi 1994;
Fridez et al. 2002, 2003; Hu et al. 2007b). Indeed, by
yielding reasonable time courses, in days to weeks or
months, the current predictions suggest that complete
adaptations may take longer than studied in some
animal models. For example, Kamiya & Togawa (1980)
reported carotid adaptations to increased flows at six to
eight months and suggested ‘an incomplete regulatory
response to this extreme stress’, that is, to flows more
than fourfold higher than normal. Rather than an
‘inherent limitation of the adaptive capacity’, it may
well be that longer times would be needed to achieve a
complete adaptation for such a large perturbation.

Notwithstanding the ability of the current model to
capture many observed features of flow- and pressure-
induced remodelling in an artery, it cannot do so with a
single set of model parameters. Therefore, there
remains a pressing need for better constitutive relations
for G&R and the data upon which they must be based.
In particular, there is a need for more data on the time
courses of stress-mediated alterations in cell prolifer-
ation and apoptosis as well as the synthesis and
degradation of extracellular matrix. That is, although
we know that the expression of growth factors,
cytokines and matrix metalloproteinases changes
significantly during adaptations to altered haemody-
namics (e.g. Mondy et al. 1997; Singh et al. 1998; Xu
et al. 2000, 2001; Sluijter et al. 2004), much remains
unknown with regard to specific molar changes and the
degree to which these affect cell activity. There is
similarly a need for quantitative relationships that
describe the multi-functional effects of vasoactive
molecules. For example, we know that NO promotes
endothelial cell proliferation while inhibiting both
smooth muscle proliferation and its synthesis of matrix
(Rizvi & Myers 1997; Dooley et al. 2007), but we lack
precise empirical correlations for the extent of such
changes as a function of shear-induced changes in the
concentration of NO. Similarly, we know that ET-1
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promotes smooth muscle proliferation and its synthesis
of matrix (Rizvi et al. 1996; Rodriguez-Vita et al. 2005),
but we lack precise relations in terms of shear-induced
changes in the concentrations of ET-1. There is also a
need to quantify relative changes in cell and matrix
turnover in response to altered shear versus intramural
stress. For example, decreased flow downregulates NO
and upregulates ET-1, both of which should increase
intramural production rates. Yet, the associated
decrease in radius and initial isochoric increase in
thickness due to vasoconstriction at a constant pressure
will decrease intramural stress and thereby should
decrease intramural production rates. We must under-
stand better how specific changes in vasoactive
concentrations and degrees of wall stress collectively
control rates of turnover.

Once additional biochemical information is avail-
able, we could employ full mixture equations for mass
balance whereby the arterial wall can consist of N
distinct types of constituents, n of which are structu-
rally significant (e.g. elastin, fibrillar collagens, smooth
muscle). Separate mass balance equations for the NKn
soluble (e.g. NO, ET-1, growth factors) constituents
iZ1, 2, ., NKn and the n insoluble (structural)
constituents kZ1, 2, ., n can then be written as

vri

vs
CdivðriviÞZ ~mi;

vrk

vs
CdivðrkvkÞZ ~mk : ð4:4Þ

Here, ra (aZi or k) are constituent (apparent) mass
densities; va are velocities; and ~ma are net mass density
productions. Consistent with the above, we could
consider quasi-static deformations whereby the velocity
of the arterial wall v is negligible. If we then invoke
usual assumptions for dilute solutes (e.g. Fick’s law of
diffusion), the first of these two mass balance relations
reduces to the standard reaction–diffusion equation

vCi

vs
ZRi CDiV2Ci; ð4:5Þ

where Ci is the molar density for constituent i (Slattery
1981), which is obtained from the mass density via the
molecular weight; Ri are reactions related to the net
productions/losses; and Di are diffusivities. The diffu-
sion term is important in three-dimensional problems,
but less so for two-dimensional analyses of the arterial
wall. Regardless, one could then use individual values of
Ci in the appropriate mass density production and
removal functions (cf. equations (2.16) and (2.17)). As
noted, however, this will require significantly more
information on the specific biological responses.

Finally, we emphasize that constitutive relations do
not describe a material (or cell activity) per se; rather,
they describe responses by a tissue or cell to particular
stimuli under specific conditions of interest. It is thus
unreasonable to expect that a single kinetic relation for
mass density production or mass removal will model all
responses of a vascular cell to all stimuli. With regard to
the present discussion, we note that extreme increases
in flow from normal could induce endothelial damage
(Fry 1968) whereas extreme decreases in flow, includ-
ing cessation of flow, could cause endothelial cells to
upregulate adhesion molecules that capture circulating
J. R. Soc. Interface (2009)
monocytes and promote local inflammatory processes
or atherogenesis. Our current illustrative forms for
mass density production and removal are not intended
to capture such extremes. Likewise significant
differences are expected during the progression from
development to maturity and ageing; such differences
were not addressed herein. For example, adaptations to
increased blood flow are faster in younger compared with
older animals (e.g. Brownlee & Langille 1991; Miyashiro
et al. 1997), but we did not attempt to account for such
differences. Indeed, there is a need to determine whether
such differences are due primarily to higher basal
turnover rates in younger animals (cf. Stenmark &
Mecham 1997) or if the basic functional forms of the
kinetic relations change with age. Finally, there is a need
to delineate differences in response by elastic versus
muscular arteries, intracranial versus extracranial and
systemic versus pulmonary. Fortunately, it appears that
the same fundamental hypotheses and theoretical
framework hold for diverse vessels.

In summary, the present theoretical framework for
arterial G&R and illustrative constitutive relations
yield predictions similar to many observations reported
in the literature. Nevertheless, there is a continued need
for more data and better constitutive relations so that
models can not only capture the consequences of G&R
but also the mechanisms by which such changes occur.
For purposes of illustration, we employed simple
descriptions of wall mechanics and haemodynamics.
Such simplicity can represent the situation in a straight
cylindrical region such as the basilar artery, but more
importantly, it is a prudent way to test basic concepts
and to build intuition. One obvious advantage of this
type of model is the ease with which various hypotheses
can be proposed and tested. For example, results for a
30 per cent reduction in flow suggest that this model is
very sensitive to values of Kk

s and Kk
C (figures 6 and 7).

This calls into question the relative roles of smooth
muscle and collagen in cases of large reductions in flow.
These results may motivate experiments to determine
actual morphological changes, thus narrowing the
range of values for the parameters used in this model.
Nevertheless, given our growing understanding of
modelling arterial mechanobiology and the associated
G&R mechanics, there is a need to begin to move
towards more complex situations wherein actual
haemodynamics and wall mechanics can be solved
together (see Humphrey & Taylor (2008) for a
description of one such approach).

This work was supported, in part, by NIH grants HL-64372
and HL-80415.
APPENDIX A

Rather than writing mass balance for constituent k in
terms of a net mass density production (which can be
positive, negative or zero), it proves convenient to use
the true mass density production (always non-negative)
and an associated survival function. To appreciate this
choice better, consider the special case wherein the true
mass density production rate is constant up to time
sZ0, at which time an altered G&R stimulus changes
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the production rate to a different constant value.
Hence, letðs
KN

vMk

vt
dtZ

ð0
KN

mkðtÞqkðs;tÞdtC
ðs
0
mkðtÞqkðs;tÞdt;

ðA1Þðs
KN

vMk

vt
dtZmkðs0Þ

ð0
KN

qkðs;tÞdt

CmkðsnÞ
ðs
0
qkðs;tÞdt: ðA2Þ

Moreover, consider the special case wherein the
survival function is given as a constant exponential
decay, namely qkðs;tÞZeKKkðsKtÞ, whereby our result
becomes

MkðsÞZmkðs0ÞeKKks

ð0
KN

eK
kt dt

CmkðsnÞeKKks

ðs
0
eK

kt dt

Z
mkðs0Þ
Kk

eKKksC
mkðsnÞ
Kk

1KeKKks
� �

: ðA3Þ

Evaluating this result at sZ0 requires that Mkð0ÞZ
mkðs0Þ=Kk, thus placing a restriction on initial/homeo-
static rates of production and decay. Note, too, that if
the two production rates are the same (say mk

0 as
expected when there is no change in stimulus at sZ0, as
in tissue maintenance), then MkðsÞZmk

0=K
k . Based on

these results, it proves convenient to consider the more
general form

MkðsÞZMkð0ÞQkðsÞC
ðs
0
mkðtÞqkðs;tÞdt; ðA4Þ

whereby Qk(0)Z1.
Next, consider the strain energy needed to model the

elastic stress response. At sZ0, equation (2.6) becomes

Wkð0ÞZMkð0ÞQkð0Þ
r

bWk
Ck

nð0Þ

� �
hfkð0Þ bWk

Ck
nð0Þ

� �
;

ðA 5Þ

or fk bWk
, which yields the classical rule of mixtures

relation for the stresses. Alternatively, if the turnover
occurs in an unchanging mechanical state (i.e. the
natural configurations remain fixed and thus n(t)Z
n(0)), then

WkðsÞZ bWk
Ck

nð0Þ

� � Mkð0ÞQkðsÞ
r

C

ðs
0

mkðtÞ
r

qkðs; tÞdt
� �

;

ðA 6Þ

which from the relation formass density can bewritten as

WkðsÞZ bWk
Ck

nð0Þ

� � MkðsÞ
rðsÞ

� �
hfkðsÞWk Ck

nð0Þ

� �
:

ðA 7Þ

This, too, recovers a classical rule of mixtures relation
for the stored energy as it should. Hence, we see that the
proposed constitutive framework recovers basic special
cases as it should.
J. R. Soc. Interface (2009)
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