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Complete Asymptotic Expansion

of the Integrated Density of States
of Multidimensional Almost-Periodic
Pseudo-Differential Operators

Sergey Morozov, Leonid Parnovski and Roman Shterenberg

Abstract. We obtain a complete asymptotic expansion of the integrated
density of states of operators of the form H = (—A)¥ + B in R?. Here
w > 0 and B belong to a wide class of almost-periodic self-adjoint pseudo-
differential operators of order less than 2w. In particular, we obtain such
an expansion for magnetic Schrédinger operators with either smooth peri-
odic or generic almost-periodic coefficients.

1. Introduction

In [12], two of the authors of this paper have considered the following problem:
let

H=-A+V (1.1)

be a Schrédinger operator acting in Lo(R?). The potential V = V (x) is assumed
to be real, smooth, and either periodic, or almost-periodic; in the almost-peri-
odic case we assume that all the derivatives of V' are almost-periodic as well.
We are interested in the asymptotic behaviour of the (integrated) density of
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states N (A) as the spectral parameter A tends to infinity. The density of states
of H can be defined by the formula

N(A) =N(\NH) = Llim (1.2)
Here, H](:,L) is the restriction of H to the cube [~L, L]¢ with the Dirichlet
boundary conditions, and N(\; A) is the counting function of the discrete
spectrum of A. Later, we will give several equivalent definitions of N () which
are more convenient to work with. If we denote by Ny(\) the density of states

of the unperturbed operator Hy = —A, one can easily see that for positive A
one has
No(A) = Car™?, (1.3)
where
d/2
Cy= Wa and wy = T il (1.4)

(2m)d (1+4d/2)

is the volume of the unit ball in R%. There was a long-standing conjecture
that the density of states of H enjoys the following asymptotic behaviour as
A — oc:

N~ X2 Cat Y en |, (1.5)

j=1

meaning that for each K € N one has

K
N =72 Ca+ Y e | + Re(N) (1.6)
j=1

with R (M) = o(A%~%). In those formulas, e; are real numbers which depend
on the potential V. These numbers can be calculated relatively easily using
the heat kernel invariants (computed in [2]); they are equal to certain integrals
of the potential V' and its derivatives. In paper [7], all these coefficients were
computed; in particular, it turns out that, if d is even, then e; vanish whenever
Jj>dj2.

Until [12], formula (1.5) was proved only in the case d = 1 in [17] for peri-
odic V' and in [14] for almost-periodic V. In [11], this formula was proved in
the case d = 2 and periodic potential; see also [20] for previous results. In the
periodic case and d > 3, only partial results were known, see [1,4,5,13,18,21].
In particular, in [4] it was shown that formula (1.6) is valid with K = 1
and R(\) = O(A7%) with some small positive § when d = 3 and R()\) =
O()\¥ InA) when d > 3. In the multidimensional almost-periodic case, for-
mula (1.6) was known only with K =0 and R(\) = O(/\%), see [16].

In [12], formula (1.5) was obtained for operators (1.1) assuming that the
real-valued potential V is either smooth periodic, or generic quasi-periodic, or



Vol. 15 (2014) Asymptotic Expansion of IDS 265

belongs to a reasonably wide class of almost-periodic functions (see [12] for a
complete set of conditions on V).
In the case of magnetic Schrédinger operator

H=(—-iV+A)?+V,

one expects the asymptotic formula (1.5) to be still valid (assuming similar
restrictions on the magnetic potential A = A(x) and the electric potential
V = V(x)). However, until now only the partial asymptotic formula (1.6) with
K =0 and R(\) = O(A"2™) was known ([8]; see also [6]).

The main aim of the current paper is to obtain the complete asymptotic
expansion of the integrated density of states for a more general class of opera-
tors than was considered in [12]. This class, in particular, will contain magnetic
Schrédinger operators. We give a detailed description of this new class in the
next section; here, we list the main properties of the operators belonging to it.

(i) We consider perturbations of the Laplacian, or any positive power of the
Laplacian. More precisely, we work with operators of the form

H=(-A)"+B,

where B is a differential or pseudo-differential operator of order k < 2w.
Here H is self-adjoint and belongs to the standard algebra of almost-
periodic pseudo-differential operators, see, e.g. [15] and [16].

(ii) If B is a differential operator, we assume that its coefficients satisfy the
same conditions the potential V had to satisfy in [12] (for example, the
coefficients can be smooth periodic, or generic quasi-periodic functions).
In particular, periodic magnetic Schrodinger operators are covered by
our results.

(iii) If B is pseudo-differential, we assume that it is a classical pseudo-differ-
ential operator, or, more generally, the operator of classical type. By the
latter we mean that the symbol of B admits an asymptotic decomposi-
tion in powers of |€| when |€| — oo; however, these powers do not have
to be integer. Note that operators with the relativistic kinetic energy
V/(=iV + A)2 + m2 are admissible for (almost-)periodic smooth A and
m > 0.

Under these assumptions we prove that the integrated density of states
N(X) has the complete asymptotic expansion (2.17). This expansion contains
powers of A and powers of In A; the values of the exponents in the powers of A
depend on the form of B, whereas the logarithms are raised to integer powers
smaller than d.

Our method is not efficient for explicitly calculating the coefficients in
(2.17). However, as soon as the general form of the expansion is established, the
coefficients can sometimes be calculated by, say, comparison with the expan-
sion for the heat kernel (see [7,12]). This applies, in particular, to the case of
magnetic Schrodinger operators, for which it turns out that the logarithmic
terms are absent (i.e., the corresponding coefficients are zero).

One immediate and slightly unexpected corollary of (2.17) is as follows:
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Corollary 1.1. Suppose, H = (—A)¥ + B with B being periodic and either dif-
ferential, or pseudo-differential operator of classical type. Then for sufficiently
large X the spectrum of H is purely absolutely continuous.

Proof. Since H is periodic, the general Floquet-Bloch theory implies that the
spectrum of H is absolutely continuous with the possible exception of eigen-
values of infinite multiplicity. If A is such an eigenvalue, the integrated density
of states has a jump at least |I'f| at \, where I'T is the lattice dual to the lattice
of periods of H. Due to (2.17), this cannot happen for large A. 0

The approach of our paper is similar to the one of [12]. In particular,
we use the method of gauge transform developed in [19,20], and [13]. Never-
theless, there are plenty of new (mostly technical, but sometimes ideological)
difficulties arising because the operator B is no longer bounded and no longer
local. One example of the new methods employed in this paper is the proof
of Lemma 10.5: not only this proof works for unbounded B, it also makes
Condition D from [12] redundant. The biggest increase in technical difficulties
comes in Sect. 10 where we express the contribution to the density of states
from various regions in the momentum space as certain complicated integrals
and then try to compute these integrals. As a result, our paper is technically
more complicated than [12] (which already was quite difficult to read). Thus,
we have reluctantly abandoned the idea of making our paper completely self-
contained; we will skip all parts of the argument which are identical (or close)
to corresponding parts of [12] and refer the reader to that paper. Nevertheless,
we will present all the definitions and properties of the important objects.

Remark 1.2. Throughout the article we employ the convention that, if some
statement is given without a proof, then an analogous statement can be found
in [12], and the proof is the same up to obvious modifications. It goes with-
out saying that the reader is strongly encouraged to read the article [12] first,
before attempting to read this paper.

2. Preliminaries

For w > 0 we consider the operator
H=(-A)"+B (2.1)

acting in Ly(R?). The action of the pseudo-differential operator B on functions
from the Schwarz class S(R?) is defined by the formula

(BHE) = (2m) 7 [ bx, ) (1) (©)de.
Here F is the Fourier transform

(FF)(E) = (2m)~ /2 / T f(x)dx, £ E€RY



Vol. 15 (2014) Asymptotic Expansion of IDS 267

the integration is over R?, and b is the symbol of B. We assume that b(x, &),
x, €& € R? is a smooth almost-periodic in x complex-valued function and, more-
over, that for some countable set © of frequencies we have

b(x,€) = Y b(6,€)eq(x) (22)
6co
where
eo(x) == e'%%, (2.3)
and
b(8,€) := My (b(x, £)e—o(x))

are the Fourier coefficients of b. (For any almost-periodic function f in R? its
mean My (f(x)) is defined by

My (f(x)) == LIEI;O L / f(x)dx.

[(—L/2.L/2)4

We assume that the series (2.2) converges absolutely and that b satisfies
the symmetry condition

b(6,€) = b(—6.€ + ),

so that the operator B is formally self-adjoint. For R > 0 let 13, be the indi-
cator function of the ball By := {ﬁ €] < R}. We assume that there exists a
constant Cy such that

16 15c, L. ®exray < 00,

and that

(1= Lae, (€))b(x,€) = > €], (x, £/[€]), (24)

vedJ
where J is a discrete subset of (—oo, ] with
0< < 2w (2.5)

(the first inequality here is assumed for convenience without loss of generality),
and b,(x,n) are smooth functions on R% x S¢~1 almost-periodic with respect
to x.
Let
W= (w+ »)/2. (2.6)

We introduce y € C*(Ry) so that
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Remark 2.1. Increasing Cy if necessary, we can guarantee that for any JcJ
and any © C O the operator B with the symbol b given by

b &) =3 (x(I€D) 3 bi(6,¢/I€l)eox) (2:8)
e 0cO

satisfies
(=A)” — |B| > 0. (2.9)
We also assume that the coefficients in the expansion

x,m) =Y b(0,mes(x), xeR) nes' LeJ (210
0cO

can be represented by a series

bu(0.m1, ... na) = Y bT(O)nit - (2.11)

TeENE

which converges absolutely in a ball of radius greater than one of R?.

Under the above assumptions H is a selfadjoint operator on the Sobolev
space H** (R%). We are interested in the asymptotic behaviour of its integrated
density of states N(A) as the spectral parameter A tends to infinity.

Definition 2.2. Let E()\;x,y) be the kernel of the spectral projection of H. We
define the integrated density of states as

N(A) := My (E(\;x,%)).

It was proved in Theorem 4.1 of [16] that for differential operators this
definition agrees with (1.2) (at least at the continuity points). The following
lemma is proved at the end of Section 4 of [12]:

Lemma 2.3. a. If A> B, then N(\; A) < N(\; B).
b. Suppose, A = a(x,D) and U = u(x, D) are two pseudo-differential oper-
ators with almost-periodic coefficients. Let operator A be elliptic self-
adjoint and operator U be unitary. Then N(\; A) = N(\; U LAU).

Without loss of generality we assume that ® (recall 2.2) spans R, con-
tains 0 and is symmetric about 0; we also put

0, =0+0+ - +0O (2.12)

(algebraic sum taken k times) and @, := Up©®f = Z(©), where for a set
S C R by Z(S) we denote the set of all finite linear combinations of elements
of S with integer coefficients. The set ©, is countable and non-discrete (unless
B is periodic). We will need
Condition A. Suppose that 01,...,04 € O,. Then Z(01,...,04) is discrete.
It is easy to see that this condition can be reformulated as follows: sup-
pose that 61,...,04 € ©.. Then either {6;} are linearly independent, or
Zc-l, n;60; = 0, where n; € Z and not all n; are zeros. This reformulation

=1
shows that Condition A is generic: indeed, if we are choosing frequencies of b
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one after the other, then on each step we have to avoid choosing a new fre-
quency from a countable set of hyperplanes, and this is obviously a generic
restriction. Condition A is obviously satisfied for periodic B, but it becomes
meaningful if B is quasi-periodic (i.e., if it is a linear combination of finitely
many exponentials).

If ® and J are finite, Condition A is all we need. If, however, any (or
both) of these sets is infinite, we need other conditions which describe how
well B can be approximated by operators with quasi-periodic symbols. In the
proof we are going to work with quasi-periodic approximations of B, and we
need these conditions to make sure that all estimates in the proof are uniform
with respect to these approximations.

We introduce

b.(8) := sup |b,(8.n)], 6¢€O.
Inl=1
Condition B. Let k be a positive integer. Then there exists Ry > Co such that
for each p > Ry there exist a finite symmetric set © C (© NB(p'/*)) (where

B(r) is the ball of radius r centered at 0) and a finite subset J C J with
card J < p'/* (2.13)
such that

3 (1+102)* | Ro|**b,(6) < p~*. (2.14)
(0.)E(@x )\ (OxJ)

The last condition we need is a version of the Diophantine condition on
the frequencies of b. First, we need some definitions. We fix a natural number
k (the choice of k will be determined later by the order of the remainder in the

asymptotic expansion) and denote é;; = (:);C \ {0} (see 2.12 for the notation).
We say that U is a quasi-lattice subspace of dimension m, if U is a linear span
of m linearly independent vectors 61,...,0,, from é,; Obviously, the zero
space (which we will denote by X) is a quasi-lattice subspace of dimension
0, and R? is a quasi-lattice subspace of dimension d. We denote by V,, the
collection of all quasi-lattice subspaces of dimension m and put V := U,,,V,,. If
€ € R%, and U is a linear subspace of R?, we denote by &y the orthogonal pro-
jection of € onto U, and put B+ to be an orthogonal complement of 2, so that
E=E&y+E&yr. Let U, U € V. We say that these subspaces are strongly distinct
if neither of them is a subspace of the other one. This condition is equivalent to
stating that if we put 20 := U N4, then dim 2T is strictly less than dimensions
of U and . We put ¢ = ¢(U,4) € [0,7/2] to be the angle between them, i.e.
the angle between U © 20 and U & 2, where U © 2 is the orthogonal com-
plement of 20 in . This angle is non-zero iff U and 2T are strongly distinct.
We put s = s(p) = 5(0;) := infsin (¢(U,4)), where the infimum is over all
strongly distinct pairs of subspaces from V, R = R(p) := SWpco, |6|, and

r=r(p) :=inf,_g [0]. Obviously,
k



270 S. Morozov et al. Ann. Henri Poincaré

R(p) = O(p"/*), (2.15)

where the implied constant can depend on k£ and k.
Condition C. For each fixed k and k the sets é,; can b(i chosen in such a way
that for sufficiently large p the number of elements in ©j, satisfies card @;, <
oM and we have

s(p) = p~'/* (2.16)
and

r(p) = p~ /%,
where the implied constant (i.e. how large should p be) can depend on k

and k.

Remark 2.4. Note that Condition C is automatically satisfied for quasi-peri-
odic and smooth periodic Bj; see [12] for further discussion of this condition.

Condition A implies the following statement, which will be used crucially
in our constructions:
Corollary 2.5. Suppose, 01,...,0; € éfw I < d-—1. Let U be the span of
01,...,0;. Then each element of the set ®; NV is a linear combination of
01,...,0; with rational coefficients. Since the set @ N is finite, this implies

that the set Z(®; NY) is discrete and is, therefore, a lattice in .

From now on, we always assume that B satisfies all the conditions from
this section; we will also denote

pi= )\1/211}.
Now we can formulate our main theorem.

Theorem 2.6. Let H be an operator (2.1) satisfying Conditions A, B and C.
Then for each K € R there exists a finite positive integer L and a finite subset
Jo C J such that

N(p*™)
d—1 L [K+d+(2—2w)h+t1+-+ep]
= Z Z Z R
q=0h=0t¢1,....,.ph €Jo j=0
+0(p™"). (2.17)
as p — oo.

Remark 2.7. The powers of p present in (2.17) are equal to d + (2 — 2w)h +
t14---+tp—7, and the first impression is that there are far too many of them
(indeed, a priori the set of all such powers can be dense in R, for instance).
However, many of these powers are, in fact, spurious (i.e. the corresponding
coefficients C;l,;'jbh are zero). This happens, for example, when d+ (2 — 2w)h +
t1 4+, —j > d (for obvious reasons). Equally obviously, these powers do
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not ‘multiply’ when we increase K. This means that if K; < K», then expan-
sion (2.17) with K = K5 does not contain extra terms with d + (2 — 2w)h +
t1+ -4ty —j > —K;, compared with this expansion for K = K;.

In the case of magnetic Schrédinger operators, Theorem 2.6 and calcu-
lations similar to those of [2] and [12] imply that most of the terms in (2.17)
will indeed disappear:

Corollary 2.8. suppose that smooth almost-periodic functions A and V are
such that

H=(—iV+A’+V=-A+B
satisfies the hypothesis of Theorem 2.6. Then for each K € N we have

K
N = A2 [ Ca+ Y e;A™7 +o(AF) (2.18)
j=1

as A — oo.

Remark 2.9. By taking the Laplace transform of (2.17), one can obtain an
asymptotic expansion of the (regularised) heat trace as t — 0. However, it
seems that using the approach of [2] and [3], it is possible to obtain even
stronger results (including the pointwise asymptotic expansion of the heat
kernel).

Remark 2.10. Of course, formula (2.17) cannot be differentiated; moreover,
we do not even know if in the almost periodic case N(A) is strictly increasing.
However, in the case of periodic Schrodinger operators there are some results
on the high-energy behaviour of the (non-integrated) density of states, see

e.g. [9].

Given Conditions B and C, we introduce the following definition: we
say that a non-negative function f = f(p) = f(p;k, k) satisfies the estimate
f(p) < p°t (resp. f(p) = p° ) if for each positive & and for each k we can
achieve f(p) < p° (resp. f(p) = p—¢) for sufficiently large p by choosing the
parameter k from Conditions B and C sufficiently large. For example, we have

R(p) < o™, (2.19)

card © < p°, s(p) = p°~, and r(p) > p°~.

Throughout the paper, we always assume that the value of k is chosen
sufficiently large so that all inequalities of the form p°* < p® or p°~ > p~¢ we
encounter in the proof are satisfied.

The next statement proved in [12] is an example of how this new notation
is used.

Lemma 2.11. Suppose, 0, ...,y € é;;, the set {uj} is linearly indepen-

dent, and 6 = 2?21 cjp;. Then each non-zero coefficient c; satisfies

0

P < eyl < p7F
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In this paper, by C' we denote positive constants, the exact value of which
can be different each time they occur in the text, possibly even in the same
formula. On the other hand, the constants which are labeled (like Cy, Ca 1, etc)
have their values being fixed throughout the text. Given two positive functions
f and g, we say that f 2> g, or g < f, or g = O(f) if the ratio g/ f is bounded.
Wesay f<gif f 2 gand f <g.

We will also need a number of auxiliary constants. Let us choose numbers
{aj};l:l, B3, Y, and ¢ satisfying

max{l —w+#/2,1/2} <<y << - <ag<V¥<¢<1l (2.20)
(recall 2.5) and set
a:=x/0. (2.21)

3. Reduction to a Finite Interval of the Spectral Parameter

To begin with, we choose sufficiently large py > Cy (to be fixed later on) and
for n € N put p,, := 2p,_1 = 2" pg. We also define the intervals I,, := [p,,, 4pp].
The proof of Theorem 2.6 will be based on the following lemma:

Lemma 3.1. For each M € R there exist L > 0 and a finite subset Jy C J such
that for everyn € N and p € I,

N(p*)
-1 L [4=]
_ Z Z 021’”% (n,M)p d+(2—2w)hti14-Fn =7 |4 p
q=0h=0t1,.....n€Jo j=0
+0 (o). (3.1)
Here, C;lh]”l (n, M) are some real numbers satisfying
C(;lh] (na M) = O(p;2ﬁh+<j)' (32)

The constants in the O-terms do not depend on n (but they may depend
on M).

Remark 3.2. Note that (3.1) is not a ‘proper’ asymptotic formula since the
coefficients are allowed to grow with n (and, therefore, with p).

Some of the powers of p on the right-hand side of (3.1) may coincide. In
order to avoid the ambiguity let us redefine coefficients C;'; " (n, M) in such a
way that, for any given values of ¢ and d+ (2—2w)h+t1 4+ - -+, — j, only the
coefficient with the minimal possible value of h and maximal possible values
of 4, t1,...,tp (in this order) is nonzero. Note that these new coefficients still
satisfy (3.2).

Let us prove Theorem 2.6 assuming that we have proved Lemma 3.1. Let
M be fixed. Denote the sum on the right-hand side of (3.1) by N,,(p*“). Then,
for n > 1, whenever p € I,_1 N I, = [pn,2pn], we have
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L
S5 YT g mange e
j=

qZOh:0L1, ﬂzhEJ() 0
L0 (o) (3.3)
where
tth (n,M) := C;lhj “(n, M) — C;lhj (n—1,M).

On the other hand, since for p € I,,_1 N I,, we have both N (p?**) = N,,(p**) +
O(p; M) and N(p**) = N,_1(p**) + O(p; ™M), this implies that

[d-H\l}

L
Z Z tth n, M d+(2—2w)h+ur1+-Ftp— jln p

=0 (p,"). (3.4)

Claim 3.3. For each combination of indices present on the right-hand side of
(3.3) we have

t;thh (n, M) = O (pzlfod+(2w72)h7L17--<*Lh Ind—1-1 /)n> ) (3.5)

Proof. Put y := p,/p and let
" (n, M)

d—1
= pMHA@=2u) = Ci) —1)PEe e (n, M) I P p,,. (3.6)

a=p
Then by (3.4) for y € [1/2,1]
P(y)

d+1v]

d—1 L

p=0h=0t1,.....h €Jg 7=0
=0(1) asn— 0. (3.7)

Let us denote by fi,..., fr the functions g/~ 4+ Ew=2h—t——utn |nP 4 entering
the sum in (3.7) with non-zero coefficients; these functions are linearly indepen-
dent on the interval [1/2,1]. Therefore, there exist points y1,...,yr € [1/2,1]
such that the determinant of the matrix ( fj(yl))Tl 1
and the Cramer’s Rule imply that the values of 7" (n, M) are fractions
with a bounded expression in the numerator and a ﬁxed non-zero number in
the denominator. Therefore,

T (n, M) = O(1) asn — oo. (3.8)

is non-zero. Now (3.7)

Thus, choosing p = d — 1 in (3.6), we obtain
t(Li lhj(n M) (pzl_M_d“F(ZLU—Q)h—Ll—..._Lh) )
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Now we can put p = d — 2 into (3.8) and obtain

tiih (n, M) = (Pzz_M_dHQw_Q)h_”_'”_“L In pn) )
Continuing this process until p = 0, we obtain (3.5). O

Therefore, the series Zm oty " (m, M) is absolutely convergent for j <

M +d+ (2—=2w)h+ 1 + -+ tp; moreover, for such j we have

OBy (M) = € (0,0) + 3 £, (m, B)
m=1
:Célhj (0, M) +thhj M)

+O (pzl—M—d+(2w—2)h—L1—~~—Lh lnd—l—q pn)

Gl (M) (MOt
where we have denoted Cph" (M) = Cghy (0, M) + 3570 t0y" (m, M).
For bigger values of j we use (3 2) and (2.20) to obtain
d—1 L [dlfs}
> X > Coi (0 M)
q=0 h=01t1,...,tn €Jo jZ2M~+d+(2—2w)h~+t1+-+ip
% pd+(2—2w)h+bl+"'+LiL_j In? )
d-1 L
< ZZ Z p§d+(2< 2B—2cw+ssx)h—(1—¢)M In? On
~ n
q=0 h=0t1,...,t.h€Jo
5 p;d—(l—c)M hldfl On.
Thus, when p € I,,, we have
d-1 L [M+d+(2—2w)h+e14--+in]
2wy _
REDIIEDY > Gy (M)
g=0h=01t1,...,.hE€Jo Jj=0

Xpd+(2—2w)h+L1+-~+Lh—j h’lqp

+0 (pr Ind? p) + 0 (pgdf(lfg)M In¢! p) )
Since the constants in O terms do not depend on n, it is sufficient to choose
M= [(sd+ K)/(1—-¢)] +1
to get (2.17) for all p > po
Remark 3.4. The main reason why we need the representation (2.4) is to
match the asymptotic expansions in different intervals I,,. If we did not have
(2.4), we would have obtained the asymptotic expansions containing the gen-

eral ‘phase volumes’ (like in [19]), and it is not clear how to merge the results
for different n.
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The rest of the paper is devoted to proving Lemma 3.1. The first step of
the proof is fixing n and fixing large k and k. The precise value of k will be
chosen later. The main restriction on it will be to satisfy inequality (9.9) (it
says that the more asymptotic terms we want to have in (3.1), the bigger k we
need to choose). Another assumption is made immediately after Lemma 7.2.
Note that the choice of k does not depend on k. We will have several require-
ments on how large k should be (most of them will be of the form p2™ < p¢ or
PV~ > p.€); each time we have such an inequality, we assume that k is chosen
sufficiently large to satisfy it.

Remark 3.5. Our choice of k will only depend on M, w, s, and the constants
introduced in (2.20). The set Jy in Lemma 3.1 can be chosen to be

Joi=JNpx—d—M -1, (3.9)
The first requirement on k we have is that
k>d+M+x(d+M)/(w— ) —2w. (3.10)
After fixing k and k we get Ry from Condition B. Then, we choose
po = Ro (3.11)

in a way to satisfy finitely many conditions of the form |O(p~¢)| < ¢ for all
p > po with ¢ > 0 and € > 0 which we will impose later. Thereafter, we fix
n and choose © and J so that Conditions B and C are satisfied for p=4p,.
Without loss of generality we may assume that J O Jo. Then we introduce an
auxiliary pseudo-differential operator B with the symbol b given by (2.8).

From now on we prove Lemma 3.1 for B = B and with Jo replaced by
J. However, in view of (2.13) and (2.20), the results with J and J, are equiv-
alent. Afterwards, in Sect. 11 we will prove that the asymptotics (3.1) for the
original B follows from Condition B and (3.1) for B.

4. Pseudo-Differential Operators

Most of the material in this and several subsequent sections is very similar
to the corresponding sections of [12] and [13], as are the proofs of most of
the statements. Therefore, we will often omit the proofs, instead referring the
reader to [12,19], and [13].

4.1. Classes of PDOs

Before we define the pseudo-differential operators (PDOs), we introduce the
relevant classes of symbols. Let b = b(x, £), x,€ € R?% be an almost-periodic
(in x) complex-valued function and, moreover, for some countable set @ of
frequencies (we always assume that O is symmetric and contains 0; starting
from the middle of this section, © will be assumed to be finite)

= Z 5(0,§)e9(x), (41)

0cHd
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where

b(0, &) := My (b(x,€)e_a(x))

are the Fourier coefficients of b(-, &) (recall that M is the mean of an almost-
periodic function). We always assume that (4.1) converges absolutely. Let us
now define the classes of symbols we will consider and operators associated
with them. For £ € R? let (€) := /1 + |€]2. We notice that

(€+m) <2(&)(m), V&meRL (4.2)

We say that a symbol b belongs to the class S, = So(8) = Sa(f, ©), if for
any [ > 0 and any non-negative s € Z the conditions

oI = max 37 (0) sup() 1+ D36, 6)| < oc
0cO

S| = 51452+ + sa, (4:3)

are fulfilled. The quantities (4.3) define norms on the class S,. Note that S,
is an increasing function of «, i.e. S, C Sy for a < 7.

Given 6 € R?, let us introduce a linear map Vg on symbols which acts
according to the rule

(Voa)(¢,€) i= i, & + 0) — a(, ). (4.4)

If the Fourier transform of the symbol is factorized, i.e.

Q
&) =[] a9,

then the action of Vg can be written as a sum of actions on each factor sepa-
rately:

Q g-1
(Voa)(e,£) =ZH (6. € +6)(Vaay)(¢,€) H as(¢,8). (4.5

=q—

For later reference we mention here the following convenient bound that
follows from definition (4.3) and property (4.2):

> 10! sup (6) 2 (ID(V0)(0,€) )

0coO

<Ol e, s=1s], (4.6)

with a constant C' depending only on a, s, and 3. The estimate (4.6) implies
that for all g with |n| < C' we have a uniform bound

Vbl < Clbli2) Il
Now we define the PDO Op(b) in the usual way:

Opbulx) = (21) 2 [ bx. e (Fu)(€)de. (@.7)
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the integral being over R%. Under the condition b € S, the integral on the
r.h.s. is clearly finite for any u from the Schwarz class S(R?). Moreover, the
property b € Sp guarantees the boundedness of Op(b) in Ly(R9), see Propo-
sition 4.1. Unless otherwise stated, from now on S(R?) is taken as a natural
domain for all PDOs when they act in Ly(R?).

Applying the standard regularization procedures (see, e.g., [15]), we can
also consider the action of Op(b) on the exponentials e,, v € R?. Namely, we
have

Op(b)e, = Z b(0,v)e,10.
0cO
This action can be extended by linearity to all quasi-periodic functions (i.e.
finite linear combinations of e, with different v). By taking the closure, we
can extend this action of Op(b) to the Besicovitch space By(R?). This is the
space of all formal sums

o0 o0

Zajeg]. (x), with Z |la;]? < +o0.

Jj=1 J=1
It is known (see [15]) that the spectra of Op(b) acting in Ly(R%) and By(R9)
are the same, although the types of the spectra can be entirely different. It
is very convenient, when working with the gauge transform constructions, to
assume that all the operators involved act in By(R9) although in the end we
will return to operators acting in Ly(R?). This trick (working with operators
acting in By(R?)) is similar to working with fibre operators in the periodic
case in the sense that we can freely consider the action of an operator on one,
or finitely many, exponentials (2.3), despite the fact that these exponentials
do not belong to our original function space.

Moreover, if the order o < 0 then by continuity this action can be
extended to all of By(R?), and the extension has the same norm as Op(b)
acting in Lo (see [15]). Thus, in what follows, when we speak about a pseudo-
differential operator with almost-periodic symbol acting in By, we mean that
its domain is either whole By (when the order is non-positive), or the space
of all quasi-periodic functions (for operators with positive order). And, when
we make a statement about the norm of a pseudo-differential operator with
almost-periodic symbol, we will not specify whether the operator acts in Ly (R%)
or By(R%) since these norms are the same.

4.2. Some Basic Results on the Calculus of Almost-Periodic PDOs

We begin by listing some elementary results for almost-periodic PDOs. The
proofs are very similar (with obvious changes) to the proofs of analogous state-
ments in [19].

Proposition 4.1. Suppose that b satisfies (4.1) and that |b|(()?()) < 0. Then Op(b)

is bounded in both Ly(R?) and B2(R?) and || Op(b)|| < |b|g?()).

In what follows, if we need to calculate a product of two (or more)

operators with some symbols b; € S, (©®;) we will always consider that
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bj € Sa; (X5 ©;) where, of course, all extra terms are assumed to have zero
coefficients in front of them.

Since Op(b)u € S(RY) for any b € S, and u € S(R?), the product
Op(b) Op(g), b € Su(©1),g € S,(©y), is well defined on S(R?). A straight-
forward calculation leads to the following formula for the symbol b o g of the
product Op(b) Op(g):

bog)x,&)= > bO,&+¢)g(e,&)e' O™

0cO,, pcO,
and hence
bog)x.6) = > b(6.6+d)i($.€), x € O1+ 6y, EcR. (48)
0+p=x
‘We have

Proposition 4.2. Let b € Sa((;)l), g € Sv(é)g). Then bo g € Sa+7((':)1 + ©,)
and

|bog|(0‘+7 Clblls |g §1)|a\+s)ﬁ s?

with the constant C' depending only on l, a, and s.

We are also interested in the estimates for symbols of commutators. For
PDOs A, ¥, I =1,2,...,N, denote

ad(A; \111,\1/2, ce ,\I/N) = i[ad(A;\Ill, \112, [SPN ,\I/N_l), \I/N]7
ad(A; @) :=i[A, U], adV(4;0) == ad(A; 0, 0,...,0), ad’(A4;0):= A.

For the sake of convenience, we use the notation ad(a;1,%e,...,%¥y) and

ad (a, ) for the symbols of multiple commutators.
Let

supp b *{BGRd b %O}
It follows from (4.8) that the Fourier coefficients of the symbol ad(b,g) are
given by
ad(b, g)(x; €)
=i Y [(Toh)(0.6)5(x—6,6)-5(6,6)(Vog) (x — 6.6)] . (49)

6¢ (supp b)U(x—supp §)

Proposition 4.3. Let b € S,(0©) and g; € Sw(éj)7 j=1,2,...,N. Then
ad(b; g1, ..., 9n) € S4(© + 3, ©;) with

il
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and
N
|ad(b; g1, .- >9N)|l(7s) < Clblj(;,xs)—&-N |9j|;7§3rN—j+1v
j=1

where C' and p depend on l,s,N,a and ;.

5. Resonant Regions

We now define resonant regions and mention some of their properties. This
material is essentially identical to Sect. 5 of [12], where the reader can find the
proofs of all the statements of this section.

Recall the definition of the set ® = © as well as of the quasi-lattice
subspaces from Sect. 2. As before, by ®; we denote the algebraic sum of k
copies of ©; remember that we consider k fixed. We also put 0 = 0;\ {0}.
For each U € V we put Sy := {£ € U, [£| = 1}. For each non-zero § € R we
put n(9) := 6|6|~ 1.

Let U € V,,. We say that § is a flag generated by U if § is a sequence
B, € V; (j = 0,1,...,m) such that U;_; C Y; and V,, = V. We say
that {v;}7", is a sequence generated by § if v; € U; ©U;_1 and |v;| =1
(obviously, this condition determines each v; up to multiplication by —1). We
denote by F () the collection of all flags generated by U. We put

Lj = p%ﬂ (51)
recall (2.20).
Let 6 € @;;. The resonant region generated by 6 is defined as
A©) = {€ R, |(&n(8)] < L }. (5.2)

Suppose, § € F() is a flag and {v;}2; is a sequence generated by §. We
define

A = {eer?, [ vy <L} (5.3)

If dimY = 1, definition (5.3) is reduced to (5.2). Obviously, if §; C &2, then
Suppose, U € V;. We denote

E1 (D) := Uzer ) AS).
Note that Z1(X) = R? and E, (D) = A(0) if Y € V; is spanned by 6. Finally,
we put
=) = 51 (1) \ (Usow Z1(40) = E1(0)\ (Uiom UserA()). (54)

We call E(U) the resonance region generated by 0. Very often, the region
E(X) is called the non-resonance region. We, however, will omit using this
terminology since we will treat all regions Z(U) in the same way.

The first set of properties follows immediately from the definitions.
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Lemma 5.1. (i) We have
Umeva(m) =R%
(i) € € E1(V) iff &y € QV), where Q(V) C WV is a certain bounded set
(more precisely, (V) = E1(V) NV C B(mLy,) if dimY =m).
(iii) 21 (RY) = E(RY) is a bounded set, E(R?) C B(dLyg); all other sets (V)
are unbounded.

Now we move to slightly less obvious properties. From now on we always
assume that po (and thus p,,) is sufficiently large. We also assume, as we always
do, that the value of k is sufficiently large so that, for example, L;p0" < L; .

Lemma 5.2. Let U, 4 € V. Then (21(V) N E1(U)) C E,(W),
where 20 := BV + YU (algebraic sum,).

Corollary 5.3. (i) We can re-write definition (5.4) like this:
E(V) == E1(V) \ (Vsgw E1(Y)).

(ii) If 0 # 4, then E(T) NE(L) = 0.
(iii) We have R? = UgeypE(D) (the disjoint union).

Lemma 5.4. Let U € V,, and B C W € Vi1 Let p be (any) unit vector from
W Y. Then, for & € B1(V), we have & € E1(20) if and only if the estimate
(€, )| = |6y )| < Linyr holds.

Lemma 5.5. We have
E1(0) NUgonE1(U) = E1(T) NUswow, dim =1+ dim v=1(20).
Corollary 5.6. We can re-write (5.4) as
E(D) := E1(V) \ (Uzov,dim w—14dim v Z1(20)). (5.5)

Lemma 5.7. Let U €V and 6 € Oj. Suppose that & € E(UV) and both points &
and € + 6 are inside A(0). Then 0 € B and £+ 0 € Z(V).

Definition 5.8. Let 0,601,0,,...,0; be some vectors from @;;, which are not
necessarily distinct.

a. We say that two vectors &, € R? are @-resonant congruent if both & and
1 are inside A(0) and (£ —n) = nO with n € Z. In this case we write £ < n
mod 6.

b. For each £ € R? we denote by Yo (&) the set of all points which are 6-res-
onant congruent to €. For 8 # 0 we say that Y (&) = @ if &€ ¢ A(O).

c. We say that & and n are 64, 0,...,0;-resonant congruent, if there exists
a sequence §; € R j = 0,1,...,1 such that &, = &, & = n, and € €
Yo,(§;-1) for j=1,2,...,1

d. We say that n € R? and &€ € R? are resonant congruent, if either & = n or £
and n are 01,0, ..., 0;-resonant congruent with some 0,05,...,0; € @;%'
The set of all points, resonant congruent to &, is denoted by Y (&). For
points m € Y (&) (note that this condition is equivalent to & € Y(n)) we
write n < &.
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Note that Y (&) = {&} for any € € E(X). Now Lemma 5.7 immediately
implies

Corollary 5.9. For each & € E(U) we have Y (€) C E(Y) and thus
E(V) = Ugez(w)/— X (€)

Lemma 5.10. The diameter of X (&) is bounded above by mL,,, if € € E(),
U € V.

Lemma 5.11. For each & € Z(0), T # R, the set Y (&) is finite, and
card Y (&) is bounded uniformly in & € R?\ E(RY).

6. Description of the Approach

We first prove (3.1) assuming that the symbol b of B is replaced by b which
satisfies (2.8). In particular, it belongs to the class S,. At the end, in Sect. 11,
we will use (2.14) to show that Lemma 3.1, and hence Theorem 2.6 holds as
stated.

For any set C C R? by P(C) we denote the orthogonal projection onto
span{eg eec in B2(R?) and by PL(C) the same projection considered in Lo (R9),
ie.

PHC) = F 1c F, (6.1)

where F is the Fourier transform and 1¢ is the operator of multiplication by
the indicator function of C. Obviously, P¥(C) is a well-defined (respectively,

non-zero) projection iff C is measurable (respectively, has non-zero measure).

Let us fix sufficiently large n and denote (recall that A, = p2)

X = {€ R €2 € [(5/6)2" 70,57 A] }. (6.2)
We also put
A=A, = Ugex, Y(&).
Lemma 5.10 implies that, if py is big enough,

for each € € A we have [£]*" € [(2/3)*" s, 6" \,,]. (6.3)
In particular, by Lemma 5.1 (iii) we have
ANERY) = 2. (6.4)

Let us define
A={e¢ A 1€ <M}

and
A={&g A €7 >N\, }. (6.5)

We now plan to apply the gauge transform as in Sects. 8 and 9 of [12]
to the operator H. The details of this procedure will be explained in Sects. 8
and 9; here, we just mention that we are going to introduce two operators: H;
and Hy. The operator H; is unitary equivalent to H: H; = U~'HU, where



282 S. Morozov et al. Ann. Henri Poincaré

U = ¢" with a bounded pseudo-differential operator ¥ with almost-periodic
coefficients (then Lemma 2.3 implies that the densities of states of H and H;
are the same). Moreover, H, = Hs + Rj,, where

IRg Il < oy, M2 (6.6)

n
and Hy = (—A)" 4+ W7 is a self-adjoint pseudo-differential operator with sym-
bol |€** + wy (x, &) which satisfies the following property:

W,(0,) =0, if (EZA0) &E€A),
or (E+0¢&A0)&EeA), or (0¢0O;). (6.7)

We can now use a simple statement which follows from Lemma 2.3 and
Remark 2.7:

Lemma 6.1. Suppose, Hy and Hy are two elliptic self-adjoint pseudo-diffe-
rential operators with almost-periodic coefficients such that ||Hy — Hal| <
pMA2w=d = Suppose that N(Hy;p*") satisfies asymptotic expansion (3.1).
Then N (Hy; p?V) also satisfies (3.1) with the same coefficients.

This means that it is enough to establish the asymptotic expansion (3.1)
for the operator Hs instead of H. Condition (6.7) implies that for each & € A
the subspace P (Y (£))B2(R?) is an invariant subspace of Hy; its dimension is
finite by Lemma 5.11. We put

H(€) := Halp(r(e))Bsre)-
Note that the subspaces P(A)By(R%) and P(A)By(RY) are invariant as well;

by Hy(A) and Ha(A) we denote the restrictions of Hy to these subspaces;
we also denote by Hy(A) the restriction of Hy to P(A)Bz(RY). If we con-
sider the operator Hy acting in Ly(RY), then PE(A)Ly(RY), PL(A)Ly(RY),
and PL(A)Ly(R?) are still invariant subspaces. It follows from (6.2)-(6.5) that
UH,(A)U* < (5/6)** A\, I and UHy(A)U* > 52¥ 1.

For each & € A the operator Hy(€) is a finite-dimensional self-adjoint
operator, so its spectrum is purely discrete; we denote its eigenvalues (count-
ing multiplicities) by A1(§) < A2(§) < -+ < Acarar(e)(§). Next, we list all
vectors 7 € Y (€) in increasing order of their lengths; thus, we have put into
correspondence to each point 7 € Y (£) a natural number ¢ = ¢(n) so that
t(n) < t(n') if |n| < |n’|. If two vectors § = (n1,...,nq) and 0’ = (n1,...,15)
have the same lengths, we put them in the lexicographic order of their coor-
dinates, i.e. we say that t(n) < ¢(n') if ;m < i, or ;1 = 0} and N2 < 75,
etc. Now we define the map g : A — R which to each point n € A brings
into correspondence the number Ay, (T(n)) This map is an injection from A
onto the set of eigenvalues of Hs, counting multiplicities (recall that we con-
sider the operator Hy acting in By(R?), so there is nothing miraculous about
its spectrum consisting of eigenvalues and their limit points). Moreover, all
eigenvalues of H, inside the interval [(7/8)2“\,, (9/2)?“\,] have a pre-image
under g. We define

g(€) == [€[*", for €eRI\ A (6.8)
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Arguments similar to the ones used in [13] show that g is a measurable func-
tion.
We introduce

Gr:={€ e R, g(&) <A}
Lemma 6.2. For \ € [\,,4%“)\,] being a continuity point of N(\; Hy) we have
N(\; Hy) = (21) "% vol Gy. (6.9)

Since points of continuity of N(\) are dense, the asymptotic expansion
proven for such X can be extended to all X € [\, 42" \,] by taking the limit.
Thus, our next task is to compute vol Gy. Let us put

AT (p) = {€ € RY, g(&) < p™ < [€]*}

and

A7 (p) = {€ € R €)™ < p™ < g(€)}.
Lemma 6.3.

vol(Gy) = wap? + vol AT (p) — vol A~ (p), (6.10)
where wy s the volume of the unit ball in R?.

Proof. We obviously have G = B(p) U AT (p) \ A= (p). Since A~ (p) C B(p)
and AT (p) N B(p) = 0, this implies (6.10). O

Remark 6.4. Properties of the mapping g imply that A*(p) U A~ (p) C A.
Thus, to compute N (), we need to analyse the behaviour of g only inside A.

We will compute the volumes of A*(p) by means of integrating their char-
acteristic functions in a specially chosen set of coordinates. The next section
is devoted to introducing these coordinates.

7. Coordinates

In this section, we do some preparatory work before computing vol A*(p).
Namely, we are going to introduce a convenient set of coordinates in E(J).
Let U € V,, be fixed; since A*(p) N E(RY) = (), we will assume that m <
d. Then, as we have seen, £ € () if and only if £y € Q(U). Let {4}
be a collection of all subspaces {; € V41 such that each i; contains .
Let p; = p;(W) be (any) unit vector from U; © U. Then it follows from
Lemma 5.4 that for £ € E;(U), we have £ € E;(4l;) if and only if the estimate
|(€, ;)| = [(€q+1;)| < Ly holds. Thus, formula (5.5) implies that

(V) = {5 €R’, &y € UDV) & V) (€, (V)] > Lm+1}~
The collection { ¥ (V) } obviously coincides with
{n(@mL), 0 c @,;\QT}
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The set Z(0) is, in general, disconnected; it consists of several connected

components which we will denote by {E(Q])p}le. Let us fix a connected com-

ponent E(Y),. Then for some vectors {f; (p)}jil C {£n,} we have
E(D)p = {€ €RY, &y € QD) & V) (€xr, () > Lins1 };

Ip

we assume that { ny (p)}j:1 is the minimal set with this property so that each

hyperplane

{€ € ]Rd7 E‘D € Q<m) & <£‘Z}Lap’](p)> = Lm+1}a J = 17 N 'aJp
has a non-empty intersection with the boundary of Z(U),. It is not hard to see
that J, > d—m. Indeed, otherwise E(U), would have a non-empty intersection
with B1(U’) for some ', U C U’ which is not possible by Corollary 5.3(i).
We also introduce

2(D), = {€ € V*, Vi (€ f;(p) > 0}
Note that our assumption that Z(%), is a connected component of Z()
implies that for any & € E(U), and any 0 € ©; \ U we have

We also put
K:=d-—m-—1.
Without loss of generality we may (and will) assume that the number
Jp of ‘defining planes’ is the minimal possible, i.e. J, = K + 1. Indeed, the
argument presented in Sect. 11 of [12] explains how to derive the result for
arbitrary Z(),, assuming we have proved it in the case J, = K + 1.
If J, = K + 1, then the set {ﬂj(p)}f+

=1
a = a(p) be a unique point from U+ satisfying the following conditions:
(a,f;(p)) = Lmy1, j = 1,..., K + 1. Then, since the determinant of the
Gram matrix of vectors fi;(p) is Z p9~ by (2.16), we have

lal S Lys1pnt = prmt 70 (7.1)
We introduce shifted cylindrical coordinates in Z(U),. These coordinates will
be denoted by & = (r; ®;X). Here, X = (Xy,...,X,,) is an arbitrary set of
cartesian coordinates in Q(20). These coordinates do not depend on the choice

of the connected component Z(%),. The rest of the coordinates (r, ®) are
shifted spherical coordinates in U+, centered at a. This means that

r(€) = €y —al

Yis linearly independent. Let

and
P = n(gmj_ — a) S SQ}L.

More precisely, ® € M,,, where M,, := {n(€y. —a), £ € E(V),} C Sy isa
K-dimensional spherical simplex with K + 1 sides. Note that

Mp = {n(fm* - a)7 5 € E(W)P} = {n(g‘l}L - a)a v] <€‘1]L7ﬂ’j(p)> > Lm—i—l}
= {1’1(’]’]), n:= fmi —ac Q]J_v Vj <naﬂ’j(p)> > O} = S‘UL ﬂé(m)p
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We will denote by d® the spherical Lebesgue measure on M,,. For each non-
zero vector p € U+, we denote

W(p) = {n €T+, (n,u)=0}.

Thus, the sides of the simplex M, are intersections of W([l,j(p)) with the
sphere Sg;1. Each vertex v =v;, t =1,..., K + 1 of M, is an intersection of
Sy with K hyperplanes W(ﬁj (p)), j=1,...,K+1, j # 1. This means that
v; is a unit vector from U+ which is orthogonal to { f;(p } j= K +1,

j # t; this defines v up to a multiplication by —1.

Lemma 7.1. Let 34y and s be two strongly distinct subspaces each of which is
a linear combination of some of the vectors from {ﬂj(p)} Then the angle
between them is not smaller than s(pn). In particular, all non-zero angles
between two sides of any dimensions of My, as well as all the distances between
two vertexes vy and v,, t # T are bounded below by s(py).

K+1
Lemma 7.2. Let p be fized. Suppose, 6 € O \ U and Oypr = 3} t cjfr;(p)-
Then either all coefficients c; are non-positive, or all of them are non-negative.

By taking sufficiently large k we can assure that the diameter of M,, does
not exceed (100d?)~!. We put @, := 35— Qs(émj_ —a, [Lq(p)), g=1,..., K+1.
The geometrical meaning of these coordinates is simple: ®, is the spherical
distance between ® = n(£y. — a) and W(fi,(p)). The reason why we have
introduced ®, is that in these coordinates some important objects will be
especially simple (see e.g. Lemma 7.5 below) which is very convenient for inte-
gration. At the same time, the set of coordinates (r,{®,}) contains K + 2
variables, whereas we only need K + 1 coordinates in 2. Thus, we have one
constraint for variables ®;. Namely, let {h;}, j =1,..., K +1 be a fixed ortho-
normal basis in U+ chosen in such a way that the K 4+ 1-st axis is directed
along a and thus passes through M,,. Then we have h; = Z{S{l aj pr; with
some matrix {a;;}, j,l =1,..., K + 1, and fi; = f1;(p). Therefore (recall that
we denote 1 := €y — a),

K+1
n; = (n,h;)=r Z ajqsin @,

and, since 72(¢) = |n|? = thl 77, this implies that

K+1 [K+1
Z (Z aqumq)) =1,

j=1 qg=1

which is our constraint.
Let us also put

K+1

0= |77| Z @jqsin ®g. (7.2)
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Then we can write the surface element d® in the coordinates {77;} as

:dn’l...dn’[{_ dnj ... dn

x 1727
e (1 - Ej:1(77§)2)
where the denominator is bounded below by 1/2 by our choice of the basis
{h;}. It follows from our choice of the coordinates and (7.2) that
K+1

(a.®) = (a,n(n)) = lalifics =lal Y arr1q5in e, (7.3)

q=1

de

Lemma 7.3. For each p,l we have |ay| < s(pn)™'.
Lemma 7.4. We have max; sin ®;(n) > s(p,)d /2.

The next lemma describes the dependence on r of all possible inner prod-
ucts (£, 0), 0 € O, £ € E(Y),,.

Lemma 7.5. Let & € E(U),, V€V, and 6 € O;.
(i) If @ € B, then (€,0) does not depend on r.
(i) If @ € T and Og =, cqfry(p), then
(£,0) = (X,0m) + Lin1 »_cg+7(€) D> cgsin®,.
q a

In the case (i) all the coefficients ¢, are either non-positive or non-negative
and each non-zero coefficient c, satisfies

pr Slegl S o0t (7.4)

8. Partition of the Perturbation

The symbols we are going to construct in this section will depend on p,,; this
dependence will usually be omitted from the notation.
Let w € C*°(R) be such that

1, 2< 1;
0<w<, w(z){o 2> 21720 (8.1)

For 8 € ©®' we define several C*-cut-off functions:
co(€) := = (|212€ + 6] /pn — 15[ /13),
(&) =1 - = ( (2026 + 6] /po — 15)/13), (8.2)
05(€) =1 —w( (15— 2126 + 0]/p,) /13),

and

(0.£+0/2)
Co(&) == w(W)

vo(§) :==1—(a(§).

(8.3)
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Remark 8.1. Note that eg + €5 + ¢5 = 1. The function ¢ is supported on
the set |€ + 6/2| = Tp,, and £ is supported on the set |£ +60/2| < p,/2. The
function eg is supported in the shell p,, /3 < |€ + 0/2] < 8p,,.

Using the notation g for any of the functions ¢ or {5, we point out that

co(§) =ec9(6+0), Llo(§) =(_9(§+0),
vo(&) =p-0(£+0), Co(§) =(0(£+0).

Note that the above functions satisfy the estimates

{IDSee &) + |D2to(&)] < pu®,
IDzpe(€)] + |DECo(€)] < pn.

Now for any symbol b € S, () we introduce five new symbols:

VE(x, & pn) = > b(6,£)05 (€)',

0cO’

PR (x, & pa) = 3 B(8,€)pa(€)ea(€)e’®,

0cO’

DR(x,& pn) = Y b(6,£)Co(€)ea(€)e™,

6ce’
B9 (x, & pn) == D b(0,£)05(£)e™,
6cO’
b°(x, & pn) = b%(&; pn) == b(0,§).
The superscripts here are chosen to mean, respectively: ‘large energy’, ‘non-res-
onant’, ‘resonant’, ‘small energy’, and O-th Fourier coefficient. The correspond-
ing operators are denoted by B£¢, BNR BR BSE and B°. By definitions
(8.1), (8.2) and (8.3)
b=+ b5 + bR 4 PR 4 pFE, (8.5)
The role of each gf these operators is easy to explain. Note that on the support
of the functions BNR(0, -; p,,) and bR(8, -; p,,) we have (using 2.19)
pn/3 =0 (pF) < 1€l <8pn+ 0 (pp") -

On the support of b5¢(8, -; p,,) we have

(8.4)

€1 < pu/2+ 0 (0F). (8.6)
On the support of b*€(8, - ; p,) we have
€] = Tpn — O (p07F) . (8.7)

The introduced symbols play a central role in the proof of Lemma 3.1. As we
have seen in Sect. 6, due to (8.6) and (8.7) the symbols ¢ and b*¢ make only
a negligible contribution to the spectrum of the operator H near A\ = p?* for
p € I,,. The only significant components of b are the symbols PR BR and b°.
The symbol b° will remain as it is, and the symbol ¥® will be transformed
in the next section to another symbol, independent of x.
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Under the condition b € S, () the above symbols belong to the same
class S, (8) and the following bounds hold:

L P L P L PR L R L PSR L

,S

If b is symmetric, then so are the symbols on the right-hand side of (8.5).

Let us mention some other elementary properties of the introduced oper-
ators. In the lemma below we use the projection P(C), C C R? which was
defined in Sect. 6.

Lemma 8.2. Let b € S, (8) with some « € R. Then for py big enough,
(i) The operator B¢ is bounded and

IBSN S [blgonme.

Moreover,
(I - P(B(2pn/3)))355 = BS¢ (I - ’P(B(an/?)))) ~0.
(ii) The operator B® satisfies the relations
P(B(pn/6)) B® = BXP(B(p./6))
= (1-P(B(9pa)) ) BR = BR (1= P(9p.)) ) = 0,
and the same relations hold for the operator BNR 4s well. Moreover,
VR bR ¢ S, for any v € R, and for all l and s
[VRED + 1R 1) < e (ol
with the implied constant independent of b and n > 1. In particular, the
operators BNR BR are bounded and
|BYRI 4+ 1871 S o Bl -
(iif)
P (B(6pn)) B = BEP(B(6p,)) = 0.

9. Operators H; and H,

9.1. Preparation

As mentioned at the end of Sect. 3, we assume that the symbol b of B satisfies
(2.8) and thus belongs to the class S, () with « defined in (2.21). Our strategy
is to find a unitary operator which reduces H = Hy + B, Hy := (—A)Y, to
another PDO, whose symbol, essentially, depends only on £&. More precisely,
we want to find operators H; and Hsy with the properties discussed in Sect. 6.

Repeating the calculations of Sect. 9.1 of [12] we find that H is unitarily
equivalent to

Hy=Ho+ V" + YR+ Y5 + Ry, (9.1)
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where
;; ;;
Vi = Z +y ., (9.2)
=1 =2
By := Op(b),
-1 1
B =] i > ad (Op(b); Uy, Uy, ..., Uy), 122, (9.3)
=177 kidkot-+ki=I—1
‘1
T, = I ad(Ho; Uiy, Wy, o, W), 122, (9.4)
Jj=2 ki+kot-+k;=I
1 ty 134
Ry = /dtl/dt2~-~/exp(—it\11) ad" T (H; U) exp (it T )dt
0 0 0
b1
+Zﬁ > ad(H; Wy, Uy, ., W),

The symbols 1; of PDO ¥, are found from the following system of com-
mutator equations:

ad(Ho; U1) + BNR =0, (9.5)
ad(Ho; ;) + BNR+TNR =0, 1>2. (9.6)
By Lemma 8.2(ii), the operators BINR, TZNR are bounded. This, in view of

(9.5) and (9.6), implies boundedness of the commutators ad(Hy; ¥;), I > 1. In
the following, we denote by y; the symbol of the PDO Y;.

9.2. Commutator Equations
Put

Xo(€) = co(€)po(€) (1€ + 627 — g**) (9.7)

when 0 # 0, and xo(&) := 0.
We have

Lemma 9.1. Let A = Op(a) be a symmetric PDO with a € S,,. Then the PDO
U with the Fourier coefficients of the symbol ¥ (x, &) given by

0(0.€) = i4(8,€)X0(€) (9.8)
solves the equation

ad(Ho; ) 4+ Op(aV'R) = 0.
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Moreover, the operator ¥ is bounded and self-adjoint, its symbol ¢ belongs to
S, with any v € R and the following bound holds:

le( 6(w =1 —2w+2,

ol pn 1| |715an(w y—1)— 2w+2+0+| |W

S

The proof of this lemma is analogous to that of Lemma 4.1 of [13] and is
based on the estimate

€+01— g =g/ (1+]€]2(2¢+6) - 6)"~1) = p*~2[6 - (6+6/2)]

which holds for £ in the support of egypg.

Using Propositions 4.1, 4.2, 4.3, Lemma 9.1, and repeating arguments
from the proof of Lemma 4.2 from [13] (with ¢ := j(a—2—(2w—2)371) +1),
we obtain the following:

Lemma 9.2. Let b € S,(B) be a symmetric symbol. Suppose that k is large
enough so that r(p,) "t < pOt < perB e and k satisfies

k>2(M+aB+d—2w)/(2w+ 28 — af — 2). (9.9)

Then 1, bj, t; € Sy(B) for any v € R and there exists sufficiently large po,
such that

IRzl < pp M2 (9.10)

Remark 9.3. Note that the expression in the denominator of (9.9) is positive
by (2.20) and (2.21).

Now Lemmas 6.1 and 9.2 imply that the contribution of R; to the inte-
grated density of states can be neglected. More precisely, let W be the operator
with symbol

wi(x, €) = yi(x, &) — vy R (x,€),
ie. 1;(0,8) = (6, )(1—ee( )po(£))-

We introduce Hy := (—A)" + W;. Then, by (9.1) and (9.10), ||H1 — Ha|| <
p; MH2w=d and, moreover, the symbol wj, satisfies (6.7). This means that all
the constructions of Sect. 6 are valid, and all we need to do is to compute
vol g)\.

Until this point, the material in our paper was quite similar to the cor-

responding parts of [12]. From now on, the differences will be substantial.

(9.11)

9.3. Computing the Symbol of the Operator After the Gauge Transform

The following lemma provides us with a more explicit form of the symbol g;.
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Lemma 9.4. We have 3;(0,€) = 0 for 6 ¢ ©;. Otherwise,

4 ) 3 v 1 (Vrcoyvoy ) (€+))

s=1 0;, 9e+1 €0 p=1 9;’,¢;’e®;+1 Vlyeeny vos4p>0q=1
D bsy1,PjEO 11 1<g<p-1 Yvi=s

X (Vrb) (0511, E+b oy H (Vrtib)(0,, 6+, )(v"wmze;)(aw;). (9-12)

Here for v € N

V= Z Cr()?f.).,n,,({e"b})vm"‘Vm;
My, €O (9.13)

"= 0P ({0,6)),

and, for @ € R, the action of Vg on symbols of PDO is defined in (4.4),
whereas for any function f on R?

(Vof)(&) = f(§+0) = f(E)

The coefficients C'*?) ({0, ¢}) and C,(,S;,’??,,,,U ({0, ¢}) depend on s, p and
all vectors 0, 0, 0511, ¢, Pgiq, 0;, qb}, 0;’, qb;’ (and on my,...,n, if these
subscripts are present). Moreover, these coefficients can differ for each partic-
ular V¥, v € No. At the same time, they are uniformly bounded by a constant
which depends on k only.

We apply the convention that ngl (V”@g:{)(ﬁ +¢,) =1

Proof. We will prove the lemma by induction. Namely, let ¢ > 2. We claim
that

(1) Forany m=1,...,0—1, z/A)m(B,{) =0 for 0 ¢ ©,,,. Otherwise,

S Y Y Y Y T (Tem)erd)

@ Vi, Vamyp—120q=1

0?4 €O

;. 95€0,, 1<g<p—1 >Yvi=m—1

0;€O;,

1<i<m

m e —_—

Vp— 144 Vp—14m+i /
x [T (V7 0) (05, € + 6,) (V7m0 X, ) (€ + @), (9.14)

j=1

(2) Foranys=1,...,/—landany ky,...,k,(p > 1) such that ky+---+k, = s,
ad (Op(b); Wy, ..., ¥y, )(0,€) =0 for 6 € O, ;. Otherwise,
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—

ad (Op(b); Wy, , ..., ¥, )(0,€)

- Y Yy Y ¥

9]‘»954@6@ P=167,¢,/€@, | V1, V254920
D@ 11:P;€EQ 11 1<q<p—1 Y vi=s

—

H (V7ecoy 0oy ) (€ + S (T70) (Oui1,€ + Bup)

—

H Vupﬂ 0])5 + ¢ )(Vlfp+s+j )29;) (5 + d);) (9.15)

(3) Foranys:2,...,€andanyk1,... »(p = 2) such that
ki +--- 4k, =s, ad(Ho;\Ilkl,.. U, )(0,8) =0 for 8 ¢ ©,. Otherwise,

ad(Ho; \I/kl,. cey \Ifkp)(e,é)

- Y Yy X

0;,0,c© p= 10” by €O Vise s V25t p—220
¢j$¢57¢;€® 1<q<p 1 Yvi=s—1

0,cO

1<7<s 1

- -

H (V”qeewe”) (&+ ¢ (V70)(0, €+ &,)

q=1

H (V¥r00)(0;,€ + ;) (V71 %0, ) (€ + #)). (9.16)
For ¢ =2 assumptlons 1-3 can be easily checked. Indeed, by (9.8), (4.9)
and (4.5),
11(6.€) = ib(8,€)%0 (&),
ad (Op(b): 01)(0.6) = 3. (b(8.£)b(0 — X & +X)(VacXo—) (€)

Xx€OU(8—O)
+5(60.8)(Vxb)(8 — x. £)Xo-x(€) — (Vo—xb) (x £)D(6 — X, £)To—x(£)).
ad(Ho; Uy, 71)(6,€)
= 3 (€0 — X)(Voxoxex) ()00 — X ) To-x(€)

XEOU(6—O)

+ (Vo-xb) (0. €)px ()ex (£)(8 — x. &) Ko ()
— 06(€)eq(€)D(8, €)D(6 — X, € + X)(VxXo—x)(€)
— 06(£)ea(€)b(8,€)(Vxb)(6 — X, &) Vo-x(£))-

Now, we complete the induction in several steps.
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Step 1. First of all, notice that due to (9.3), (9.4), for any m = 2,...,¢ the
symbol of B,, admits a representation of the form (9.15) with s = m — 1, and
symbol of T,,, admits a representation of the form (9.16) with s = m. Then it
follows from Lemma 9.1 and (9.6) that ¥, admits a representation of the form
(9.14).

Step 2. Proof of (9.15) with s = ¢. Let ky +---+ k, = £. If p > 2, then
ad (Op(b); Uptyonn, \Ilkp) =ad (ad (Op(b); Upryenns \I’k,,,l) ; \I/kp) .

Since k1 + -+ kp—1 < ¢ —1and k, < ¢ —1 we can apply (9.14) and (9.15).
Combined with (4.9) it gives a representation of the form (9.15). If p = 1 then
ad (Op(b); ¥;) satisfies (9.15) because of (4.9) and step 1.

Step 3. Proof of (9.16) with s =+ 1. Let k1 +---+k, =¢+1,p>2.Ifp > 3,
then (cf. step 2)
ad(Ho; \Ijkl yoany \I/kp) = ad (ad(Ho; \I/kl, ey \Ijkp71); \I’kp) .
Since k1 + -+ kp—1 < ¢, p—12>2and ky, < £ —1 we can apply (9.14) and
(9.16). Together with (4.9) it gives a representation of the form (9.16). If p = 2
then (see 9.6)
ad(H07 \I]]ﬂ l \Ilkz) =ad (a‘d(H07 \Ijk’l); \I/k2) - - ad(BﬁR + Tlé\l/’Ra \I/kz)'

Since k1 < £ and ko < ¢, the representation of the form (9.16) follows from
(4.9) and step 1. (The formally exceptional case k; = 1, ko = ¢ can be treated
separately in the same way using (9.5) instead of (9.6).)

The induction is complete.

Now, (9.15), (9.16) and (9.2), (9.3), (9.4) prove the lemma. O

10. Contribution from Various Resonant Regions

Let us fix a subspace U € V,,,, m < d, and a component =, of the resonant
region E(L). Our aim is to compute the contribution to the density of states
from each component Z,. Therefore, we define

Af(p):=AT(p)NE, and A (p):=A (p)NE, (10.1)
and try to compute
vol A (p) — vol A, (p). (10.2)
Since formulas (6.10) and (6.4) obviously imply that

d—1
vol(Gy) = wap® + > D Y (vol Af (p) — vol A, (p)), (10.3)

m=00eV,, p
Lemma 3.1 would be proved if we manage to compute (10.2) (or at least prove
that this expression admits a complete asymptotic expansion of the form (3.1)
for large p).
Note that if £ € B, then we also have that Y (§) C E,. We denote

Hy(€) := Halu,, He:=P(Y(£))B2(RY)
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(recall that H, is an invariant subspace of Hy acting in By(R?)). Suppose now
that two points & and n have the same coordinates X and ® and different
coordinates 7. Then &€ € &, implies n € E, and Y (n) = Y (&) + (n — £). This
shows that two spaces H, and H, have the same dimension and, moreover,
there is a natural isometry Fg, : He — H, given by Fe, :en — epi(q_g),
v € Y(§). This isometry allows us to ‘compare’ operators acting in H, and
H,,- Thus, abusing slightly our notation, we can assume that Hy (&) and Ha(n)
act in the same (finite dimensional) Hilbert space H(X, ®). We will fix the
values (X, ®) and study how these operators depend on r. Thus, we denote
by Ha(r) = Hy(r; X, ®) the operator Hy(§) with € = (X,r, ®), acting in
H(X, ®).

Let W; (1) be the operator in H(X, ®) with the symbol wy (x, &X,r, <1>))
According to formula (7.3), for any s < k — 1 and ¢ € O,

K+1
€+ > =1 +2rjal Y axi1gsin®, +2(€, ) + X + [a” + o],
qg=1

(10.4)

This, together with (2.4), (2.10) and (2.11), implies that for [£ + ¢| > C the
coefficients b(0, € 4+ ¢) can be represented as the absolutely convergent series

o.cra=2% %

veg =0 ni,...,nKk4120
nit-+ng 1<l

J1yeesGa 20
Jit++ja<l
K+1
1.9 j . w
Cpivda (X0l gt [] (sin®a)™e,  (10.5)
a=1

where the coefficients satisfy

|CLJ1 -Ja X;0)| g pgfjlf-~fjd)(am+1+0+).

l ni...NK+41
In the next lemma, to facilitate the expansion of the RHS of (9.12) in a

suitable form, we transform the denominator of ye: (recall 9.7).
In the subsequent calculations we will use the generalized binomial coef-

ficients:
p 1, i=o;
)~ — - 10.6
(j> {jl!mm%)(l’k), jeN. (10.6)

Lemma 10.1. For s < k — 1, ¢' € ©q, 0 ¢ @’SH, and & in the support of
eg e let
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=iE0) 50

J

Jj=2 k=0
K+1 &
x (2rlal Y axci1qsin®g + 206, ¢) + XP* + [af* + |¢']?)
qg=1

x (2<£a 01> + 2<¢/, 0/> + |01|2)j*k71.

Then |D| < pp T 0% gnd

(1€+¢ + 6" —|¢+¢'2)

o0

= w272 (2(6,0') + 2(¢,0') +16'%) T Y (-D)*.  (10.7)
a=0
Proof. We introduce a shorthand
K+1
N :=2rla] Y axi14sin®q +2(€,¢) + X[+ |al* + ¢,
q=1

Then by the (generalized) binomial formula and (10.4) we obtain

€+ + 017 — [+ ™
= (lEP+2(& ¢ +6)+ | +0'17)" — (€ +2(€. ") +19')*)"
= (P + N +2(6,0) +2(¢',0) +10')" — (r? + N)*

_ i (;‘,’)r—% (v +26.0) + 20,0 + 612) ~ N7

- wr2@*2(2<g,0’> +2(¢',0') +10'*)(1+ D). (10.8)

The estimate on |D| follows from estimates (2.19) and (7.1), and Lemmas 7.3
and 5.1. Now (10.7) follows from (10.8). O

As we have seen from the previous sections, the symbol of the operator
H satisfies

w

ha(x, €) = [€1*" +wy(x,€) = (r* + 2r(a, @) + [a]” + [X|*) " + w;(x,€),
(10.9)

where wj, are given by (9.11) and (9.12).

Remark 10.2. In this section we assume that & € A, so by (6.3) we have
2pn/3 < €] < 6py, and by Remark 8.1 all functions eg(€ + -) from (9.11)
and (9.12) are equal to 1. Note that if § € ©;, ¢ € O, and 6 ¢ U, then (see
Lemma 7.5 and (8.3)) po(€+¢@) = 1. This means that all cut-off functions from
(9.11) and (9.12) are equal to 1 unless 8 € . If, on the other hand, 6 € U,
then ¢g (&€ 4+ ¢) depends only on the projection €g; and thus is a function only
of the coordinates X.
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By Proposition 4.1, (9.11), Lemma 9.4, formulas (10.5) and (10.7),
Lemma 7.5, and Remark 10.2, for r < p,

fowolsa 0w
This, together with (10.9), implies

Lemma 10.3. The operator Hs(r) is monotonically increasing in r; in partic-
ular, all its eigenvalues \; (Hg(r)) are increasing in r.

Thus the function g(&(X,r, ®)) (defined in Sect. 6) is an increasing func-
tion of r if we fix the other coordinates of &€, so the equation

g9(&) = p**
has a unique solution for fixed values of X and ®; we denote the r-coordinate
of this solution by 7 = 7(p) = 7(p; X, @), so that
g(€X, 7, ®)) = p**. (10.11)

w

By 70 = 10(p) = 70(p; X, ®) we denote the value of 7 for (—A)Y, i.e. 79 is a

unique solution of the equation

|§(X,7’0, <I>)’ = p.
Obviously, we can write down a precise analytic expression for 7y (and we
have done this in [11] in the two-dimensional case) and show that it allows
an expansion in powers of p and In p, but we will not need it. The definition
(10.1) of the sets A]f( ) implies that the intersection

A+ ﬂ{&XT )77’€R+}

consists of points with r-coordinate belonging to the interval [To(p),T(p)]
(where we assume the interval to be empty if 79 > 7). Similarly, the inter-
section

A (p) N {&X,r,®), r e Ry}

consists of points with r-coordinate belonging to the interval [7(p),7o(p)].
Therefore,

Af(p) = {€=€X.r. @) : X € V), @ € My, 7 € [10(p X, @), 7(55 X, ®)] |
and

A (p) = {6 = €(X,r, @) : X € V), @ € My, 7 € [r(: X, @), 70(p: X, ®)] }.
This implies that (recall that K =d —m — 1)

7(p; X, ®)
vol At (p) — vol A, (p) / dX/di’ / rKdr
Q(Qj P To(p,X‘i’)
=(K+1)7* /di’ / dX (7(p; X, @)+ —1o(p; X, @) ).

M, QD)
(10.12)
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Remark 10.4. Note that in the case K = 0 the simplex M, is degenerate and
there is no integration in d®.

Obviously, it is enough to compute the part of (10.12) containing 7 since
the second part (containing 79) can be computed analogously. We start by
considering

/ 7(p; X, ®)KH1dX. (10.13)
()

First of all, we notice that if &, € E(U) are resonant congruent points,
then according to Lemma 5.7, all vectors 8; from Definition 5.8 of equivalence
belong to 2. This naturally leads to the definition of equivalence for projec-
tions €y and mg. Namely, we say that two points v and p from Q(0) are
U-equivalent (and write v <>g p) if v and p are equivalent in the sense of
Definition 5.8 with an additional requirement that all 8; € U. Then § < 7
implies €y g Ny For v € Q(V) we denote by Yo (v) the class of equiva-
lence of v generated by «<»g. Then Yo5(€y;) is a projection of Y (&) to U and
is, therefore, finite.

Since Yo (v) is a finite set for each v € Q(U), we can re-write (10.13) as

/ 7(p; X, @)K+ dX
QW)

- / (cardTm(V))_l Z (0 X, @)K v

() XeY oy (v)

(10.14)

and try to compute
Y T X, @)K
XGT&B(V)

Remark 10.2, together with equations (10.9), (9.11), and (9.12), shows
that Hs(r) depends on r analytically, so we can and will consider the family
Hy(z) with complex values of the parameter z with Re z < p. Likewise, we
analytically continue the function &(X,r, ®) to

EX,z,®) =X +a+2P. (10.15)

We also introduce the analytic continuation |- |¢ of the length of vectors, so
that

€2 := 2% + 22(a, ®) + |a]* + |X|. (10.16)

Formulas (9.11) and (9.12) give matrix elements of Hs(z) in an orthonormal
basis even for complex z.
We choose a contour

o= {z eC: |z—p|l=tp, = (8max{(2w —2)/3, 1})1pn} (10.17)

to be a circle in the complex plane going in the positive direction.



298 S. Morozov et al. Ann. Henri Poincaré

Estimates (10.10) remain valid after the analytic continuation: for all z
inside and on vy

Hdzl W (2 H <ot s, (10.18)

Lemma 10.5. If pg is big enough, then for p € I, = [pn,4pn] all 7(p; X, ®) lie
inside . These are the only zeros of the function det (Hg(z) - pQwI) inside
the contour.

Proof. Let r:= Re z, y := Sm z. For y = 0 the operator Ha(r) is self-adjoint.
Thus it has card Yo (v) real eigenvalues.

Now for r = p + tp, = (1 +t/4)p relations (10.9), (7.1), Lemma 5.1(ii),
and (10.18) imply

Ha(r) = (14 1/4)9) ™ (1 = O+ 7170%)) — O(p+0) ) .

Thus by (2.20) and (2.21) for big po no eigenvalue of Hy(r) can coincide
with p?®
L1kew1be for r < p—tp, < (1 —1t/4)p for big pg we have

Ha(r) < (1= 1/4)9)™ (14 O+ 7150)) 1 O(p=+0) ) 1,

and no eigenvalue of Ho(r) can coincide with p?“. This implies that all the
eigenvalues of Ha(r) lie in the real interval (p — tp,, p + tpy). By (10.11) and
Lemma 10.3 these eigenvalues coincide with {7(p; X, ®) : X € Yy (v)}.

It remains to show that Ha(r + 4y) is invertible for any nonzero y such
that r + ¢y is inside or on ~y. Relation (10.15), Lemma 5.1(ii), definition (5.1),
and bound (7.1) imply that inside and on the contour

&= (r+iy)(1+ O(p, Tomnt0h))

and

arg |€|c < (1+ o(1)) arcsin(tp,/p) < (1 + o(1)) arcsint < (1 + o(1)).

Hence

JERe| = |lE2]" < 5% and axg g2 = waresin 2T EEE)
1€[2]
which implies that
‘Im(lﬁlé‘”)‘ 2 lylo* . (10.19)

Now for any ¥ € H(X, ®) with ||¥|| = 1 we have by (10.19) and (10.18)

i -

> [Im ((Ha(z) — p*"1) 0, T)|

2 ‘Im ‘£|2w) 2w—1’

—ly| sup [|[W'(r+iz)|| 2 lylp
z€[0,y]

where we have used that for y = 0 the quadratic form of W(z) is real-valued.
So the kernel of Hy(r + iy) — p?* is trivial for y # 0. O
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Lemma 10.6. For z € v andl € N

w w —2w Z = it
(220 — p?v) 2 ZZAU( ) : (10.20)

where Ao := (2w)~! and for j >0

15:1(—1) 5 <2w)<2w> <2w)
l .
=N A I A R a1
et gp=j

The series in (10.20) converges absolutely.

Proof. A straightforward calculation gives

(Z2w 2w)—l

—p
1 _ 2w -1
:prl<<1+pr> _1>
-1
q
- (X () 50)
=1
2wl . 1 1 e’} 2 _ —1
_r l(’z %) <1+ ( w>(z p)q) . (10.21)
2w)'\ p 2w i \g+1 p
If 2w € N, then the series on the right—hand side is finite. Otherwise, by (10.17)

and (10.6), for z € v the ratio of absolute values of any two sequential terms
of the series satisfies

z—p<2w>(2w)_1_‘z—p|2w—q—1|<1

p \g+2)\¢g+1 oy qg+2 8
So, again by (10.17) and (10.6), we have

S ()G S e T

q+1 P 2 P q:OSq\7.

Thus we can decompose the expression on the right-hand side of (10.21) into
an absolutely converging series obtaining

Q
WV
—_

2wl

(zgw _p2w)fl _ F();w)l (Zpﬂ>li< ) 2w (g <q+1>( P p)Q)P
_r (Z—P>*l
2w)'\ p

[e’e) . g
z—p\J 1 -l 2w 2w
x| 1+ g ( ) E < ) g < ,
< pari e €L LN RN 4p +1
attap=j

which finishes the proof. 0
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Let S(z) := Ha(z) — 2**I in H(X, ®). Then by (10.9) on v the symbol
of S(z) admits the representation
_ — (W 20— 1.2 2\" .
s(z) = Z ( )z (2<a, ®) + 2z (J]a* + |X]| )) +wi(z). (10.22)

v
v=1

Relations (10.22), (10.18), (7.1), Lemma 5.1(ii), and (2.20) imply that
everywhere inside and on vy

dl
| S| 5 pemrrentior >0, (10.23)

A version of the Jacobi’s formula states that for any differentiable invert-
ible matrix-valued function F'(z) we have

tr [F/(Z)Ffl(z)] — (det [F(z)]>l<det [F(Z)])

(it can be proved, for example, using the expansion of the determinant along
rows and the induction in the size of F).
Then by Lemma 10.6 and the residue theorem

> (X, @)t

—1

XETQ}(U)
1 , )
=5 y{zKH(det [HQ(Z) — pQwID (det [Hz(z) _ pQwID dz
¥
1 —
= I tr {ZKHHQ(,Z)(HQ(z) _ prI) 1}(212
v
1 !
=95 tr {(2wz2w+KI + KHlg (z))
5
Y (1)) - o) az
=0
— Tm tr |:(2’U.)Zzw+KI + ZKJrlS/(Z)) l_z (Z B p)*lfl
v =—00

» Z(—l)lﬂAmﬂ»jp1+l—2w<1+l+f)sl+j(z)} dz
=0

oo I
= Z S tr a4 [(21117“2“’“(] +rEHLS (1))

X D (1) Ay gp D ST ) | (10.24)
j=0

r=p
We can restrict the summation on the RHS of (10.24) to
l+j<lp=(M+K+d+1+(d—1)ag-1—2w)/(1 — amy1).
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Indeed, using the trivial fact that for any linear operator A in the finite-dimen-
sional Hilbert space spanned by eg with 8 € Yo (v)

|tr A| < ||A|| card Yo5(v),

estimate (10.23) and relation (2.20) we can see that the sum of the terms in
(10.24) with [ + j > Iy contributes only to the order O(p, ¥+2w=4) in (10.14),
and thus after integration in ® the corresponding term can be included into
the remainder Rj, of Sect. 6.

Formulas (10.12) and (10.14) show that to compute the contribution to
the density of states from Z(2),, we need to integrate the RHS of (10.24)
against dv and d®. We are going to integrate against d® first:

/d@ / (cardYu(v)) " > 7(;X, @)K dy

M, Q) XeYy(v)
lo lo—1 I
dv (=1)H B .
— - A ol 2w (1414-5)
/ cardTm(V);;) ! L4 3P
Q) =vJ=

d! .
X tr ol / d® (2wr KT + r K+ (1)) S (1)
r
My
+O(p_M+2w_d)

n

_ O (prJr?wfd)

r=p

lo lo—1 i
dv (=19 14— j
A o1l —2w(14-14-5)
- / cardT%(u)ZZ TR i

Q) =0 =0
d' , (K + 1)rK ,
X tr @ 2U/T2w+K / Sl+] (T)d@ —w / SH_]'H(T)d‘I)
My My
SO i+
tom | o /S (r)d® . (10.25)
My, r=p

We will prove that the integrand of the exterior integral in (10.25)
is a convergent series of products of powers of p and Inp. The coeffi-
cients in front of all terms will be bounded functions of X, so afterwards
we will just integrate these coefficients to obtain the desired asymptotic
expansion.

Let us discuss how S(r) depends on p, X and ®. In order to do this, we
first look again at (9.12). As follows from Remark 10.2, the product eg! !
does not depend on r and ®, and by (8.4)

< pvh. (10.26)

vae”
q q L{)Q (Rd)
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For any € ©,4; the application of the finite difference operator V,, to a
polynomial decreases its degree by 1. Hence formula (10.5) ensures that

Theer9 =Y 3

veJ 1=V ni,nk 4120
ni+-F+ng41<i
J15e-Ja 20
gbeta<iov
K+1
Lj1---Jd . L—1% 471 Jd : Na
Civwda (X;0)r il ot [] (sin®a)™. (10.27)
a=1

Here C'717¢ (X ) depend on the coefficients of (9.13) and satisfy a uni-

iNy . MK
form estimate

Ctjl -Jd X 0)‘ (i—v— Jl—"'—Jd)Oém+1+0+
1M1, nK+1
Now
(V'X6)(€) = Y (V7eor0) <£+an> (Vo (-0 = 1127 ©).
v=0

The factors (V@g) satisfy the estimate (10.26). For n € @441 we have

(Vall-+612° =1 12%) 1) (@)
= (l€ + 0+ 027 — 1€ +n2") " (€ + 612 — |€2°) 7' G(&:0,m),
where

G(&0,m) =€+ 012" — |E2Y — |E+n+ 012 + €+
= —2w<n, 6) €[z >

+Z ( Ve ((216.0) + 61

—(2<s,n +6)+In+61%) + (2(6.m) + Inf*)’).

In analogy to (10.27) we have
K+1

oo
= z . 2w—2—1 . T
- Z Z Cn1 nK+1(X» 0,n)r H (sin®,)
1=v  ni,...,nk4+120 a—1
ni4-Fngp1 <42
with

X [’ ,’7)| (z V)(Olm+1+0+)+0+ (1028)

’ ni. nK+1
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Altogether, applying relations (10.26)—(10.28) to (9.11) and (9.12) we obtain

(6.€)
k—1 s S—H 00
5=0 0 e P=0mq,. M4, €Osyr p=0i=0 ni,...,nK4120
!’

ni+-+ng 41 <2ptpti

My Mgy 018540 (X.B)T(Qw—2)ll+bo+“'+bs—p—i
)

SUPLLY...ls M. MK 41

K+1 S+p L
x [ (sin@a)™ T (1€ +m, +6.2° — 1€ +m,[2") ", (10.29)
= v=1

where

|C771 n€+u .. géﬂt (X,0)| Spil(am+1+0+)—(S—M—P)5+0+.

SUPLLY.ils M. VK1

According to Lemma 10.1,
w w -1

2720 (2(6,0,) + 2(n,,0,) + 16,[)

%) K+1
> > Cr e (X, 0,)r 7" T (sin®a)™, (10.30)
i=0 mn1,...,nx4120 a=1

ny+-tng41 <l
and here

(X;1,,0,)] S pplom s +0H),

| LMK 41
If we now substitute (10.30) to (10.29), we obtain

w,(0,§)

fo— s—[L 00

Yy Y Sy %

=0 0 1.eTH=0my,.. 7ng+,1€®s+1p =04i=0nq,....,nx4120

01,..,.0,1,€0 "132#1;1:;1
Mg 01004, —2w): cdtg—p—i
C:;p?L;ilenl...;;(.H(X;e’nU’HU)T(Q 2w)s+io+-+is—p—i
K+1 s+ L
< [ (sin@a)™ T (2(¢,60) +2(n,,0,) +16,°) ",  (10.31)
a=1 v=1

with

}O Moy O10-0sgp (X;0,7,,0,)| < pilems1t04) = (s—p—p)G+0+

S,u,plbo s M1 . MK 11
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The first sum in (10.22) can be written in the form

i (f) 22“’*”(2<a, @)+ 2 (ja? + |X|2)>v

o] K+1
= > Chr ey X277 T (sin @)™, (10.32)
=0 ni ...,nK+1>O a=1
ny+-Fng 1 <it1
where
|C7i11...nK+1(X)| < pg+1)(am+1+0+).

Substituting (10.31) and (10.32) into (10.22) we can calculate the series
for the symbol of the operator S/ for f € N:

N f
sI0.6= > cgrg O] 56,6+ 0,)

Lhejuzo [N ""r¢h7u+u€®fc p=0 =0
017~--76h—u+u€®;;

Z C(X;0,...)r@ 2wht@u-1f vt tu—pi

N1, K+120
ni+-dng 41 2ptptitf-v

.....

K+1 h—v+p
< [[Ginea)™ ] (2(€,0.) +2(e,.0.) +16.1*) " (10.33)
a=1 v=1

with
|C(X7 0’ N )‘ < p7(1f71/+i)(am+1+0+)7(h71/7u*17)5+0+.

Note that the last product on the right-hand side of (10.33) is of the form

T

—ky
11 (Zt +p) sin(bq) .
t=1 q

Here we have expanded the inner products (£, 6,) using Lemma 7.5(ii). The
coefficients {c{} in the decomposition (0,)y1 = 3, cjit, are all of the same
sign and satisfy (7.4). Without loss of generality we may assume that all ¢/
are non-negative. The numbers

lt = l (037 e 763(-{-1) = 2Lm+1 Z Cfl + 2<X3 (Ov)m> + 2<¢va 0v> + ‘01}|2
q

satisfy pn™ 0~ <1y < pp T p0T, since

’2<X7 (01))‘3> + 2<¢v7 0v> + |0v|2| S pszrOJr'

These numbers depend on X, but not on ® or p. The numbers k; =
k(ch, ..., c% ) are positive, integer, and independent of &.
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The following lemma is identical to Lemma 10.4 of [12], where for our
purposes we have replaced the explicit constants 1/2 and 2/3 by ¢ and «,
respectively.

Lemma 10.7. For 1 < K < d—1; ny,...,ng+1 € No; k1,...,kr € N let
Q= Zf:l ki
Jr = / (sin®q)" .. (sin(bK)”K(sin@K+l)nK+1 d'I"
M, ITie (lt"‘PZKHC sin @ )

Then there exist positive numbers &g, px, and qx depending only on the con-
stants (2.20) and K such that

K 00
T =Y (mp)*> elp,q)p?,
q=0 p=0

where

le(p,a)| S Pl PP, 9P
These estimates are uniform in the following regions of variables:
DS S o PSS, P <),

Now using Lemma 10.7 we can compute the integrals of (10.33) over
the domain {® € M,} (recall that this integration is not needed for K = 0
by Remark 10.4). Substituting the result into (10.25), integrating in dv over
Q(V), and taking into account (10.12) and (10.14) we obtain in the region
2pn/3 < p < 6pn

vol At (p) — vol A, (p)

K (lo+1)k

Z Z Z ZCLl Lh K+1+(2 2w)h+u1+-ep j(lnp)q
q=0 L1, LhGJj 0

+O (pr—LM-i-Qw d) ,

with the coefficients satisfying

e

—28h+<j
qhj < pn .

~

This, together with equations (10.3), (6.9), Lemma 6.1, relation (2.20), Sect. 11
of [12], and the observation that the number of different quasi-lattice subspaces
U is < p2t, completes the proof of Lemma 3.1 and, thus, of our main theorem
in the case of B = B with the symbol satisfying (2.8). As explained at the end
of Sect. 3, the summation over J may be replaced by summation over Jy.

It remains to relax the assumptions on B. This will be done in the sub-
sequent section.
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11. Approximation

In this section we prove Lemma 3.1 and thus Theorem 2.6 for general B using
the fact that the proof is complete for B whose symbol fulfills the extra assump-
tion (2.8).

1. Given B satisfying the hypothesis of Theorem 2.6 and the number M,
we fix the values of k and k in such a way that Lemma 3.1 holds true for
H=(-A)"+ B, where the symbol b of B satisfying (2.8) is constructed at
the end of Sect. 3. For R > 0 let us define (recall 6.1)

Pr:=P"(Br), Pf:=P"R"\Bg)
We start by estimating the quadratic form of B-B. For any ¢ € H*"(R%)

(¥, (B — B)$)| < [(, Pro (B — B)Pryw)| + |(¢, Pro(B — B)P, ¥)|
+|(w, P, (B — BYPryw)| + | (¥, Pg, (B — B)P§, ¥).

(11.1)
By Condition (2.14), the symbol of (B — E)P]%O satisfies
(/) _
|(b_ b) le\BRO /2,0 < Pn y
Now Propositions 4.1 and 4.2 imply that
[(=A+1)7/4(B — B)(—~A +1)77/*P%, || < Cp-. (11.2)
Hence
(&, Pr, (B~ B)Pg,v)]
= [((—A +1)*/*y,
Pro(—A +1)7/4(B — B)P§, (—A + 1) /4 (= A + 1)*/*y)|
< Cp M, (A +1)7%y), (11.3)

and the analogous estimates hold for the last two terms in (11.1). Thus (11.1)
implies

|B — B| < B®, (11.4)
where B is the operator of multiplication by the function
b0 (¢) Hb”Loo(]RdeRo) JF/Hb”Lw(RdeRD)a €] < Ro, (115)

in the momentum space.
In view of Lemma 2.3(a), we conclude that

N((=A)" +B,)\) 2 N((-A)" + B+ B® ). (11.6)

So to prove (3.1) it will be sufficient to show that for p € I, (which we
assume everywhere below) the right-hand side of (11.6) does not differ from



Vol. 15 (2014) Asymptotic Expansion of IDS 307

N((=A)" + E,pQw) by more than O(p,,*). By (3.1) and Remark 2.7, it is
enough to prove that

N((=A) +B+B® \) = N((=A)" + B,A+ O (p2~4=M)). (11.7)
2. We note that for

R, = (4ptt20) /(=) (11.8)
we have
N((-A)"+ B +£BW ))
— N((=A)" 4+ B+ Pr,B® + Py B® A40 (p24~4"M)). (11.9)
Indeed,

[(Pr. = Pro) B®| = Cop (14 R = 0 (=)
in view of (3.10).
3. Now we are going to prove that
N((=A)" + B+ Pr,B® £ pg B® ))
= N((=A)" + B+ Pj B® X 4 O(p2v—9-M)). (11.10)

This will be done with the help of the following lemma, which is a development
of Lemma 3.1 from [10]:

Lemma 11.1. Let Hy, V, A be pseudo-differential operators with almost-peri-
odic coefficients. Suppose that H := Hy+V is elliptic, selfadjoint and bounded
below, and there exists a collection of orthogonal projections { P}, commut-
ing with Hy such that

L
> P=I and V,:=P,VP=0 for [l—n[>1  (1L11)
=0

Suppose that A = PyA and that
a = [|A4| < oc.
At last, suppose that for X\ € R
Dy :=dist (\,0(PHP)) — (44+2°"%)a>0, 1=0,...,L—1 (11.12)

and
< . .
o (@ + Vil + [Vieall) /D < 1/4 (11.13)
Then for
e:=21q (11.14)
we have

N(H X —e) < N(H+A,\) < N(H, A+ ). (11.15)
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Proof. We will prove the first inequality; the second follows by interchanging
the roles of Hy and Hy + A. Let E) be the spectral projection of (—oo, A] for
H. By Lemma 4.1 of [12] it is enough to prove that

(6, (H + 4)6) < AlIP for every 6 € By_oLo(RY.  (11.16)
Let
s —3-L -
0 := min {a,2 oérilf lDl} Q :=1[2a/8] + 2, (11.17)
so that
204 < (Q — 1)6 < 3a (11.18)

and by (11.13)

Q — 1< 3a/6 < 3max {1,2“3@/ . rlrg? 1Dl} < 20F3, (11.19)

For ¢ € E)_. introduce
¢1 = (Ex_cc(g-16 — Ex—c—qs)0, q=1,...,Q —1,

Q-1
9 :=E\_c_(g-1)50, ¢ =¢—¢% = Z @7
q=1
Then ¢ = ZQ 1 997, and letting
nq::Hgﬁq—()\f&f(Q*l)(s)(bq q:1,-~-,Q*17 (11'20)
we have
71l < él[¢%]]- (11.21)

Let P_; := P41 := 0. Projecting (11.20) with P, we obtain

nf = Vieadly + (RHP = (A= e = (g = 1)) )of + Vi1, 1=0,..., L,
and thus by (11.13), (11.17) and (11.21)
16711 < (11l + IVie—a i o+ IVieea 16744 11) /D
<27 g + ot Il /A + o1 /4, 1=0,...,L—1.

By induction, starting from [ = 0 we obtain

g1l < 2727 %167 + 3llf,. /8, 1=0,...,L—1.

Again by induction, using that [|¢% || < [|¢7]], we get [|¢f| < 217 L||g?), | =
1,...,L and thus ||¢f]| < 27F|¢?||. Therefore, for ¢ =1,...,Q — 1,

A7 = [[Agg]l < 2~ allg?l,
and thus

[A¢|| < leAdﬂH 275V/Q — 1all¢/||
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and
Q-1
(¢, Ad)| = | Y (80, Adgh)| <27°H(Q — Dall¢'||*.
am=1
Hence
(9, (H + A)p)
= (¢, H') + (¢, Ag') + 2R(6%, Ag') + (6%, Ho?) + (97, A97)
<A =a)l¢'l* +272H(Q — Dall¢/|I* +2'7F/Q — 1all¢/[[ 62|
+ (A —e—(Q—1)8) %% + all¢?|I?
<A —e+272HQ ~ Do) [¢* + (A — e = (Q — 1)d + 2a) 67
< Algll?,
where the last inequality follows from (11.18) and (11.19). O

We now want to apply Lemma 11.1 to
HE = (A" +Ps B®, V:.=B, A :=+PgB".
Note that

a = HbHLm(RdeRO) + HBHLOO(RdeRO) (11.22)
does not depend on p,,. For
L:=[4+1logya+ (M+d—2w)log, pn] +1 (11.23)
we let
Ri:=Ro+1p?*, 1=0,...,L—1, (11.24)

and introduce a family of projections
Py :=Pr,, P:=Pr —Pr_,, l=1,...,L—-1, Pr:=Py, .
(11.25)
Let us check that the hypothesis of Lemma 11.1 is satisfied. Relation (11.11)
follows from (2.15) and (11.24). It follows from (2.9) that for | < L — 1

|PHP < ||Peoa((-2)" + B)Poa|
(11.26)
< 2||Pr—1(—=A)"Pr_1|| < 2(Rp—1)*".

Also, for I < L —1,

24
Vel + Vi <2 (Rooa+02*) (11.27)
Since by (11.23) and (11.24) we have

Rp_1 = Ro+ [4+]logya+ (M +d— 2w)log, p,] p2* < p?/*log py,
(11.28)
relations (11.12) and (11.13) follow from (11.26) and (11.27) if p,, is big enough.
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Applying Lemma 11.1, we get (11.15) with
e = 24—La < p;M—&-Qw—d’
which implies (11.10).
4. Tt remains to prove that
N((=A)" + B+ Pf, B®,\) = N((=A)" + B, A + O(p2~4M)).
(11.29)
Choose
£:=p, =M, (11.30)
In view of (2.9), we have
(—A)? + BS Pr.(1£e)((—A)" + B)Pr. & P (1 +1/e)((—A)® + B)P%_.
Therefore,
(-A)* + B+ Py B
< Pr, (~A)Y £e(~A)? + (1 £¢)B)Pxg.
aP% (A + (~A)? /e + 1+ 1/e)B+ B®)Pg . (11.31)

Using (2.9) again and recalling the definitions (11.30), (11.5) and (11.8), we
can estimate the last term on the right-hand side of (11.31) given below:

Pe (A £ (=A)? /e + (1 +£1/e)B + BW)Pg,.
> ((=A)" = 2(=A)"/e)Pg, = (R2Y — 2R2" [2)Pg. > (5pn)*“ Pg, ,

so it does not contribute to the density of states for p € I,,. For the first term
we have

Pr.((=A)" £=(=2)" + (1 £2)B)Pr. S Pr.(1£)((-2)" + B)Pr..

N( —&—EiPﬁ*B(’“),)\)
2 N (Pr((=8)" +2(-A) + (1£)B) |, )
2N (PR (=2)" + B)|p, 1,y M1 £ s)), (11.32)

and the same estimates hold true for B®*) replaced by 0. Combining these two
versions of (11.32), we obtain

N((-A)"+ B,A) S N((-A)” + B Pg, B® \)
S N(Pr.((A)" + B)|p,, 1, oy M(1F2))
S N((-A)Y + B, (1)) /(1F¢)). (11.33)
Recalling that A = p?* < (4p,,)** and (11.30), we arrive at (11.29).
Combining (11.9), (11 0) and (11.29), we get (11.7).
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