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COMPLETE MANIFOLDS WITH POSITIVE
SPECTRUM, II

PETER LI & JIAPING WANG

Abstract
In this paper, we continued our investigation of complete manifolds whose
spectrum of the Laplacian has an optimal positive lower bound. In partic-
ular, we proved a splitting type theorem for n-dimensional manifolds that
have a finite volume end. This can be viewed as a study of the equality case
of a theorem of Cheng.

0. Introduction

In the authors recent work [9] they proved a splitting type theo-
rem for manifolds whose Ricci curvature is bounded from below by a
negative multiple of the lower bound of the spectrum. In particular,
their theorem generalized the work of Witten-Yau [14], Cai-Galloway
[5], and Wang [13] on conformally compact manifolds to arbitrary com-
plete manifolds. One of the main results (Theorem 2.1) in [9] can be
stated as follows.

Theorem 0.1. Let Mn be a complete Riemannian manifold of di-
mension n ≥ 3. Suppose the Ricci curvature of M is bounded by

RicM ≥ −(n − 1).

Let λ1(M) be the largest lower bound of the spectrum of the Laplacian
with respect to the metric of M , and assume that

λ1(M) ≥ (n − 2).
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Then either:

(1) M has only one end with infinite volume; or

(2) M = R × N with the warped product metric

ds2
M = dt2 + cosh2 t ds2

N ,

where N is a compact manifold with Ricci curvature bounded from
below by

RicN ≥ −(n − 2).

In this case, λ1(M) = n − 2.

It was also pointed out that this gave a partial description for man-
ifolds whose λ1 achieves the upper bound given by a theorem of Cheng
[3].

Theorem 0.2. Let Mn be a complete Riemannian manifold of di-
mension n. Suppose the Ricci curvature of M is bounded from below
by

RicM ≥ −(n − 1).

Then

λ1(M) ≤ (n − 1)2

4
.

Since n − 2 ≤ (n−1)2

4 with equality holds only when n = 3, Theo-
rem 0.1 asserts that equality in Theorem 0.2 implies that the manifold
must only have one infinite volume end, unless n = 3. In this case, the
warped product given in Theorem 0.1 is the only exception.

Obviously, an open issue is whether finite volume ends can be ruled
out when a manifold satisfies the hypotheses of Theorem 0.1. In [9], the
following example was given to demonstrate that finite volume ends can
exist in general.

Example 0.3. Let Mn = R×Nn−1 be the complete manifold with
the warped product metric

ds2
M = dt2 + exp(2t) ds2

N .

If {eα} for α = 2, . . . , n form an orthonormal basis of the tangent space
of N with respect the metric on N , then e1 = ∂

∂t together with {eα =
exp(t) eα} form an orthonormal basis for the tangent space of M . A
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direct computation shows that the sectional curvatures KM of M are
given by

KM (e1, eα) = −1 for all 2 ≤ α ≤ n,

and

KM (eα, eβ) = exp(−2t) KN (eα, eβ) − 1 for all 2 ≤ α, β ≤ n,

where KN are the sectional curvatures of N. In particular, if the Ricci
curvature of N is nonnegative, then

RicM ≥ −(n − 1).

Moreover, N is Ricci flat if and only if M is Einstein with

RicM = −(n − 1).

We now claim that λ1(M) = (n−1)2

4 for this example. In fact, let us
consider the function

f = exp
(
−n − 1

2
t

)

defined on M. A direct computation shows that

∆f =
d2f

dt2
+ (n − 1)

df

dt

=
(n − 1)2

4
f − (n − 1)2

2
f

= −(n − 1)2

4
f.

Proposition 0.4. Let M be a complete Riemannian manifold. If
there exists a positive function f defined on M satisfying

∆f ≤ −λf,

then
λ1(M) ≥ λ.

Proof. Let D ⊂ M be a smooth compact subdomain of M and
λ1(D) the first Dirichlet eigenvalue on D. Let u be the first eigenfunction
satisfying

∆u = −λ1(D) u on D
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and
u = 0 on ∂D.

We may assume that u ≥ 0 on D, and regularity of u asserts that u > 0
in the interior of D. Integration by parts yields

(λ1(D) − λ)
∫

D
u f ≥

∫
D

u ∆f −
∫

D
f ∆u

=
∫

D
u

∂f

∂ν
−

∫
D

f
∂u

∂ν

≥ 0,

where ν is the outward unit normal of D. Hence λ1(D) ≥ λ for any
arbitrary compact subdomain D ⊂ M. Since

inf
D⊂M

λ1(D) = λ1(M),

the proposition follows. q.e.d.

Combining Proposition 0.4 together with the upper bound from The-
orem 0.2, this implies that λ1(M) = (n−1)2

4 as claimed.
The purpose of this article is to prove that the above example is the

only situation when M has a finite volume end if M achieves equality
in Cheng’s upper bound.

Theorem 0.5. Let Mn be a complete n-dimensional manifold with
n ≥ 4. Suppose that

RicM ≥ −(n − 1)

and

λ1(M) ≥ (n − 1)2

4
.

Then either:

(1) M has only one end; or

(2) M = R × N with the warped product metric

ds2
M = dt2 + exp(2t) ds2

N ,

where N is a compact manifold with nonnegative Ricci curvature.

In the case when n = 3, the two numbers n − 2 and (n−1)2

4 coincide
and we can incorporate Theorem 0.1 into our new result.
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Theorem 0.6. Let M3 be a complete 3-dimensional manifold. Sup-
pose that

RicM ≥ −2

and
λ1(M) ≥ 1.

Then either:

(1) M has only one end; or

(2) M = R × N with the warped product metric

ds2
M = dt2 + cosh2 t ds2

N ,

where N2 is a compact manifold with its Gaussian curvature
bounded from below by

KN ≥ −1; or

(3) M = R × N with the warped product metric

ds2
M = dt2 + exp(2t) ds2

N ,

where N2 is a compact manifold with nonnegative Gaussian cur-
vature.

Due to the fact that Theorem 0.1 is not valid in dimension 2, we do
not have a splitting theorem for two infinite volume ends. However, our
argument for the finite volume end is still valid.

Theorem 0.7. Let M2 be a complete 2-dimensional manifold. Sup-
pose that

KM ≥ −1

and
λ1(M) ≥ 1

4
.

Then either:

(1) M has no finite volume end; or

(2) M = R × S
1 with the warped product metric

ds2
M = dt2 + exp(2t) dθ2.
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We would like to point out the special case when Mn is a complete
hyperbolic manifold given by H

n/Γ, where Γ is a torsion-free discrete
subgroup of isometries acting on the hyperbolic space form H

n. In
this case, a result of Sullivan [11] asserts that if δ(Γ) is the Hausdorff
dimension of the limit set of the group Γ, then

λ1(M) =

{
(n−1)2

4 , if δ(Γ) ≤ n−1
2

δ(Γ)(n − 1 − δ(Γ)), if δ(Γ) ≥ n−1
2 ,

provided that Γ is geometrically finite, that is, the fundamental domain
with respect to Γ has finitely many sides. In the case n = 2, however,
the geometric finiteness assumption on Γ is not needed and the pre-
ceding formula holds true for any complete hyperbolic surface H

2/Γ.
In dimension 3, Canary [2] showed that an infinite volume, hyperbolic
manifold that is topologically tame is geometrically infinite if and only
if λ1(M) = 0. In any event, if we restrict the Main Theorem to hyper-
bolic 3-manifolds, then the condition that λ1(M) = 1 is equivalent to
the condition that δ(Γ) ≤ 1. Moreover, if Γ is finitely generated and
δ(Γ) = 1, then Bishop and Taylor [1] proved that the limit set of Γ
must be a circle. In this case, Γ is a surface group and M is given by
the warped product as in case (2) of Theorem 0.6 when the surface N
has constant −1 curvature. When δ(Γ) < 1, then the limit set of Γ
must be totally disconnected, which corresponds to case (1), and case
(3) when N is a flat torus. In this sense, Theorem 0.5 and Theorem 0.6
can be viewed as a generalization of part of these results to manifolds
with Ricci curvature bounded from below by −(n − 1) and to higher
dimensions.

The authors would like to thank Al Marden for his interest in this
work and for pointing out the references for hyperbolic manifolds.

1. Preliminaries

In this section, we will give precise estimates on the volume growth
or volume decay of an end of a manifold satisfying the hypotheses of
Theorems 0.5-0.7. Recall that an end E is defined to be an unbounded
component of M \D for some compact domain D. Without loss of gen-
erality, we may assume that D = Bp(R0) is a geodesic ball centered at
some fixed point p ∈ M with radius R0 > 0. We will denote VE(R)
to be the volume of the set Bp(R) ∩ E, and VE(∞) is simply the vol-
ume of E. Also we recall (see [6] and [8]) that an end E is said to be a
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non-parabolic (or parabolic) end if it admits (or does not admit) a pos-
itive Green’s function for the Laplacian on E with Neumann boundary
condition on ∂E.

Let us first recall Theorem 1.4 of [9] stated for the above class of
manifolds.

Theorem 1.1. Let E be an end of a complete, n-dimensional man-
ifold M satisfying

λ1(M) ≥ (n − 1)2

4
.

Then either:

(1) E is a parabolic end with finite volume, and it must have exponen-
tial volume decay given by

VE(∞) − VE(R) ≤ C1 exp(−(n − 1)R)

for R ≥ R0 + 1 and some constant C1 > 0 depending on E; or

(2) E is a non-parabolic end with infinite volume, and it must have
exponential volume growth given by

VE(R) ≥ C2 exp((n − 1)R)

for R ≥ R0 + 1 and some constant C2 > 0 depending on the end
E.

On the other hand, the Bishop volume comparison theorem asserts
that if RicM ≥ −(n − 1) then for any x ∈ M , the ratio of the volumes
of geodesic balls Bx(R1) and Bx(R2) for R1 < R2 must satisfy

(1.3)
Vx(R2)
Vx(R1)

≤ VHn(R2)
VHn(R1)

,

where VHn(R) is the volume of a geodesic ball of radius R in the n-
dimensional hyperbolic space form H

n of constant −1 curvature. In
particular, by taking x = p, R1 = 0 and R2 = R this implies that

(1.4) Vp(R) ≤ C3 exp((n − 1)R)

for sufficiently large R. On the other hand, if we let x ∈ ∂Bp(R), R1 = 1
and R2 = R + 1, (1.3) implies

Vx(1) ≥ C4 Vx(R + 1) exp(−(n − 1)R)(1.5)
≥ C4 Vp(1) exp(−(n − 1)R).

Combining (1.4), (1.5) with Theorem 1.1, we obtain the following corol-
lary.
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Corollary 1.2. Let E be an end of a complete, n-dimensional man-
ifold M satisfying

RicM ≥ −(n − 1)

and

λ1(M) ≥ (n − 1)2

4
.

Let p ∈ M be a fixed point. Then either:

(1) E is a parabolic end with finite volume, and it must have exponen-
tial volume decay given by

C4 exp(−(n − 1)R) ≤ VE(∞) − VE(R) ≤ C1 exp(−(n − 1)R)

for R ≥ R0 +1 and some constants C1 ≥ C4 > 0 depending on E;
or

(2) E is a non-parabolic end with infinite volume, and it must have
exponential volume growth given by

C3 exp((n − 1)R) ≥ VE(R) ≥ C2 exp((n − 1)R)

for R ≥ R0 + 1 and some constants C3 ≥ C2 > 0 depending on
the end E.

Note that Theorem 1.1 can be viewed as a refined version of Cheng’s
Theorem. In fact, if the Ricci curvature of the manifold satisfies

RicM ≥ −(n − 1),

then the Bishop volume comparison theorem asserts that

Vp(R)) ≤ VHn(R)
≤ C exp((n − 1)R).

Hence combining with Theorem 1.1, we conclude that λ1(M) ≤ (n−1)2

4
as asserted by Cheng.

2. The proofs

Let us first recall that a theorem of Yau [15] asserts that on a mani-
fold with Ricci curvature bounded from below, if f is a positive harmonic
function then |∇(log f)| is bounded from above. It turns out that if we
are more careful in the proof of the estimate, the upper bound can be
made to be sharp for our situation. For this sake, we will provide the
argument.
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Lemma 2.1. Let Mn be a complete manifold with Ricci curvature
bounded from below by

RicM ≥ −(n − 1).

If f is a positive harmonic function defined on the geodesic ball
Bp(2R) ⊂ M , then there exists a constant C depending on n such that

|∇(log f)|(x) ≤ (n − 1) + C R−1

for all x ∈ Bp(R). In particular, for a positive harmonic function u on
M ,

|∇(log u)| ≤ n − 1

on M.

Proof. If we set h = log f , then a direct computation shows that h
satisfies the equation

∆h = −|∇h|2.

Using the Bochner formula, we compute

∆|∇h|2 = 2h2
ij + 2RicM (∇h,∇h) + 2〈∇h,∇∆h〉(2.1)

≥ 2h2
ij − 2(n − 1)|∇h|2 − 2〈∇h,∇|∇h|2〉.

Choosing an orthonormal frame {e1, . . . , en} at a point so that |∇h| e1 =
∇h, we can write

|∇|∇h|2|2 = 4
n∑

i=1


 n∑

j=1

hj hji




2

(2.2)

= 4h2
1

n∑
j=1

h2
1j

= 4|∇h|2
n∑

j=1

h2
1j .
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On the other hand,

h2
ij ≥ h2

11 + 2
n∑

α=2

h2
1α +

n∑
α=2

h2
αα(2.3)

≥ h2
11 + 2

n∑
α=2

h2
1α +

(
∑n

α=2 hαα)2

n − 1

≥ h2
11 + 2

n∑
α=2

h2
1α +

(∆h − h11)2

n − 1

≥ h2
11 + 2

n∑
α=2

h2
1α +

(|∇h|2 + h11)2

n − 1

≥ n

n − 1

n∑
j=1

h2
1j +

1
n − 1

|∇h|4 +
2

n − 1
|∇h|2 h11.

However, using the identity

2h1 h11 = e1(|∇h|2)
= 〈∇|∇h|2,∇h〉 |∇h|−1

we conclude that

2|∇h|2 h11 = 〈∇|∇h|2,∇h〉.

Substituting into (2.3), we obtain

h2
ij ≥

n

n − 1

n∑
j=1

h2
1j +

1
n − 1

|∇h|4 +
1

n − 1
〈∇|∇h|2,∇h〉.

Combining with (2.1) and (2.2) yields

∆|∇h|2 ≥ n

2(n − 1)
|∇|∇h|2|2 |∇h|−2 − 2(n − 1)|∇h|2(2.4)

− 2(n − 2)
n − 1

〈∇h,∇|∇h|2〉 +
2

n − 1
|∇h|4.

Let φ be a nonnegative cut-off function. If we set G = φ |∇h|2, then
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using (2.4) we have

∆G = (∆φ) |∇h|2 + 2〈∇φ,∇|∇h|2〉 + φ ∆(|∇h|2)(2.5)

≥ ∆φ

φ
G + 2φ−1 〈∇φ,∇G〉 − 2|∇φ|2 φ−2 G

+
n

2(n − 1)
φ |∇|∇h|2|2 |∇h|−2

− 2(n − 1)G − 2(n − 2)
n − 1

〈∇h,∇G〉

+
2(n − 2)
n − 1

|∇h|2 〈∇h,∇φ〉 +
2

n − 1
φ |∇h|4.

On the other hand, writing

|∇G|2 = |∇(φ |∇h|2)|2
= |∇φ|2 |∇h|4 + 2φ |∇h|2 〈∇φ,∇|∇h|2〉 + φ2 |∇|∇h|2|2
= |∇φ|2 φ−2 G2 + 2G φ−1 〈∇φ,∇G〉
− 2G2 |∇φ|2 φ−2 + φ2 |∇|∇h|2|2,

we have

φ |∇|∇h|2|2 |∇h|−2

= |∇G|2 G−1 − |∇φ|2 φ−2 G − 2φ−1 〈∇φ,∇G〉 + 2G |∇φ|2 φ−2.

Also, for any δ > 0, the Schwarz inequality implies that

2|∇h|2 〈∇h,∇φ〉 ≥ −δφ |∇h|4 − 1
δ
|∇φ|2 φ−2 G.

Hence (2.5) becomes

∆G ≥ ∆φ

φ
G + 2φ−1 〈∇φ,∇G〉 −

(
3n − 4

2(n − 1)
+

n − 2
δ(n − 1)

)
|∇φ|2 φ−2 G

+
n

2(n − 1)
|∇G|2 G−1 − n

(n − 1)
φ−1 〈∇φ,∇G〉 − 2(n − 1)G

− 2(n − 2)
n − 1

〈∇h,∇G〉 +
(

2
n − 1

− δ(n − 2)
n − 1

)
φ−1 G2

by taking δ(n − 1) < 2. At the maximum point x0 of G, the maximum
principle asserts that

∆G(x0) ≤ 0
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and
∇G(x0) = 0.

Hence

0 ≥ (∆φ) G +
(

n

2(n − 1)
− 2δ + 1

δ

)
|∇φ|2 φ−1 G(2.6)

− 2(n − 1)φ G +
(

2
n − 1

− δ

)
G2.

Let us choose φ(x) = φ(r(x)) to be a function of the distance r to the
fixed point p with the property that

φ = 1 on Bp(R),
φ = 0 on M \ Bp(2R),

−CR−1 φ
1
2 ≤ φ′ ≤ 0 on Bp(2R) \ Bp(R),

and
|φ′′| ≤ C R−2 on Bp(2R) \ Bp(R).

Then the Laplacian comparison theorem asserts that

∆φ = φ′ ∆r + φ′′

≥ −C1(R−1 + R−2),

and also
|∇φ|2 φ−1 ≤ C2 R−2.

Hence (2.6) yields

C1 R−1 + C3

(
2δ + 1

δ

)
R−2 + 2(n − 1) ≥

(
2

n − 1
− δ

)
G.

Since this estimate is valid at x0 the maximum point of G, it is therefore
valid for all points x ∈ Bp(2R). In particular, when restricted on Bp(R)
and by taking δ = (R + n − 1)−1, we have

C1 R−1+C3(2R−2+R−1)+2(n−1) ≥
(

2
n − 1

− (R + n − 1)−1

)
|∇h|2.

Hence we conclude that

C4 R−1 + (n − 1)2 ≥ |∇h|2
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and
|∇h| ≤ (n − 1) + C5 R−1.

q.e.d.

We are now ready to prove Theorem 0.5.

Proof of Theorem 0.5. Suppose that M satisfies the hypothesis of
Theorem 0.5. Then by Theorem 0.1 we know that M must have only
one infinite volume end because the warped product with the metric
given by

ds2
M = dt2 + cosh2 t ds2

N

has λ1(M) = (n − 2). Let us now assume that M has a finite volume
end. Since λ1(M) > 0, M must also have an infinite volume end. By
choosing the compact set D appropriately, we may assume that M \ D
has one infinite volume, non-parabolic end E1 and one finite volume,
parabolic end E2.

Recall that the theory of Li-Tam [6] (also see [8]) asserts that there
exists a positive harmonic function f satisfying the following properties:

(1) inf∂E1(R) f → 0 as R → ∞;

(2) sup∂E2(R) f → ∞ as R → ∞; and

(3) f is bounded and has finite Dirichlet integral on E1.

By integrating the gradient estimate of Lemma 2.1 along geodesics,
we conclude that f must satisfy the growth estimate

f(x) ≤ C exp((n − 1)r(x)),

where r(x) is the geodesic distance from x to a fixed point p ∈ M. In
particular, when restricted on E2, together with the volume estimate of
Theorem 1.1, we conclude that

(2.7)
∫

E2(R)
f ≤ C R.

On the other hand, it was proved in Lemma 1.1 in [9] that on E1,
the function f must satisfy the decay estimate∫

E1(R+1)\E1(R)
f2 ≤ C exp(−(n − 1)R)
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for R sufficiently large. In particular, the Schwarz inequality implies
that ∫

E1(R+1)\E1(R)
f ≤ C exp

(
−(n − 1)

2
R

)
V

1
2

E1
(R + 1).

Combining this with the volume estimate of Corollary 1.2, we conclude
that ∫

E1(R+1)\E1(R)
f ≤ C

for some constant C independent of R. In particular,∫
E1(R)

f ≤ C R.

Together with (2.7) we conclude that

(2.8)
∫

Bp(R)
f ≤ C R.

Let us now consider the function g = f
1
2 . Direct computation and

Lemma 2.1 imply that

∆g = −1
4
f− 3

2 |∇f |2(2.9)

≥ −(n − 1)2

4
g.

If φ is a nonnegative compactly supported function, then∫
M

|∇(φ g)|2 =
∫

M
|∇φ|2g2 −

∫
M

φ2 g ∆g

=
∫

M
|∇φ|2 g2 +

(n − 1)2

4

∫
M

φ2 g2

−
∫

M
φ2 g

(
∆g +

(n − 1)2

4
g

)
.

On the other hand, using the assumption that λ1(M) ≥ (n−1)2

4 , we
conclude that ∫

M
φ2 g

(
∆g +

(n − 1)2

4
g

)
≤

∫
M

|∇φ|2 g2.
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Choosing φ to be

φ =




1 on Bp(R)
2R−r

R on Bp(2R) \ Bp(R)
0 on M \ Bp(2R),

we conclude that ∫
M

|∇φ|2 g2 = R−2

∫
Bp(2R)\Bp(R)

g2.

Inequality (2.8) implies that∫
M

|∇φ|2 g2 → 0

as R → ∞. Hence inequality (2.9) used in the above argument is an
equality. In particular,

|∇f | = (n − 1)f

and

(2.10) |∇h|2 = (n − 1)2.

Also we must have equality for (2.4) since ∆|∇h|2 and ∇|∇h|2 both
vanish. Hence the inequalities used to prove (2.4) must all be equalities.
More specifically,

h1j = 0 for all 1 ≤ j ≤ n,

and

hαβ = − δαβ

n − 1
|∇h|2

= −(n − 1)δαβ for all 2 ≤ α, β ≤ n.

Since e1 is the unit normal to the level set of h, the second fundamental
form II of the level set is given by

hαβ = IIαβ h1

= (n − 1)IIαβ .

Hence, IIαβ must be the matrix (−δαβ).



158 p. li & j. wang

Moreover, (2.10) also implies that if we set t = h
n−1 , then t must be

the distance function between the level sets of f, hence also for h. The
fact that IIαβ = (−δαβ) implies that the metric on M can be written as

ds2
M = dt2 + exp(−2t) ds2

N .

Since M has two ends, N must be compact. A direct computation shows
that the condition RicM ≥ −(n− 1) implies that RicN ≥ 0. This proves
the theorem. q.e.d.

Theorem 0.6 and Theorem 0.7 follow from the same argument as
above by incorporating Theorem 0.1.

3. Dimension two

Due to the fact that Theorem 0.1 is invalid in dimension 2, we do not
have a rigidity theorem for the case when M2 has two infinite volume
ends. In particular, it is a natural question to ask if the warped product
given by

M = R × S
1

with metric
ds2

M = dt2 + cosh2 t dθ2

is rigid. In fact, a direct computation shows that M has constant −1
curvature. Moreover, we will show that λ1(M) = 1

4 , which achieves the
sharp estimate given by Cheng’s theorem. In this section, we will show
that there are deformations of M so that the metrics have curvature
bounded from below by −1 and λ1 = 1

4 . In fact, one can even choose the
deformations to be among warped product metrics. This will indicate
that there are no rigidity theorems in dimension 2 for two infinite volume
ends.

It is convenient for us to consider the general warped product metric
on M = R × S

1 given by

(3.1) ds2
M = dt2 + f2(t) dθ2.

A direct computation shows that the Gaussian curvature of M is given
by

K =
−f ′′

f
.
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Hence the condition that K ≥ −1 is equivalent to the inequality

(3.2) f ′′ ≤ f.

The Laplacian for the metric (3.1) when restricted to a function of t
alone is given by

∆u =
d2u

dt2
+

f ′

f

du

dt
.

In order to prove that the metric (3.1) has λ1 ≥ 1
4 , Proposition 0.4

implies that it suffices to show that there exists a positive function u
such that

∆u ≤ −1
4
u.

On the other hand, if f satisfies (3.2), then by Cheng’s theorem λ1 ≤ 1
4 ,

hence λ1 = 1
4 .

If we set u(t) = f− 1
2 (t), then

∆u +
1
4
u = −1

2
f− 3

2 f ′′ +
1
4
f− 5

2 (f ′)2 +
1
4
f− 1

2 .

The condition
∆u ≤ −1

4
u

is then equivalent to

(3.3) 2ff ′′ − (f ′)2 − f2 ≥ 0.

Obviously the function f = cosh t satisfies both inequalities (3.2) and
(3.3). We now claim that there are perturbations of cosh t that sat-
isfy both inequalities also. This will confirm our claim stated in the
beginning of this section.

To see this, let us set

f = cosh t + g.

Inequalities (3.2) and (3.3) become

(3.4) g′′ ≤ g

and

(3.5) 1 + 2g′′ cosh t − 2g′ sinh t + 2g g′′ − (g′)2 − g2 ≥ 0.
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Let us choose g to be
g = α cosh−β t.

Direct differentiation gives

g′ = −αβ cosh−β−1 t sinh t

and
g′′ = αβ(β + 1) cosh−β−2 t sinh2 t − αβ cosh−β t.

If we take 0 ≤ β ≤ 1, then

g′′ − g = αβ(β + 1) cosh−β−2 t sinh2 t − α(β + 1) cosh−β t

= −α(β + 1) cosh−β−2 t(1 + (1 − β) sinh2 t)
≤ 0,

and (3.4) is satisfied. Moreover,

1 + 2g′′ cosh t − 2g′ sinh t + 2g g′′ − (g′)2 − g2

= 1 + 2αβ(β + 1) cosh−β−1 t sinh2 t

− 2αβ cosh−β+1 t + 2αβ cosh−β−1 t sinh2 t

+ 2α2β(β + 1) cosh−2β−2 t sinh2 t

− 2α2β cosh−2β t − α2β2 cosh−2β−2 t sinh2 t

− α2 cosh−2β t.

= 1 + 2αβ(β + 2) cosh−β−1 t sinh2 t − 2αβ cosh−β+1 t

+ α2β(β + 2) cosh−2β−2 t sinh2 t − α2(2β + 1) cosh−2β t

= 1 + 2αβ(β + 1) cosh−β−1 t sinh2 t − 2αβ cosh−β−1 t

+ α2β(β + 1) cosh−2β−2 t sinh2 t − α2(2β + 1) cosh−2β−2 t

≥ 1 − 2αβ − α2(2β + 1).

Clearly, for any 0 ≤ β ≤ 1, we can choose 0 < α ≤ (2β + 1)−1 so that
the right-hand side is nonnegative. This verifies (3.5). Hence metrics of
the form

ds2
M = dt2 + (cosh t + α cosh−β t)2 dθ2,

with 0 ≤ β ≤ 1 and 0 < α ≤ (2β + 1)−1, also has KM ≥ −1 and
λ1(M) = 1

4 .
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