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Let M; and N; be von Neumann algebras and ¢; be completely positive maps
from M; to N;(:=1, 2). Then there exists a completely positive map z:Qz,
(called the product map of z; and 7,) from the spatial C*-tensor product M;Q.M,
to the spatial C*-tensor product N,Q.N, such that 7z:Q7:(@Qb)=1,(a)RQ7.(b).
Moreover, when N, and N, are von Neumann subalgebras of M; and M, and
both 7, and ¢, are projections of norm one to N; and N, it is known 6], [9]
that the map ;& 7, can further be extended, without the normality of =, and z,,
to the von Neumann tensor product M;® M, so that the resulting extension r
becomes a projection of norm one of M,® M, to the von Neumann subalgebra
N,®N,. This result is used to show a basic fact for injective von Neumann
algebras; if M and N are injective von Neumann algebras, then M®N is in-
jective ([6], [9D.

In Section 2 we shall show that the completely positive extension of ;& z,
to the algebra M,&® M, always exists for a couple of completely positive maps
(c1, 7o). In the proof, regarding the positive elements of M,& M, as completely
positive maps from M, to M, we construct it.

Next in Section 3, we determine the normal part (¢-weakly continuous part)
of the above extention in terms of the normal part of 7, and z,. The correspond-
ing result for projections of norm one ([11; Theorem 3.1]) is used to classify
certain types of maximal abelian subalgebras.

1. Preliminaries.

Let M and N be von Neumann algebras. We denote by M* and M,, the
dual of M and the predual of M, and by MQN and M& N, the algebraic tensor
product of M and N and the von Neumann tensor product of M and N respec-
tively. For each ¢ My (resp. ¢=Ni) we can define a g-weakly continuous
linear map Ry of M®N to N (resp. L, of M®N to M) which we call the right
slice map (resp. left slice map) such that

R4(a®b)=<a, ¢>b
(resp. Ly(a®b)=<b, ¢ra).
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These two kinds of maps are related in the following way,

<x, dRP>=<Ry(x), p>=<Ly(x), > .

As we shall often use this relation we call this the Fubini type principle of
slice maps. Using the right slice map (resp. left slice map), for an element x
of MXN we define a linear map r(x): My—N (resp. I(x): Nx—M) such that

r(x)(@)=Ry(x)  (resp. [(x)(p)=Ly(x)).

Furthermore for each ¢= M*, we can define a bounded linear map R; of M®N
to N:
(Ry(x), pp=LCLy(x), ¢>  for all $& Ny,

which we call the generalized right slice map. Similarly we can define the
generalized left slice map for each ¢=N*. Using them, for each rEMRIN we
can also define a linear map r,(x): M*—N (resp. [,(x): N*—M) such that

rg(x)(P)=Ry(x)  (resp. [,(x)(P)=Ly(x)).

We note that r,(x) (resp. [,(x)) is an extension of 7(x) (resp. [(x)), which is
continuous for the weak* and g-weak topologies in M* and N.

LEMMA 1. The transposed map *(r(x)) of r(x) is equal to l,(x). Similarly
HI(x)) is equal to rg(x).

PrROOF. For g= My and ¢ N*, we have

(X)), Pp=C{Ly(x), $>=(Ry(x), ¢>
=Lr(x)(@), P>=Lr(x))¢), o>,

hence [, (x)=" (r(x)).

Let E and F be either C*-algebras or closed subspaces of duals of C*-
algebras. We denote by M,(E) the nXn matrix space over E. A map z of E
to F is said to be completely positive if the map 7,; [a: ;1€ M(E)—[(a; ;)]
e M,(F) is positive for every positive integer n. Let L(My, N) (resp. L(M*, N))
be the space of all linear maps of My to N (resp. M* to N) in which we
consider the order induced by the cone L(My, N)® (resp. L(M*, N)®) of all
completely positive maps. We can regard that r (resp. r,) is a linear map from
M®N into L(My, N) (resp. L(M*, N)). The following characterization of the
von Neumann tensor product M®N is proved by E.G. Effros in [4]. We
includes here the proof for readers’ convenience.

THEOREM 2. Set

(MRN)={xe MRN: 0=x=<1R1},

then the map v is an order isomorphism between the set (MRN)t and the set of
completely positive maps {r€ L(My, N): 0=c=r(1Q1)}. Similar result also holds
for the map L.
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Moreover, the map v, and 1, ave order isomorphisms from (MRN)T into
the sets {reL(M*, N):0=c=r,(1QL)} and {p€L(N*, M):0=p=!,(1Q1)}
respectively.

PROOF. Assume that the von Neumann algebras M and N act standardly
on the space H and K (cf. [5]), then one easily verifies that the algebras
M, (M) and M,(N) act also standardly on the n2-fold copy spaces H** and K"
of H and K. Let ¢ and ¢ be normal states of M,(M) and M,(N), then by [5;
Lemma 2.10] they are vector states i.e. ¢=w(&), ¢=w(y) for unit vectors
E=(£;,,)€H™ and n:(pi,j)eK“Z. Write ¢=[¢: ;] and ¢=[¢; ;], then
¢i,,~=§ w(&j, s, &i,5) and c,bi,j:; o(9s 15 G, j, s=1, ---, n). For every element

x in MQN we have

r(x)n(@), P>=<[r(x)@s, )], L1, j]>=g)j<1?¢i,j(x), i, 2

= %(x, b4, ;i = ?jg}(x(&, 1 Q15 184, :&Q71.5)

= 5(x(36.®7:.,)

;’31 z®77i, s) .
Hence, x=0 if and only if »(x), is a positive map for every positive integer
n, that is, »(x)=0 in L(My, N). It follows that 0=x=<1Q1 is equivalent to
0=r(x)<r(1®1) in L(My, N).

We assert next that the map r is an onto map. Let r be a map in L(My, N)
such that 0=r=r(I1Q1) in L(MyN). Then the product form [ |]. on the
algebraic tensor product HRK

[é 51‘@771'

% @] = S &), ol 73>

=<t (L, DD, Lo(yi, 5D

is well-defined and positive definite by the assumption for z. Moreover, we get
the inequality ;

0=| £ 6@ T e@n:].

=Lt ([, £)]), [w(n:, 71
=<r(1@Da[w&:, €7D, Lo(n:, I
:§<Rw(ei,e]~>(1®1), o(ns, 75

=T (&€l 1)
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2

2" zé ‘Ei@ﬂi! .

Then the form [ | J. can be extended to the completion HR,K of HKK and
there exists an operator a = B(HX,K) such that 0<a =<1 and [{|xl.=(al|k) for
every {, ke HQY,K. It follows that we have,

(c(@&, EN M)yl p")=[ERQn|§'&y’]:
=(a€®n|E®7")
:(Rms, e')(a)ﬁ I 7]')

where R, ¢ is the right slice map in B(H)®QB(K) with respect to the vector
functional w(§, §') on B(H). Hence, R, ¢ (a)=t(wé, &) M)EN.

Next let ¢ be a o-weakly continuous functional on M and let ¢=|¢@|v be
the polar decomposition of ¢ (cf. [3; Chap. 1 §4.7]). There is a vector £ in
H such that |¢|=w(§)| M, then ¢=w(&, v*¢)| M and

lgll=I1ell=ll*=lllv*El .

Therefore,
le(P)|=lz(@&, v*E)| M)
:”che,me)(a)ﬂ
<[&llv sl
= |
ie |z)|=1.

Thus, 7 is norm continuous and we see that z(¢|M)=R4a)eN for every
¢< B(H)x. Moreover, if we consider the transposed map ‘z from N* to M, we
have, for every vector state w(y) on B(K),

(Locp(a)s16)=(aER7)|1ER7)
=<{r(@@)| M), o) | N>={r(w()|N), o&)|M)
=(r(w(n)|N)EIE)

where we distinguish the state w(z) from its restriction w(y)|N to the von
Neumann algebra N. Thus, L,,»(a)="c(w(n)|N) and, by the norm continuity
of both members, Ly(a)="'c(¢|N)eM for every ¢ B(K)s. It follows from [10;
Theorem 2.17 that the operator a belongs to M®N and apparently we have
r(a)=7. This completes the proof.

For the assertions for the maps r, and [,, they are immediate consequences
of Lemma 1.1 and the fact that the transposed map of a completely positive
map is also completely positive.
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It is noticed that the image of (M®N)' by the map r¢ is the set of com-
pletely positive map z’s which are continuous for the weak* and o¢-weak
topology and satisfy 0<7z=<r,(1Q1). Hence, », may not be an onto map to the
set {r: M*—>N:0=7=r,(1Q1)} in general.

2. Product maps of completely positive maps in the tensor product of
von Neumann algebras.

In this section we prove the existence theorem of product completely
positive maps by using

Let M; and N; (i=1, 2) be von Neumann algebras and z;: M;—N; be com-
pletely positive maps. In order to avoid rather complicated notations such as
Tu@uy VMmN, €LC., We use, in the following arguments, the same notation of
the map » (also /, , and [,) to mean the canonical representation of the tensor

product algebras in We also employ the same way to denote
identities of various von Neumann algebras, i.e. just writing as / in place of
lMl’ lNl etc.

THEOREM 3. In the above setting there exists a completely positive map =
from MiQM, to N\QN, such that

7(a@b)=7:(a)Qr:(b)
for every as M, and be M,.
Proor. We assume first that 7, and 7, are unital. We shall show that
there exists a completely positive map p, from M,®M, to M,®N, such that

p(a@b)=a&ry(b).

Take an element x of (M,QM,)I, then by Toor(x) is a completely
positive map of M« to N, and we have

0=r2er(D)=7r(IQD=7r(1QL  (in M,QN,)

in the order of completely positive maps. Hence by [Theorem 2, there exists
a unique element p,(x) of (M,®N,)i such that r(ps(x))=r,er(x). Let x be an

element of M,®M, and write x= il iix, where r,e(M,@M,* and i=+/—T.
?
We put

4 .
p(Xx)= ]_Zl 7 ps(x5) .
If x is written in another form ﬁ]li"x} (x5e(M,QM,)*), we have
=

(5 #oux))= 2 #r(pala)= 3 ifreor(x)
Jj=1 Jj=1 Jj=1
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4 4
=z'-2°7'( > 1’xj):rzor< > zfxg)
j=1 j=1
4 . ; /7 4 .-y ’
= El Urger(x))= E r(po(x3)
N 4 . . /
=1( ) P0u(x7)

Hence, }4_]1 P pa(xj)= ﬁ)l /ps(x}) and the above map p, is well defined. The map
J= J= .

p is clearly linear and since we have the relation 7(p.(x))=7,°7(x) for reM,QM,,
one may easily verify that
p(a@b)=ar(b)
for every asM,; and b M,.
Let x=[xq ;] be a positive element of M,(M,®@M,). We note first that under
the canonical identification of M,(M,QM,) with M,QM,R@M,=M,Q(M (M)
we have

r(x)(@)=Ry([xs, ; D=[Ry(xs. )]  for pe(Msx.

Now in order to show that p, is completely positive it suffices to prove that
the map »([ps(x: ;)] is a completely positive map of M« to M,(N,) for every
positive integer n. Thus, let [ ¢, ,] be a positive element in M,,(M;x). Then

(e (XN mLPs. 1 D=Lr((p2)n(X))(Ps.1)]
=[Ry, ((p)a(x)]=LRy, (0:(x: )]

(regarding as a matrix with respect to the indexes 7, j, £ and /)
=[to(Ry,, (x5, D= malr(x)(e, )]
=((r)n)m> (X)) m([ P2, 1)=0

where we use the same notation Ry, , applying different algebras, M (M, QM,),
M,®N, and M,@M,. Therefore, the map r((p2)n(x))=r(Lps(xs, ;)] is completely
positive.

Similarly we can define a completely positive map p, from M, XN, to
N.®N, satisfying [(p,(x))=7°l(x) for every x=M;®M, with the property,
p:1(a@b)=7,(a)Qb for every a€M, and bEN,. Then the map z=p;°p, is a
required extension.

When z, and z, are not necessarily unital, we put r,(1)=h and z,(1)=%. By
[2, Lemma 2.2], there exist unital completely positive maps z; and 7, such that

T (x)=h'"2r{(x)h'?  and 7 (x)=FkV?ry(x)k2.

Then there is a unital completely positive map ¢’ satisfying
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o' (aQb)=71(a)Qr3(b)

for every a€M, and beM,. Therefore the map z(x)=(hQE)V*z'(x)(hQE)? is
a completely positive map satisfying

t(a®b)=1,(a)Qr(b)

for every a= M, and beM,. This completes the proof.
In the above construction, if we take ¢&Mx, ¢=N,x and an element
x&M,®M,, we have by the Fubini type principle

L)), @>=<r(px))P), P>={Lrser(x)P), >
=Lr(x)(@), trol D =L (x) "zl D)), B,
whence [(py(x))=1,(x)°'r5| Nox. Therefore
Iz(x))=1(p1° po(x)=7T1°l(po(X))=T 12l g(X) o To| Nox .
Thus we denote this map ¢ by flgﬁz and call the left product map of z; and

72. On the other hand there is another similar way to get a completely positive
map of M,QM, to N,QN, for the pair (z;, zs). Namely, we define completely
positive maps p}: M;®@M,—N,QM, and pj: N;QM,—N,®N, in a similar way
as above and put z'=p3°p;. Then the map 7’ satisfies the relation;

T’(T’(x»:z'z"T'(P;(x)):1'2°7’g(x>°tTl | Ny
Write this map as 7'=7,&r, and we call the right product map of 7, and z,.

These two maps might be different in general but we have
PROPOSITION 4. With the same notation as above,

Tl(;g—)z'z:‘fl(lgfz

if Ty or T4 15 normal.
ProOF. We assume that z; is normal, then for ¢=N;x we get ‘z,(¢)E My«
and

7’(71@?2(75))(?5):?2 ° 7’g<x) ° tT1(¢)

:2'2"7’(-75)"‘71(55) .

Hence, r(r@rz(x)):rzor(x)v‘rlINl*. Using Lemma 1],
Z<T1®Tz(x)):lg(71®72(x))[Nz*
=4(r(z2@7a(2)) | No

:Tl°lg(x>°t72|N2*
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:l(Tl(—XI—)Tz(x)) .
Hence, f1®r2:r1§§)z‘2.

PROPOSITION 5. Let M;, N; and R; be von Neumann algebras and o;: M;—N;
and 7;: N;—R; be completely positive maps (i=1, 2). Then

(T1®Tz>°(01<l§)02)=(71" 0'1)(:23(’5'2° 03)

if 7, is normal. Similar assertion holds for right slice maps if t, is normal.
PrOOF. For xeM,XQM,, by the normality of z,

l((‘h@—?fz)"(0'16?02)(35)):?1°lg(01®0'2(x>)°th | Rox
:Tl°l(0'1<§)0'2<x))°tfz| R2*271°0'1°lg(x)°t0'2°t7-'2 | Rox

=(r,° 0'1>°lg(x)° L(Tz" 03) 1 Rz*:l((fl"ax)@(ff o2)(x)).
Hence, (Tl®fz)°(01§x—)02>:(ﬁ° 0'1)@2(‘5? O2).

It is worth to notice that and the method cover well-known
results of product maps of completely positive maps. For instance, one may
conclude the existence of the product maps of completely positive maps on the
C*-tensor products once we apply the theorem to the von Neumann tensor
product of the universal enveloping von Neumann algebras of relevant C*-
algebras for a couple of double transposed maps of starting completely positive
maps and restrict the result to the C*-tensor product. One can also easily
recognize that if N; are von Neumann subalgebras of M; and z; are projections
of norm one from M; to N; (i=1, 2), then for x=N,QN,, we have

Z(TI®T2(X)):TI°lg(x)° 72| New=I(x)

so that z-ﬁ?rz(x)zx ie. Tl@;“ is a projection of norm one, too. Next we con-

sider the case that z, and z, are normal with the same notations of
4, Then there exists a unique normal product map of completely positive maps

z, which is equal to z'l(g)z'z and rl(g)rz. It suffices to see that z-ﬂ?)rz is normal.
For x€M,®QM,, ¢= Ny and ¢ Ny by the normalities of 7, and 7,
<Tl®fz(x); ¢®¢>=<l(rl®rz(x»(¢), oy

=<{z1olg(x)otro(), G>=LU(x)="r4(¢h), *z:(P)>
={x, 'r(P)R'ro(P)> .

Hence we have ‘(z'l(%fm):‘rl@trz on the algebraic tensor product N;+QN,s.
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Since ”(rlg)rz)(Nl*@)Nz*) is contained in the algebraic tensor product M +QM,x
and t<7]“®72) is continuous, Z(T1®Tg)<N1®N2>* is contained in (M,;QM,), that is,

z-lé?rz is normal. Then we write r=7,&r,.

3. Normality and singularity of completely positive product maps.

Let M be a von Neumann algebra on a Hilbert space H and let M*=M,PM 4
(I*-sum) be the decomposition of the conjugate space M* into the predual (normal
part) My and the singular part Mi. The subspace Mji of singular functionals
is linearly spanned by positive linear functionals and a positive functional ¢
belongs to M if and only if for any non-zero projection p of M there exists
a non-zero projection ¢ such that ¢=<p and ¢(¢)=0 (cf.[7]). Let z be a bounded
linear map from M to a von Neumann algebra N on a space K. Then z is
uniquely decomposed into the o-weakly continuous map 7,.r (normal part of 7)
and the singular map zgn (singular part of ¢) (cf. [8]). Let ¢ be a completely
positive map from M to N. By the theorem of Stinespring, there exist a
representation = of M on a Hilbert space K; and a bounded linear operator v
from K into K; such that z(x)=v*n(x)v for x& M.

PROPOSITION 6. Let m=mnor+ Tsin be the decomposition of w into the normal
and singular part of w, then ‘

T=V*TnorV+ V¥ Tein¥
is the canonical decomposition of =, that 1S, Tnor=V*TnorV, Tsin=V* TeinV. Both
normal and singular parts of = are completely positive.

PrROOF. Let w(§) be a vector state of B(K) for a unit vector & in K. Then,
as functionals on M, we have

&) V*TnorV = W(VE)° Tnor € M
and (&) v*Teinv=w(v€)° Tsin S M* .
Hence, v*maorv and v*rme,v are normal and singular maps respectively, and
T=V¥ T norV + 0¥ Tint

is the canonical decomposition of z as a bounded map of M into B(K). Since
the decomposition of ¢ does not depend on those von Neumann algebras which
include N, we have 7o, =0*Tnor?, Tsin=0*7sin¥, and they are completely positive.

THEOREM 7. Keep the same notations in Theovem 3 and let = be another
completely positive map from M,@M, to N\QN, such that t(a®@b)=1,(a)Qrs(b).
Then we have;

(Tl)nor®(72>norz‘[nor
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in the order of completely positive maps. In particular (rl)m,r@(n)nor:(rl(?rg)nor
=(:Qro)nor. Hence, if either ., or t, is a singular map then  is singular.
r
ProoF. Let ¢ and ¢ be normal states on N; and N, and let y= ﬁ} a:Qb;
1=1

be a fixed element of N,QN.. We use the notation ,¢, for the functiohal
{x, oPpp=<bxa, ¢>. Now consider two families of singular functionals,

t(TISin)(ai¢a}):ai¢a3~ °T1sin i’ ]_—_1’ 2, TN n
and
t("'ZSin)(biQZ)b}):bﬁbb; °Tosin 1, j=1,2, -, n.

They are expressed as linear combinations of finitely many positive singular
functionals of M; and M, respectively. Hence, by Takesaki’s theorem mentioned
before ([7]), we can find the families of orthogonal projections {p,} in M; and
{gs} in M, such that ‘:‘_, Pa=1lg, and BEqﬁ:IHZ with

<pa; tz-l sin(aigba; )> - <C]ﬁ, tTZ sin(bigbb} )> :0

for every pair (i, j), « and 5. Thus,

<Pa®Qﬂ, "ty sin®72)<y¢®¢y*>>

= i,j2=1 {Das 'ty sin(ai¢aj)> <q,3, tTZ(binb) »=0

for an arbitrary pair (p., gg). Therefore, we have

xPa®qs, “(T16n@72) (5 (&) y+)>=0
for every element x in M,Q@M,. Similarly we have
xDa®q3, {7187 51n)(y (§Q¢P) 4> =0
It follows that for an element x in M,QM,
(x0a@45), y8DPye>
={x D@5, (T:1Q7:)(,¢Qhy)>
={xpa®48; (T1n0r@T2n0r)(y $RPy)>
= {T1n0r®T2 nor(X P2@qp), y@RPy> .
Let J, and J, be finite subsets of the index set {a} and {8}, and put J=/,X /..

Set py,= 2 Par 41, = ﬁZJ gs and r;=p;,&Qq,,. Let x be a positive element
EJ2

aEeJy

of M\Q®.M, By the above arguments

{7, nor@fz noe(7' XT’J), y¢®¢'y*>
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=L1Qto(rax7s), @Ry
=<Le(ryxry), ydQ@
_Z.<Tnor(errJ>: y¢®¢y‘> .

As the element x is the ¢-weakly limit of r,xr, with respect to the index set
{/}, we have

{t; nor@fz nor( ), y¢®¢y*> = <Tnor(;x): y¢®¢y*> .

Therefore we have the same ordering for a positive element in M,@M, Now
the order in N,®N, is determined by the family of functionals {, Ry}
where ¢, ¢ are ranging over all normal states ¢ of N;, ¢ of N; and all elements

y= il ai®bi iI’l N1®]V2. Hence

71 nor@fz nor(x) —_>—_Tnor( JC)

for every positive element x in M,QM,
Let M, be the mXm matrix algebra and consider the map

Tt Mu(M,QM,) —> M (N:QN,)
defined by

Tm([Xs, j]):[‘f(xi, j)] .

We can easily see that (Tp)uor=(Tnor)m and (tn)sin=(Tsin)m. With the identi-
ﬁcatiOI’l Of ﬂ/[m<M1®M2):A4m®M1®M2 and Mm(N1®N2):Mm®N1®Ng it fOllOWS
from the preceding arguments

(Tl nor@fz nor)m(x): ((Tl)m>nor®(72)nor(x>
= (T m)nor(x)
= (Tnor>m(x)

for every positive element x in M,(M;®@M,). Thus, (1)nor®Q(Te)nor—Tnor IS a
completely positive map.

Moreover for an element x in M,QM,,

l((fﬂ?fz)()f)):rflg(x)" T2 | Nox

:(71 nor® lg(-x)" tT2 nor T T1nor® lg(x>° th sinTT1 sin°lg<x)° tz.2 nor
+74 sin°lg<x)° zl-2 sin) | Nz*
:(l((z-l nor(?z-z nor)(x>)+ l((fl nor(igfz sin>(x>>+l<(71 sin®x2 nor)(-x))

+I((z, sin@fz sin)(%)) | Nox .
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Hence <71@72):Tlnor@'52nor+flnor@fzsin"l—flsin@fznor‘i‘fxsin@fzsin, therefore
(z-lg)z-z)(x);rl nor@rzno,(x) for every positive element x. From the definition of

the normal part of (rl<§l>rz) (cf. [8)) one sees that

(Tl(gz'z)nor(x) =7y nor(‘?fz nor(X)

for every positive element x. Hence, (T@Q)ﬂorzrmo@rmr. The last state-

ment is a trivial consequence. This completes all proofs.
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