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Complex Zeros of the Error Function and of

the Complementary Error Function

By Henry E. Fettis, James C. Caslin and Kenneth R. Cramer

Abstract.   The first one hundred zeros of the error function and of the complementary

error function are given. An asymptotic formula for the higher zeros is also derived.

Introduction.   The complementary error function is defined as

(1) Erfc(z) = -7- /    <f'" dt = 1 - erf(z).

Closely associated with the above is the function w(z) defined by

(2) wiz) = e~'2 Erfc(-fe),

which has been studied and tabulated by numerous authors ([1], [2], [4], [5]). In certain

physical problems relating to plasma instabilities, the function í-kXI2w<z), often re-

ferred to as the "plasma dispersion function," is of importance. The function in this

form has been tabulated by Fried and Conte [3]*, together with its first derivative,

and, in this context, the zeros of the function play an important role. These zeros,

which are symmetrically located with respect to the imaginary axis, lie entirely in

the octants of the lower half-plane 2x > arg z > lir/A and 5ir/4 > arg z > ir and

approach asymptotically the lines y = — x and y = x, respectively.

Zeros of the ordinary error function have been computed previously by Salzer,

but, to date, no extensive tabulation of the zeros of the complementary error function

is known. Approximate values of the first two can be found from the altitude chart

in [1, p. 298].

1. Properties of the Function wiz).   By definition, it is clear that

(3) Hz) = wi-z);

tv(—z) = 2e~'   — wiz).

From the above relations, it is possible to find vv(z) in the entire complex plane from

its value in the first quadrant. In particular,

,.s. 00    w(—x + iy) = wix + iy);

(b)        wix - iy) = 2e~{x~iy)* - wix + iy).

Received May 30, 1972.
AMS iMOS) subject classifications (1970). Primary 33A20.

* A more accurate table of this function has been prepared by the present authors and will be

issued as an ARL Technical Report in the near future. See [9].
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The following limiting forms are also evident:

wQy) = e"  ErfcQO;

(5) ,. ,x
,    \ -x'      i Z.I        -x,      I ¡a

wix) = e      -\-T72Ê       /   e    dt.
■K Jo

The last integral is sometimes called "Dawson's integral." For x = y, wix + iy) is

expressible in terms of the Fresnel integrals

(a) Cix) =   Í   cos ̂  t2 dt,

(6) J° 2

(b) Six) =   f sin ̂  t2 dt,
Jp 2

(7) w[il + i)x] = e-2,"2{l - (1 - 0[c(^) + is(~2)   }•

Some integral representations for wiz), in addition to the one given by Eq. (1), are

(8) wiz) = - (- ,        Im(z) > 0,
IT J-co Z    —    t

or, equivalently,

,0. , v      1   f   e- [y+ ijx - Q] dt
(9) wiz) = - I-.2   ,     2- ,        v > 0.

it J_„       (jc — f)   + v

The real part of w(z) as defined by Eq. (9) is often referred to as the "Voigt function"

and is of importance in astrophysics.

The function w(z) may also be represented by the following continued fraction:

^T1
Vt l_z —

1/2       1        3/2       2
(10) wiz) = -j-    -       -*-       -       -1-       -

z    — z  —   z    — z  —

as well as by the well-known power and asymptotic series for the error function. It

is noted that neither the asymptotic series nor the continued fraction is valid if z is in

the lower half-plane. In this region, the function must be computed from Eq. (4)(b).

2. Location of the Zeros. Because of symmetry [Eq. (4)(a)], it is sufficient to

consider x > 0. By substituting x — t = s, Eq. (9) may be written in the equivalent

form

wiz) = uix, y) + ivix, y)

(11) 2e~'' I      /"° e~s" cosh 2xs  ,    .       f°° e~s' sinh 2xs       1
= -   y \    —rn—2— ds + i       -2——2— * ds

n    L   Jo      y  + s Jo      y  + s \

from which it is clear that uix, y) > 0, i>(x, y) > 0 for x > 0, y > 0. This, together

with Eq. (4)(a), shows that any zeros of wiz) which exist must lie in the lower half-plane

and these, according to Eq. (4)(b), will be determined from the equations**

(12) 2e"a_"a cos 2xy = uix, y),        2ev*~** sin 2xy =  —vix, y)

** Henceforth it will be assumed that x and v are positive.
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Since w(x, y) and u(x, y) —> 0 for \z\ —* °°, it is evident that, asymptotically, \y\ < x.

Further, since u and v are both positive if x and y are positive, it follows that cos 2xy >

0, sin 2xy < 0, and hence that

(13) 2xy = 2mr - ß,        n = 1,2, •■■ ,

where 0 ^ ß < it/A. Since, for large values of \z\, wiz) ~ i/v1/2z, arg vv —» 7r/4 as

arg z —* t/4, and so ß —* t/A as n —> <». Therefore, a reasonable assumption is

x = X + a, y = X — a where X = ((« — l/8)x)1/2. From Eq. (12), we have

(14) 2e"'-x' =  \w\.

In Eq. (14), the magnitude of w can be approximated for large \z\ by the first term

of the continued fraction:

(15) M~l/Gr(*2 + y2))1/2.

This gives

(16) 2e-4X" = 1/Vx [2X2 + 2«2]I/2 = l/(2x)1/2X.

Hence,

(17) a - 4X ln W^'^-

For a more precise estimate, we set

(18) x = X + a + p,        y = X- a + q.

From Eq. (14), we then get, with the assumption that \p « 1, X^ « 1,

2e_4X<*[l - 2pQs + a) + 2q(K - a)]

Ä _1_
(19) " (2tt)1/2X[1 + /7(X + a)/X2 + q(k - a)/\2]W2

s.    _J_f.   _ P(X + a) _ g(X - «)1
~ (2,r)I/2X L 2X2" 2X2      J '

whence, using (16),

(20) p[(X + a)(4X2 - 1)] = q[Ç\ - a)(4X2 + 1)].

Thus,

(21) p = q[l - 2a/\ + 1/2X2].

Also, from Eq. (12),

(22) tan 2xy = —v/u

and, fromEq. (18),

(23) 2xy = 2X2 - 2a2 + 2p(X - a) + 2q(K + a) + 2pq

= 2X2 + 2X0 + q) - 2a2.
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Using the addition formula for the tangent,

nn .      o       •        1 - 2\jp + q) + 2a2(24) tan 2xy = -.,...     .     .-rï'
1 + 2X(p + q) — 2a

To approximate arg(w) adequately, we need two terms of the continued fraction:

oo va     .      iz iy - ix)
(25) it    w = -2-r = i-,    ,   . s2-

z   — i      § — (jc + j v)

From (21),

(26) p = q

and, with this simplification, we get, from (24),

(27) -tan 2xy = 1 - 8\p + Aa2

and, from (25), after some manipulation

(28) tan[arg(w)] = 1 + 2a/X - 1/2X2.

Hence, equating the right sides, and solving

._, .        .   2X«2 - a + (1/4X)       8(Xa)2 - 4Xa + 1
(29) p = q = --2- = -—3-

This gives the approximations

x = X + -Jr ln(2(27r)I/2X) + —5 {1 - ln(2i»1/2X) + i[m(2(2,r)1/2X)]2},

(30) 4X 16X

y = X - ¿ ln(2(27r)1/2X) + 7^7 {1 ~ W2^^) + è[ln(2(2x),/2X)]2},

where X = ((ti - i)a-)I/2.

Values obtained from the above approximation agree with the exact values to

3 figures for n = 0 and to at least 8 figures for n > 50.

It may be noted that the form of the three term asymptotic approximation to the

roots of the more general equation w(z) = ae~*' (a real and positive) is identical to

Eq. (30) except that the logarithmic term is replaced by ln(a(2x)1/2X). In particular,

the choice a = 1 gives the corresponding asymptotic approximation to the roots

of erf(z) « 0, tabulated in [6].

3. Improvement of the Values Obtained by the Asymptotic Approximation.

The approximate values given by the asymptotic approximation (30) may be used to

obtain more accurate values by a method suggested by Salzer [6].

For convenience, we introduce the function yip) = \/irwiip)/2. This function

satisfies the differential equation

(31) dy/dP = 2py - 1

or

(32) dp/dy = \/i2py - 1).
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Table 1— Zeros of Erf(z)

i
2
3
4

5
6
7
e
9

10

11
12
13
14
15
16
17

16

IS
20

21
22
23
2«.
26
26
27
28
29
30

31
32
33
34
35
36
37
38
39
1(0

111
1.2

«
1.1.

i>5
1.6
"i7
1,8

49
50

1.4506161632EICC
2.2446592738E400
2.8:97410469E»00
3.3354et?354E«C0
3.769OO5567OE400
■>. 15 699e3c.S8E+ DO

4.516319399EE*CC
"•.£1797C3C92E100

S.1E87£79075E«OC
B .¡.E21ÏEÎ C11E4C0

E.73O8S3S991Et00

5.99676928C8EU0
6.2515360724E40Ö
6.4964435E34E*00
£ .732EE[£434E»CC
6.96074C3702EUO
7.1E17EE5249EI00
7.396Í340888EK0
J.EC4719SS50E»0C
7.eC76874C12E<CC

S.0055527008E400
£.1986810309E»00
8.3B739E3E41EUC
E.5719873564EU0
£.7E2712£975EfOO

f .9298C47326E«00
S . 1C 3 4 7 4 0 0 3 £ c l C C
Î.273Î111487E4CC
5.4412858415EU0
9.e057£87550E<00

9.7E74933130EUC
9.9265971882E100
1.CC0ÎZC3S89E+01
l.t<3?42637ZE*Cl
1.C389371003EÍ01
1. C S 3 S 1 3 E 4 0 2 E »C 1
i.ceseeice72EíCi
1.C6324817S2E401
1.0976227978EU1
1.1118123E91E101

l.1!5!J3eil5E»0l
1.139E637C98EU1
1.1533381775EIC1
1.1E6!53CC7ÎE»01
Í.180213EE76E«01
1.19342E2f026<Cl
1.2C649274E1E4G1
i .219<iî :e?mE4ii
1.2ÎÎJ13<l30tE»01
1.24487ei656E(Cl

1.8(OÇ43C002E*00
2.6165751407E400
3.1756280995E»00
3.E461743764E+00
4.0606972339E*00
4.435S-714442E*00
4.780447E442E4DO
5.1C15880435E+0C
5.4C3332642<iE»00
5.688E374370E40G

5.9604E33491E*00
6. 2201196193E+00
6.4692163130E40C
6.7089659323E*00
6.9403SÍ0392E+00
7.1£41930155E»OC
7.381186?953E*00
7.5919265791E+00
7.7969251790EÍOC
7.99662e8395E»0C

8.191428?507E*00
6.3816701210E»00
8.5E7tE94131E»00
8 .74967C1764E+0C
8.9279477969E+00
9.1027134002E+00
Ç.2741670S43E»0C
g.'.iiz'tç cei9i.Etoü
9.6078497l6bE»00
9.77039E9481E400

9.9302££3819Et0O

1.0067594981E»01
1.0242493803E»01
1.039EC74059E»01
1.0545436985E+01
l.C6536îeet4E*01
1.0839fe0698E*01
1.0984130824E401
1.112ÊBC3<il.5E + 01

1.1267C70108E*01

1.1405897925E»01
1.1543C49948E+01
1.16785Î5507E+01
1.1£12560508E»01
1.1945C27705E*01
1.2076C36943E+01
1.220EE3E379E»Ol
1.2333E6768ÜE+01
1.2460776202Et01

1.256E4C1155E+01

51

52
53
54
65
56
57
58
5 9
£0

61
62
il

61.

65
E6
67
ee
69
70

71
7 2

73
71,

75

76
77
78

79
eo

ei

H3

e i*
BS
E6

87
ee
E9

9 0

91
92
93

9".
95
96
97
9 8
99

1C0

1.2574098203E+01
1.2698211423E+01
1.282H26973E*01
i.2942878851E*01
1.3 0E3>iÇ>9<ilt3E+01

1.3183019693E+01
1.3301469148E+01
1.341B876045E+01
1.3535267418E401
1.36E0669147E+01

1.37651C6
1.3878601
1.3991179
1.41C2B60
1.4213666
1.4323617
1.4432733
1.4541031
1.4648531
1.4755250

33E+01
857E401
441E401
£98E*01
686E+U1
649E*01
065E+01
691E+01
557E+01
094Et01

1,48E1204074E»01
1.4966409685E*01
1.5070882551Et01

1.5174637762E+01
1.5277689897E+01
1.53BOOE3048E*01
1.5481740841E+01
1.5582766461Et01

1.5683142663E*01
1.5782B81S21E+01

1.5881995
1.5980496
1.6078394
1.6175701
1.6272428
1.6368583
1.64E4179
1.6559223
1.6653726
1.6747697

1.6841144
1.6934077
1.7026503
1.7118431
1.7209869
1.73C0824
1.7391305
1.7481318
1.7570871
1.7659970

897E*01
466E401
805E*01
SOSEtUl
058E+01
822E+01
072E+01
491E»01
485E+01
200Et01

522Et01
097E+01
332E+01
411E+01
298E*01
747E*01
311E+01
347E*01
025E4D1
332E*01

1.271O780755E+01
i.2833951354E*01
1.2955947571E+01
1.30768024C1E*C1
1.3196547322E+01
1.3315212392EI-01
1.3432826332E»01
1.3549416616Et01

1.3665009537E+01
1.3779630282E+01

1.3893302996E+01
i.4006050S4£E*01
1.4117896045Et01

1.4228859967E*01
1.4338963132E+01
1.4448225279E*01
1.45566654076*01
1.4664301807E+01
1.4771152104E+01
1.4877233285E+01

1.4982
1.5087
1.5191
1.5294
1.5396
1.5498
1.ES99
1.5700
1.5799
1.5899

56173
15326
02314
18610
65641
44733
57370
04690
87992
08436

1.599767342
1.609565697
1.619304651
1.62898527
1.638608597
1.648175632
1.657687353
1.667144711
1.676548626
1.685899996

1.695199692
1.704448561
1.713647429
1.722797098
1.731898349
1.740951944
1,749958625
1.758919112
1.767834111
1.77679*30,6

5E + 01
EEtOl
2E*01
SEtOt
4E*01
6E*01
1E + 01
3E+01
EE+01
2E + 01

6E + 01
2E*01
1E+01
4E»01
4E*01

EtOi
9E+01
4E*01
7E+01
4E+01

OEtOl
3E+01
CEtOl
CE-tOl
6E»01
9E + 01
2E + 01
EEtOl
2E*01
9t»01

Now, let pn be a zero of yip), and p an approximation to p„. Then, in the vicinity of p,

we may expand pn into a power series in yip):

(33) p = pn + a,yip) + a2y2ip) + a3/(p) + • • • .

Substituting (33) into (32), we get

(34) a, = — I,    2a2 = 20^,    3a3 = Aa2pn + 2a2,

and, in general,

(35) kak = 2^(ac - l)Pnak-, + ¿ (k - I - Da,«».,.,! ,       k > 2.

The series up to terms of order y* is

(36) Pn= p + yip) + Pn/ip) + A
4p« — 2   a—;— y (p) + Aßn   ~   5p„      4—2— y (p) +

By successive substitutions, this may be expressed in terms of p as follows:
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Table 2—Zeros of Erfc(z)

ii
12
13
14
15
16
17
18
19
20

21
22
23
24
25
26
27
28
29
30

31
32
33
34
35
36
37
38
39
40

41
42
43
44
45
46
47
48
4 9
50

i.9514668430t*00

2.691145C243E+00
3.2353308E84EttC

3.69730970256(00
4.1C61072e47E+00
4.47681EE53CEUC
4.8184882919E»0C
S.137C672713E10C
6.4367C391C7E4G0
£,720434£E10E<00

5.99 05613912EUC
6.24ee772661E<00
e.496E129488Et00
6.7355310958EIC.C
6.5E59915E12EIC0
7.1t89995844EfCC
7.4C52352415E*00
7.6152822086EI0G
7.819E444469Ë1C0
8.0187609396E«00

E.213C168S82EI0C
E.4C27E2374EE(00
e.5£82eS699EE«C0
e.7698387658E(GC
S.5477018603E<00
5.122C774360E+00
9.2931632720EU0
S.4611351154EI0O
Ï.6261E8503EE+00
9.7884C264S4E<D0

S.Î47578C259E+0O
1.0105G21779E4C1
1.0259650868E-I01
1.C411973515E+01
1.C562C9CC83E4C1
1.0710093B57E-I01
1.0E5£G71721E<01
l.lC0ClC4755E<tl
1.1142268785E+C1
i,12a263480eEUl

1.1421269441E401
Í.1E5822E292E+01
1.1E93591274E1G1
J.1E27392914EIC1
1.1S55E52E16EU1
1.2C9CE39502E*01
1.22195eiE25E401

1.234B0£21B7E<C1
1.2474B23677E101
1.26003GE065E+01

-1.354
-2.177
-2.784
-3.287
-3.725
-4.119
-4.479
-4.613
-5.126
-5.421

31C1281E+00
0449061E+00
3E76132E+00
41C7894E+00
94S7194E+00
6352276E+00
8327977E+00
8CE6S20E+00
5315455E+00
5885769E+00

-5.70165644
-5 .9688CC28
-6.22465174
-6.47052637
-6.7C75C312
-6.93647966
-7.15 821319
-7.37334771
-7.58243792
-7.78596486

56E+00
71E+0C
51E+00
55E+00
67E+00
21E+00
26E+00
79E+0 0
24E+00
41E+00

-7.9843
-8.1779
-8.3671
-8.5521
-8.7332
-8.9107
-9.0847
-9.2555
-9.4232
-9.5880

-5.7500
-9.9C93
-1.0066
-1.0220
-1.037
-1.0522
-1.067C

-l.oeie
-1.0960
-1.110

450902E+00
6t7741Et00
277697E+00
420331E+00
6E1261E+0G
32019SE+00
EE1505E+00
271305E+00
232S14E+00

7302E+00

151899E+00
524807EtOO
259837E + 01-
732033E+01
915363E+01
9C8493E + 01
8C3202E+01
66S041E+01
633905E+01
724544E+01

-1.12430270
-1.13816070
-1.15185265
-1.16538437
-1.17876134
-1.19198875
-1.2C507151
-1.218C1424
-1.23082135
-1.24345701

16E+01
67E+01
51E+01
53E+01
74E+01
94E+01
20E+01
46E+01
36E+01
03E+01

51
52
53
54
55
56
57
58
59
£0

61
62
63
64

65
66

67
68
69
70

71
72
73
74
75
76
77
78
79
60

81
82
S3
84
85
86
87
ee
89

90

91
9 2
93
94
95
96
57
98
99

100

1.2724547357E+01
1.28475B3687E+01
i.2969449484Et01
1.3090177564Et01
1.32C9799233E+01
1.3328344397E+01
1.3445841E23E+01
1.3562316243E+01
1.3677803433E+01
1.37E2313244E+01

1.3905S30703E+01
1.4018525877E+01
1.4130270879Et01

1.4241136972E+01
1.4351144590E+01
1.4460313386E+01
1.45EB662274E+01
1.4676209468E+01
1.478297251BE+01
1.4888968340E+01

1.4994213
1.5098723
1.5202512
1.53C5597
1.54G7990
1.5509706
1.5610758
1.5711159
1.5810921
1..5910056

1.60G8577
1.6106493
1.62C3917
1.6300558
1.6396728
1.6452336
1.6587392
1.6681905
1,6775885
1.6869340

1.6962280
1.7054712
1.7146645
1.7238088
1.7329046
1.7419529
1.75C9544
1.7599098
1.7688197
1.7776850

254E+01
005E+D1
799E+01
322E+01
76SE+01

62E+01
830E+01
668E+01
665E+01
918E+01

101E+01
529E+01
173E+01
677E+01
371E+01
281E+01
144E+01
420E+01
299E+01
713E+01

364E+01
689E+01
915E+01
045Et01
865E+01
576E+01
756E+01
413E+01
556E+01
238E+C1

-1.256045177
-1.26846962C
-1.230773926
-1.252 961508
-1.305C35625
-1.316999384
-1.328855754
-1.340607573
-1.352257556
-1.363806304

-1.375262307
-1.386621954
-1.397889537
-1.409067258
-1.420157230
-1.431161486
-1.442081982
-1.452920601
-1.463679155
-1.4743593 92

-1.484562996
-1.495491592
-1.505946748
-1.516329979
-1.E26642748
-1.536886470
-1.547062512
-1.557172197
-1.56721*805
-1.577197576

-1.587115712
-1.596972376
-1.606768697
-1.616505768
-1.626184652
-1.635806378
-1.645371946
-1.654882328
-1.664238468
-1.673741282

-1.683091662
-1.692390476
-1.701638566
-1.710836753
-1.715585835
-1.72508659
-1.738139779
-1.747146135
-1.756106379
-1.765C21211

2E + 01
7E+01
1E + 01
9E + 01
7E+01
6E+C1
4E + 01
3E + 01
6E+01
2E + 01

2E+01
4E + 01
8E+01
1E+01
CE + 01
2E+01
5E+01

E + 01
5E + 01
3E + 01

1E+01
CE+01
E+01

6E+01
5E + 01
7E + 01

E+01
OEtOl
1E+01
7E+01

EE+01
8E + 01
5E + 01
8E+01
E+01

OEtOl
2E+01
4E+C1
0E+01
2E+01

5E+01
CE+01
CE + 01
OE + 01
9E + 01
4E + 01

01
6E+01
2E + 01
1E+01

(37) Pn p + y + py2 +

AP +   1     3    ,-;—y  + 12 p3 + 7p 4   i
v   +

It is interesting to note that the iteration scheme

(38)
(k+l)

Pn -    Pn       +  yiPn    )  +   Pn     ÜiPn     )]

based on Eq. (37) differs in the third term from that obtained by Newton's method,

namely

(39)
u+n

Pn = A." + yiplk'){l+2pl»yiPl») +

The accompanying table lists the first hundred zeros of w(z) and of erf(z). In

computing these, values of w(z) were obtained by numerical integration of Eq. (9).

The error estimate for this type of quadrature is given by the Poisson summation

formula. The resulting formulae are essentially the same as Salzer's (see [7], [8]).

For n ¡> 5, only the first three terms of (37) are required, and for n ^ 0 at most

four terms are needed, except n = 0, where the fifth term contributes 2 units in the

last figure of the real part. Comparison of the first ten of the values obtained for the
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zeros of erf(z) with those given by Salzer [6] disclosed only two discrepancies, one

amounting to one unit in the tenth figure of the real part of the second zero and the

other to one unit in the tenth figure of the imaginary part of the eighth one.
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