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Abstract: Inthepast,thestudyofthedivergencestructureoftheholographicentangle-

mententropyonsingularboundaryregionsuncoveredcut-offindependentcoefficients.These

coefficientswereshowntobeuniversalandtoencodeimportantfieldtheorydata.Inspired

bytheselessonswestudytheUVdivergencesofsubregioncomplexity-action(CA)inaregion

withcorner(kink). Wedevelopasystematicapproachtostudyallthedivergencestructures,

andweemphasizethatthecountertermthatrestoresreparameterizationinvarianceonthe

nullboundariesplaysacrucialroleinsimplifyingtheresultsandrenderingthemmoretrans-

parent. WefindthatageneralformofsubregionCAcontainsapartdependentonthenull

generatornormalizationsandapartthatisindependentofthem. Theformerincludesa

volumecontributionaswellasanareacontribution. Wecommentontheoriginofthearea

termasentanglemententropy,andpointoutthatitspresenceconstitutesarobustdifference

betweenthetwoprescriptionstocalculatesubregioncomplexity(-actionv.s.-volume). We

alsofinduniversallogδdivergenceassociatedwiththekinkfeatureofthesubregion.Similar

flatanglelimitasthesubregion-CVresultisobtained.ar
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1 Introduction

Theholographicprincipleequatesentanglemententropyinafieldtheorytoageometrical

object,calledholographicentanglemententropy,inthedualspacetime[1]. Thisrelation

impliesthatquantumentanglementencodesinformationaboutthegeometryofthedualspace

andplaysacrucialroleintheprogramofreconstructingspacetimefromboundary(field
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theory)data. However,recentlywehaveunderstoodthatentanglemententropycannotbe

theonlyingredientinvolvedinspacetimereconstruction. Afterablackholeisformed,the

interiorgrowsforanexponentiallylargetimebuttheholographicentanglemententropyfails

toreproducethisgrowth[2,3].Newdevelopmentspointtoquantumcomplexityasthemissing

ingredient[4,5].Onewaytothinkaboutcomplexityinquantummechanicalsystemsisasthe

minimumnumberof“simple”operationsneededtogofromareferencestatetoatargetstate.

Quantumcomplexityisanactiveareaofresearchinquantuminformationbutnotmuchis

knownaboutcomplexityinquantumfieldtheories.Thefirststepsinthisdirectionweretaken

in[6,7]wheretheauthorsinvestigatecircuitcomplexityinafreescalarquantumfieldtheory.

Therearecurrentlyseveralproposalsforthegeometricalconstructiondualtocomplexity.

Twooftheseproposalsareconsideredmorepromisingandhavebeenthoroughlyexplored:

complexity-volume(CV)[8]andcomplexity-action(CA)[9,10]. Theseproposalsforholo-

graphiccomplexityaimtocapturethecircuit-orgate-complexityofthecorrespondingdual

state.Inthegeometrysideitisnaturaltoalsodefineacomplexitynotofthewholestate

butofaregionofspace,i.e.subregioncomplexity[11–13].Thesubregioncomplexity-volume

proposal,subregion-CV,identifiesthesubregioncomplexitywiththemaximalspatialvolume

boundedbytheRyu-Takayanagisurfaceandtheboundaryregion. Ontheotherhand,the

subregioncomplexity-actionproposal,subregion-CA,associatesthecomplexityofaboundary

regionwiththeactionevaluatedontheintersectionofthe Wheeler-DeWitt(WDW)patch

andtheentanglementwedgeofthegivenregion[13].Recently,in[14]theauthorsproposed

severaldefinitionsforsubregioncomplexityinafieldtheoryandcomparetheirpropertiesto

theholographicproposalsadvancedin[11–13].Theyfoundapromisingagreementofpurifica-

tioncomplexityandsubregion-CA.However,theissueofwhichoftheholographicproposals

isthecorrectone,oriftheycorrespondtodifferentdefinitionsofcomplexity,isnotsettled

yet.

Inthepast,understandingthedivergencestructureofentanglemententropyinboundary

regionswithgeometricsingularities,i.e.regionswith“corners”,wasquitefruitful.Asingular

regionischaracterizedbyanopeningangle0<Ω<π. Cut-offindependentcoefficients,

a(Ω),arisingfromsuchregionswerestudiedinavarietyofquantumfieldtheories[15–17]

(freescalars,freefermions,interactingscalars)andinholographicmodels[18–21]aswell.It

wasfoundthatthesecoefficientsrepresentaneffectivemeasureofthedegreesoffreedomof

theunderlyingCFT.Furthermore,itwasshownthattheratioa(Ω→π/2)/CT,whereCTis

thecentralchargeassociatedwiththestresstensorTµν,isuniversalforany3DCFTs.

Inspiredbytheselessons,inthispaperwestudytheUVdivergencestructureofsubregion-

CAofaboundaryregionwithakink.Ourgoalistotakeafirststeptowardsunderstandingif

geometricalsingularitiesintheboundaryregionalsoencodecutoffindependentanduniversal

contributionstosubregioncomplexity.Tocalculatesubregioncomplexity-actionwehaveto

evaluatetheactioninthespacetimeregiondeterminedbytheintersectionoftheentanglement

wedgeandtheWheelerDeWittpatch.Thecalculationinthecaseofsubregionswithcornersis

technicallyinvolved. Wediscusstheappropriatewaytodefinetheinfraredcutoffanddevelop

asystematicapproachtocalculateallthedivergences. Weuncoveradivergencestructurethat
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ismuchricherthanthatinthesubregion-CVprescription[22].AsinthecaseofsubregionCA

forasmoothregion,therearedivergencesthatdependonthenullgeneratornormalizations

(null-norms). Wefindageneralexpressionforthesedivergences,whichincludesavolumeterm,

anentropyterm,andanewtermthatwetemptinglycallthe“complexityofnon-locality”.

Wealsoidentifythenull-norm-independentdivergences:anareatermanda logterm. We

showthatthelogtermisthecutoffindependentdivergencecomingfromthekinkfeature.

Ourresultsincludetheboundarycountertermcontributionsthatrestorereparametrization

invarianceonthenullboundaries.Thepresenceofthiscountertermiscrucialforobtaininga

cleanandconcisefinalresult:itcancelsalllogLdependenceswhichshallnotbephysicalfor

boundarytheoryobservables;italsoproduceshighlynon-trivialcancellationsofdivergence

structures,suchaslog2δandδ−2.

Ourdetailedresultscanserveasabenchmarkforproposalsofsubregioncomplexityin

fieldtheory.Furthermore,thesystematicapproachtostudythedivergencestructuresthat

wedevelopherecanbeeasilyextendedtohigherdimensionsandmoregeneralgeometric

singularities.

Thispaperisorganizedasfollows.InSection2wereviewtherelevantideasofentan-

glemententropyinsubregionswithcornersandtheirsignificance.InSection3wereview

thedefinitionsofsubregion-CVandsubregion-CA,andthesubregion-CVresultforakink

region[22].Sections4and5constitutethemainpartsofthispaper.InSection4wesetup

theproblem,pointoutsomesubtletiesandoutlinethestepsofthecalculation.InSection5

wepresentthefinalresultanddiscussitsvariousproperties.Section6containstheconclu-

sionsandfuturedirections.Allthetechnicaldetailsofthecalculationsarepresentedintwo

appendices.

2 Subregionswithgeometricsingularities

Spatialsubregionsintheboundarytheorythatcontaingeometricsingularitiesareknown

tohaveinterestingcontributionstotheentanglemententropy.Inquantumfieldtheory,the

entanglemententropyhasanarealawbehavior.Butthecoefficientsoftheleadingorderarea

lawcontributiondependontheUVregularizationofthetheory. Ontheotherhand,there

aresubleadingcontributionsthatareindependentoftheUVregularizationandthus,contain

unambiguousinformationabouttheboundarytheory[23]. Thesecontributionswerelater

showntobeuniversalforalargeclassofCFTs[15]. Whentheboundaryhassharpfeatures

orsingularitiesitwasfoundin[19,20]thatthereareadditionalcontributionsthatarecutoff

independentanduniversal.Inthissectionwewillreviewsomeresultsrelatedtoentanglement

entropyinregionswithcorners.

Themetricofd+1dimensionalAdSspaceinPoincarepatchis,

ds2=
L2

z2
−dt2+dz2+dρ2+ρ2(dθ2+sin2θdΩ2n). (2.1)
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wheren=d−3.Aconeisanexampleofasingularregionontheboundary.Ingeneral,cones

indifferentdimensionscanbeparametrizedas,

cn={t=0,|θ|≤Ω,0≤ρ<ρIR}. (2.2)

whereρIRisanIRcutoffthathastobetakentoinfinityattheendofthecalculation.

Theconecnhasascalingsymmetryalongtheradialdirection. Duetothissymmetry,the

Ryu-Takayanagi(RT)surface1[1]shouldtaketheform

zRT=ρh(θ). (2.3)

Thefunctionh(θ)characterizetheshapeoftheRTsurface,whichhasamaximumh(0)≡h0,

andvanishesattheboundaryh(Ω)=0.Theentanglemententropyofcnisgivenbythearea

functional

Sn=L
n+2Ωn

dρ

ρ
dθsinnθ

√
1+h2+h2

hn+2
, (2.4)

whoseextremalityconditiondeterminestheshapefunctionh(θ).Sinceh(θ)specifiestheRT

surface(2.3),thisfunctionalsoplaysanimportantroleinthecomplexitycalculationsofthe

followingsections,hencewederiveitspropertybelowforfutureconvenience.

Inthispaperwefocusond=3,i.e.n=0.Thec0coneisalsoreferredtoasakink.In

thiscasetheintegrandin(2.4)isindependentofθandtheareafunctionalhasanintegration

constant

K=
1+h2

h2
√
1+h2+h2

=
1+h20
h20

. (2.5)

Theopening(half)angleΩcanthenbewrittenasafunctionofh0,

Ω(h0)=
h0

0

dh

h(θ)
=

h0

0

Kh2

(1+h2)(1+h2−K2h4)
dh≡

h0

0
ω(h)dh. (2.6)

Theinversefunctionh0(Ω)doesnothaveasimpleform,thuswetreath0astheanglevari-

ablethroughoutthecalculations. Theasymptoticbehavioratsmallorflatanglelimitsare

important,whichweshowexplicitlyhere

Ω(h0→0)=γh0+O(h
3
0),

Ω(h0→∞)=
π

2
(1−h−10 )+O(h

−2
0 ),

(2.7)

where

γ=

√
πΓ(3/4)

Γ(1/4)
≈0.599. (2.8)

1Moreprecisely,oneshouldtaketheHubeny-Rangamani-Takayanagi(HRT)surface[24]tocomputeentan-

glemententropy,whichreducestotheRTsurfaceinatimetranslationalsymmetricsetup.
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Theflatanglecase,Ω=π/2,hasnosingularkinkfeature,henceany“kinkcontributions”

thatweidentifyshouldvanishinthislimit.

Weshouldalsodistinguishthecasewith Ω<π/2andthatwithΩ>π/2,theformer

beingaconvexkinkandthelatteraconcavekink. SincetheRTsurfaceisthesamefor

bothcases,onedoesnotneedtoworryaboutitwhiledealingwithentanglemententropy;but

thecomplexitycomputationinvolvingentanglementwedgedependsonwhichsideoftheRT

surfaceisidentifiedasinside.

In[21]theauthorsfoundthatconeregionscontributetouniversaltermsintheentangle-

mententropy.Thesecontributionsintroducenewlogorlog2termsthatarecutoffindependent,

Suniv(V)=
(−1)

d−1
2 a(d)(Ω)log(R/δ), dodd,

(−1)
d−1
2 a(d)(Ω)log2(R/δ), deven.

(2.9)

Thefunctionsa(d)(Ω)arefunctionsoftheopeningangleΩ.Sincewearedealingwithapure

state,a(d)(Ω)=a(d)(π−Ω).Anadditionalrestrictiononad(Ω)comesfromthefactthatwhen

Ω→ π/2weareinthesmoothlimit,withnosingularity,andthereforea(d)(Ω=π/2)=0.

Theseconstraintsimplythatinthelargeanlgelimitad(Ω)isoftheform

a(d)(Ω→π/2)=σ(d)(π−2Ω)2. (2.10)

Thus,theconicalsingularityintroducesasetofcoefficientsσ(d)thatencodecutoff-independent

informationabouttheCFT.Remarkably,thissamebehaviorforσ(d)wasfoundforfieldtheory

calculationsofentanglementinregionswithsharpcorners[17].Furthermmore,holographi-

cally,itcanbeshownthatσ(d)ispurelydeterminedbytheboundarystresstensorcharge

CT.AsmentionedintheIntroduction,themotivationofthepresentworkistounderstand

ifsimilarcutoffindependentandpossiblyuniversalcontributionsarepresentinthecaseof

subregioncomplexity-action.

3 Subregioncomplexity

Currentlytherearetwoproposalsforholographicsubregioncomplexity:subregion-CVand

subregion-CA.Twobasiccriteriaaremetbybothoftheseproposals:1)Theyrecoverthe

originalholographicstatecomplexityinthelimitwhentheregionisthewholeboundaryspace;

2)Sinceaboundarysubregionstateshouldbeholographicallydualtoitsentanglementwedge

[25],thevolumeinsubregion-CVortheactioninsubregion-CAshouldbothbeevaluated

withinthisbulkregiontoreflectthiscorrespondence.

IntheCVapproach,onetakesthemaximalspatialvolumeboundedbytheboundary

subregionanditsHRTsurface,whichisofcoursecontainedintheentanglementwedge.

Also,ifwetakethesubregiontobethewholeboundaryweclearlyrecovertheoriginalCV-

complexity[8].Subregion-CVcomplexitywasinvestigatedin[11]forsmoothsubregionsand

in[22]forsubregionswithcorners.Inparticular,fora3dimensionalkinkthesubregion-CV
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complexityis,

Ck=
L2

8πG

Ω

2

R2

δ2
−α(h0)log

R

δ
. (3.1)

Interestingly,besidestheregularvolumecontribution,anewtermwithlogdivergenceappears

asthekinkcontribution.Thecoefficient

α(h0)=
Ω

0

dθ

h2
=

h0

0

ω(h)

h2
dh (3.2)

hasthelimitingbehavior

lim
h0→0

α(h0)=
γ

h0
, γ=

1

0

2
√
1−x4

dx≈2.622,

lim
h0→∞

α(h0)=
π

h0
.

(3.3)

Notethatthereisnoδ−1divergence(orareaterm)inthissetup.Itisshown[13]thatfor

time-symmetricconfiguration,subregion-CVcannothaveanareaterm.

In[13]theauthorsproposedthatthesubregion-CAcomplexityisgivenbytheaction

evaluatedontheintersectionoftheentanglementwedgeofthesubregionandthe WdWpatch

oftheboundarytimeslice.

Fig1schematicallyshowstheupperhalfoftherelevantbulkregion.Thespatialregion

isrepresentedbyaredline,theHRTsurfacebyabluecurveandthelightsheetassociatedto

it,i.e.theboundaryoftheentanglementwedge,isthepinksurfacedenotedbyE.Thegreen

surfacerepresentsthelightsheetassociatedtotheboundaryintervalandis,therefore,the

boundaryofthe WdWpatchW.InadditiontotheregiondepictedinFig1thefullregionof

interestcontainsasymmetric(t→−t)lowerhalf.

4 Complexity-actionofaregionwith3dkink

4.1 Setup

Tocomputetheholographiccomplexityofa3dkinkregionAinsubregion-CAapproach,one

hastofirstdefinethebulkregionVonwhichwecomputetheaction. Asdescribedinthe

previoussection,thisregionhasaboundarythatconsistsof4hypersurfaces

W±:z=δ±t,(x,y)∈A; (4.1)

E±:Xµ±(λ)=X
µ
0+f(λ)V

µ
±. (4.2)

with±signslabellingtheupperhalft>0andlowerhalft<0. TheW± shallbedefined

morecarefullyinSec.(4.2.2)duetotheIRcutoffsubtlety.

InournotationXµ±areCartesiancoordinatesofpointsonE
±generatedbyinwardnormal

lightraysfromtheHRTentanglingsurfaceE=E+∩E−.PointsonEaregivenby(2.3),

X±0=ρh(θ)̂z+ρcosθ̂x+ρsinθ̂y. (4.3)
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Figure1:Theintersectionoftheentanglementwedgeand WDWpatch.Forclarity,weonly

showthet>0partoftheregion,V+.ThisistheupperhalfofthefullregionV.Thelower

halfV− issymmetricwitht→−t.Intheδ→ 0limit,theredlinerepresentsboth,the

boundaryregionAandthesurfaceW onthecutoffsurface. Thebluecurverepresentsthe

HRTsurfaceE. ThegreenandpinksurfacesrepresentthenullhypersurfacesW+andE+,

andtheirintersectionatthegreencurveisthesurfaceJ+.

TheinwardnullnormalvectorsVµ± thatgenerateE
±thussatisfy

VµV
µ=0, Vµ

dXµ

dρ
=0, Vµ

dXµ

dθ
=0. (4.4)

Thesearesolvedby:

V<± =± 1+h2+h2̂t−ẑ+(hcosθ−hsinθ)̂x+(hsinθ+hcosθ)̂y

V>± =± 1+h2+h2̂t+ẑ−(hcosθ−hsinθ)̂x−(hsinθ+hcosθ)̂y
(4.5)

Thetwosolutionsrepresentthedifferentorientationsofthekink,asakinkanditscomplement

sharethesameHRTsurface.ForconvexkinkswithΩ<π/2,onetakesV<;forconcavekinks

withΩ>π/2,onetakesV>.

DuetotheconformalflatnessinPoincarepatch,thelightraysarestraightlines,with

linearcoefficientsf(λ). Thisreparameterizationfunctionfisdeterminedbyrequiringλto

beanaffineparameter,sothatdXµ(λ)/dλconstituteageodesiccongruence.Thiscondition

issolvedby

f(λ)=β
λρ2h2

L2±λρh
(4.6)
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where±areforconvexandconcavekinksrespectively. βisaconstantnotfixedbythe

geodesicequationfordXµ(λ)/dλ.

Wefurtherdefine W =W+∩W−andJ±=E±∩W±.W isonthecutoffsurfacez=δ

whichapproachesAintheδ→ 0limit. Thesegeometricalobjectscanbevisuallyseenin

Fig.1.OtherrelevantgeometricalcomputationsonthemarepresentedinAppendixB.

4.2 Subtletiesinthecomplexity-actioncalculation

BeforeweplungeintothecalculationoftheactioninV,wewanttopointoutafewissues

thatareworthcarefulconsiderations.First,thenullhypersurface,E,enteringthedefinition

ofVcanpresentcaustics. Weshowthatforthekinksingularityweconsiderhere,thecaustics

areoutsidetheregionofinterestandthereforeposenoproblem.Second,sincethesubregion

weconsiderisnotclosedweneedaIRcutoff. WeshowthataconsistentIRcutoffshouldbe

carefullychosenforsubregion-CAcomputations. Wethenintroducetheimportantingredients

ofactioncomputationforbulkregionswithboundaries,especiallywithnullboundaries.In

particular,jointcontributionsandcountertermsforreparameterizationinvariancearedefined.

4.2.1 Caustics

Accordingtothefocusingtheorem,lightsheetsendoncausticsinfiniteamountofaffinetime.

IfthelightsheetE±endbeforetheyintersectwithW±,thecausticswouldbepartofthebulk

regionandweneedtotakespecialcareofthem.

TheexpansionrateΘofthelightsheetcongruenceis

Θ±(λ)=
1
√
g±

∂
√
g±

∂λ
(4.7)

whereg±,αβ(λ)aretheinducedmetriconequalλsliceofthelightsheetandλistheaffine

parameterofthegeodesicXµ±(λ). WesolvethegeodesicequationtoobtainX
µ
±(λ),determine

theinducedmetricandobtainΘ±
2

Θ±=−
2λρ2h2

L4−λ2ρ2h2
. (4.8)

CausticsoccurwhenΘ±diverges,whichisat

λ=λc≡
L2

ρh
. (4.9)

Notethatthisresultdoesnotdependonorientationofthekink.Inordertoseeifweencounter

causticsbeforereachingtheintersectionJ±,wesolvefortheλonJ±bycombining(4.1)and

(4.2),

Xz±(λ∗)=δ±X
t
±(λ∗) (4.10)

2SeeAppendixB)fordetails.
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where,

λ<∗=
λc(ρh−δ)

ρh
√
1+h2+h2+δ

, λ<∗=
λc(ρh−δ)

ρh
√
1+h2+h2−δ

. (4.11)

Itiseasytoseethatλ∗<λcforanyρandθ,andforbothconvexandconcavekinks.

Therefore,thecausticsarealwaysoutsidetheregionVandwedon’tneedtoworryabout

them.

4.2.2 IRcutoff

AnothertrickyissueishowtochoosetheIRcutoffofthebulkregion.Itistemptingto

naivelyusetheconstantcutoffRfortheradiuscoordinateonbothAandE. However,

withthischoiceofIRcutoffthehypersurfacesE±andW±donotmatchexactlytoenclose

theregion. Thus,wecanonlysetaconstantcutoffRforeitherAorE,whilethecutoff

ontheotherhypersurfaceisdeterminedbytheclosenessofV. Thisisillustratedbythe

dashedarrowsinFig.2.Specifically,wefindtheotherIRcutoffbyfollowingthenullrays

onEandW originatingfromtheconstantcutoff. AswehavealreadyparameterizedE±

intermsofcoordinateswα=(ρ,θ)onE,itismoreconvenienttoworkwithaconstant

IRcutoffρ=RonE,butρshouldnolongerbeunderstoodastheusualprojectedradial

coordinateasin(t,z,ρ,θ)coordinatesystem,butrathersomenewinducedcoordinateinthis

parameterization3.

Wewanttousecoordintes wα=(ρ,θ)toparameterizethewholeregionV.Sofarwe

haveusedaparametrizationalongEuptothesurfaceJasXµ(λ),0<λ<λ∗. Wecontinue

alongW towardstheboundarysurfaceW byfollowingthenullraysthatgenerateW,

U±=∓̂t−ẑ, (4.12)

withintegralcurve

W± :̃Xµ±(η)=X
µ
±(λ∗)+ηU

µ
±. (4.13)

Itisanequivalent,butcomputationalmorepracticalwayofdefiningW± than(4.1). The

startingpointXµ±(λ∗)isatthejointsurfaceJ
±,whiletheendingatW issolvedviãXz±(η∗)=δ

as,

η<∗=
1+h2

H+
(ρh−δ), η>∗=

1+h2

H−
(ρh−δ), (4.14)

where

H±≡1+h
2±Kh2 (4.15)

3Wecanalsochooseanon-trivialIRcutoff ρIR=R(θ)thatvarieswithθ.Forinstance,byappropriate

choice,acertainR(θ)wouldinduceaconstantIRcutoffonA,resultinginanicesector-shapedsubregionwith

expectedvolumeR2Ω.However,itincreasesthecomplexityofthecomputation,anddoesnotaffectthecutoff

independentcontributionsfromthekinkthatweareinterestedin.
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Figure2: RegionVwithbothspatialdirectionsshownexplicitly–thetimedirectionis

suppressed. Theyellowplaneistheboundaryspace,withtheredcurvedenotingthekink.

ThebluesurfaceistheHRTsurfaceEandthepurpleoneisJ.ThenullhypersurfacesEand

W arethevolumebetweenEandJandthevolumebetweentheboundaryandJ,whilethe

redandgreendashedarrowsaretypicalnullraysonthem.Itisclearthatifwechooseρ=R

constantasIRcutoffonEasshownhere,therednullraymatchesacorrespondinggreennull

rayonlywhentheIRcutoffontheboundaryisgivenbythepurpledashedcurveinsteadof

thenaiveorangecircle.

isashorthandnotationusedthroughoutthepaper. ThesurfaceW isparameterizedas

X̃µ(η∗,ρ,θ)whereρ<Rsetsthecutoffboundary,asshowninFig.2bythepurpledashed

curve.

Nowthatwehaveparameterizedalltheboundaryhypersurfacesby(ρ,θ),wecannaturally

extendtheparameterizationtothewholeregionVtogetherwithζ=f(λ)andη:

Vµ±(ζ,η,ρ,θ)=X
µ
0(ρ,θ)+ζV

µ
±(ρ,θ)+ηU

µ
± (4.16)

withrangeofparameters

0<ρ<R, 0<h<h0, ρh>δ,

0<ζ<ζ∗≡f(λ∗), 0<η<η∗,
η

η∗
<
ζ

ζ∗
.

(4.17)

ThelastconditionistorestricttheparameterizationV± to±t>0regime,andhenceV=

V+ V−.Duetotimereflectionsymmetry,theactionshouldbetwicetheactionineitherof

V±.

Forconvenience,wealsowritethebulkreparameterizationexplicitlyintheformofa
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coordinatetransformation(forconvexkink):

t=±ζ 1+h2+h2∓η,

z=ρh−ζ−η,

x=ρcosθ+ζ(hcosθ−hsinθ),

y=ρsinθ+ζ(hsinθ+hcosθ),

metricforcoordinatesystem(t,z,x,y): g0µν=
L2

z2
ηµν,

(4.18)

withwhichonecaneasilyderivethebulkmetricinthiscoordinatesystem.

4.2.3 Highercodimension manifoldsontheboundary

Wecanwritedownthemostgeneralformofgravitationalactionas

Igrav=
1

8πG

D

d=0

nd

i Σ
(d)
i

σ
(d)
i φ

(d)
i , (4.19)

whereΣ
(d)
i aredimensiondmanifoldswithmetricσ

(d)
i thatarerelevantforthespacetime

regioninwhichwecomputeaction.Inparticular,Σ
(D)
i arethebulkregionswithDthetotal

dimensionofspacetime.Forthisbulkintegration,theintegrandis,say,theEinstein-Hilbert

term,henceφ(D)=1
2R−Λ. Whend<D,Σ

(d)
i aremanifoldsontheboundariesofΣ

(D)
i .For

example,acubeisaregionΣ(D=3)withboundarymanifoldsΣ
(2)
1,···,6asthesurfaces,Σ

(1)
1,···,12as

theedgesandΣ
(0)
1,···,8asthevertices.ForΣ

(D−1),aslongasitisnon-null,wehavetheusual

York-Gibbons-Hawking(YGH)termφ(D−1)=K,i.e.thetraceoftheextrinsiccurvature.

NotethatforLorentzianspacetimetherecanbenullmanifoldsontheboundary,which

hasdegeneratemetric. ContributionsfromnullΣ
(D−1)
i hasbeenstudied[26],whichshows

thatthevolumeformshouldbemodifiedandtheintegrandshouldbethesurfacegravity:

1

8πG nullΣ
(D−1)
i

dλdxD−2 σ
(D−2)
i κ, (4.20)

whereλisthenullparameterandκisthesurfacegravityassociatedwithnullvectorfield

∂/∂λ.InspiredbytheCAconjecture,furtherstudieshavebeendoneforcontributionsfrom

highercodimension manifolds. Thecodimension2non-null manifolds,calledjoints,were

studiedin[27]whichprovidestheintegrandas

φ
(D−2)

Σ
(D−1)
i ∩Σ

(D−1)
j

≡aij=±log
ki·kj
2
, (4.21)

wherethejointisspecifiedasintersectionoftwocodimension1manifoldsΣ
(D−1)
i,j . Weonly

presentherethecasewhenbothΣ
(D−1)
i,j arenull,asitistheonlyrelevantcaseforour

computation.Thevectorski,j=∂/∂λi,jarenullgeneratorsofthecodimension1manifolds,

andthesigndependsontheorientationoftheintersection.
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Notethat,inprinciple,higherco-dimensionsingularcanalsobepresent.Itwasargued

in[28]thatahighcodimensionconicalsingularitycanberegulatedtoageometrywithonly

lowerdimensionalsingularsurface,andthroughtheregulationitwasshownthattheconical

singularitydoesnotcontributetotheaction. However,thereisnostaightforwardwayto

generalizetheregulationmethodtodealwithgeneralsingularfeatures,likepolyhedralsingu-

larity(theintersectionofseveralhypersurfaces).Polyhedralsingularitynaturallyappearin

anysubregionCAcomputation,thecommononebeingthecodimension3manifold∂Wsit-

tingattheintersectionofallofthefourE±andW±hypersurfaces.Inourcasewhenthereis

additionalsingularfeatureonthesurfaceoftheboundarysubregion,evenhighercodimension

singularitiesarepresenton∂W.Understandingifpolyhedralsingularitiescanbereducedvia

sometypeofregularizationandwhatexcatlytheircontributionisisanissuethatdeserves

furtherstudy.

4.2.4 Reparameterizationinvariancenullhypersurfaces

Thereisaproblemofreparameterizationintheformula(4.21):theactiondependsonthe

unphysicalreparameterizationofthenulldirectionλ→ f(λ).Itispointedoutin[27]that

thefollowingchoiceofcountertermcouldremovetheeffectsofthereparameterization

∆I=−
1

8πG nullΣ
(D−1)
i

dλdxD−2 σ
(D−2)
i Θlog

cL|Θ|

2
, (4.22)

whereΘistheexpansionrateonthenullhypersurface,definedpreviously. HereIhave

chosendimensionlesscombinationcL|Θ|astheargumentoflog,withcanarbitraryconstant.

Differentchoicesofcindicatedifferentrenormalizationconditions.TheexplicitLdependence

hereguaranteesthecancellationoflogLdependenceinthefinalresult.Toseethat,wewrite

theintegrandas

Θlog
cL|Θ|

2
=Θlog

δ|Θ|

2
+Θlog

cL

δ
,

wherethefirsttermcontributesanon-ambiguoustermthatmakestheactionreparameteri-

zationinvariant,andthesecondtermintegratestoavolumedifference:

−
1

8πG nullΣ
(D−1)
i

dλdxD−2 σ
(D−2)
i (λ)Θlog

cL

δ

=−
1

8πG
log
cL

δ Σ
(D−2)
i (λ)

dxD−2 σ
(D−2)
i (λ)

λmax

λmin

=−
1

8πG
log
cL

δ
V
Σ
(D−2)
i1

−V
Σ
(D−2)
i2

(4.23)

wherethesecondlineusedthedefinitioneq(4.7).Σ
(D−2)
i1,2 arethecodim-2manifoldsatthe

twoendsofthenullparameterλ,hencetheyarejointsurfaceswithothercodim-1boundary

surfaces. OtherlogLdependencescomeexactlyfromthesejointcontributions.Supposewe

definethegeneratorsofΣ
(D−1)
i aski=αīkiwherek̄iarenormalizedwithsomeparticular
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rule,e.g.theruleusedin[27]thatithasunitinnerproductwithtime-likenormalvectorat

theboundary. Weleaveaconstantαiunfixedtoindicatethearbitrarinessoftherule,which

willbesoonprovedtobereparameterizationinvariantwiththeadditionofthecounterterm

eq(4.22).TherelevantjointcontributionsfornullsurfaceΣ
(D−1)
i arethus

I
Σ
(D−2)
i1

+I
Σ
(D−2)
i2

=
1

8πG Σ
(D−2)
i1

dxD−2 σ(D−2)(λmax)log
αiL

δ
+log

α1L

δ
+log

k̄µigµν̄k
ν
1δ
2

2L2

−
1

8πG Σ
(D−2)
i2

dxD−2 σ(D−2)(λmin)log
αiL

δ
+log

α2L

δ
+log

k̄µigµν̄k
ν
2δ
2

2L2

=
1

8πG
log
αiL

δ
V
Σ
(D−2)
i1

−V
Σ
(D−2)
i2

+···

(4.24)

where···denotecontributionsfromthesecondandthirdtermsinthesquarebrackets.The

secondtermisrelatedtoanothernullhypersurface,wherethecancellationweseakforworksin

thesameway.ThethirdtermisLindependentbecausegµν∝L
2.Thefirsttermcontribution

explicitlyshownhasthesameformaseq.(4.23),andtheycombinetoget

Ic,i=
1

8πG
log
αi
c
V
Σ
(D−2)
i1

−V
Σ
(D−2)
i2

. (4.25)

Thesearecontributionsfromnullhypersurfacesfeaturedbythefactorlog(αi/c).

Tosumup,thetotalreparameterizationinvariantactionis,

Igrav=Ibulk+IYGH+Inull+Ijoint+∆I, (4.26)

wherewecanalwayssetInull=0bychoosingaffineparametersonnullhypersurfaces.In

ourcaseof3dkinkinpureAdS4spacetime,onlynullcodim-1hypersurfacesareinvolvedas

showninFig.1,thusIYGH=0aswell. Thereforeweonlyneedtoconcretelycomputethe

threecontributionsIbulk,Ijointand∆I.

4.3 Bulkcontributions

Letusfirstconsiderthebulkaction,whichforemptyAdSspaceisproportionaltothespace-

timevolume:

Ibulk=
1

16πG V
−detg(R−2Λ)=−

3

8πGL2 V
−detg. (4.27)

Itisconvenienttowritethemetricinthenewcoordinatesystemξa={ζ,η,ρ,θ}intro-

ducedin(4.16)and(4.18),

gξab=
∂Vµ

∂ξa
∂Vν

∂ξb
g0µν (4.28)
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whereg0µν=(L
2/z2)ηµνistheoriginalCartesiancoordinatesofthePoincarepatchofAdS4.

Thevolumeformcanthusbeobtainedas

−detgξ=
(1+h2)H±(ρh∓2ζ)

K2h5(ρh∓ζ−η)4
L4, (4.29)

whereuppersignisforconvexkinkandlowersignisforconcavekink.

Usingtherangeofparametersspecifiedineq(4.17),weget

Ibulk≡−
3

8πGL2 Aδ

2
ζ∗

0
dζ

η∗
ζ∗
ζ

0
dη −detgξ, (4.30)

thefactorof2forV±.Explicitely,theζandηintegrationsgive

Ibulk=−
L2

8πG Aδ

Kh5H±ρδ
2(ρ+ρh2±Khδ)

−1

×(1+h2)2(ρh−δ)2h(1+h2)H∓ρ
2+2(H2±−2K

2h4)ρδ±Kh(3H++2Kh
2)δ2,

(4.31)

whereAδdenotestherangeof(ρ,θ)asgivenin(4.17)overwhichweintegrateandthesubscript

δremindsusthattherangeiscutoffdependent.TheAδintegrationcanbewrittenexplicitly

as

Aδ

=
h0

δ/R
2ω(h)dh

R

δ/h
dρ (4.32)

whereω(h)isdefinedin(2.6). WeperformalltheAδintegrationintheAppendixA.

4.4 Boundarycontributions

Theboundaryofthespacetimeregionweareinterestedinconsistsofnullcodimension-1

hypersurfacesW± andE±. Afterchoosingaffineparametrizations,wesettheYGHterm

tovanish. Thus,theonlytermleftistheIjoint,whichcomesfromthreejointsurfaces(see

definitionsinSec.4.1),

Ijoint=IW +2IJ+IE (4.33)

whereIJ≡IJ+ =IJ− duetosymmetry.Intermsofaffineparameters,thenullgeneratorsof

thefourhypersurfacesare

kW±,µ=αg
0
µνU

ν;

k
<
>
E±,µ=−βg

0
µν(V

<
>
±)
ν(λ),

(4.34)
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whereα,βarepositivenormalizationfactors,andthesignsarechosensothattheseare

outwardpointingoneforms.Theintegrandsofthesejointtermsarerespectively

aW =−log
1

2
kW+,µg

0,µνkW−,ν)=−log
α2δ2

L2
, (4.35)

a
<
>
J=log

1

2
kW±,µg

0,µνk
<
>
E±,ν =log

αβ

2L2
+̄a

<
>
J, (4.36)

ā
<
>
J=log

(ρδ(1+h
2)±Kh)2

KH±
, (4.37)

aE=−log
1

2
kE+,µg

0,µνkE−,ν =−log
β2

L2
+̄aE, (4.38)

āE=−log
ρ2(1+h2)2

K2h2
. (4.39)

whereweseparatethelogLdependentpartandlogLindependentpart,thelatterdenoted

byā.ThereisnōaW.ThisseparationisinspiredbythediscussioninSec.4.2.4,whichimplies

thatthelogLdependentpartwouldbecancelledbyacounter-partinthe∆Icontribution.

Wepostponethedetailstothenextsection,andthe logLindependentresultwefindisthus

Ijoint=
1

8πG AδX∈{J±,E}

āX detgX, (4.40)

wheregX isgiveninAppendixBandthedetailsoftheintegrationsarepresentedinAp-

pendixA.

4.5 Countertermcontributions

AsdiscussedinSec.4.2.4,wehavetoincludethecounterterm(4.22)torestorethenull

surfacereparameterizationinvariance.Theingredientsoftheintegrationsareallprovidedin

AppendixB.AsshowninSec.4.2.4,∆Icanbeseparatedintotwoparts,oneproportionalto

logL,andtheotherindependentofL.ThelogLcontributionscombinewiththejointterms

toget

Ic=2Ic,α+2Ic,β

=
1

4πG
VW log

c

α
−VJlog

2c2

αβ
+VElog

c

β

(4.41)

wherethelog2inthesecondtermstemsfromeq.(4.36). WeusetheRyu-Takayanagiformula

SEE(A)=
1

4G
VE=

L2

4G

2R

δ
−s(h0)log

R

δ
,

s(h0)=
2

h0
+

h0

0

2dh

h2
1−
1+h2

Kh2
ω(h).

(4.42)

andrearrangethetermstoget

Ic=
L2

4πG

Vδ
δ2
log
c

α
−
SEE
π
log
2c

α
+
VE−VJ
4πG

2c2

αβ
. (4.43)
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wherewealsodefine

Vδ=
VW√
detgW

=
δ2

L2
VW

=VA+O(δ)

(4.44)

whoseleadingcontributioninδequalsthevolumeoftheboundaryregionA4.Hencethefirst

termineq.(4.43)isaleadingvolumelawcontribution.Thesecondterm,aswrittenexplicitly,

isproportionaltotheentanglemententropyofA,andisanarealawcontribution.Thethird

termin(4.43)canbeprovedtobesubleading,astheleadingarealawtermsinVJandVE
canceleachother.ThestructureofIcderivedaboveisgeneral.

FortheLindependentpart,weusetheformula(4.22)toobtain

∆I=2∆IE+2∆IW,

∆IE=−
1

8πG Aδ

λ∗

0
dλ detg(λ)Θ(λ)log

δ|Θ(λ)|

2
,

∆IW =−
1

8πG Aδ

λ̃∗

0
dλ det̃g(̃λ)Θ(̃λ)log

δ|Θ(̃λ)|

2
,

(4.45)

withtheexpansionrateΘgivenby(B.2)and(B.7),whileλandλ̃arenullaffineparameters

onEandW,λ∗andλ̃∗aretheirendvaluesgivenby(4.11)and(B.6).Theintegrationsare

performedinAppendixA.

5 Finalresultanddiscussion

Addingthecontributionsfrombulkandboundary,thetotalactionisobtainedin(A.27),

Igrav=Ic+
L2

4πG

∆(h0)R

δ
+ (h0)log

R

δ

=
L2

4πG

Vδ
δ2
log
c

α
−
SEE
π
log
2c

α

+
L2

4πG
∆(h0)

R

δ
+ (h0)+(h0)log

2c2

αβ
log
R

δ
+O(δ0),

(5.1)

VδisthevolumeofAuptohigherordercorrections,andSEEistheentanglemententropyof

Agivenin(4.42).Thedetailsofthecoefficientfunctions∆(h0),(h0)and (h0)aredefined

in(A.26),(A.28)and(A.18).

Toidentifythekinkcontributionsfromtheseterms,wecanperformaquickcheckby

takingtheflatanglelimith0→∞.Thekinkcontributionshouldvanishatthislimit.Aswill

beshownintherestofthesection,thethreecoefficientfunctionshavethefollowingbehavior

lim
h0→∞

∆(h0)=1, lim
h0→∞

(h0)=0, lim
h0→∞

(h0)=0. (5.2)

4AsthevolumeofAheavilydependsonthechoiceofIRcutoff,theexactformofitisnotimportant,so

wedonotpresentithere.
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Thefirstonesaysthattheextraareaterm∆(h0)doesnotcomefromthekink,whichwe

willbediscussingaboutinSec.5.1.Thelattertwoconfirmthatthelogδdivergencesarekink

contributions,whichwillbeanalyzedinSec.5.2.

5.1 GeneralstructureofCAsubregioncomplexity

Inlightofthediscussionsin[13],thedivergencestructureoftheholographiccomplexityof

subregionAcanbeexpressedintermsofvolumeintegrationinAandsurfaceintegrationon

∂A

CA=
A
v(R,K)+

∂A
b(R,̃K;s,t)+finiteterms, (5.3)

Intheaboveequation,wehaveRdenotingthespacetimecurvature,Kdenotingtheexterior

curvatureofthetimeslice,K̃ denotingtheexteriorcurvatureof∂A,ands,tdenotingthe

spacelikeandtimelikenormalvectorsofthe∂A.

Thisexpressionisonlyforsubregionswithsmoothsurface,similartogravitationalaction

onlywithYGHterm.Ingeneral,therecouldbehighercodimensiondefectsonthesurface,like

thecubeexamplewementionedinSec.4.2.3,andthesedefectscouldcontributeindependently

tothecomplexity.Thusthemostgeneralformwouldbeanexpressionsimilarto(4.19).Inthis

paper,weonlydealwithakinkshapeintwospatialdimensions,wheretheonlysingularity

onthesurfaceisthepoint-likekinktip. Thustheonlyextratermweexpectisalocal

contributionthatdoesnotinvolveanyintegrations.Forhigherdimensionalsubregionswith

singularsurface,integrationmightbeneededforcontributionsfromnon-point-likecreases.

ThemainpointofthisnotationisthattheseintegrandsarelocalfunctionsinAoron

∂A.Inparticular,wecanexpandtheintegrandsinpowersoftheUVcutoffδ

v=δ1−d
d−1

i=0

viδ
i, b=δ2−d

d−2

i=0

biδ
i, (5.4)

whilevi,bihasmassdimensionicomingfromthecurvatures. Forhighestorderiinthe

series,δ0shouldbereplacedbyauniversalcontributionlogδ.Inthekinkcase,allcurvatures

involvedinthevolumeandareaintegrationsvanish:R=0becauseweareinPoincarepatch,

K =0asweareonatrivialflattimeslice,andK̃ =0forthestraightsidesofthekink.

Hence,weexpecttheintegrandstobeconstants,andtheintegrationssimplygivethevolume

andsurfaceareaofA.Alltheothercontributionsthatarenotproportionaltothevolumeor

areashouldbeattributedtothekinksingularity.

Ourfinalresulteq.(5.1)gives

v0=
L2

4πG
log
c

α
, b0=

L2

4πG
−log

2c

α
+
1

2
∆(h0). (5.5)
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Weseethatthe ∆termisanexceptionofthestructure(5.3).Itisanarealawterm,and

itdependsontheopeninganglethroughthedependenceonh0.FromFig.3,weseethat
5

∆startsfrom0whenthekinkissharp,andapproaches1whenthekinkbecomessmooth.

Forconcavekinks,∆continuesgrowingwiththeopenningangle. Ourguessisthatthis

contributionisrelatedtothefactthatwearedealingwithanon-compactsubregion:when

wetreatitasanapproximatepartofalargecompactsubregion,thistermcharacterizethe

transitionpartbetweenthekinkportionandtherest.Thusweconjecturethatforanormal

compactsubregion,eq.(5.5)withoutthe∆(h0)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Ω0

1

2

3

4

5
Δ(Ω)

termisageneralformofleadingdivergent

contributionstoholographiccomplexity.

Figure3:The∆(h0)functionbothforconvexandconcavekinksarepresented. Theblue

linewithΩ<π/2isforconvexkink,whiletheconcavekinkisrepresentedbytheyellowline

withΩ>π/2.Thewholecurveissmooth.Atflatanglewehave∆(π/2)=1.

Notethatboththevolumelawandarealawtermsineq.(5.5)dependonthe“renormalized”

parameterα̃≡α/c.Inorderfortheleadingvolumetermtobepositive,wehavetoset

α̃<1,whichimpliesthattheareatermhastobenegative.Thepositivevolumelawiseasy

tounderstandascomplexityofstatenaturallygrowwiththesizeofthesubregion.Ifwe

interpretthearealawtermastheentanglementwiththecomplementaryofthesubregion,

thenegativesigncanbeunderstoodaslossofdetailedinformationoftheentanglementwhen

theoutsideistracedout.Ifweusethedefinitionofsubregioncomplexityastheminimal

complexitytoconstructapurificationofthedensitymatrixρA[14],theamountofcomplexity

5InFig.3weadoptadifferentIRcutoffthathasconstantradiusontheboundaryinsteadofonthe

RTsurface. Thereasonisthatunderthischoicethefunctiongrowsmonotonically,andwecanseeaclean

relationwiththeopenningangle.Thechoicewemakeinotherpartofthepaperwouldinduceadecreaseof

thefunctionatsmallΩ,whichwethinkisdistracting.
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thatcanbesavedduringtheminimizationamongpurifications{ψ|TrĀ|ψ ψ|=ρA}should

behaveastheamountofentanglements,i.e. theentanglemententropy,amongwhichwe

havethefreedomtosetupthedetails. Togetaclearerpicture,letuslookatthefollowing

quantityforholographiccomplexity

IC(A,B)≡C(A∪B)−C(A)−C(B), (5.6)

similarlydefinedasmutualinformationI(A,B)forentanglemententropy. Theleadingbe-

haviorin(4.43)thenindicatesthat

IC(A,B)∼
1

π
log
2c

α
I(A,B), (5.7)

becausethevolumetermexactlycancels.Thisproportionalitycanbeunderstoodasfollows:

Ononehand,afterbuildingquantumstatesinsubregionsAandB,theextracomplexity

neededtoreproducethestateinthecombinedregionA∪BiswhatICmeans.Ontheother

hand,theextraefforttomakeinthisprocessistobuildthecorrectentanglementbetween

AandB,theamountofwhichisthemutualinformationI(A,B).ThereforewecallICthe

complexityofentanglement.

Wecantakeanothersimplecasetocheckthegeneralbehaviorwegot.In[13],general

formulaforsphericalsubregioncomplexitywaspresentedforallbulkdimensiond.However,

thisdidnottakeintoaccountthecountertermcontributionsthatwehaveincludedinthe

kinkcalculationspresentedhere. Withtheadditionofthecounterterms,wecalculatethe

complexity-actionofadiskregioninCFT3andobtain,

CA(disk)=
L2

4π2G

πR2

δ2
log
c

α
−
2πR

δ
log
2c

α
−2πlog

R

δ
. (5.8)

Itreproducesthepatterninthefirstlineof(5.1):ThefirsttermistheVδvolumeterm,and

thesecondtermisanegativeareaterm.Thelogδtermhereisofcoursenotfromsingular

surface,butfromareaintegration ∂Ab,asherewehavesubleadingterminb1∼K̃ dueto

thenon-vanishingcurvatureK̃=1/R.

5.2 Universalcontributionsfromthethekink

Inthissection,wefocusontheuniversallogδdivergencesin(5.1).Theentropytermcontains

auniversalcontributions(h0),whichisinheritedfromtheentanglemententropySEE(kink)

givenin(4.42).Thenewuniversaltermsarethe(h0)and (h0),bothcomingfromthekink

feature.Thuswehavethetotaluniversalcontributionsas

Iuniv=
L2

4πG
s(h0)log

2c

α
+ (h0)log

2c2

αβ
+ (h0)log

R

δ
. (5.9)

Wefirstlookatthesimplerone (h0)definedin(A.18). Thiscontributiondoesnot

showupinthesphericalsubregioncomputationin[13],becausetheRTsurfaceforspherical
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regionisabifurcatingKillinghorizon,whichimpliesthevanishingexpansionrateΘ=0on

thehypersurfaceE.Inotherwords,volumesofspatialslicesarethesameonE,andhence

VE =VJand ∼VE−VJ=0. UsingfocusingtheoremΘ̇≤0,itiseasytoshowthat

=0isanecessaryandsufficientconditionforavanishingexpansionrate,Θ=0,onE6.

Ontheotherhand,asphericalsubregioninCFTdisoneofthefewcaseswherethemodular

Hamiltonianislocal[29]and,aswementionedabove,inthiscaseΘ=0.Thus,itistempting

toconjecturethattheboundarymeaningof isrelatedtothenon-localityofthemodular

Hamiltonianofasubregionatagiventime.Notethatahighercomplexityduetonon-locality

istobeexpectedaccordingto[30]. Understandingif indeedrepresentsthecomplexityof

non-localityisaquestionthatdeservesfurtherstudyandthatweleaveforfuturework.

Thefunction (h0)isplottedinFig4.Thetwopanelspresentconvexandconcavekinks.

Fromtheexpression(A.28

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Ω(h0)0

2

4

6

8

10

convexℓ(h0)

),wefindthatexceptforthelastterm,alltheothertermsare

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Ω(h0)

-10

-8

-6

-4

-2

0

concaveℓ(h0)

Figure4:The(h0)functionbothforconvex(leftpanel)andconcave(rightpanel)kinksare

presentedseparately.Bothofthemvanishattheflatanglelimit(Ω=π/2).

symmetricforconvexandconcavecases,whichmeansitisanevenfunctionwithrespectto

theflatangleΩ=π/2.Thelastterm,comingfromthebulkcontribution,isanalmostodd

function,anddominatesovertheeventerms.Thusneartheflatangle,thebulkcontribution

hasthedominatebehavior

lim
h0→∞

(h0)=
3π

2h0
=3

π

2
−Ω . (5.10)

Thelastequationcomesfrom(2.7). Thislinearbehavioraroundtheflatanglealsodomi-

natesquadraticbehaviorsfors(h0)and (h0).Therefore,similartotheCVresult(3.3),the

subregion-CAkinkcontributionalsolinearlydependsonthedeviationfromtheflatangle

limit.

6Non-zerovaluesofΘonEmaybedevelopedafterthejointJ,butsinceJisattheboundaryofthe WdW

patch,thesenon-vanishingΘarenotrelevantforthequantumstatethatwecomputeholographiccomplexity

for.
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6 Conclusionsandfuturedirections

Westudiedcomplexity-actionforaparticularsingularsubregion, i.e.thekinkinCFT3.The

calculationisquiteinvolvedandgreatcarewastakentodevelopappropriatetechniquesthat

canbegeneralizedtoothersingularandhigherdimensionalregions. Theresultweobtain

forsubregion-CAconsistsofavolumeterm,anegativeareatermandcutoffindependent

divergenttermsoforderlogδcomingfromthekinksingularity.

Theconciseformofthefinalresultpresentedin(5.1)isingreatpartduetotheeffect

oftheboundarycountertermthatisintroducedtorestorereparametrizationinvarianceof

thenullboundaries. Thiscountertermproducesseveralnon-trivialcancellations,simplifies

greatlythedivergencestructureandleadstoafinalresultwithnolog2δterms. Weidentified

ageneralformofnull-normdependentcontributions(4.43),andalsostudiedthelimiting

behaviorofthecutoffindependentcontribution.

Letusmakeacoupleofobservationsregardingthepossiblecontributionfromentangle-

menttocomplexity-action. Wefindanegativeareacontributiontosubregioncomplexity.

Ifwerelatethisareatermwithentanglementthisnegativecontributioncanintuitivelybe

understoodastheinformationlostwhenwetraceoutthecomplement.Thelessinformation

containedinthestate,theeasier(withlesscomplexity)canweconstructthestatefromquan-

tumcircuit.Perhapsmoreimportantly,theareatermcontributionwefindpointstoarobust

differencebetweensubregion-CAandsubregion-CV.AnarealawterminCVisprohibitedin

atime-symmetricconfiguration[13].However,thecontributiondiscussedaboveshouldexist

universally,includingthetime-symmetriccase.Thus,theareatermthatwefindcanonlybe

obtainedinCAnotCV.

Toconcludethediscussion,welistsomefuturedirectionsrelatedtoourwork:

•Inthecaseofakinksingularitystudiedhere,thecausticsarealwaysoutsideregionV

andthus,playednoroleinourcalculation(Section4.2.1). However,formoregeneral

singularregionsthisneednotbethecase,causticsmightoccurontherelevantpartofE.

Itisnotknownifthecausticitselfprovidesadditionalcontributionstothecomplexity.

Duetothevanishingoftheinducedmetricatthecaustic,itwouldbeeitherahigher

co-dimensionalsingularfeature,oranulljoint.Actioncontributionsforbothcasesare

unknownandworthstudying.Thephysicalmeaningofsuchcasesisalsointerestingto

explore.

•Methodsofcomputingactioncontributionsfromhigherco-dimensionalsurfacesarealso

necessaryfor,say,polyhedralcornerson∂V.

•Theconnectionfoundbetweencomplexitycontributionandentanglementisworthex-

ploring. Moredetailedstudiesonsuchcontributionsinholographiccomplexityandthe

implicationfromcertainfieldtheorydefinitionofcomplexityareinterestingdirections

topursue.
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•Wecanmodifytheboundarystateorthetheorytoseehowthecutoffindependentterms

change.Inthestudyofentanglemententropy,certainuniversalityofthecoefficientfunc-

tionswasfound,namelythe“cornercharges”.Itwouldbeniceifsubregioncomplexity

alsohassomeuniversalitythatonecanusetorevealinformationoftheunderlyingCFT.

•Similarcomputationcanbeextendedtohigherdimensionalsingularsurfaces,including

smoothcones,polyhedralconesandtheirproductwithflatdimensions(creases).Itwill

beinterestingtoseethedependenceofthe“cornercharges”ondimensionality. New

divergencestructuresarealsoexpected.
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A Detailsoftheactioncomputation

Weadoptthefollowingproceduretodo ρandθintegrationsofageneralintegrandf0over

therangedefinedbyAδ.Usingeq(4.32),weobtain

F=
Aδ

f0(ρ,h(θ),δ)=
h0

δ/R
2ω(h)dh

R

δ/h
dρf0(ρ,h,δ). (A.1)

Theρintegrationisusuallycarriedoutanalytically,sowecandefine

f1(h,δ)=2ω(h)
R

δ/h
dρf0(ρ,h,δ). (A.2)

Thenweseriesexpandf1(h,δ)inpowersofh,andextractthepartthatisdivergentath=0

f1(h,δ)=fdiv(h,δ)+f2(h,δ). (A.3)

Asfdivisinpowerseriesofh,itsintegrationcanbecarriedoutexplicitly

Fh(δ)=
h0

δ/R
fdiv(h,δ)=

i>0

F
(i)
h δ

−i+F
(0)
h logδ+O(δ

0), (A.4)

whilewedointegrationoff2(h,δ)foreachdivergentpowersofδnumerically.Namely,forthe

expansion

f2(h,δ)=
i>0

f
(i)
2δ

−i+f
(0)
2 (h)logδ+O(δ

0), (A.5)
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weget

F(i)=F
(i)
h −

j>0

δ/R

0
dhf

(i+j)
2 (h)

O(δj)

+
h0

0
dhf

(i)
2(h)

=



F
(i)
h −

j>0

R−j
dj−1f

(i+j)
2

dhj−1 h=0



+
h0

0
dhf

(i)
2(h)

(A.6)

forithorderdivergence.Notethatalthoughtheregularityath=0guaranteesthatthere’s

nonewdivergencefromintegrationath=0,itcanstillproduceweakenddivergencefrom

thesecondtermabove.Forinstantce
δ/R
0 dhf

(2)
2 (h)maycontributetoF

(1)iff
(2)
2 (0)=0.

Insum,theUVdivergentpartoftheintegralFis

Fdiv=
i

F(i)δ−i (A.7)

Thereisasubtletyinthisprocedure.Althoughf2(h,δ)isregularath=0bydesign,after

expansioninδ,itmaynotberegularorderbyorder.Itdependsontheinterchangabilityof

theh→0limitandδ→0limit.Inthepresentcasethecoefficientsf
(i)
2(h)areallintegrable

ath=0.

Nowweapplythisproceduretotherealcalculations.Inwhatfollows,thefunctions

ω(h),H±(h)andtheintegrationconstantKappearfrequentlyinourcalculations.Theyare

definedinequations(2.6),(4.15)and(2.5)respectively.Forsakeofcompletnesswelistthem

againhere:

K=
1+h2

h2
√
1+h2+h2

=
1+h20
h20

(A.8)

ω(h)=
Kh2

(1+h2)(1+h2−K2h4)
(A.9)

H±(h)≡1+h
2±Kh2 (A.10)

A.1 Bulkcontributions

Firstlookatthebulkcontributioneq(4.30):

f0(ρ,h,δ)=−
L2

8πG

(1+h2)2(ρh−δ)2

Kh5H±ρδ2(ρ+ρh2±Khδ)

× h(1+h2)H∓ρ
2+2(H2±−2K

2h4)ρδ+Kh(3H±+2Kh
2)δ2.

(A.11)

Hereafter,thesubscripts±areforconvexandconcavekinksrespectively.Theρintegration

canbedoneanalyticallytogetf1(h,δ),whichdecomposesas

f1(h,δ)=fdiv(h,δ)+f2(h,δ),

fdiv(h,δ)=
L2

4πG

2δ

Rh3
+
1

h2
3log

Rh

δ
−
3

2
−
Kδ2

2R2
+
2Kδ

Rh
,

f2(h,δ)=
L2

4πG
B2(h)

R2

δ2
+B1(h)

R

δ
+B0(h)log

R

δ
+O(δ0).

(A.12)
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Usingthenotationdevelopedabovewegetthedivergencecoefficientsas

F
(2)
bulk=

L2R2

4πG

h0

0
dhB2(h),

F
(1)
bulk=

L2R

4πG
3+

h0

0
dhB1(h),

F
(0)
bulk=−

L2

4πG
−
3

h0
+

h0

0
dhB0(h).

(A.13)

wherethenumericalintegrandsaregivenby

B2(h)=−
(1+h2)H∓
2Kh2H±

ω(h),

B1(h)=∓
4(1+h2)

hH±
ω(h),

B0(h)=−
3

h2
1−
1+h2

Kh2
ω(h) ±

3(1+h2)2−K2h4

h2(1+h2)H±
ω(h).

(A.14)

A.2 Jointcontributions

Next,welookatthejointcontributions.FortheLindependentpartgivenbyeq(4.40),we

havetheρintegrationresults:

f1(h,δ)≡
2ω(h)

8πG

R

δ/h
dρ2̄aJ detgJ±+aE detgE

=
L2

4πG

1

h2
log2

Rh

δ
+J0(h)log

R

δ
+J00(h)log

2R

δ
.

(A.15)

Wethusextractthedivergencecoefficients

F
(1)
joint=

L2R

4πG
×2,

F
(0)
joint=−

L2

4πG
−
2+2log(h0)

h0
+

h0

0
dhJ0(h),

F
(00)
joint=

L2

4πG
−
1

h0
+

h0

0
dhJ00(h).

(A.16)

withintegrandsasfollows:

J0(h)=
2

h2
−log(h)+

H+H−
Kh2(1+h2)

log
H±

h2(1+h2)
ω(h)+

1+h2

Kh2
log(h)ω(h),

J00(h)=
1

h2
−1+

H+H−
Kh2(1+h2)

−
Kh2

1+h2
ω(h).

(A.17)

ThenweturntothenullhypersurfacecontributionsIcasin(4.41). ThevolumesofW,J

andEaredirectlygivenbyintegrationsofthevolumeforms,derivedinAppendixB.As
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shownin(4.43),thiscontributioncanberearrangedintoavolumeterm,anentropytermand

anadditionalsub-leadingtermproportionaltoVE−VJ. Asthefirsttwoaretrivialorwell

studied,weonlyfocusonthethirdterm,whichevaluatesas

(h0)≡
1

L2
(VE−VJ)=

1

L2 Aδ

( detgE− detgJ)

=log
R

δ

h0

0
dh

2K

1+h2
ω(h).

(A.18)

NotethatVEandVJindividuallyhasarealawdivergences,buttheycancelwhentakingthe

difference,sothisadditionalpieceofcontributiondoesnotcontainnewarealawterms.

A.3 Countertermcontributions

Finally,let’slookatthecountertermcontributions,andalsofocusontheLindependentpart.

TheLdependentpartcanbecombinedwiththejointcontributions,andisalreadydiscussed

attheendoflastsection.

Startingfrom(4.45),wefirstperformtheλintegration.ForhypersurfaceEwehave

λ∗

0
dλ detg(λ)Θ(λ)log

δ|Θ(λ)|

2

=−
L2(1+h2)

Kρh4
K2h2(ρh−δ)2

2(ρ(1+h2)±Khδ)2
1+2log

Kh2(ρh−δ)(ρ+ρh2±Khδ)

δH±(ρH∓±2Khδ)

+log 1−
K2h2(ρh−δ)2

(ρ+ρh2±Khδ)2

(A.19)

andforW wehave

λ̃∗

0
d̃λ det̃g(̃λ)Θ(̃λ)log

δ|Θ(̃λ)|

2

=−
L2(1+h2)(ρH∓±2Khδ)

2Kh4

×
h2

H+δ2
−

H±
(ρ+ρh2±Khδ)2

1+2log
h(ρ+ρh2±Khδ)

δH±
.

(A.20)

Theuppersignsareforconvexkinksandthelowersignsforconcavekinks.

The∆IW containsquadraticandlineardivergence:

F
(2)
W =−

1

2
F
(2)
bulk,

F
(1)
W =−

1

4
F
(1)
bulk−

L2R

4πG
×2.

(A.21)

Thelogdivergencecoefficientsare

F
(0)
E =−

L2

8πG

h0

0
dhdE0(h),

F
(0)
W =−

L2

8πG

3+2log(h0)

h0
+

h0

0
dhdW0(h).

(A.22)
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withintegrands

dE0(h)=
K

1+h2
1+2log

Kh3

1+h2
+

H+H−
Kh4(1+h2)

log
2H+H−
(1+h2)2

ω(h),

dW0(h)=
1

h2
1+2logh−

H+H−
Kh2(1+h2)

1−2log
H±

h(1+h2)
ω(h).

(A.23)

Therearealsolog2divergencefromcounterterms

F
(00)
E =

L2

8πG

h0

0
dh

K

1+h2
ω(h),

F
(00)
W =

L2

8πG

1

h0
+

h0

0
dh
1

h2
1−

H+H−
Kh2(1+h2)

ω(h) .

(A.24)

A.4 Totalresults

Nowwecanwrapupallthecontributions. Wefindsomeexactcancellations:

F
(2)
total=F

(2)
bulk+2F

(2)
W =0,

F
(00)
total=F

(00)
joint+2F

(00)
E +2F

(00)
W =0,

(A.25)

whichindicatestheabsenceoflog2divergence,andthequadraticdivergenceonlycomesfrom

thevolumetermin(4.43). Thelineardivergencedoesnotvanishaftersummingoverall

contributions

F
(1)
total=F

(1)
bulk+F

(1)
joint+2F

(1)
W

=
L2R

4πG
1+
1

2

h0

0
dhB1(h)

≡
L2R

4πG
∆(h0).

(A.26)

Wediscussaboutthefunction ∆(h0)inSec5.1.Thusthefinalactionreads

Itotal=
Vδ
4πG

log
c

α
−
1

π
SEElog

2c

α

+
L2

4πG
∆(h0)

R

δ
+ (h0)+(h0)log

2c2

αβ
log
R

δ
+O(δ0),

(A.27)

wherethefirstlinecomesfrom(4.43), (h0)isderivedin(A.18),and(h0)isgivenby

(h0)=− F
(0)
bulk+F

(0)
joint+2F

(0)
E +2F

(0)
W /

L2

4πG

=−
2

h0
+

h0

0
dh B0(h)+J0(h)+d

W
0(h)+d

E
0(h)

=−
2

h0
−

h0

0
dh
2

h2
1−
1+h2

Kh2
1+log

1+2h2+h4−K2h4

(1+h2)2
ω(h)

−
Kh2

1+h2
1−log

1+2h2+h4−K2h4

Kh2(1+h2)
ω(h)∓

3(1+h2)2−K2h4

2(1+h2)H±
ω(h).

(A.28)
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B Inducedgeometryonnullhypersurfaces

Inthisappendix,somedetailedcalculationsaboutthenullhypersurfacegeometrywillbe

carriedout.

Becausewearealwaysusingwα=(ρ,θ)definedontheHRTsurfaceascoordinates,the

lightsheetgeometryismostlyconvenienttobestudiedasinducedgeometryfollowingthe

flowofVµ± andU
µ
±.StartingfromtheHRTsurface,fromeq(4.2)wegettheinducedmetric

onE±:

gαβ(λ)=
∂X±µ(λ)

∂wα
∂X±ν(λ)

∂wβ
g0µν,

detg(λ)=
(1+h2)(λ2c−λ

2)ρ

Kh2L2
.

(B.1)

Asλischosentobeaffineparameter,theexpansionrateofthecongruenceVµ± canbecom-

puteddirectly

Θ(λ)=
1

detg(λ)

∂

∂λ
detg(λ)=−

2λ

λ2c−λ
2
. (B.2)

Asexpected,themonotonicityispredictedbyfocusingtheorem,anditblowsuptonegative

infinityatthecausticλ=λc.Theflowendsatλ=λ∗<λcgivenby(4.11).

NextweinvestigatethehypersurfacesW±. Witheq(4.13),wewritedowntheinduced

metric

g̃αβ(η)=
∂X̃±µ(η)

∂wα
∂X̃±ν(η)

∂wβ
g0µν,

det̃g(η(̃λ))=
(1+h2)(H±L

2+λ̃h(ρ+ρh2±Khδ))2(ρH∓±2Khδ)

Kh4H±L2(ρ+ρh2±Khδ)2
.

(B.3)

Herewereparameterizewithaffineparameterλ̃forconvenience

η(̃λ)=
λ̃h2(ρ(1+h2)±Khδ)2

H±[H±L2+λ̃h(ρ(1+h2)±Khδ)]
. (B.4)

andwedropthe±superscriptduetotimereflectionsymmetry. Wealsorestorethe>and<

superscriptsforconcaveandconvexkinksrespectively.Theendvalueof̃λonthesurfaceW

isgivenbythecondition

X̃z(̃λ∗)=δ, (B.5)

whichissolvedby

λ̃
<
>
∗=

(ρh−δ)
√
1+h2+h2

δ(±δ+ρh
√
1+h2+h2)

(B.6)
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Wealsoobtaintheexpansionrateon W as

Θ(̃λ)=−
2h(ρ(1+h2)±Khδ)

H±L2+λ̃h(ρ(1+h2)±Khδ)
. (B.7)

Finally,werecognizetheinducedmetriconthejointsurfacesasgand̃gatdifferentends

oftheaffineparameterranges,andobtaintherelations:

detg(0)≡ detgE=
(1+h2)

Kh4ρ
L2,

detg
<
>(λ∗)= det̃g

<
>(0)≡ detg

<
>
J=

(1+h2)H±(ρH∓±2Khδ)

Kh4(ρ(1+h2)±Khδ)2
L2,

det̃g
<
>(η∗)≡ detg

<
>
W =

(1+h2)(ρH∓±2Khδ)

Kh2H±δ2
L2.

(B.8)
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