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COMPLEXITY OF RANDOM SMOOTH FUNCTIONS ON THE
HIGH-DIMENSIONAL SPHERE

BY ANTONIO AUFFINGER! AND GERARD BEN AROUS?
University of Chicago and New York University

We analyze the landscape of general smooth Gaussian functions on the
sphere in dimension N, when N is large. We give an explicit formula for
the asymptotic complexity of the mean number of critical points of finite and
diverging index at any level of energy and for the mean Euler characteristic of
level sets. We then find two possible scenarios for the bottom landscape, one
that has a layered structure of critical values and a strong correlation between
indexes and critical values and another where even at levels below the limiting
ground state energy the mean number of local minima is exponentially large.
We end the paper by discussing how these results can be interpreted in the
language of spin glasses models.

1. Introduction. This work deals with the number of critical points of Gaus-
sian smooth functions on the N dimensional sphere. The questions addressed in
this paper can be phrased as: What does a random Morse function look like on
a high-dimensional sphere? How many critical values of given index, or below a
given level? What can be said about the topology of its level sets? We investigate
the number of critical points of given index in level sets below a given value, as
well as the topology of the level sets through their mean Euler characteristic. Our
main result is that these functions have an exponentially large number of critical
points of given index, and that the Euler characteristic of the level sets have a
very interesting oscillatory behavior. Moreover we find an invariant to distinguish
between two very different classes of these functions that we describe below.

Let us know describe the functions that we will analyze. For N > 1, let
SN=1(/N) c R¥ be the Euclidean sphere of radius VN,

1 N
SVIWN) = :a:(ol,...,aN)eRN:NZaizz }

i=1
Consider the Gaussian function defined on SV ~!(v/N) by

1 N
(1.1) Hy.p(0) = vom75 > JiyiyGiy 0
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where J;, , are independent centered standard Gaussian random variables.

Equivalently, Hy , is the centered Gaussian process on the sphere SN=1(/N)
whose covariance is given by

N p
(1.2) E[Hn,p(0)Hy p(0')] = NI=P (Z a,-o,f> =NR(a,0')",
i=1

where R is the normalized inner product R(o,0') := %(a, o) = % N:l oio!.

Given a sequence B = (B)) peN, p>2 of positive real numbers such that

(1.3) > 278y <00,
p=2
let
(1.4) Hy(o)=)_ BpHn. p(0),
p=2

where for any pair of values p # p’, the Hamiltonians Hy ,, Hy , are indepen-
dent. Condition (1.3) is more than enough to guarantee that the above sum is a.s.
finite, and the Hamiltonian Hy is a.s. smooth and Morse; see Theorem 11.3.1
of [1].

In this case, we have that

o0

(1.5) E[Hy(0)Hy(0')]=NY_ B5(R(0.0"))" = Nv(R(s.0")),
p=2
where
(1.6) ()= Bl
p=2

We will fix the variance of Hy by assuming

v(h)=Y pr=1.

p=2

A word of comment is needed here. By Schoenberg’s theorem [12], if
v(R(0,0”)) is a positive-definite function for all N and all 0,0’ € SN=1(/N),
then v can be written as a linear sum as in (1.6). This remark implies that we are
exhausting all possible covariances given as (1.5) that satisfy (1.3). The importance
of (1.3) is to ensure smoothness of the process Hy .

From now on, we call the function v a mixture. If v = ,BIZ,IP , for some p > 2,
we call v a pure mixture. Note that v is smooth with

(1.7) V(1) :=v #£0, V(1) :=1v" > 0.
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If we consider the random variable X that assigns probability ,Bf, to the inte-
ger p, then its probability measure is given by uyx = > ,3’2,8 p and

(1.8) EX=v and o?:=VarX=0v"+v —v?2

A mixture is pure if and only if « = 0. Furthermore, note that v > v” with equality
only in the pure case with p = 2. The parameters v, v and o will be fundamental
in our analysis.

We now introduce the main object of our study. For any open set B C R and any
integer 0 < k < N, we consider the (random) number Crty x(B) of critical values
of the function Hy in the set NB = {Nx :x € B} with index equal to k,

(1.9)  Criyx(B)= Y. 1{Hy(o) e NBJ1{i(V*Hy(0)) =k}.
0:VHy(0)=0

Here V, VZ are the gradient and the Hessian restricted to SN _l(ﬁ ), and
i(VZHy (0)) is the number of negative eigenvalues of the Hessian VZHy, called
the index of the Hessian at . We will also consider the total number Crty (B) of
critical values of the function Hy in the set N B (whatever their index)

(1.10) Crty(B)= > 1{Hy(o) € NB}.
0:VHy(0)=0

Our first results will give exact and asymptotic formulas for the mean values
ECrty x(B) and ECrty(B), when N — oo and k, B and v are fixed. This initial
computation uses the method developed in [2], where this study was initiated for
pure mixtures.

THEOREM 1.1. For any fixed integer k > 0, there exists a continuous function
Ok v (1), called the k-complexity function, explicitly given in (2.10), such that, for
any open set B C R,

1
(1.11) lim — log ECrty (B) = sup 6.»(1).
N—oo N

ueB

We decide to postpone to Section 2.2 the explicit expression of the k-complexity
functions 6, (#). However, we describe some important properties of these func-
tions (see Figure 1) in the proposition below. We first fix four important thresholds
that depend on v. Let

ARV 20" — o2
(1.12) E=Tth Exi= —
and
N NI \/41/’1)/2 — W+ V)W =V +v2) —aZlogv”/V)
(1.13) EL = .

U/ + v//
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FIG. 1. k-complexity functions 0y, (u) for —6 <u < —1, k =1,2,3,5 in the case where v is
pure-like, that is, 6 \,(—Eoco) > 0. The dashed line is the continuation of the parabola that describes
Ok v () in the interval [— E o, 00) where they all agree.

Note that
(1.14) EL <E, <E.

Furthermore, E/ = E« if and only if Eo, = E if and only if o’ = 0; that is, any
equality in (1.14) implies a triple equality. It occurs if and only if the mixture is
pure; see (1.8).

PROPOSITION 1. For any mixture v and any k > 0, the k-complexity functions
Ok v (u) satisfy the following:

(1) 6k.v(u) is continuous on R and differentiable on R \ {—Es}.
(2) Ok,v(u) is strictly increasing on (—oo, —E( ) and strictly decreasing on
(—E.,, 00). Its unique maximum is independent of k and equal to
1 v v —

(1.15) X, = 9k,v(_Eé>o) = Elog 7 - V4

> 0.

(3) Ok,v(u) has exactly two distinct zeros. The largest zero is given by —E__ and
therefore is independent of k.

(4) Forany k, k' >0 withk <k', 6.,(u) > 6y ,,(u) for all u € (—00, —Eo).

(5) Forany k, k' >0 withk <k, O, (u) =0, (u) for all u € [—Ex, 00).

From Theorem 1.1 and Proposition 1 we obtain:
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COROLLARY 1.1. The mean total number of critical points of index k satisfies
1
1.16 lim —logECrty ¢ (R) = %,.
(1.16) aim 7 log ECrty 1 (R) = %,
Furthermore, if B = (—o00, u) withu < —E[_, then

1
(1.17) lim — logECrty x(—00, u) = 6, ().
N—oo N

REMARK 1. By symmetry, Theorem 1.1 also holds as stated for the random
variables Crty y—;(B), with [ > 1 fixed if one replaces 6y, (1) by Ok ,(—u).

We now use Theorem 1.1 and Proposition 1 to describe the bottom landscape
of Hy. For any integer k > 0, we introduce E; = E(v) > 0 as the unique solution
in (E, 00) to (see Figure 1 again)

(1.18) Oc.v(—Ex(v)) =0.

That is, —Ex(v) is the smallest zero of the k-complexity function. It is important
to note that, by items (4) and (5) of Proposition 1, the sequence (E(V))keN 1S
nonincreasing. Its structure is of extreme importance and will be also explored in
Section 4. We have the following consequence of Theorem 1.1:

THEOREM 1.2. For k>0 and ¢ > 0, let Ay i(e) be the event “there is a
critical value of Hy below the level —N (Ex(v) + €) and with index larger or
equal to k,” that is,

o0
Ani(e) = {ZCrtN,,- (=00, —Ex(v) —¢)) >0
i =k
and By k() be the event “there is a critical value of index k of Hy above the level
—N(EL —¢),” that is,

By i (e) = {Crty 1 ((—E + €, 00)) > 0}.
Then for all k > 0 and ¢ > 0,

1 1
(1.19) limsupﬁ logP(An k(¢)) <0 and limsupﬁ logP(By k(¢)) <O0.

N—o00 N—o0

Theorem 1.2 says that with overwhelming probability all critical values of Hy
of index k are inside the interval [-NEy, —NE_]. A similar result was derived
for the pure case in [2]. However, in the pure case it was shown (Theorem 2.2
of [2]) that the probability of finding a critical point of finite index above the level
—N E is asymptotically of order exp(—N2C).
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We now study the number of critical points with diverging index and the total
number of critical points (regardless of index). Let k = k(N) be a sequence of
integers such that as N goes to infinity,

k(N)
N
Lets, € (—\/5, \/5) be defined as solution of

(1.20) -y €(0,1).

(121) I/SV 2 — x2dx
. — — X =Y.
T J-2 4

Our next result is the analogue of Theorem 1.1 for critical points of diverging
index.

THEOREM 1.3. For any sequence k(N) satisfying (1.20), as N goes to infinity,

1
li — logECrt B
ym oy iog N.k(N)(B)

1 v 1 ) 20" v’y 2 5
:igg{ik’gW - 5(” > (sV - <2v“)1/2> - >}

:=sup by, ,(u).
yeEB

REMARK 2. From Theorem 1.3 one can easily get analogues of Theorem 1.2
and Corollary 1.1 for the case of critical points with diverging index. Its statements
are adapted rewrites of the respective results. We leave this to the reader.

We also provide the complexity for the expected total number of critical values
at a level of energy. Precisely, define
00.v () ifu<—E/,
00.v(—u) ifu>E.,
(1.22) 0y (u) = 1( v v = 2)
—({log— — ——F+—u
2 v v/Z — v+
=Sup, (0, 1) Oy,v (W), otherwise.

THEOREM 1.4. The total number of critical points satisfies

1
(1.23) lim — logECrty(B) =supb,(u) := 0, (u).
N—oo N

ueB

REMARK 3. The last result can be interpreted as follows: the mean number of
critical points at levels of the form Nu 4 o(V) is asymptotically given by the mean
number of local minima, local maxima or critical points of index k(N) ~ y (u) N
ifu<—-E_,u>E,,—E. <u<E.,respectively. Here, y (u) € (0, 1) is such
that sy, () = ﬁi see (1.21).
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We also investigate the landscape of the Hamiltonian Hy by analyzing the mean
Euler characteristic of level sets as N goes to infinity. In order to state our results
we need further notation. The Hermite functions ¢;, j € N, are defined by

(1.24) $; 00 = (27 jIvm) e,

where h;, j € N are Hermite polynomials,

2 d\/
(1.25) hj(x)=¢e* (—a> e .

In particular, ho(x) =1, h1(x) =2x, hao(x) = 4x2 —2x. The Hermite functions are
orthonormal functions in R with respect to Lebesgue measure.
We denote by x (A,) the Euler characteristic of a level set

Ay:=lo € SNU(/N): Hy(o) < Nu}.

x (+) is a topological invariant, integer valued function that is defined for any CW-
complex as the alternating sum of Betti’s numbers [16]. It is a functional that is
invariant under homotopies and satisfies

1ag TAUD =A@+ B) = x(ANB). @) =1 and
' XSV =1+ (=N,

where B denotes a N-dimensional unit ball, Sy the N-dimensional unit sphere
and A, B are CW-complexes. x () roughly measures the number of connected
components and its number of attached cylindrical holes and handles. Since we
are only interested in Euler characteristics of level sets of functions that are almost
surely Morse, we use the equivalent definition that follows from Morse’s theorem
(see [1], Theorem 9.3.2),

N-1

x(Aw) =Y (=DFCrie (Ay).

k=0

The strategy of using Rice’s formula to compute Euler characteristics of level
sets was developed in [1, 14, 15] and also explored in [3]. In fact, in a similar
fashion, we prove the following proposition:

PROPOSITION 2.
Ex (Au)

(1.27) = (DN~ (v//>(N .
‘ v JAT(N/2)

[l (),



COMPLEXITY OF RANDOM SMOOTH FUNCTIONS 4221

This allows us to derive the asymptotic formula for Ex (A,) and its relation to
the asymptotic complexity of the total number of critical points; see (1.23).

THEOREM 1.5. The mean Euler—Poincaré characteristic Ex (A,) satisfies the
following:

() Ifu < —El,
(1.28) Ex(Ay) = C(N, v, u)N~/2eNOW (1 L o(N7Y),

where C(N, v, u) is a positive constant given in (3.23).
(2) If —E., <u <0,withu=—E[_ cosw, w € (0, 1)

1 c(N,v) eNO W )
a 29)IE KA = DN S N sy LY @)+ @)
' x (1+O0(N7Y),
where

1 . 1 3n
r(w):i(s1n2a)—2a)), ,o(co):—ir(a))—i—T—i—a(a)),

c(N,v) is given in (3.21) and f(w), a(w) are given in (3.22).
3) If u >0, we have Ex(A,) =Ex(A_,) for N even and Ex(A,) =2 —
Ex(A_y) for N odd.

Let us now describe in words the landscape picture emerging from Theorem 1.5.
Roughly speaking, Theorem 1.5 says that the mean Euler characteristic of A, is in
absolute value asymptotically equal to the total number of critical points at level
Nu if u < Ey. This picture is fairly intuitive and easy to explain in the bottom of the
landscape. As we increase the energy level u from negative infinity to —E7_, the
level set A, is “essentially” a union of disjoint simply connected neighborhoods of
local minima. Since these are exponentially large and dominate the total number
of critical points, the mean Euler characteristic is positive and of the same size.
As we cross the level —E_, local minima cease to dominate. The total number
of critical points and the Euler characteristic (in absolute value) is given by the
critical values of dominant divergent index. The landscape is then hard to visualize.
By increasing a tiny amount of energy it oscillates from a large positive to a large
negative Euler characteristic (and vice versa). This oscillation continues up to level
E’_. It would be of interest to find a simple and intuitive geometric reason for this
large oscillation. By symmetry above E/ we have “essentially” covered the whole
sphere minus an exponentially large number of disjoint simply connected sets.

The rest of the paper is organized as follows. In Section 2 we prove all Theo-
rems about the complexity function. Their proofs follow the same strategy of [2].
Namely, they will follow from an exact formula for the mean number of critical
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points of index k that translates the problem to a Random Matrix Theory question.
This formula is more involved than the pure case since in a mixture the Hessian
matrix gains an independent Gaussian component on the diagonal. This leads to
a different variational principle that we analyze. In Section 3 we prove the results
related to the Euler’s characteristic. In Sections 4 and 5 we explain our interest in
such functions, and we relate Hy to Hamiltionians of classical models in statistical
physics.

2. Complexity of critical points.

2.1. Main identity. In this section, we introduce the main identity that relates
the mean number of critical points of index k with the kth smallest eigenvalue
of the Gaussian orthogonal ensemble. This identity, given in Proposition 3, is the
analogous of Theorem 2.1 of [2] and it is the first step of the proofs of Theo-
rems 1.1, 1.2, 1.4 and Proposition 5.

We fix our notation for the Gaussian orthogonal ensemble (GOE). The GOE is
a probability measure on the space of real symmetric matrices. Namely, it is the
probability distribution of the N x N real symmetric random matrix M, whose
entries (M;;,i < j) are independent centered Gaussian random variables with vari-

ance
1468
2 _ t
2.1 EMij = W

We will denote by EgOE the expectation under the GOE ensemble of size N x N.
Let A(])V < A{V <. < )»%_1 be the ordered eigenvalues of M".

PROPOSITION 3.  The following identity holds forall N, v,k € {0, ..., N —1},
and for all open sets B C R:

E[CrtNJ((B)]
(22) =C(N,V'V"

N 20" v/y 2
<o o0l 3 (007" =5 (4 = gy )} ]
X/]; GOE[eXp{ D) ( k) Yy a2 \ 7k (2v")1/2 Y

Iy — 2N (vV'\N/2_V
where C(N,v',v") =2 v’me(v’) N
PROOF. Proof of Proposition 3 is a rewrite of the proof of Theorem 2.1 of [2]
with one subtle difference: the law of the Hessian in the mixed case gains an in-
dependent Gaussian component on its diagonal. In this proof, we use H to de-
note Hy.
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The hypothesis on v allows us to apply Rice’s formula, in the form of
Lemma 3.1 of [2]. It says that using do to denote the usual surface measure on

SNLHVN),
ECrty x(B)
(2.3) = /SN_WN)E[[detvzH(a)\l{H(a) € NB,i(V*H (o)) =k}
VH (0) =0]¢s(0)do,

where ¢4 is the density of the gradient vector of H.

Now, since H is invariant under rotations, to compute the above expectation
it is enough to study the joint distribution of (H, VH, V2H) at the north pole n.
We fix a orthogonal base for the tangent plane at the north pole, and we consider
V H (n), V2H (n) with respect to that base. Denoting subscript by a derivative ac-
cording to a orthonormal basis in 7, S N=1(/N) we have that

LEMMA 1. Foralll<i<j<N—1,
E[Hm)?]=N,  E[H®)H;m)]=E[H;(n)H;;(n)]=0,
E[H(n)Hij(n)] = —U/S,'j, E[H,‘ (n)Hj (Il)] = v/8,~j
and
1
E[Hij (n) Hy; (n)] = N[U//(Sikaﬂ +8i18 k) + (v” + v')&,-j&d].

Furthermore, under the conditional distribution P[-|H (n) = x] the random vari-
ables H;j(n) are Gaussian variables with

X
E[Hij(n)] = —Nl)/ai]’
and
1 7 2
E[H;j(m)H(n)] = N[U (14 68i)8ik8j1 + o"8; 8],

that is, ifMN_1 is distributed as a (N — 1) x (N — 1) GOE matrix

_ 12
E[V2H|H@)] < (Nleu”> MmNl
1 1,

+ ﬁ(az — ﬁv H(n))],

where Z is an independent standard Gaussian.
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The above lemma implies that (2.3) can be rewritten as

ECrty «(B)

N-1 172 1
= a)NE[E[ det((T2v”> MmN 4 N(«/ﬁaZ — v/H(n))I)’
J(N-1 " 12 N-1 4 /H(n) —
x 1{H(m) € NB}|H(n)]]
X ¢n(n)»

where wy, the volume of the sphere S N=1(/N) and ¢n(n) are given by
2.5) oy = (\/N)N_l 27 N/2 bu(n) = (2711/)_(N_1)/2

' (N/2)’ " ‘

Since we can assume « # 0 (the case o = 0, that is, the pure p-spin was treated
in [2]), we can rewrite the conditional expectation in (2.4) as

VN (ZU,,N—1><N—‘>/2

N
(2.6)m

x [ N PE|det (MY = X () ILI[MY T X (1] =K} dy,
B

VNV'y
Qv"(N—-1)1/2

ance 1> = 21},,"‘4;_1) Hence, we can apply Lemma 3.3 of [2] with G =R to get
that (2.6) is equal to

T(N/2)((N —1)/N)~N/2
12

N 20" v 2
N NA2 2 N Y
«Jymtesten 5 (047 =" =5 (4 - ma) ) o

Putting (2.4), (2.5) and (2.7) together, we end the proof of Proposition 3. [

where X (y) is a Gaussian random variable with mean m = and vari-

2.7)

2.2. Proof of Theorems 1.1, 1.2, 1.3 and 1.4.

2.2.1. Proving Theorem 1.1 and Proposition 1. In this subsection, we will
compute the logarithm asymptotics of the left-hand side of (2.2).
Let F:R? — R be given by

v+ ) 272/v" R )
_V//_|_v/_v/2 v//+v/_v/2 y_v”+v/—v’2 :

1
(28) F(hy)= 5(
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Note that F'(A, y) = —ay2 + byl — ¢)? for some constants a, b, ¢ > 0. Let

L (x) = f;\/ﬁ —2dz

2.9

= E(x x2 —2+log[2] — 2log[(x +/x% — 2)]).
For any k € N fixed, let

1 v//
~ log 7 + F(_\/Es l/l),

3 if —Ex <u,
(2.10) Ok v(u) =1 1
2

4

10g7 + F(Aflul,u) — (k + DI (|A[u]

).

Where U,— V2v'u

VI — 42 < )"z [u] < _\/5 is given by

O =0,  wn =2V

v — + l)/2
ux —
o2

" x2 =20k + D11 (|x]),

that is, A7[u] is a solution on (—oo, —\/5] of

VA 20" v — v 42 2
2.11) it = x{ul 4 (k+ Dy (2u))? =2 =0.

Our goal in this section is to prove that 6 , is the k-complexity function. When
k = 0 the formula for 6 ,, simplifies as follows.

PROPOSITION 4. Forall u € R,

1 v’ w2 +v") 4uv' v
log| — | — +
2 v 1)/_])/2_*_1)// l)/_])/2_*_1)//
2(—1)/+V/2+U//))
B 2 Vi ’
212) 6 - V=St
2.12) o) B <u.
1 , u*(v' —2) uv’
“log[v —1] - e—— = — [ ——————),
2 4v" = 1) V200 =1)
REMARK 4.

It is possible to recover all complexity functions of the pure case
by taking « to zero (i.e., recover the first results of [2]). In particular, if o =0,

E! = Ex, and we do not have the intermediate regions where the k-complexity
functions are equal for different k and nonconstant.

We postpone the proof of Proposition 4 to the end of this subsection since we
will need another characterization of 6 .
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PROOF OF THEOREM 1.1. To prove Theorem 1.1 it suffices to show that
Ok v (1) is the logarithm asymptotic limit of the left-hand side of (2.2).
First, note that we can rewrite (2.2) as

(2.13) CyEe V20X YW {yy € B),

where Yy is a Gaussian random variable of mean zero and variance N independent
of k,]cv , IE is the expectation with respect to GOE and Yy and

4

lim - log Cy = +log
im - logCy = ~log—
2
(2'14) N—oo N
AGhy) = FG >+y2—1()~2 M(A 0 >2>
yY) = » Y ) a2 QuvH1/2 ’

By the independence of Yy and )\,](V and Theorem A.1 of [2], the sequence of
random variables ()\,1(\’ , Yn) satisfies a large deviation principle of speed N and rate
function

2
x .
Ik()»,x)=[7+(k+1)11(|)»|), if A < —+/2,
oo, otherwise.

Therefore, in view of (2.13) and (2.14), we can apply Laplace—Varadhan lemma
(see, e.g., [8], Theorem 4.3.1 and Exercise 4.3.11) and get that

lim — log ECrty «(B)
N—o00

(2.15) . . .
v
= —[log — 4+  max {AZ - —z(v’x — \/21)”)»)2 —2I:(X, x)}].
2 V' xeBa<—v2 o
We will now analyze the above variational principle. We start with the case of
B = (—o00, u). We want to find

(2.16) max {—x2 +22—
xsu,)»f—«/i

1
— (v'x = V20"2)? —2(k + 1)11(|x|)}.
a
Case u > —E’_: If u > —E’_, then we maximize (2.16) in x first. The maxi-

mum is obtained at x = x; = v SV 2” A < u.Plugging x; back in (2.16), we get an
increasing function in A, since I 1 (|)\,|) is itself decreasing. Thus the maximum is
realized at

X =X, A:—\/E.

This together with (2.15) proves Theorem 1.1 in the case B = (—oo, u) with
—E <u
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V2u

Caseu < —E[:Inthe case u < —E[, x; < u if and only if A < % . Therefore

if x* maximizes (2.16), then

2 2
(2.17) x*:xx@xgﬂ and x*zu@ﬂfkf—ﬁ.
El. El,

If we plug in the correspondent values of x in each region, we note that in the

V2u

first case our function is again increasing in A. Furthermore, since at A = X =
o0
u, we are led to the following variational principle valid in both cases of (2.17):

1
max {—u2 +32 = — (Vu — V20"3) = 20k + 1)11(|A|)}
V2u/El <)<—2 o
2 / " / 2
20207 -~
_—(1+v—>u2+ max { v 21)”)\_1) vz—i—v A2
V2u/EL <) <—+/2 o o

okt 1)11(|x|)}

2
= —(1 + v—2>u2 + max Y(A) = max o).
o V2u/Ef\ <A<—V2 V2u/EL, <h<—v2
Note that W () is a parabola aA? + bA, a < 0 plus an increasing function. The
critical point of the parabola is given by

VA 2v"u
m > —\/E <— u>-E.
Therefore if u > —Eo,, W is an increasing function in A, so its maximum is at-
tained at A = —+/2. This proves the theorem in the region —Eo <u < —F o

If u < —Eq, equation (2.19) and the facts that W'(—+/2) < 0 and ¥ (A.) > 0
imply that the maximum is taken in the interior of the interval [A., —/2] at AZlul.
This completes the proof of the theorem in the case B = (—oo, u).

Now, it is easy to extend it to any open set B. Let u™* be the point that realizes
the sup {ueB) O .v(u). From the continuity and uniqueness of a local maxima of 6y ,,
it is clear that either u* = —E[_ or u* is in the boundary of B. Assume without
loss of generality that there exists an increasing sequence u, in B approaching u*.
Since B is open, there exist ¢, > 0 such that

E(CI"[N’]C(—OO, Up) — CrtN,k(_OO, Un — Sn)) = IECI"[N,k(un — &n,y Up)
< ECrty «(B)
< ECI“[NJ{(—OO, u*)

(2.19) Ae =

But since 6, is continuous and increasing for u < —E_, the above equation
implies

1
Ok v(uy) < lim — log ECrty x(B) < 6., (1*)
N—ooo N ’
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for all n, which proves Theorem 1.1 for any B open. [

It remains to prove Proposition 4. We first need the following miraculous
lemma.

LEMMA 2. Forallu < —E~,

d
WGO’V(M) = 0

PROOF. The proof relies on how we derived 6 ,, (#). When u < —E«, 6p,, (1)
is the maximum over A of the functional I" (that depends on v”) given in (2.18).
Its maximizer A*(u) is the smallest root of a second degree polynomial that can be
derived from (2.11). This second degree equation is given by A 4+ BA 4+ CA% =0
where

21/!21)/21)”

(v/ _ 1)/2 + U//)Z’

23 2uv' V(=1 4+ V) +v7)
- (\)/ — 2 + v//)2

2((—1+v)2% +v"?)
= (v/ _ U/2 + 1)”)2
Now the chain rule and the fact that A* () is a maximum imply that %90,,) (u)=0
if and only if 8‘3,/ (T'(A*(u))) = 0, and this holds if and only if (L TY(A* () =0.

A=2+

(2.20) B=

9

C

v
The last condition can be written as a second degree equation of the form
1 u(—=v' =" u? 237 2uv' V)
2\ (v — 12 +v")2 Y — 2 4 o (v —v2 )2
2uv’'A
2.21) v/2uv )
U//(v/ _ 1/2 + v//)
1 22 (= + 12 4722 1
+ 5 - v — 2 4y W — V2 U//)Z W =

Comparing the coefficients of (2.20) with (2.21) one sees that their ratios are con-
stantly equal to ﬁ. This immediately implies that they share the same roots. So

A*(u) indeed satisfies (ﬁ I (A*(u)) =0, and the lemma is proven. [J

PROOF OF PROPOSITION 4. From Lemma 2 we know that for u < —E, 6k,
does not depend on v”. By choosing v = v"> — v’ + ¢ and taking ¢ to zero we get
the desired result. Indeed, when ¢ goes to zero

uy’ —u(v' =2)

- F()* —
V2S00 =1’ (. u) ~ 4 — 1) O

A(u) —
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2.2.2. Proof of Theorem 1.2. We want to prove that there are no critical values
of index k of Hy above —N(E_, — ¢). The function 6y, is strictly decreasing on
(—EL,, 00). Using Theorem 1.1, we have

E[Crty i ((—Ex +&,00))] < exp{Nb(—E +¢) + o(N)}.

The constant — E_ is defined by 6y ,(—E)) = 0 for all k. Therefore, 6, (—Ej +
g) =c(k,v, &) <0. An application of Markov’s inequality as

P(By.i(e)) < E[Crty 1 (—Ex + &, 00)] < e NVetkve)

proves Theorem 1.2 for the event By (e). The proof for the event Ay i(¢) is
analogous.

2.2.3. Proof of Theorem 1.3. 'The proof of Theorem 1.3 follows the same steps
as the proof of Theorem 1.1. First by Lemma 3.5 of [2], for any ¢ > 0, there exists
a constant ¢ = c¢(y, €) > 0 such that

P(AY — 5| >€) < N,
Therefore if we use Proposition 3, (2.14) and the above statement we have that

for any ¢ > 0, § > 0 there exists constants ¢ = c(¢), d = d(¢) such that for N large
enough

ECrty x(B) < Cy /1; NPECEIDILN € (sy —e,5y + )} + VeV

<Cy / V/2Prctsy ey 1 PN gy 4 dN —eN?
B

< CNeN/Zsume(sV7s,sy+g>.yeB{F(k,y)}(1 +6) +edNe—cNZ_

On the other hand we have the lower bound
ECrty x(B) = Cn /B NRFCENAY € (s, — &,5, + )
> Cy / R L=
B

> CNeN/Zinf)LE(.nys,Sy+8){SupyeB{F()‘vy)}}(1 —9).

Taking % log on both bounds and taking & to zero afterward, we see that

1
—log ECrty (B) = sup{F (s, y)}.
N YEB
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2.2.4. Proof of Theorem 1.4. 'We now prove the asymptotic limit of the mean
number of critical points at some level of energy.

Since the total number of critical points is greater than the number of critical
points of index k(N) with k(N) satisfying (1.20) for y € [0, 1] we clearly have the
lower bound

1
(2.22) sup supfy, ,(u) < hm — log ECrty (B).
yel0,11ueB o N

For u < —E/_, taking y = 0 (i.e., considering the complexity of local minima)
we get the right-hand side of (1.23). For u € (—EL_, EL_) the supremum on y of

6y, (u) is attained at y € (0, 1) such that s, = *é/— Plugging this value back on

the left-hand side of (2.22), we get the right-hand 51de of (1.23). Last, for u > E o,
one just needs to take the complexity of local maxima. This is enough to prove a
lower bound.

To show a matching upper bound, we proceed as follows. A sum over k in
Proposition 3 gives us that

E[Crty (B)]

=2N 2( )N/Z/- EGOE/exp{NF(z y)}dyLy(dz),

V/

and Ly is the empirical spectral measure of the GOE matrix. The constant in front
the integral gives a constant term C,, after the % log limit. Furthermore,

fBEgOE/eXP{NF(Z’y)}dyLN(dZ)

(2.23) <N/ supexp{N F(z, y)}dy
B zeR

<N / e~ N/ =[P+ g
B

So if BN (—EL,, EL,) # @, this matches the right-hand side of (1.23). If B C
(—o0, —E._), then we can estimate (2.23) with

NLEQOE/exp{NF(AO,y)}.

Applying log, dividing by N and taking limits we get Theorem 1.4 from Theo-
rem 1.1.

3. Proof of Proposition 2 and Theorem 1.5. In this section we prove Propo-
sition 2 and Theorem 1.5.
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PROOF OF PROPOSITION 2. We start with the following identity:
N—1

Ex(Ay) =Y (—D*Crtx(A(w))
k=0

N-—1
=) (—DF
Y]

2
SN*,(W)EGdetV HN(G)’l{i(VzHN(a))zk}I{HN(U)SNM}|

VHy (o) =0)
X ¢vhy (0)do

= (2v'm) VIRV L))

1
V2 N
X Z/ ( 1) |detv2HN(U)|1{l(V2HN(G)) k) |HN(U)—X)

« e—(1/2N)x2 dx

N/2
:(2v’n)‘(N_”/2—2” / NWN=D/2
I'(N/2)
/ E(det V2Hy (0)| Hy (o) = Nx)e~ N/ gy
— (N 1)/22 (N=2)/2
X
I'(N/2)

E(det V2Hy (o) | Hy (o) = Nx)e~N/D+* gy

LEMMA 3. IfM" isa N x N GOE with variance ]EMIZJ- = l;;:,” , then for any
xeR

Edet(MY —xI) =2 VN~V 2(=1)Vhy(VNx),
where hy(x) is given in (1.25).

PROOF. The proof, a straight-forward linear algebra exercise, can be found as
Corollary 11.6.3in [1]. O

Now by Lemma 1,

Ex(Ag) = v--Dizp-w-2p N2 VN
C'(N/2) /27

(3.1) // (det[( 12v”>1/zM’V—1+(ay—v’x)1D

x e~ (N/2Dx e*(N/z)y2 dxdy.
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The double integral becomes

(N _ 121)”) (N=1)/2
N

- Ne1 -2
X / / IE(det[MN_1 + (—21}”) (ay — v’x)l])
—00 J —00 N
« e~ N2 4y dy,

which by Lemma 3 can be rewritten as

nN (N=1/2 o0 ru VNO'x —ay)
N VANWX —ay)
=D <2N> /oo/oohN_l( 2v” )

(3.2) ,
x e N2 qx dy.

Combining (3.1) and (3.2) we get Proposition 2. [
We will need the following lemma to prove Theorem 1.5:
LEMMA 4. Let a, b be constants such that a > 1/2 and b > 0. Set
I = [ g (VNxe
As N goes to infinity:
(1) If /2 < M, then Iy (M) = O (e~ N@M+bM+1L (M),

(2) 1f—«/§<M<«/§andifwesetM=\/§cosa)withs<a)<7r—e,then
In(M) is equal to

273/47.[71/267N(aM2+bM) . [(N
N34 2o (M) | (siney 72 "\ 2

(3.3)
x (1+O0(N7")).

(3) If M < —/2, then In(M) = LN~ V/2e=N*a-b:M) \ohere 3(a,b, M) is the
minimum of ax® +bx + Li(=x) in [M,—~/2] and L is a positive constant that
depends on a, b and M as in (3.19).

D\ sin20 — 20) + 2F - a(m
—Z)(sm w— a))—i—T—ka( )i|

A few comments before the proof of the above lemma. First, under the assump-
tion that @ > 1/2 and b > 0 the major contribution to the integral in part (2) comes
from a small neighborhood of M, instead of the minimum of ax? + bx. This is due
to rapid oscillations of ¢ _1 inside the “bulk” (—ﬁ, «/E). Second, in part (3), the
condition that the minimizer of ax? + bx + I;(—x) lies inside [M, —+/2] is similar
to the condition on (2.11). This will lead to the asymptotic Euler’s characteristic in
the region u < —E/_.
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The main tool to prove Lemma 4 is the following well-known formula for the
asymptotics of the Hermite functions, first proved by Plancherel-Rotach [11]. Let

x—ﬁ1/4+ PNV
x+2 x—21

LEMMA 5 (Plancherel-Rotach [11]). There exists 8o > O such that for any
0 < 8 < 8, the following asymptotics hold uniformly in each region:

(1) Ifx <—2-3,

hx)=

—NIi(—x)

on_1(VNx) = (DN E——hx) (1 + O(N 7).
42N
Q) If—vVI—5<x <—v2+58,
¢n-1(VNx)
- ((;]lv))}vl/_: { ;:g B N [ e
x (1+O0(N7")
x—l-\/_ 1/4)3 ~1/6

‘—n( x)

x Ai/[<37Nll(—x)>2/38(x)}(l + 0(N1))},

where Ai(x) is the Airy function of first kind, Ai(x) = % e COS(% +tx)dt, and
g‘ ,X F# —V2, e(=+/2) =0 and Ai'(x) is the derivative of Ai(x).

3) If—«/§+5<x<ﬁ—Sandifwesetx:ﬁcosa)withs<a)<71—8,
then

1/4
¢N—1(\/NX): 2 : 1 Sin((%_pi)(sinZa)—zw)—f—%[)

Tl/2ZN1/4 (sinw)!/?
x (1+0(N7Y)).
@) Ifx > V2+38,

e(x) = ==

—NIi(x)
dn—1(VNx) = ;h(x)(l +0(N7Y).
4w ~/2N

PROOF OF LEMMA 4. Part (1): We can use the uniform asymptotics given
by the exponential region (4) in Lemma 5. Precisely, by hypothesis, the function
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K(x):=ax?2+bx + I,(x) is increasing in [M, c0), and by Laplace’s method,
00 p=N(@x*+bx+11(x))

Mo JaxIN

e~ NKM)
— h(M)(1+ O(N7H).
N|K'(M)|\/47 2N

Part (2): Choose 8 < 8y such that —v/2 < M < +/2— 8. We eqnarray the integral
Iy (M) into three parts,
V2-8 V2+8
[+
M V2-5

We will show that the main contribution in this case comes from /;(M). As in
part (1), it is easy to see that

(3.5) 3= 0(e VKW,
1/4

In(M) = h(x)(14+ O(N71))dx

(3.4) IN(M):( +fﬁ+6> =0L(M)+ I+ I5.

Next since |x|'/4| Ai(x)| and |x|~!/#] Ai’(x)| are bounded functions on R, a change
of variables z = 11 (—x) when using part (2) of Lemma 5 immediately implies that
for any & > 0,

(3.6) L= 0(e_N(a(\/z—a)z‘i‘b(\/i—é))—‘,-g)'

Now we estimate [1(M). Using the uniform asymptotics of ¢_1 we need to
evaluate

1/4 _
2 / /ﬁ 8 efN(ax2+bx) 1
(3 - Tl/2N1/4 M (Sina))l/z

((N 1>(_2 2)+3n>d
X sin 571 sin2w — 2w 1 X.

Performing the change of variables x = +/2cosw, 0 < w < 7 the integral above
becomes (for some different § > 0)

V2

(M)

)
T e—N(Za cos2 w++/2b cos w)

(3.8)
N 1 3
X (sina))l/2 sin((z — Z)(sin 2w — 2w) + Tn) dw

for (M) = arccos(2'/2M). We now rewrite cos? w = W
tution 2w = z to obtain the integral

1 2728

E 2(M)

and use the substi-

e—N(a+a cos z+(b/«/§) cos(z/2))

o) s (3245
X | S1n — Sin —_— = = SInzg — —_— .
> p )R T YT )

(3.9)
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Last, we write

. N 1\ . 3
s1n<(3 - Z>(sz —2)+ T)

(3.10)
1 N Gsinz=2) ifi)  —i(N/2)(sinz—2) —ifi(2)
[e e e e ]
2i '
where f1(z) = —%(sinz —2)+ 3T”'
Therefore, we just need to evaluate the asymptotics of
2128 2128
(3.11) f e~ Vm@ j(2)dz, / e N"Dk(z) dz,
2u(M) 20(M)
where m and n are entire functions given by
(3.12) () =a+acosz+=cosZ — Lsinz —2)
. m(z) =a+ acos —cos = — =(sinz — 2),
Z z %2772 72—z
(3.13) (x) =a+acosz + —mcos S + L(sinz - 2)
. n(x) =a+acos —cos = + —(sing —
z N z—1z

and j(z) =sin($)1/2e19) k(z) =sin(3)!/2e =10,

We will change our contour of integration and apply Laplace’s integral in the
appropriate integrals. Notice that the steepest descent paths are given by the equa-
tions

Im(m (z)) =sinx (a sinhy + coshy) + ——sin * sinh y_X_ constant,
2 V22 2 2

Im(n (z)) = sinx(a sinhy — COShy> + i sin x sinh Y + *_ constant.
2 V22 2 2

The phase diagram for the steepest paths of m is described as follows. First all
lines x = 2k, k € N are steepest paths. Second, for every ¢ € (0, 2r) the steepest
path that passes through ¢ goes from 0 —ioco to 7 +ioo if b > 0 and from 7 —ico
to w + ioo if b = 0. The real part of m(z) is given by

1 b
Re(m(z)) = cosx(a coshy + 5 sinhy) +a+ ——=cos icoshy -2

V22 2
1 . b X y
Re(n(z)) = cosx(a coshy — 3 smhy) +a+ Ecos Ecoshy + 5

If we integrate m(z) between two points «, B € (0, 27w), we can deform our
contour to be equal to the two steepest paths that connect « and 8 to z =0 — ioo.
Precisely, we deform our contour into three pieces: we first follow the steepest
descent path from « to a point with imaginary part yp < 0, |yo| large. From there
we go along the straight line y = yg until we reach the steepest path that passes
through B, y,,, and then we integrate on this steepest path back to 8. We see that
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if we choose |yg| large enough, every point in the straight segment y = yg that we
cross has real part x sufficiently close to 0 so cosx > 0. This together witha > 1/2
implies that Re(m (z)) diverges to infinity as y goes to negative infinity. The trivial
bound

(3.14)

/ e N"@ () dz
Y

Yo

5/ e~ NRe(m() 4, sup | (2)]
¥

Y Z€Yy,

combined with the bounded length of yy, show that the contribution of this part
can be made as small as we want by choosing yq large enough.

In the two remaining paths the imaginary part of m is constant and therefore we
can apply Laplace’s method to get the asymptotic behavior. Since we assumed that
M < /2 the contribution at 27 — 28 is negligible compared to the one at 2¢(M).
Indeed, by formula (7.2.11) of [5],

2w —28
/ e N"@ () dz
20(M)
(3.15) NmQuM))+i (r—a(M))
8_ mi(Zt I7T—x o 2L M
Nim’'(2:(M))]

where o (M) is the angle of the steepest descent path of m at z = 2((M),
1 —acosz

2asinz + bsin(x/2) /fz)'

The above argument adapted to the function n implies

27 =28
/ eV (2) dz
21(M)

(3.16) a(M) =arctan<

(3.17) e~ Nn@UM)+i(r—a(M) (2, (M) 1
N|n'(2u(M))| (o)

Noting that for any x € (0, 27) |n’(x)| = |m’(x)|, we can combine (3.10), (3.15)
and (3.17) to recover that /1 (M) is asymptoticly equivalent to

/4 e~ N@M>+bM)

T V/ZNS/42im/ (2u(M))|(sinw) /2

(3.18)
. [(N 1\ . 3w 1
X sm|:<3 — Z)(sm2a) —2w) + o +a(M):|(1 +O(N7Y)).
This ends the proof of part (2) of lemma. The proof of part (3) follows from the
proof of part (2) and Laplace’s method as in part (1) applied to the integral

_ﬁ_g )
/ OB D oy 4y = O(e—NA(M,a,b)).
M
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In this case,

V2rh(M.(M, a, b))

(3.19) LM, b) = S M a.b) + b+ [ (-(M.a.5)

We leave the details to the reader. [J
We now turn to the proof of Theorem 1.5.

PROOF OF THEOREM 1.5. We can rewrite (1.27) as

v\ =D/2
Bx(an =0V () e
(3.20) X/ / d)N—l(\/N(v/x—OlY))
—00 J—00
X e_Nv’/(xz-Fyz)e(N/Z)(”/x_ay)z dxdy,

where

2—((N=1)/2y
321 N.v)=20"(IN = 11r) P e
(321) e(N.v) = 20" (IN = V) P

For the case o # 0, we can change variables z =v'x —ay, w =ax + v’y to get

1 1
/ /
x:(vz—i—ocw)(m), y:(l)w—OlZ)(m>,
and the above double integral becomes (using a? = v” + v’ — v'?)

! f / b1 (VN 2o NV D/ N2 g g
Vztaw =<V +v)u/2v"

v// + U/

So we have to evaluate the asymptotic behavior of the following integral:

J _ /OO ¢N_1( ,_NZ)eN(v/_v//)ZZ/(z(V//+U/))
—o0

L/a((v"+v")u/ (V20" —V'z) " o
X / e~ NV gy 7

—00
We write the outside integral [ dz as [+ [7° with

W +v"Nu
V2

M =
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The inside integral is just a Gaussian integral, and therefore after a straight-forward
computation, the problem amounts to computing the asymptotics of the two fol-
lowing one-dimensional integrals:

Jl _ /MOO ¢N_1 (\/Nz)e—N((U’2+V”—V/)/(Z(V”-FU,—UQ))ZZ— 2U”v/u/(v”+v’—v’2)z) dZ,

oo / 4 " !
I :/M by 1 (VNz)e N /02 g

as J = (Ji + L)1+ O(N~Y2))if Nisevenand J = (J; — J,)(1 + O(N~1/2))
if N is odd. Take u < 0. We use Lemma 4 in both cases. Note that by (1.8),
V24— 1 2v"V'u
ad=————>>—- and b=———"—->0.
2(‘)// + v = 1)’2) 2 v + V= U/Z

Now the condition M < —\/5 (M > —ﬁ) is exactly the condition u < —Eéo
(u > —E.). Applying the appropriate cases of Lemma 4 we see that the integral
J> is negligible compared to Ji. A comparison with (1.22) and (2.18) gives the
proof of part (1) and part (2) of the theorem with @ and b as above,

a(w) = arctan( I —acosw )
(3.22) B 2asinw + bsin(w/2)/+/2 ’
f() = (|m' Qw)|sin'? ») ™!
and
(3.23) C(N,v,u) = c(N,v)L(M,a,b),

v// + U/
where m is given in (3.12), ¢(N, v) in (3.21) and L(M, a, b) in (3.19).
If o = 0, then the integral with respect to y in (3.20) can be explicitly computed
and the mean Euler characteristic is a single integral of the form given in Lemma 4.
Applying part (1) and (2) of Lemma 4, we get Theorem 1.5 with

1 / 1
C(N,v,u) = h<(” e )”).
V2O (u) PAVISVE
Part (3) follows from symmetry of the Hamiltonian and (1.26). [

4. Connection to mean field spin glasses. In this section we discuss our main
motivation to study the problems addressed in this manuscript. The function Hy
is the Hamiltonian of a classical model in statistical physics, the mixed spherical
p-spin model [7]. The study of the landscape of these Hamiltonians is intimately
related to the study of the most important question in these systems, the N limit of
the Gibbs measure

1
Gy(o)= Z_NeﬂHN(a)'
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These mean-field models, as well as other spin glass models, are well-known to
be very challenging to analyze. It is believed (see [6] and the references therein)
that a subset of the spherical models that we study here share the same interesting
static and dynamical behavior as the famous Sherrington—Kirkpatrick model at low
temperature.

The understanding of the landscape of these Hamiltonians might prove use-
ful for the study of both static and dynamical questions of these models. First,
the structure derived from Theorem 1.1 and described below may shed a light on
the metastability of Langevin dynamics (in longer time scales than those studied
in [4]). Second, it may provide an insight (discussed below) in a possible predic-
tion for the structure of the Parisi measure, the functional order parameter of these
models.

The complexity of critical points 6 , (#) of finite index has two pieces for neg-
ative values of u: one “with a branching” for u € (—oo, —E[_), another with a
single curve, u € (—EL,,0); see Figure 1. This difference allows us to eqnarray
the models of Gaussian smooth functions on the sphere in two classes that we
describe now.

Let

" " / " / 72
@) G ) mleg s — LT~V V)

v/

1)”1)’2 =90,V(_EOO)'

DEFINITION 4.1. A mixture v is called a pure-like mixture if and only if
GO, v >0.If GO, v") <0, v is called a full mixture. When G(v',v") =0,
v is called critical.

EXAMPLE 1. One can easily verify that all pure p-spins, v(x) =x?, p >3
are pure-like while the spherical SK model, p = 2, is critical.

EXAMPLE 2. Consider the case
4.2) v(t) = ut* + (1 — pit?,

where p € [0, 1]. Then, if p > 3, then it is possible to show that there exists a
0 < pe(p) < 1 such that v is pure-like if and only if u < p.(p). pe(p) is given as
the unique zero in (0, 1) of

~(* =2p) (1 = WP = p) =3(P* = 2p)p + (p —2)°u?)
2((p* = p)(1 — ) +2u) (p + 21 — pp)?
+ llog[l +p- 271)}
2 p+2n—pu

see Figure 2. Remarkably, p = 3 in (4.2) is the only case where the mixture is a
pure-like mixture for all values of .




4240 A. AUFFINGER AND G. BEN AROUS

200 [-' e

150 - FULLMIXTURE

G, v") <0 PURE -LIKE
Gv',v") >0

i ~Eoy <-fi K 1

[ _EO,V = _fl

100 -

50 -

(V)= ;
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FIG. 2. Graph of v/ x V" . In blue, the level set G(v', V") =0, that is, the case where v is critical.
Dotted lines are the possible values of (v, V") for the mixtures 2 + 6,2 + 10 and 4 + 30. The gray
region is outside the domain of possible values for (v',v").

It follows directly from the definition of pure-like and (1.18) that:

PROPOSITION 5.  Ifv is a pure-like mixture, then the sequence Ey (v) is strictly
decreasing, and Ey(v) converges to EX, as k goes to infinity.

This proposition combined with Theorem 1.2 says if the mixture v is pure-like,
then the landscape of v at low levels of energy is similar to the pure case as in [2].
In particular, the same interesting layered structure for the lowest critical values
of the Hamiltonian Hy holds. Namely, the lowest critical values above the ground
state energy are (with an overwhelming probability) only local minima, this being
true up to the value —N E(v), and that in a layer above, (—N E{(v), —N E3(v)),
one finds only critical values with index 0 (local minima) or saddle points with
index 1, and above this layer one finds only critical values with index 0, 1 or 2, etc.

There is one curiosity about pure-like mixtures. Define

4.3) fii= inf {1(b+v/a+1(1og“+b>>}.

(a,b)€[0,00)2 | 2 b a

PROPOSITION 6. v is pure-like or critical if and only if fi = Eo(v).
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The curiosity is that f; can be interpreted as the zero-temperature limit of the
1-RSB Parisi functional in analogy to equation (5.11) in [2]. We refer the reader
to [13] or Section 5 of [2] for a definition of this terminology. This leads us to the
following question:

QUESTION 4.1. Is it true that a mixture is 1-RSB at low temperature if and
only if v is pure-like?

The question raised above is consistent with a picture proposed by physicists.
In [6], it is claimed that a 2 + p spherical spin glass model with p > 4, at low
temperature is either 1-RSB or its Parisi measure has an absolute continuous part
(a Full RSB or a 1-Full RSB) depending on how much weight is assigned to the 2-
spin model. The regions pure-like and full mixture seem to numerically agree and
to extend (since we do not need the 2 spin component) the one proposed by [6].

We end this section with the following statement about full-mixtures. We first
need the following result about the global minima of Hy which is also of indepen-
dent interest.

THEOREM 4.1. The following limit exists almost surely:

4.4 lim %min Hy(0) = — feo-

N—o00 o

The following is now a corollary of Proposition 6 and Theorem 1.1.

COROLLARY 4.1. Ifv is a full mixture, then for any u € (—Eo(v), — fx), the
probability of having a critical value below u goes to zero while the mean number
of local minima is exponentially large in N. Namely for such u there exist constants
0 < Cy < Cq such that for N sufficiently large,

(4.5) ECrty o(—00,u) > eN1 and P(Crty(—o0,u) > eNC1) <e N2,

5. Proofs from Section 4. In this section we prove Propositions 5, 6 and The-
orem 4.1. We start by proving Theorem 4.1. We will need to introduce some no-
tation and the lemma below. Let ¢* be a point on the sphere such that Hy (6*) =

ming Hy, and let d denote the geodesic distance on the sphere. For p, o, K > 0,
let

By,={0€ Sy—1(v/'N) :d(o,0%) < p}
and A; o x (), be the event

(5.1) Aco k(N = | sup |Hy (@) — Hy(0™)| < KN&®}.
ogc N,\/Ns
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LEMMA 6. Forany 0 <a < 1, there exist constants K, K| > 0 so that for all
&> 0and all N sufficiently large

(5.2) P(Ae.a.x (N)°) <2e K1V,
Note that this bound is independent of ¢.

PROOF. Clearly,
Ak (N) 2 Aa,K(N) = {||HN||O[ < KNl—Ol/z}’
where

|Hy (o) — Hy (o)
(5.3) | Hy o = sup —> o
0,0’ d(o,o’)”

Now consider the centered Gaussian process X, field on Sn—1(v/N) x
Sy_1(+/N) given by
Hy (o) — Hy(o")
(5.4) Xo(0,0) = d(o,0")®
0, otherwise.

: ifd(o,0') >0,

Since the Gaussian field Hy is C' almost surely, then

(5.5) P(Awk (N)) =P(sup| Xy (0, 0')| > KN'=/2).
0,0’

But now a simple computation yields for o # ¢,

EX2(0,0') = d(ai%[l — v(%(o, a/)ﬂ
2N
~ (/NO)=

where 6 is the angle between o, ¢’ in RV,

Therefore by the boundedness of v'(x) in [—1, 1] there exists a constant C in-
dependent of N such that [if « < 1/2 or « < 1—using the boundedness of v'(x)
and v"/(x)]

(5.7) sup EX2(a,0') <CN'™,

(0,0")

(5.6)
[1—v(cos)],

Now, by Borell’s inequality, (see pages 50 and 51 of [1], where we take u =
KN'=9/2 4, < CN'=@)forall 8,if N, K is large enough

]P’(suan(a,a/) - Klea/Z) < PENIT2 —K2NHIm2 ) CN )
0,0’
(5.8)
<67K2N/(4C).
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Taking K; = K?/4C in the last equation, using (5.5) and symmetry of X, the
lemma is proven. [J

PROOF OF THEOREM 4.1. Let GSy = % ming Hy (0). We will show the ex-
istence of a constant f, so that for any § > O there exists £(§) such that if N is
large enough,

(5.9 IP)(|GSN + foo| > 8) < P(Ag(,g),avK(N)c).

The proof of Theorem 4.1 will then follow from (5.9) and Borel-Cantelli’s lemma
since for all § > 0 by Lemma 6,

o0

(5.10) Y PGSy + foo| > 8) < 0.
N=I

We will prove (5.9) by showing that for any § > 0 if N is large enough
Aa,a,K(N) C{IGSN + fool <8}
On Ag 0,k (N),

e —BHy(0)
Zus )= [ eI o)

(5.11) o
> e—ﬁNGSN—K,BNS AN(B

N,\/ﬁs)'

Recall that A y (do) is the surface measure of Sy (+/N) normalized to be a prob-
ability measure. We trivially have the bound

(5.12) %log Zn.w(B) < —BGSy.

Combining (5.11) and (5.12) we then have on A 4 x (N),

1 1
—N—ﬂlogZN,v(ﬁ)—Ks“—I—N—IBlogAN(BN,WS)
(5.13) |
<GS ———logZy.,(B).
=GSy = Np 0g Znv(B)

Note that using spherical coordinates and the inequality %T_g <sinf for 6 < 7,
we have for ¢ < /2,

AN(By ywe) = </08 sinV 72 (¢) d¢) </07T sinV-2(¢) d¢)_1

<23)N—1 1
> (= -
A\ (N —1)

So on Ag o x (), for some constant C > 0,

(5.14)

1 1
(5.15) Y logZy,v(B) — Ke® +Ce <GSy < _N—,Blog ZNw(B).
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By Holder’s inequality the function %Elog Zn v(B) is convex in B, therefore
its limit that we denote by F(8) is also convex. The existence of this limit is
given by the famous Parisi formula [13], Theorem 1.1.

So F(B) is convex, positive and grows at most linearly. This easily implies that

.1 1
(5.16) lim — Foo(B) =sup — Fo(B) := foo €10, 00).
Therefore, for any §; > 0 one can take N large enough so that
 Fx(B)

5 —Ks“+C8—%§GSN§—FOOIB(ﬁ)+%.

By taking g large enough, part (a) of this theorem and by choosing ¢ sufficiently
small, (5.9) is proven. [

(5.17)

We now prove Propositions 5.

PROOF OF PROPOSITION 5. If v is pure-like, then 6 ,(—E~) > 0. Since
O .» (1) converges to negative infinity as u goes to negative infinity, Ex(v) are well
defined. Furthermore, as k goes to infinity, A} (u) converges to —/2 for any u <
—E, implying that 6y, (1) converges to F (—~/2, u) pointwise. Therefore, taking
u in a small neighborhood of EZ and using the fact that 6y, are increasing in
that neighborhood, we see that the zero of 6, has to converge to the zero of
F(—\/i, u). Namely Ey(v) converges to E:{O U

5.1. Proof of Proposition 6. We now provide a proof for Proposition 6. We
will need a collection of calculus exercises.

LEMMA 7. f| depends continuously on the first derivative v'.

REMARK 5. Note that while the k-complexity function depends on the first
two derivatives at 1 of the covariance function v, and f; depends only on the first
derivative v’ and Eo(v) = f] for any pure-like mixture.

PROOF. By solving for the critical points of (4.3), we can get an expression
for f1 in terms of v". Namely,

L/vy?—1 1 vy v —1
= -4 - —— 1 /2>__ ’
fi 2( vy y vyr—1 og(vy7) ) = yv’

where y = y(V') is given by the unique solution of

v/yZ -1 2 v/yZ -1 3
() v+ S = vtoa®). vt
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Ja

In other words, y = N where a is the unique solution of

— 12
(a ) =0, a>1.

aloglal] —a+1—

v/

This immediately implies the proof of Lemma 7. [J

PROPOSITION 7. A mixture v is critical if and only if

v = 4 v/2
(5.18) fi=Es=Egy=—
VA v

PROOF. [If v is critical, then y = s the unique solution of (5.1) with y >

V/
1
ok Indeed,

1)// (—U/ + v”)(—v/ + U/Z + 1)//) (_1 + v///v/)Z
o + 3 - / =
% % %
Plugging back the value of y in (5.1) we get fi. On the other hand, if f; =
U”—U’—FU’Z
o
tionis y = @ By the definition of y in (5.1) this immediately implies that v is
critical. And trivially, v critical is precisely the case where Eoc = Ep,,. U

1— 0.

, then one solves equation (5.1) in y to see that the only positive solu-

Now we analyze the case where v is critical or a full mixture, that is, the case
where G(v',v”) < 0. In this case, the zero of the complexity function can be ex-
plicitly computed and is given by

_EO,V = _E;_o’

where EX was defined in (1.13). Note that E , is a function of v’ and v".

PROPOSITION 8. IfG(V',v") <0, then

d . .
WEO’V - 0 l'f‘and Only l]c G(U/’ ])//) = O_
PROOF. Let
"

Calculating the derivative %Eo’v one gets
7
<v/2v//(v/ + v//) log[%} + (v// _ U/))
(5.19) X (1/3 +v"? - v'2(1 +3v") = 20"V A(V, V)
x (20" (v + v”)zA(v/, v”))_].
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Sufficiency comes from a simplification of the above formula. To get necessity we

solve a second degree equation on the variable M = log[‘:)—/,/] to see that this second
degree equation has a unique zero given by

1)/2 _ v/3 — 20" 4 1)/21)// + v//2

V/ZV//

This is precisely G(v/,v") =0. O
With the above propositions we now prove Proposition 6.

PROOF OF PROPOSITION 6. If v is critical, Proposition 6 is Proposition 7.
Now suppose that v is pure-like. By Lemma 7 and (2.10), both f1(v) := f; and
Eo(v) are independent of v”. Consider then another mixture w such that u' =’
and u satisfies G(u/, 1) = 0. Since G is continuous on its domain, we have

f1w) = fi(w) = Eo(n) = Eo(v).

On the other hand, if v is a full-mixture, Proposition 8 combined with Lemma 7
shows that f] # Ep(v). This ends the proof of Proposition 6. [
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