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COMPOSITE GENERALIZED LAGUERRE-LEGENDRE
SPECTRAL METHOD WITH DOMAIN DECOMPOSITION
AND ITS APPLICATION TO FOKKER-PLANCK EQUATION
IN AN INFINITE CHANNEL

BEN-YU GUO AND TIAN-JUN WANG

ABSTRACT. In this paper, we propose a composite generalized Laguerre-
Legendre spectral method for partial differential equations on two-dimensional
unbounded domains, which are not of standard types. Some approximation
results are established, which are the mixed generalized Laguerre-Legendre
approximations coupled with domain decomposition. These results play an
important role in the related spectral methods. As an important application,
the composite spectral scheme with domain decomposition is provided for the
Fokker-Planck equation in an infinite channel. The convergence of the pro-
posed scheme is proved. An efficient algorithm is described. Numerical results
show the spectral accuracy in the space of this approach and coincide well with
theoretical analysis. The approximation results and techniques developed in
this paper are applicable to many other problems on unbounded domains.
In particular, some quasi-orthogonal approximations are very appropriate for
solving PDEs, which behave like parabolic equations in some directions, and
behave like hyperbolic equations in other directions. They are also useful for
various spectral methods with domain decompositions, and numerical simula-
tions of exterior problems.

1. INTRODUCTION

The spectral method has developed rapidly in the past three decades. Its main
merit is its high accuracy. Along with extensive applications of Legendre and
Chebyshev spectral methods for bounded domains (cf. [1I, 2, 6 @, 11}, 12]), con-
siderable progress has been made recently in spectral methods for unbounded do-
mains. Among these methods, a direct and commonly used approach is based on
certain orthogonal approximations on infinite intervals, i.e., the Hermite and La-
guerre spectral methods ( see, e.g., [0l 10} 13| [16] 18], 23] 24] 28], [32]). Some authors
also developed composite Laguerre-Legendre spectral methods for the half line and
mixed Laguerre-Legendre spectral methods for an infinite strip; see [9) [15], 2], B1].
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130 B. GUO AND T. WANG

In this paper, we investigate the numerical method for the Fokker-Planck equa-
tion in an infinite channel, which was first introduced by Fokker and Planck to
describe the Brownian motion of particles, and has been used in a number of differ-
ent fields, such as solid-state physics, quantum optics, chemical physics, theoretical
biology and circuit theory; e.g., see [3,[27]. The theoretical analysis of this equation
can be found in [7] 26].

Let v be the velocity of the particles, R = {v | —o0o < v < 0o}, I = {z | |z| < 1}
and Q@ = I x R with the boundary I' = {(z,v) | |#| = 1}. Moreover, Iy =
{(z,v) |z =—-1,v>00rz=1,v<0}and 'y =T —T';. For fixedness, we focus
on Kramers’ model with the distribution function in position and velocity space,
describing the Brownian motion of particles in an external field with quadratic
potential. We also assume that the wall is absorbing. More precisely, the probability
of current at x = —1 vanishes for the particles leaving the wall into the domain,
i.e., for the particles with positive velocity. Similarly, we have the absorbing wall
at x = 1, for the particles with negative velocity. We denote by W(z,v,t) the
probability density. The positive constants k,T,m are the Boltzmann’s constant,
the absolute temperature, and the mass of particles, respectively. Let yu = % and
By 1> 0 be the particle relaxation time. v > 0 is the constant in the potential of
the external field. For simplicity, we denote %—Z}V by 9,W, etc. Then the considered
problem is of the form
(1.1)

WW (z,v,t) + 00, W (x,v,t) — BoOy (VW (x,v,1))

+y20, W (2,0, t) — Bopd?W (x,v,t) = 0, (z,v) €, 0<t<T,
W(z,v,t) =0, (z,v)on Ty, 0 <t < T,
W(z,v,t) — 0, [v]| =00, 0<t<T,
W(z,v,0) = Wy(x,v), (z,v) € Q.

Some numerical algorithms were proposed for solving (1.1). For instance,
Cartling [4] provided finite difference schemes, and Moore and Flaherty [25] consid-
ered the Galerkin method. In actual computations, we often imposed an artificial
boundary and certain artificial boundary condition, which induces additional nu-
merical errors. So it seems reasonable to solve the Fokker-Planck equation directly.

An interesting and challenging problem is how to use the spectral method for var-
ious important partial differential equations of non-standard types on unbounded
domains, such as (1.1). Tang, Mckee and Reeks [29] used the Hermite spectral
method for a simplified one-dimensional model which is a standard parabolic equa-
tion. Recently, Fok, Guo and Tang [§] proposed the Hermite spectral-finite dif-
ference scheme for (1.1). However, the finite difference approximation in the z-
direction seriously limits the numerical accuracy.

The difficulties of dealing with (1.1) numerically are caused by several facts.
Firstly, this problem behaves like a parabolic equation in the v-direction, and be-
haves like a hyperbolic equation in the z-direction. Thereby, we could not design
the spectral schemes and analyze the numerical errors in the usual way. Next, this
equation looks like different kinds of hyperbolic equations in the z-directions, for
v > 0 and v < 0, respectively. Consequently, the solution satisfies different kinds
of boundary conditions on different subdomains. Therefore, we have to use domain
decomposition and different approximations on different unbounded subdomains.
Finally, the terms 02W (z,v,t) and 9, W (z,v,t) in (1.1) possess the coefficients 1
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COMPOSITE GENERALIZED LAGUERRE-LEGENDRE SPECTRAL METHOD 131

and v varying from —oo to co. This matter also brings some difficulties in actual
computation and numerical analysis.

To remedy the deficiencies as discussed before, we develop in this paper the com-
posite generalized Laguerre-Legendre spectral method. We establish some results
on the composite approximations, which are the mixed approximations by using
generalized Laguerre functions and Legendre polynomials, coupled with domain
decomposition. By suitably adjusting the parameters involved in the Laguerre
functions, we design reasonable spectral schemes with exactly the same weight
functions as in the underlying problems, and fit the asymptotic behaviors of exact
solutions properly. In particular, the results on certain quasi-orthogonal approxima-
tions play an important role in spectral methods for PDEs on unbounded domains,
which behave like parabolic equations in some directions and behave like hyper-
bolic equations in other directions. They are also appropriate for various spectral
methods with domain decomposition. As an important application, we propose the
composite spectral scheme for (1.1), with the convergence analysis. An efficient
algorithm is provided. The numerical results demonstrate its spectral accuracy
in space and coincide well with theoretical analysis. The approximation results
and techniques developed in this paper are applicable to many other problems of
non-standard types on unbounded domains, as well as exterior problems.

This paper is organized as follows. In the next section, we build up some precise
results on the composite generalized Laguerre-Legendre approximations. In section
3, we design the composite spectral method for (1.1) and prove its convergence.
We also describe the implementation of the proposed method and present some
numerical results. The final section is for concluding remarks.

2. COMPOSITE GENERALIZED LAGUERRE-LEGENDRE APPROXIMATIONS

In this section, we establish the basic results on the composite generalized
Laguerre-Legendre approximations.

1. Generalized Laguerre approximations. We first recall the generalized La-
guerre approximation. Let Ay = {v | 0 < v < oo} and x(v) be a certain weight
function. For any integer r > 0,

H} (A1) = {u | u is measurable on Ay and [[ul[, A, < oo},
equipped with the following inner product, semi-norm and norm:

(4 W)rxny = Z v)dw(v)x(v)dv,

0<k<r
1
o, Ay = / @u()>x(@)dv,  [[ullrens = (W, .
1

In particular, H(A;) = L2 (A1), with the inner product (u,w)y, o, and the norm
l|u|ly, A, We omit the subscript x in the notation when x(v) = 1.

Let w ,B( v) = v P a > —1,8 > 0 be the generalized Laguerre weight func-
tion. The generalized Laguerre polynomial of degree [ is defined by

£l(a’ﬁ) (v) = v_aeﬁva,lj (UH"Xe_B”).

I
The set of El(a’ﬁ) (v) is a complete L, (Ay)-orthogonal system.
a,B
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132 B. GUO AND T. WANG

For any integer N > 0, Pn (A1) stands for the set of all polynomials of degree at
most N. The orthogonal projection Py q g4, : Lil 3(A1) — Pn(Ay) is defined
a,f
by
(2.1) (PNapa = @)y a, =0, V¢ ePy(A)

If Oju e L2, B(Al) and integers 0 < s < r, then (cf. [22])
a+r,

22) 0 (Prasau -, 4 < BN T 10ulls, 4,
Hereafter, ¢ denotes a generic positive constant independent of M, N, and any
function.

To design a proper spectral method for the Fokker-Planck equation and many
other problems, we shall use the orthogonal system of generalized Laguerre func-
tions, defined by

(2.3) £ () = e300 LD (), 1=0,1,2,....
The set of Efa’g) (v) is a complete L2, (A1)-orthogonal system.

Next, let Qn (A1) = {e=2Pv) | 1 € Py(A1)}. The orthogonal projection
Pnoapna, @ L2a(A1) — Oy g(A1) is defined by

(PN.ap.a 1= U d)oon, =0, V¢ € Qup(As).
Since Py a.g.a,u = €~ 29" Py o g.a, (€2P7u), we know from (2.2) that if u € L2. (A;),
ar(e2fvu) e L2, (A1) and 7 > 0 is an integer, then

r4+ao,B

(2:4) 1PN, — tllpe a, < c(BN) 72|05 (e270u)

||wé+ryﬁ,A1~

Remark 2.1. If uw € H],, (A1), then the norm ||or (e2Pv) is finite.

||w,},+aﬁ,A1

For parabolic equations and differential equations which behave like parabolic
equations in the v-direction, we may approximate the initial state by using the
above projection. But for spectral methods coupled with domain decompositions,
we have to match the functions on the common boundaries of adjacent subdomains.
To do this, we introduce the spaces

F(Ay) = L*(Ay) N {u | there exists a finite trace of u at v = 0},
o0F (A1) ={u| ue F(Ay) and u(0) = 0},
09Qn.5(A1) = {0 | ¢ € Qn 5(A1) and ¢(0) = 0}.

The set F(A;) is meaningful. For instance, if u € L?(A;) and u is continuous near
the point v = 0, then w € F(A1). The orthogonal projection ¢ Py g, : 0F (A1) —
09n (A1) is defined by

(OPN,ﬁ,/hu - u, ¢)A1 = 07 v (b € OQN,,B(Al)‘

For any u € F(Ay), we set @(v) = u(v) — u(0)e"2% and introduce the quasi-
orthogonal projection

Py g a,u(v) = 0Py p.a, @(v) +u(0)e” 27,
We now estimate H*pNﬂJMU — ul|a, . Firstly, by the projection theorem,

o Py ,ga @ — lla, < |6 —illa,, Vo € 0Qn,s(A1).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



COMPOSITE GENERALIZED LAGUERRE-LEGENDRE SPECTRAL METHOD 133

We take
p(v) = e_%ﬁ”/ Pr_1,0,6.0,0¢(e2760(€))dE € 9 Qn 5(A1).
0

Like the derivation of (3.3) of [15], we can use integration by parts to show that for
any w € 0.7:(A1) N Hl(Al),

18uwll3, + iﬂ2||w|\?\1 = [19u (e w)]2,
Let w(v) = ¢(v) — @(v). Then, along with (2.2), a direct calculation yields that
16— lla, < B IPr-1,05.0,00(€370) — By (e370) |3 a,
< BN (BN) T30 (2 0) s s

(.4)0 ﬁ’

whence
lloPng,a,@ — alla, < cB7HBN)"E||O5H (2P0 w)llwr ,a,-

It can be checked that Py ga,u —u = Py g, @ — @ Therefore, we derive that
for integer r > 0,

|1+ Pr,g.at — ulla, = [loPn,g,a, @ — i,
(2.5) < cBHBN)EO T (e )l a,

= BN BN) 2|0 (2P )l -

Remark 2.2. For dealing with the boundary condition at v = 0, we used the pro-
jection 0Py .3,A, to define and analyze the projection .Pn .3,A;, instead of the usual
projection oPn g a,. In fact, oPnga, is an orthogonal projection defined on Ay,
with the weight function e=#v. However, the underlying problem (1.1) is not well-
posed in the Sobolev space with such a weight function. Thus, we used the projec-
tion OPN .a.,3,A, to define PN 3,A, on Aq, and we introduce the projection PN .8, My
on A, similarly, in the next part. They are orthogonal projections with the same
weight function as in (1.1), and so are the most appropriate for its numerical sim-
ulation. On the other hand, we may approximate the initial value Wy € L”2 +1(Q)
of (1.1) by a combination of such projections. But for smooth Wy, we can also use
a combination of orthogonal projections in a certain weighted H!()-norm.

In the numerical analysis of spectral methods, we need some orthogonal pro-
jections in H'-norms, which correspond to the considered differential equations.
If the powers of v appearing in the coeflicients of derivatives of higher orders are
not smaller than those of derivatives of lower orders, then it is easier to estimate
the errors of the related approximations. But in the Fokker-Planck equation, there
exist the terms —Boud?W (x,v,t), —BovdyW (z,v,t) and so on. Thereby, we are
forced to study certain unusual approximations. To do this, we set

(AM)={wu|ue L (A ) and dyu € Lil(Al)},

X1 o (A1) and u(0) = 0}.

Let ¢Pn(A1) = {u | w € Py(A1) and w(0) = 0} and &5(v) = (v* 4+ 1)e 7. We
introduce the auxiliary orthogonal projection OPJ{I;B;AI : OHul;éﬁ,g}, (A1) = oPn (A1),
defined by

(Ou(0PN g a1 — 1), DuP)uy a0 + (0Pr g a,u— U, P)ern, =0, Vo € oPn(A1).

X17X0

oH

X17X0( ) {u | ue
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134 B. GUO AND T. WANG

It is noted that in the above definition, the power of v involved in the weight
function for the function is even greater than that for its derivative!

For any u € H117v2+1(A1), we set @(v) = u(v) — u(0)e” 2. Obviously, @ €
0H11’v2 +1(A1)' The quasi-orthogonal projection, which plays an important role in
the forthcoming analysis, is defined by

Pl g au=e (0P 5 4 (€37°@) + u(0) € O 5(A1).

In order to derive approximation results, we recall the following fact (cf. Lemma
2.2 of [22]).

Proposition 2.1. Ifwe H!, (A1), w(0) =0 and oo < 1, then
a,B

oll2, |, < casllduwls |,

4 4-2
where cq.3 = 7 for ae < 0 and cop = Wfa) for 0 < o < 1. Moreover, for
weH (A)NL2,  (Ar) and a>1,
a,B a=2,8
2(3a—2) do(a—1)
2 2 2
||w|‘w;:B,A1 < 62(04 . 1) ||aﬂw||wéﬁ71\l + ﬂg ||w|‘w;721ﬁ7A1'

Lemma 2.1. If u € H{ » (A1), orti(ezfvy) e L2, (A1) and r > 1 is an
’ r+1,8

integer, then
Hav(PJ{f,,B,Alu —u)|a, + ||P1{r,3,A1U —ullo241, A,
2|0 (e2Pvw)

<c(B+872)(BN) >

Proof. The proof is divided into four steps.
We first consider the auxiliary orthogonal projection PI{,*ﬁ A H .

@3,5:90,5
Pn (A1), defined by
(Ou(Pys0,w = w), 000)us a, + (PNjpa,w —w,d)us a, =0, Vo € Py(Ay).
According to Theorem 2.2 of [22],

||w71.+1ﬁ,A1~

(Ay) —

1, 1,
Hav(PN,*ﬁ,Alw — u})||wéﬁ,A1 + \|PN7}7A1w — w||w5,5,A1
1-r
< c(BN) = HaszwiHﬁ,Al'

Next, by the projection theorem, for any w € (H®, (A1),
0,

1
888

100 (6P 5.0, = )l .20 + 0P g0, = 0l o,
< 11006 = w)llug pn, + 16 = wlZy ., ¥ 6 € oPr(Aa).

We now estimate the upper-bound of the right side of the above inequality. We

take )
60) = [ PN 0, (Gcul€)de € 0P ().
0
By (2.6),
_ 1,*
- 10006 = wllay 0, = 1PV 0, Out) = Oy,

i-r T
< c(BN) = [0 wl],

1 .
r1,0001
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COMPOSITE GENERALIZED LAGUERRE-LEGENDRE SPECTRAL METHOD 135

Moreover, by using (2.6), (2.7) and the second result of Proposition 2.1, we deduce
that
(2.8)

180(6 = w)lluy 0, <

16266 = w)lluy , 4, +100(6 = 0)llup a1
0u(PY 1 5op, (000) = Bty s +1Ou(d— )l )

1—
(BN) ™
On the other hand, by virtue of (2.7) and the first result of Proposition 2.1, we
obtain that

2 c

29) 11— wllg a0 < 510,06 = 0l o, < 5(5V)
Furthermore, thanks to (2.8), (2.9) and the second result of Proposition 2.1, we
verify that

o @le @le

< T‘|a;+1w||w71~+1ﬁ"/\1.

1—

—
oyl

Al'

c
16 = wllag i < 50100 = wllay i, + 110~ wlly, 0,)
C 1—r
< g (BN) 105 wllwr,, -

A combination of the above estimate with (2.7) and (2.9) gives that

|‘av(0P1{r,3,A1w - w)”wgwm +H0P]{f,ﬁ,A1w - wﬂgé,/\l
<L+ B)BN) T ol
Now, we are in a position of deriving the desired result. A direct calculation
shows that

(2.10)

Phogau—u=e 2P, (e270) — e27q).
This fact along with (2.10) leads to

= 1 ~ 1 ~
1PN g0, 0 = tlloz1,a, = lloPy g4, (€2770) — €27 |1 4,
1—r

< c(1+B72)(BN) 2 |05 (e27v )|

1—7r

= c(1+B7)(BN) = |95 (2 w)|u -

Wiy,

Clearly,
1
av(PIY’B’Alu ~ U) 1 1 1 = 1 1
— 300, (PY g a, (3970) — e3P00) — LBe=300(oPY 4 4 (P0E) — eV,
Accordingly, using (2.10) again gives that
= 18y~ 15y~
10u(Py 5.8, u = wlla; < 100(0Pn pa, (€270) — e270) |y,
= 13~ 18~
+ BlloPy ga, (277) — Wﬁquwgﬁ,Al
. 1—r 1
< (B4 52BN T AWl e
This ends the proof. Il

Remark 2.3. In many problems, the powers of v appearing in the coefficients of
derivatives of higher orders are not smaller than those of derivatives of lower orders.
For instance, we consider the following Black-Sholes-like equation:

W — 0,(V2O,W)+W = f, 0<v < oo,
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136 B. GUO AND T. WANG

with the homogeneous boundary condition at v = 0,00. Let M = {u | u,vd,u €
L?(0,00)}. Then the weak formulation of the above problem is to find W € M such
that

/ 3thdv—|—/ vzavwavudv—l—/ Wudvz/ fudv, Yue M.
0 0 0 0

Let My be a certain N-dimensional subspace of M. The corresponding spectral
method is to seek wy € My such that

/ athqsvar/ v28UwN8U¢dv+/ wN¢du=/ fodv, Yo € My.
0 0 0 0

In numerical analysis, we need the orthogonal projection Py, : M — My such that

/ 020, (Piu — 1) 0y pdv + / (PRyu—u)pdv =0, VYoe My.
0 0

For deriving the approximation error, we can use a Poincaré-type inequality, i.e.,
the Hardy-type inequality:

/ w?dv < c/ v (Oyu)dv.
0 0

But it does not work in some PDEs, such as the Fokker-Planck equation. Thereby,
we are forced to consider the unusual approximations as in the last paragraph.
We now consider some approximations on the interval Ay = (—o0,0). The space

H}(A2) is defined as usual, with the inner product (u,w)yy,a,, the semi-norm
|tlry.a, and the norm |uly a,, especially, HY(Ay) = L3(Az), with the inner
product (u,w)y,a, and the norm ||u||y,a,-

Let Oy g(A2) = {6%5”’(/J | ¥ € Pn(A2)}. The orthogonal projection PN7a,B,A2 :
?7U)Q(A2) — Qn 3(A2) is defined by

(PN o Ast — Uy §) (—v)epy = 0, V¢ € Qnp(A2).

Let w2 5(v) = wh 5(—v) = (—v)¥eP?. We can prove as in the derivation of (2.4)
that for any integer r > 0,

(2.11) 1PN 05,000 = ull(—0yo,n; < (BN) 2
We set
F(Ag) = L*(A2) N {u | there exists a finite trace of u at v = 0},
OF(Ag) = {u | u € F(A2) and u(0) = 0},
“Qn.p(A2) = {2 | & € Qn,p(As) and $(0) = 0}.
The orthogonal projection * Py 5.4, : °F(As) — °Qn 5(A2) is defined by
Py pasti—u,¢)a, =0, V¢ e Qng(As).

For any u € F(Ay), we set @(v) = u(v) — u(0)e2??, and introduce the following
quasi-orthogonal projection:

L

(e 27w

||wi+rﬁ,A2~

Py g ayu(v) =Py g, ii(v) + u(0)e2?”
Like (2.5), if u € F(A2), 8g(eféﬁvu) € Li?ﬁ(AZ) and r > 0 is an integer, then

~ — _r 1
(2.12) 1P past —ullay < cB7HBN) 2|05 (e 2 u) |z | A,
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COMPOSITE GENERALIZED LAGUERRE-LEGENDRE SPECTRAL METHOD 137

Furthermore, let
H}CI’XO(AQ) ={ulue Lio(Ag) and Oyu € Lil(Ag)},
YHl (A ={uluc H>1<1,><0(A2) and u(0) = 0}.

X1,X0
Moreover, “Py(Az) = {¢ | ¢ € Pn(A3) and u(0) = 0} and fg(v) = (v2+1)ev. We
introduce the auxiliary orthogonal projection P BA, OH!, 2 (A2) — Py (Az),
B 25
defined by

(3@(0151{[,5,/\2“ - U)7 8v¢)w§ﬁ,A2 + (OPJ{I,B,Azu - u, ¢)§5,A2 =0, Vo € OPN(A2)-

For any u € Hll’y (Ay), we set @(v) = u(v) — u(0)e2??. Obviously, we have @ €

2+1
°H 11)7)2 +1(A2). The quasi-orthogonal projection, which also plays an important role

in the analysis, is defined by
1 = 1
Py pagu=e2" Py 5, (€727 u) € Qn 5(Aa).

Following the same line as in the proof of Lemma 2.1, we verify that if u €
1 . .
Hi oy (N2), Oy (e 20vy) € LZ%+1,B(A2) and r > 1 is an integer, then
||8U(P]{f,ﬁ,A2u —u)l|a, +HPJ{7,,B,AQU —ully241, A,
0 (e 2 0)

<c(B+B72)(BN)=

2.2. Legendre approximations. We now turn to the Legendre approximation.

For an integer r > 0, we define the space H"(I) and its norm ||ul|,; as usual. We

denote the inner product and norm of L?(I) by (u,w); and ||u||7, respectively.
The Legendre polynomial of degree m is defined by

(2.13)

||wz+115,/\2'

Lin() = S Lo (1 - o)™,
The set of Legendre polynomials is a complete L?(I)-orthogonal system.
Now, let M be any positive integer. Pys(I) stands for the set of all polynomials
of degree at most M. The orthogonal projection Py r: L?(I) — Pas(I) is defined

by

(PM,IU_U7¢)I:07 V¢GPM(I)
If (1 —22)29%u € L?(I) and > 0 is an integer, then (cf. page 389 of [14])
(2.14) |Parsu—ul|p < eM77||(1 - 22)20%ul|r.

With the aid of (2.14) and an argument as in [0, [I2], we can improve the existing
estimate for ||0,(Parru — u)||;. In other words, if d,u € L*(I), (1 — :c2)%la;u €
L2(I) and r > 1 is an integer, then

(2.15) 102 (Pag,ru— )| < eM37||(1 = 22)" Oul.

Next, let P, (I) = { ¢ | ¢ € Pyu(I) and ¢(—1) = ¢(1) = 0}. The orthogonal
projection Py;% : H3(I) — PY;(I) is defined by

(O (Pyoru — ), 0000)1 = 0, Vo € PY(I).

According to Theorem 3.4 of [19], we know that if d3u € L2(I), (1 — %)= 8"u €
L2(I), u(—=1) = u(1) = 0, and r > 1 is an integer, then

(216)  [|93(Pyou — w)||r < eMT(|(1 — 2%) " djull, s=0,1,
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For the spectral method of hyperbolic equations, we have to consider a specific
projection. To do this, let

oF(I) = L*(I) N {u | there exists a finite trace of u at x = —1, and u(—1) = 0},
oPu(l) ={ ¢ |¢ € Pu(I) and ¢(—1) = 0}.

The orthogonal projection ¢Pas,r : 0F(I) — oPar(I) is defined by

(oPnr,ru—u,¢)r =0, Vo € oPu(I).

Lemma 2.2. Ifu € oF(I), (1—22)"2 8%u € L2(I) and r > 1 is an integer, then
lloPar.su—ullr < eM |1 — 2?)"% 9jul|1.

Proof. By the projection theorem,

(2.17) lloPar.ru —ullr < [l¢ —ullr, Vo € oPu(I).

We follow the same line as in [I5] to take

d(x) = /x Prr—1,10:u(§)dE € oPar(1).

-1
Due to the definition of Py r, we have that

(218) ¢(1) = /IPM,L](‘?Eu(g)dg = /Iagu(f)df = u(l)
Furthermore, let
oa) =o(@) ~ule),  Glo)= [ gl

By integrating by parts, and using (2.14) and (2.18), we deduce that

= —(0:(¢ —u),G)r = —(Pr—1,10,u — Opu, G — Pry—11G) 1

< eM7||(1 - 22) 7 9|1 ]]8:G1
< eM7T|(1—2) 2 ullr]|é — ullr.
Then the desired result follows from the above and (2.17) immediately. O

In order to obtain a better error estimate, we need other special projections.
Let oH'(I) = HY(I) N oF(I). For any u € oHY(I), we set a(z) = u(z) —
2(z + 1)u(1). Clearly, @ € H}(I). Then, we define the quasi-orthogonal projec-
tion o Py, ;s oH'(I) — oPar(I) as

o Pl ru(@) = P () + 5o+ Du(1).
Since o Py, ju(z) — u(z) = ]%4[“( ) — @(x), we use (2.16) to derive that if u €
F(I),05u € L2(I), (1 —a2)"= 0u € L2(I) and r > 2 is an integer, then
103 (0Pis.ru = w)llr = 195 (Paityi = @)l |r < eM*"|(1 =) %" Ol
=cM*"||(1 - 2?) 51a;u\|,, s=0,1

If r = 1, then by using the trace theorem and the Poincaré inequality, we derive
that ||0.4||r < [|0zullr + |u(1)] < ¢||0zu|lr. Thereby, the estimate (2.19) is also
valid for r > 1.

(2.19)
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Remark 2.4. We may consider the generalized Jacobi orthogonal approximation
Py 1 as in [17], by taking the polynomials (z + 1)J(0 1)( ), 1 <m < M, as the base
functions. These polynomials are mutually orthogonal associated with the weight
function (1 + 2)~!. In this case, for any integers 0 < u < r,

/(1 = 2)"(1+ )" (0% (Parru(z) — u(x))) dx

I

< M / (1—2)" (1 4+ 2)" (O u())2da.

I

But in this paper, we need to estimate the H!(I)-norm of the difference between
u(x) and its orthogonal projection. Therefore, we cannot use the above result with
© =1, by which we could not measure the approximation error precisely as z — 1.
This is the reason why we derived the upper-bound of ||8, (o Py, ;u — u)l|1.

In this work, we shall use other kinds of approximations. Let

OF(I) = L*(I) N {u | there exists a finite trace of u at = 1, and u(1) = 0},
"Pu(I) = {¢ |¢ € Par(I) and ¢(1) = 0}.
The orthogonal projection *Pyy 1 : °F(I) — Py (I) is defined by
(°Paru—u, )1 =0, Vo € “Pu(I).
If u e F(I), (1—2%) "z Ou € L*(I) and r > 1 is an integer, then
(2.20) 1°Par,ru — ull; < eM77||(1 —2) = d%ull;.

On the other hand, let °H*(I) = H*(I)N°F(I). For any u € "H!(I), we set @i(z) =
u(z) — 3(1 — 2)u(—1) € HJ(I). Then, we define the quasi-orthogonal projection
0Py PHN(I) — "Pu (1) as

. 1
"Ply ule) = Pifa@) + 5(1 - a)u(-1).

By an argument similar to the derivation of (2.19), we observe that if u € °F(I), 9%u
€ LX(I), (1 — 2= d%u € L*(I) and r > 1 is an integer, then

(2.21) 10;CPgru = w)llr < eM*7(|(1 = 2%) "% Ojullr, s=0,1.

2.3. Mixed generalized Laguerre-Legendre approximations. We now inves-
tigate the mixed generalized Laguerre-Legendre approximations. Let Q; = I x Ay
and x(z,v) be a certain weight function. We define the space Li(fh) as usual, with
the following inner product and norm:

b, = [ [ oo odeds, e, = (00,
1951

We omit the subscript x in the notation when x(z,v) = 1.

NOW7 let 0«7:1)0‘ (Ql) = L%a (Al,of(l)) and OVM,N,ﬂ(Ql) = OPM(I) ® QN’ﬁ(Al).
The orthogonal projection Py n.a.8.0,% = (PN.a.3.A, -0Par.r)u. In order to estimate
[|Pr.Noag.0, 4 — Ul|ve o,, we use the following notation with integers ¢,r > 0:

r 'r e a1
K o0 = [l dos [ omll =0 ol
1
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Theorem 2.1. For any u € ¢Fya (1) and integers q,v > 0,

(2.22) 1Pt N 8,00t = ul[fe g, < (M2 + (BN)"ALL o, (W),

provided that AT, (u) is finite.
.8
Proof. By virtue of (2.4) and Lemma 2.2,

|Prr, a0t — ul[2a o,

< 2/|oPar,1(PNa,0, 1) — Pragntllie o, + 211PNas.a,t = ull2e o,

<eM™2 [ v|[(1 = 2?) T 98Py o p,0,ul[3dv

Aq
L e(BN) / 1oL, da.
I

1
“’r+a,ﬁ>A1

Moreover, thanks to (2.4) with » = 0, we have

/ V(1 22) T 09 Py g a2 < / (1 - 22) 5 0t 2dv.
Ay

A1

Then the desired result follows immediately. O

For spectral methods with domain decomposition, we should consider the or-
thogonal projection +Par,n 8.0, = (+Png.a, - 0P 1)u. Following the same line as
in the proof of Theorem 2.1, we use (2.5) and Lemma 2.2 to obtain that

(2.23) |+ Prr,v,goau — ullg, < c(M72 4+ (BN)) AL (u),
1 wO.B,Ql

where
T r 134
*Agé,ﬁ’ﬂ1 (u) - fI ||({9U+1 (62ﬁ u)”ir}-,ﬂ,/hdx
1 -1
+ [y, (101 = 22) "5 %ul[? + B2 7V||(1 — 22) "= 020, (€2 w) |7 )dv.

In the numerical analysis of the composite spectral method for the Fokker-
Planck equation, we need a specific projection. For this purpose, let
0-7'—117”24_1(91) = H117v2+1(A1; oF(I)) equipped with the norm ||ul|; 1,241, 0, =
(10vulld, + [ullZ2 4y, 0,)%-

The quasi-orthogonal projection PI%/I,NV&Qlu = (PJ{,,&A1 -OPJ%/M)u. For describing
approximation results, we use the following notation with integers ¢,r > 1:

B, ()
=(B+372)? /(| 3{:“(6%5%)”3,{“ ghs T (1- Q;Q)q—lHag(e%ﬁv@gu)Hi% [,,Al)dx
T : :

4 [ 6= a) ol + (0 + DI - ) Dl
Aq

Theorem 2.2. For any u € 0]-"11 Q1) and integers q,r > 1,

v2+1(

Hav(PI%/I,N,ﬁ,Qlu - U)H?zl + ||PJ%4,N,5,91U - U||52+1,91

< (M7 + (BN) B, (u),

(2.24)

provided that BE' (u) is finite.
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Proof. Since Py 50,4 = Py 54, (0Py 1), we have that

104 (Prr x50, U —u)|[g, + 1P v g0, 8 — u‘|12;2+1,91 < Fi(u) + Fa(u) + Fz(u),
where

Fi(u) = 2[|0, (P]{fﬁAl u—u)ld, +2[|Py g a,u —ul2, 211,000
Fy(u) = 2[[0,(o Py I(P}mAIU) — Py ga, W,
F3(u) = 2||0PM I(PN,ﬁ,Alu) - P]{l,ﬁ,AluH?ﬂ-&-l,Ql'
1

Due to Lemma 2.
Fi(u) < (B + 8-2)2(BN)" / 07 (e |2,

Next, by using Lemma 2.1 with » = 1 and (2.19) with s = 0, we obtain that

)

‘*’+1ﬁ’

Fo(u) < eM™2 [ [|(1—2?)"% 810, Pl 5.4, ul[3dv

A
<eM72 [ ||(1 = 2?)"T 020,ul|2dv
A
+e(B+B72)2M 2 [ (1— 2217 |92(e2P 0u )2y o
I
Similarly,
Fa(u) < eM ™ [ (0 +1)[|(1 = )T 01y, ul[fdv
Ay
<eM™2 [ (0% +1)||(1 = 2%)*7 0% 2dv
Ay
+ (B4 72 M2 [ (1 —2%)9 1||82(626v8q )||w2 N A, dz.
I
A combination of previous estimates leads to the desired result. (I

We now turn to the approximations on the domain Q2 = I x As. We define the
space L2 (Q) as usual, with the inner product (u,w)y,q, and the norm |[u||y,q,.

Also, we set "F_,ya(Q2) = L (,(AQ,Of( )) and Vi ns(Q2) = "Pu(l) ®
On(A2). )
The orthogonal projection Pa n.a,8,0,% = (PN,a,8.A, * OPyrr)u. Let

W= [ iR, ade+ [ (ol - o) T ot
7 « ’ A2
Following the same line as in the proof of Theorem 2.1, we show that for integers
q,r =0,
225)  [[Puvasonn— ulll e g, < M2+ (BN) AL o (),
provided that A7:  (u) is finite.
a,B

We also introduce the quasi-orthogonal projection . Py ng.0,u = (+Pn.g.A, -
YPur,r)u. Following the same line as in the proof of Theorem 2.1, we use (2.12) and
(2.20) to obtain that

(2.26) 1+ Par g, = ullgy, < e(M720+ (BN) ™)AL o (),

2
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where
41—k
*Ai’gﬁy%(u) = [, llor(e 2ﬁv?>||izﬁﬁj\2dx 1
+ [p, (11 = 22) "2 ul|F + B727||(1 - 22) " 020, (e~ 2 w)|[7)dv
Next, let OF} 2y1(22) = H! w21 (A, YF(I)), equipped with the norm

1
ully1,0241, 00 = (100ulld, + H“||1,2+1 Q)2
The quasi-orthogonal projection Py, y 5 . u = (Py 4.4, - *Par.r)u. Let

B, (1)
AT K (sl G SN

+/ (11 = 2 920,u||? + (v? +1>\|<1fx2>%azu||%>dv
As

A=) (20812 | 5, )de

Like Theorem 2.2, we have that for u € °F] v241(822) and integers ¢, 7 > 1,

Hav(PI%/I,N,ﬁ,QQU - U)H?h + ||PJ%/I N,B,Q U — U||52+1,Q2
< (M7 + (BN))BEG, (u),

provided that BY, (u) is finite.

(2.27)

2.4. Composite approximations. We now consider several composite general-
ized Laguerre-Legendre approximations, which will be used in the next section.
The space L2 (Q) is defined as usual, with the inner product (u,w)y o and the
norm ||ul|y,o. We omit the subscript x in the notation when x(z,v) = 1. Let

M(Q)={u|ue LUQH( ), O, Oyu € L2(Q), ulr, = 0 and ulr, € L|2U|(F2)},
Varn,s(92) = M(92) N {9 | dla, € Qnpas @ 0Pur(D); dla, € Qnpon, © “Par(1)}-
The composite approximations are defined as
Py g.ou(z,v)lo, = Punogo;u(,v), «Pungsou(®v)lo, =«Pungsa;u,v),
P]%/[’Nﬁ)ﬂu(x,v)mj = P]%/[)N”B’qu(x,v), ji=1,2.

It is noted that PN gou, P&’Nﬁ’gu S VM,Nﬁ(Q). But Py~ g,0u has a jump
at v =0.
For a description of approximation errors, we introduce the following notation:

2 2 2
M) = D OAT (), ARG = YA (), B = DB (1),
j=1 : j=1 j=1
We can use (2.22)-(2.27) to derive that
(2.28) 1P gou —ullty, < (M2 + (BN) )AL (u),
(2.29) [l Parnpou = ullgy < (M™% + (BN) 7). Af g (w),
(2.30) ||81)(PJ%/I,N,B,QU —u)l[g + ||P]%/I,N,B,Qu - UH1212+1,Q

< (M7 4 (BN))BL Y ().

Another useful composite projection .. Pa,n g0 : L?(Q) — Varn 5(Q) is defined
by
(s Pr.N pou — u, ¢)a = 0, Vo € Vi n ().
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By the projection theorem,

(2.31) [|wePrr,n 0w — ulla < ||« Parngou — ullo < e(M 727+ (BN) ") AL (u).

3. COMPOSITE SPECTRAL SCHEME FOR FOKKER-PLANCK EQUATION

In this section, we propose the composite spectral scheme for the Fokker-Planck
equation in an infinite channel, with the convergence analysis. We also describe the
implementation and present some numerical results.

3.1. Composite spectral scheme. Let
M(Q) = {u | u € L2 1(Q), dyu € L*(Q), ulr, =0 and ulr, € Lfv‘(Fg)}.

A weak formulation of (1.1) is to seek a solution W € L>(0,T;L*(Q)) N
L2(0,T;M(f)) such that
(3.1)

(OW (1), u) — (VW (1), Opu)q + Bo(vW (1), D) g + y(xd, W (1), u)q

+Bop(0p, W (t), Oyu) g —|—/ [o|W (-, v, t)u(-,v)dv=0, YueM, 0<t<T,
T
W(0) = W.

Following the same line as in the derivation of the main result of [20], it can be
proved that if Wy € L2, (), then (3.1) has a unique solution W € L>(0, T; L*())
NL2(0,T;M(Q)). If, in addition, 8, Wy € L?(R2), then 8,W € L>(0,T; L*(Q)). We
focus on the smooth solution of (3.1), i.e., &,W € L?(0,T; L*(Q2)). In this case, an
alternative form of (3.1) is to find W € L*>°(0,T; L*(Q)) N L*(0, T; M(£2)) such that

(O (t),u)q + (WO W (t),u)q + Bo(vW (t), Oyu)q + Y(xO, W (t), u)q
(3.2) +ﬂou(8vW(t), Ou)o =0, YueM, 0<t<T,
W (0) = Wy.

We now design the composite generalized Laguerre-Legendre spectral scheme for
(3.2). It is to find war, v (t) € Vv g(2) for all 0 < ¢ < T such that

(Orwnr,n (1), P)o + (VO war, N (t), P)a + Bo(vwar, N (), Ovd)o
+y(x0pwar,n (1), d)a + Bop(Ovwar,n (t), Oup)o = 0,
Voe VM7N75(Q), 0<t<T,

wy,N(0) = « Par,nvg,oWo, o wuPur v goWo.

(3.3)

3.2. Error analysis. We next deal with the convergence of scheme (3.3). Let
Wun = PI%/I,NV&QW. We have from (3.2) that

O WuN(t),d)a + (VO War,n(t), d)a + Bo(vWarn(t), 0vd)a
5
+y (@0 War,n (1), &) + Bop(OuWar,n (t), 0vd)a + 21 Gj(t,¢) =0,
J:

Ve VM7N75(Q), 0<t<T,
WM,N(O) = PMN,ﬁ,QWOa

(3.4)
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where
Gi(t,¢) = (O W(t) — W n(t), 9)as
G2(t7 (b) = (v@xW(t) - UaxWM,N(t)7 ¢)Q7
Gs(t, @) = Bo(vW (t) — vWar N (1), 0vd)e,
Gu(t,8) = v(x0, W (t) — 20, Wn N (1), )a,
(t

Gs(t, ¢) = Bop(0uW (t) — 0. Wi, (t), 0ud)a-
)

Setting WMN = wp,nv — W, v and subtracting (3.4) from (3.3), we obtain that
(3.5)

(OWn (1), 0)a + (V0 Warn (1), d)a + Bo(vWarn(t), Dud)a
. . 5
+y (@0, War,n (1), d)a + Bop(Ou Wi N (1), 0vd)a = Zl G;(t, 9),
J:

Ve Vung(), 0<t <T,
Wiarn(0) = «Prn g oaWo — Papy g.oWo, O wuParn g oWo — Pa 5.0 Wo-

By integration by parts, we observe that

(3.6) 2000, Wy N (), Waun () = [ [v|Wir n(t)dv,
s

(3.7) 2680 (VWar,n (£), 0 Warn () = —Bol[War,n (£)]]&-

Clearly,

- - 1 - 2N L
(3:8)  29/(20.War,n (8), Wasn (8)) ol < 580l |00 Warn (#)][ + #IIWM,N@)H%-
Hence, by taking ¢ = 2Wy v in (3.5) and using (3.6)-(3.8), we obtain that

. 3 . .
Ol Wasw ()1I + 5 Bonllo,Warw (D11 + [ [l Wy (t)dv

1Y

5 B 2 B
(3.9) <23 Gt Warn (1) + (Bo + %)HWM,N(t)ng
j=1

Therefore, it remains to estimate the terms |G(t, Wan(s),1<5<5.
We use the Cauchy inequality and (2.30) to verify that for integers ¢,r > 1,

2|G1(t, War,n (0)] < [0:(W () — Warn (E)N& + [|[War,n (8)|[3

(3.10) < (M2 + (BN)"BEGOW (1) + |[Warn (8)][, ,
2|Ga(t, Warn (8)] < [[00: (W (t) = W v (E)I[E + [War,n (011
(3.11) < (M2 + (BN)")BE (0 W (1)) + |[Warn (1)1

Let ¢, = max{%, Bopt, 1}. We can prove in the same manner that

2|G3(t, War,n (£) + Ga(t, W v (2)) + G (t, War,n ()]
(3.12) < ceo(M2I4(BN))BEG (W (1))

. 1 .
+ 2 W ()16 + 550N||81;WM,N(15)||?2-
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On the other hand, by using (2.29) and (2.30), we observe that if wys n(0) =
*PM7N7[})QWO, then

IWarn )13 < [[«Parv,s.oWo — Woll3 + [[Wo — Py x 5.0Wolla

(3.13) < (M2 + (BN)'7) (LAY (Wo) + B o (Wa)).

Because of (2.31), the same estimate is valid if wps,n(0) = «xPar,n,5,0Wo.
For simplicity of statements, we shall use the notation

E(u(t)) = [[u®)|I3 +/O (Bopl |9l + 1102 a7 2y dE-

Let co =2+ Bo +7% + % By inserting (3.10)-(3.12) into (3.9), we obtain that

iE(WMJv(t)) < CQE(WMJ\[(t)) + C(M_Qq + (ﬂN)l_T)

(3.14) dt N . .
(eBEG(W () + BEG (O W (1) + BY G (0. W (1))).

By multiplying (3.14) by e~“!, integrating the resulting inequality, and using (3.13),
we reach

(3.15) E(Warn (1) < ce! (M™% + (BN)' ") Dy (W (1)),

where
DEo(W () :/0 e (. BEG(W(E)) + BE(0¢W (€)) + BY (0, W (€)))dé

+ AL (W) + BYG (Wo).
Finally, a combination of (2.29), (2.30) and (3.15), for 0 <t < T, leads to

W () = war. (8)|[3 + Bons / 19 (W (€) — war. (€))]2de
(3.16)

< (M2 1 (BN)I7) (9 DET (W (1)) + BYo (W () + fou / BT (W(€))de),

provided that D', (W (t)) and By, (W (t)) are finite.
We may take was, n(0) = Pry v g,oWo in (3.3). But, in this case, wys,n(0) is not
in Vs, v 5(2). Following the same line as before and using (2.28), we still derive an

error estimate like (3.16). But the quantity *Aqﬁ’gl(Wo) involved in the estimate

is now replaced by Aqﬁ’vgl(Wo).
3.3. Implementation. In this subsection, we describe the implementation for
scheme (3.3) with a nonhomogeneous term f(x,v,t) at its right side. We use the

Crank-Nicolson discretization in time ¢, with the mesh size 7.
For simplicity of statements, we use the notation

aq(z,¢) = (V0 2, ¢)a + Po(vz, 0vd)a + ¥(x0yz, d)q + Bop(Ovz, Ouvd)q-

The fully discrete scheme is as follows:

%(U)M,N(t +7)—wun(t), d)a+ %aﬂ(wM,N(t +7)+wun(t),o)
(317 = SUE+7)+ (), D)a, t=0727,..,T—7,
war,N(0) = i Par,v goWo.
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Let
1 1
Aq(z,u) = §Tag(z,u) + (z,u)q, Ga(z,u) = —ETG/Q(Z, u) + (z,u)q.

Then, at each time step, we need to solve the equation
(3.18)

Ag(wum N (t),¢) = Ga(wn,n(t—T), ¢)+%T(f(t)+f(t*7)a ?)a, Vo € Var,n,g().
For convenience, we denote [1(0”6)(11) by ﬁl(ﬂ) (v). Let
v (v) = £ (0) = £, (v), ©§7) (v) = £7(—v) = £} (~v),  0<I<N-1,
L

771,m(33) = Lm(x) + Lm—i—l( )7 772,m('77) = m(x) - Lm+1( )7 0<m<M-1,
and

(8) in QO 0 in 4

a8 _ ) ma(@)Py ) (v), in Qo A2p) _) 251,

k7l ($7 U) 07 in Q2, k:,l (x’ U) 7]2 k;( ) (B)( )’ in QZ~

Obviously, ngm(x,v), G;jzm(x,v) € Vv (). Furthermore, let
GO (2,0) = (Lyn(2) — Limga(2))e 271" € Viy v 5(Q), 0<m < M —2.

The functions G;f;’lﬁ)(x,v), 0<k<M-1,0< 1 < N-1,7 = 1,2 and

C?g)(x,v),o <m < M — 2, form a basis of Vs, n g(£2).
In actual computation, we expand the numerical solution as

M—-1N-1 M-1N-1
wr (2,0, 1) Z Z (I)G(l 6) Z Z U(Z)G(Z B) (z,v)
k=0 1=0 k=0 1=0

M-2
+ > oG (@, 0).
m=0

Inserting the above expansion into (3.18) and taking ¢ = C:'Efj,)(x,v) and ¢ =
GEC%”’?,)(I, v), respectively, we derive a matrix form of (3.3), in which all matrices are
the tensor products of some tridiagonal symmetric matrices, tridiagonal antisym-
metric matrices, upper-triangular matrices and pentadiagonal symmetric matrices.
This feature simplifies the calculation. Indeed, this is another advantage of the

proposed algorithm.

3.4. Numerical results. We use scheme (3.17) to solve (1.1) with fy =y =p =1
and a non-homogeneous source term f(x,v,t) at the right side. We take the test

function:
2

W (z,v,t) = 2%(75 +2)77(1— 2% — 1o (t+ D) (@lolvto? e~
This function has a jump at v = 0, but
W € C>(0,T;C*(Q) N H*(Q)) € L*°(0,T; L*(Q)) N L(0, T; M(£)).
By this fact and the construction of was n(z,y,t), the left side of (3.16) is mean-
ingful. Further, the upper-bound of the numerical solution (cf. the right side of
(3.16)) depends on the quantities D', (W (1)), B} (W (1)), and so on, which are

in turn some combinations of the related norms of W, defined on the two sub-
domains. Since the above test function has a discontinuity only at v = 0 and is
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F1GURE 1. The errors log,y Ear,n,0(10). FIGURE 2. The errors log,o Eam,n,a(10).

infinitely continuous on the two subdomains, these quantities are finite for any in-
tegers r > 1,q > 0. Accordingly, the numerical solution possesses the numerical
accuracy of the order M~9 + N 5", This implies the spectral accuracy in space,
which is conformed by the results stated below; see Figures 1 and 2. It is noted
that if 92W has a discontinuity at v # 0, then a calculation with Remark 2.1 and
(3.16) shows that the numerical accuracy is of the order M ~9 4+ N~ at least.

Let xg\}[)l and x(2) be the zeros of the polynomials Lys(z)+Las41(x) and Ly (x)—

a )

Lyry1(x), respectively. p,,, and p(2) stand for the Christoffel numbers of the

corresponding Legendre mterpolatlons Meanwhile, U](V’ﬁ ) and U](V’ﬁ ) are the toots

of the polynomials L'Nfl)( ) and L’g\?fl( v), respectively. w§v”6 and wN,ﬁ) are

the Christoffel numbers of the corresponding generalized Laguerre interpolations.
(1 ﬁ) e (1,6) ~(2,8) _ —ﬁv<2 B (2B

Furthermore, let Wy s WN g = Wk , and
2 M
~ 1
[ul[arn = ( ZZZu (@5 v PSR
j=11=0 k=0

The numerical errors are measured by the following discrete norm:
Enn (t) = [[W(E) —wa,n Oy = [[W(E) = war,n ()] 22(0)-

In Figure 1, we plot the errors log,q Enr n(t) with N = 5M, ¢ = 10 and § = 3.
Clearly, the errors decay fast when M and N increase and 7 decreases. It is seen
that for the fixed time step size 7 = 0.1 and the small mode M < 17, the total
numerical errors are dominated by the approximation errors in the space, and so
they decay fast as M increases. But for M > 17, the total numerical errors are
dominated by the approximation errors in time ¢. Thus, the numerical results keep
the same accuracy, even if M and N increase again. A similar situation happens for
7 = 0.05. However, for small 7 < 0.005, the total numerical errors are dominated
by the approximation errors in the space, and so they decay very fast as M and
N increase. The above facts coincide very well with the theoretical analysis in
Subsection 3.3. In particular, they show the spectral accuracy in the space of
scheme (3.3).

In Figure 2, we plot log,q Eapn(t) at ¢ = 10, with N = 5M, 7 = 0.005 and
different values of the parameter 3. It seems that the errors with suitably larger 3
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FIGURE 3. The exact FIGURE 4. The numer-
solution, ¢ = 10. ical solution, t = 10.

are smaller than those with smaller 3. However, how to choose the best parameter
[ is still an open problem. Roughly speaking, if the exact solution decays faster as
|v| increases, then it is better to take 3 larger.

In Figure 3 and Figure 4, we plot the exact solution W (z,v,t) and the numerical
solution wys n(x,v,t) with M = 19, N = 95, 7 = 0.005 and § = 3, respectively.
They demonstrate that the numerical solution fits the exact solution very well.

4. CONCLUDING REMARKS

In this paper, we proposed the composite generalized Laguerre-Legendre spec-
tral method for the Fokker-Planck equation in an infinite channel, which plays an
important role in many fields. The numerical results demonstrated the spectral
accuracy in space and coincide well with the theoretical analysis.

The main advantages of the proposed approach are as follows:

e With the aid of composite generalized Laguerre-Legendre approximations, we
could deal with PDEs properly, which are of different types on different subdomains.
This trick also simplifies actual computations, especially for large modes M and N.

e Using the mixed Laguerre-Legendre approximations, we could reasonably ap-
proximate those partial differential equations that behave like parabolic equations
in one direction and behave like hyperbolic equations in the other direction.

e By using different generalized Laguerre approximations on different subdo-
mains, we could exactly match the singularities of coefficients appearing in the
underlying differential equations, which degenerate and grow up in different ways
on different subdomains. Consequently, we could deal with the problems on the
whole domain properly.

e The adjustable parameter  involved in the generalized Laguerre approxima-
tion enables us to fit the asymptotic behaviors of exact solutions at infinity closely.

e By using different Legendre approximations on different subdomains, we could
fit different kinds of boundary conditions, as imposed in the underlying problems.

Although we only considered the Fokker-Planck equation, the main idea and
techniques developed in this paper are also applicable to many other problems of
non-standard types. In particular, the results on some quasi-orthogonal approxi-
mations are very appropriate for various spectral and pseudospectral methods with

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



COMPOSITE GENERALIZED LAGUERRE-LEGENDRE SPECTRAL METHOD 149

domain decompositions, as well as nonlinear problems and exterior problems; e.g.,
see [20] 30].

APPENDIX

We can follow the same line as in [26] to prove the existence, uniqueness and
regularity of the solution of (3.1). We give the sketch of the proof as follows.

Step I. Let My, be a family of finite-dimensional spaces, which approximates the
space M consistently as L — oo . We consider the auxiliary problem

(Al()atWL(t)a P)a — (WWL(t),0:0)a + Bo(vWL(t), Oud)a + v(x0,WL(1), d)a
@ W0, 0,000+ [ IWLC,0,00(,0)do =0, ¥ 6 € My, 0<t T,
WL(0) = Wi, "

where ||[Wr o — W0||Lz2+1(9) — 0as L — oo.

Taking ¢ = 2W, in (A1), we obtain that
O WL ()13 + 2800, WL ()], + HWL(t)H%fvl(rz) = BolWr(®)l172(0)
whence
WL ()3 + 2801 fy 10 WL ()RS + [y IWLONZ2, (1,
= Bo Jo WL 132086 + WL 0llE < Bo Jy IWL()|[32(0)d€ + ellWol 3 .

By the Gronwall inequality, Wy, 9,Wy, and Wp|r, remain in some bounded sets
of L>=(0,T;L*(Q)), L?(0,T;L*(Q)) and L2(0,T;L‘2U|(I‘2)), respectively. Accord-
ingly, we can extract a subsequence, still denoted by Wy, such that for certain

W,
Wy, — W+ in  L2(0,T; L%(2)) weak,
OWr — 0,W* in L2%(0,T;L3*()) weak,
W, — W+ in L°(0,T;L?())) weak star,

WL|F2 — W*‘Fz in L2(07T§ L‘2U|(]'—‘2)) Weaka
oW — O,W* in L2*(0,T;L*(Q)) weak.

Then by a standard compactness argument, we know that (3.1) has a solution W

such that

(42)

W e L>(0,T; L*()),0,W € L*(0,T; L*(Q)), W|r, = 0, W|r, € L*(0,T; L{,|(T2)).
Step II. In the sense of distributions, the solution of (3.1) satisfies

(A3) O, W +v0, W — o0y (VW) +720, W — Bopud>W = 0, (z,0) €Q,0<t<T.

Following the same line as in [26], we multiply (A3) by 202W and integrate the
result by parts to derive that

5t||W(t)||ig2(Q) + 50||W(t)||2L§2 @ T \|W(t)|\2LfU|3(p2) + 250M|\3UW(75)||2L32 @)
= —27/ vaW(t)(?UW(t)dxdv—élﬁou/ oW ()0, W (t)dxdv
Q Q

272
< ﬁOMHaUW(t)”%i?(Q) + ﬂTIuHW(t)HiiQ(Q) + 880l [W (1)]]72 (-
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Integrating the above inequality with respect to ¢, we obtain that

t t
IV o o DO Oz, + I WO
|—f 0|/ W ()12, Q>d£+8ﬂou/ 1 (€)] 2 cy € + W0 122,

By (A2), the last two terms of the above inequality are bounded. Therefore, we
use the Gronwall inequality to conclude that
(A4)

W e L™(0,T; L72(Q), 0,W € L*(0,T;L}=(Q), Wi, € L*(0,T; L7,s(I'2)).

The previous statements imply that (3.1) has at least a solution in L>°(0,T; L(£2))N
L?(0,T;M(€)). The uniqueness of the solution is clear. Since (3.1) is a linear
problem, we can verify that if Wy is smoother, then the solution is also smoother.
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