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Abstract

In discrete time, every time-consistent dynamic monetary risk measure can be written as a
composition of one-step risk measures. We exploit this structure to give new dual represen-
tation results for time-consistent convex monetary risk measures in terms of one-step penalty
functions. We first study risk measures for random variables modelling financial positions at
a fixed future time. Then we consider the more general case of risk measures that depend on
stochastic processes describing the evolution of financial positions or cumulated cash flows. In
both cases the new representations allow for a simple composition of one-step risk measures
in the dual. We discuss several explicit examples and provide connections to the recently
introduced class of dynamic variational preferences.

Key words: Dynamic monetary risk measures, time-consistency, dual representations.

1 Introduction

Following the introduction of coherent, convex and monetary risk measures in [1, 2, 17, 18, 19],
different dynamic extensions were proposed. This has led to the study of conditional representations
and time-consistency properties of dynamic risk measures in various setups. We refer to [3, 29, 28,
30, 33, 12, 9, 31, 6, 23, 26, 16] for the discrete time case and [20, 11, 28, 4, 5, 26| for risk measures
in continuous time; see also [14] and [27] for related results for dynamic preferences in discrete
time.

In this paper we provide representations of time-consistent dynamic monetary risk measures in
discrete time that are similar in spirit to the continuous-time representations of [20], [28] and [4, 5].
Rather than looking at general dynamic monetary risk measures and trying to establish conditions
for time-consistency, we here only consider time-consistent ones and view them as compositions of
one-step risk measures. For time-consistent dynamic convex monetary risk measures, we exploit
this structure to derive new dual representations in terms of the penalty functions of the one-step
risk measures. These representations permit a simple construction of time-consistent dynamic
convex monetary risk measures by composing one-step risk measures in the dual.
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fSupported by the Swiss National Science Foundation



The structure of the paper is as follows: Section 2 explains the notation. In Section 3, we study
time-consistent dynamic monetary risk measures for random variables. They can be written as
simple concatenations of one-step risk measures. In Theorem 3.4, Lemma 3.7 and Corollary 3.8 we
give dual representations for time-consistent dynamic convex monetary risk measures for random
variables. The time-consistency is reflected by an additive structure in the dual. We illustrate this
with examples and provide connections to the dynamic variational preferences of [27]. In Section
4, we consider dynamic monetary risk measures that depend on stochastic processes describing the
evolution of financial positions over time. In this case, the composition of one-step risk measures
involves the aggregation of current and future risk. For time-consistent dynamic convex monetary
risk measures, we translate this structure into a dual representation in terms of supermartingales;
see Theorem 4.4, Lemma 4.8 and Corollary 4.9. We conclude by introducing a special class of
one-step aggregators of composed form and discussing several related examples of risk measures
that depend on the whole path of a stochastic process.

2 Notation

We fix a finite time horizon 7' € N and let (Q, F, (F;)L,,P) be a filtered probability space such
that P[A] € {0,1} for all A € Fy. P is not necessarily understood as a physical probability
measure. We use it as reference measure that specifies the negligible events. Equalities and
inequalities between random variables or stochastic processes are understood in the P-almost
sure sense. For instance, X > Y for two stochastic processes X and Y means X; > Y; P-
almost surely for all t = 0,...,7. For p € [1,00] and t € {0,...,T}, LP(F;) is the space of all
(equivalence classes of) Fi-measurable random variables with finite LP-norm. R denotes the
space of (equivalence classes of) adapted stochastic processes X on (Q, F, (F;)L,,P) such that
| X || g = essinf{m € R| supy<,< |X:| < m} < oco. Finally, P consists of all probability mea-
sures which are absolutely continuous with respect to P.

3 Dynamic monetary risk measures for random variables

In this section the risky objects are financial positions at time 7" modelled by the set L>(Fr). We
assume that there exists a money market account and use it as numeraire, that is, money at later
times is expressed in multiples of the value of one dollar put into the money market account at
time 0. A risk measure at time ¢ is a mapping p; : L (Fr) — L®(F;). p(X) is interpreted as
a capital requirement at time ¢ for the financial position X conditional on the information given
by F;. For the study of dynamic risk measures, it is more convenient to work with the negative
¢¢ = —p¢ of a monetary risk measure. We call ¢; a monetary utility function. Alternative names
are risk adjusted valuation ([3]) or acceptability measure ([30]).

Definition 3.1 Lett € {0,...,T}. We call a mapping ¢y : L>°(Fr) — L>(F;) a monetary utility
function at time t, if it has the following properties:

(N) Normalization: ¢;(0) =0

(M) Monotonicity: ¢:(X) > ¢:(Y) for all X,Y € L>°(Fr) such that X > Y

(T) Translation property: ¢:(X +m) = ¢.(X) +m for all X € L*>®°(Fr) and m € L>®(F)

We call ¢ a concave monetary utility functions at time t, if it also satisfies

(C) Fi-concavity: ¢;(AX + (1 —=N)Y) > Ape(X) + (1 = N (Y)



for all X, Y € L>®(F;) and A € L>®(F,) such that 0 <\ < 1.

A dynamic monetary utility function is a family of monetary utility functions (¢)i_o. If all ¢y are
concave, then we call (¢¢)L_, a dynamic concave monetary utility function.

The normalization property (N) is convenient for the study of time-consistency questions. Every
function ¢, : L= (Fr) — L (F;) satistying (M) and (T) can readily be normalized by passing to
@de(.) — ¢ (0). It satisfies (N), (M), (T) and induces the same conditional preference order on L(Fr)
as ¢. The properties (M) and (T) imply

(LP) Local property: 14¢:(X) =14¢:(14X) for all X € L*>°(Fr) and A € F;.
Indeed, by (M) and (T), we have

Gr(14X) = 1ac | X[, = (14X — Lac [[ X ) < 0:(X)
< Gi(1aX + 1ac [[ X o) = @e(1aX) + Lac [|[ X

and (LP) follows by multiplying through with 14. Under (N), (LP) is equivalent to
1qu)t<X) = ¢t(1AX) for all X € LOO(]:T) and A € F;.
Definition 3.2 We call a dynamic monetary utility function (¢;)I_, time-consistent if

(
Gr41(X) 2 ¢ (V) implies  ¢1(X) = ¢o(Y) (3.1)

forall X, Y € L™®(Fr) and t =0,...,T — 1.

Due to the properties (N), (M) and (T), time-consistency of dynamic monetary utility functions
on L*(Fr) is equivalent to the dynamic programming principle

D1(X) = de(pe11(X)) forall X € L°(Fr)andt=0,..., T —1. (3.2)

Concepts equivalent or similar to (3.1) or (3.2) have been studied in different contexts, see for
instance, [24, 25, 15, 13, 32, 14, 11, 3, 29, 28, 4, 5, 30, 33, 12, 9, 31, 23, 26, 16, 27].

3.1 Generators

For a dynamic monetary utility function (¢;)7_,, we denote by F; the restriction of ¢; to L°(F;41)
and call (F})]—,' the generators of (¢;)Lo. It follows from (3.2) that a time-consistent dynamic
monetary utility function is uniquely given by its generators. One can also start with an arbitrary
family

FtILOO(Ft+1)—>LOO(]:t), t:(),...7j_'—17

of monetary utility functions and define the time-consistent monetary utility function (¢;)7_, by
backwards induction:

or(X) = X
n(X) = Fulpe1(X)), t<T-1.

It is clear that every ¢; is Fi-concave if and only if each F} is so.



3.2 Duality

In this section we provide duality results for time-consistent dynamic concave monetary utility
functions on L*°(Fr) in terms of one-step penalty functions. In order to define them, we first have

to introduce for t = 1,...,T, the set of one-step transition densities
D, = {fELi(}}) | Ep[€ | Fi-1] :1} .
Every sequence (&1, ..,&7) € D1 X --- X D induces a P-martingale (M$)7_, by
ME 1 for r <t
T Eevr oo & forr=t+1,...,T

and a probability measure Q¢ in P with density

— = M;.
dP T
On the other hand, every probability measure Q in P leads to a non-negative martingale
dQ
M2 .= Ep [dﬂb |]-}} , t=0,...,T.

Then,
{M?Ll:o} c {Mg@zo} forall 1<¢<T,

and the sequence

M2 Q
6@ - ij_l on {Mt_l > 0}

L 1 on {M,ZQLl:O}

is an element in Dy X --- X Dy that induces the measure Q.
We will work with the convention

Eg[X | 7] ::Ep[ggl-----g%)(\ft] . XeL(Fr), t=0,...T—1.

fort=1,...,T,

Ep {58_1 ----- 2x | .7-}} is a version of Eqg [X | 7] that is defined up to P-almost sure equality,
whereas Eq [X | 7] is only defined up to Q-almost sure equality.

By L (Ft) we denote all F;-measurable functions from © to [0, co]. The conditional expectation
of a random variable X € L (F;) is, as usual, understood as

Ep[X | F]:= nILH;oE]P (X An|F.
Definition 3.3 Fort € {0,...,T — 1}, we call a mapping
¢t : D1 — Ly (Fr)
a one-step penalty function if it satisfies the following two conditions:
(i) essinfeep, , @i(§) =0

(1) @e(14€ + 1ac€) = Lage(€) + Lacr(€')  for all &€ € Dysy and A € Fy.

For Q € P, we set
:(Q) == wt(fgl) .
T-1

A dynamic penalty function on D consists of a sequence (¢¢);— of one-step penalty functions.



The following theorem shows that every dynamic penalty function on D induces a time-
consistent dynamic concave monetary utility function on L*°(Fr). Note that (3.7) below is a
dual representation of a whole family of risk measures (¢;)7_, in terms of a single penalty function.
It is an extension of the dual representation of a time-consistent dynamic coherent risk measure in
terms of one m-stable (or rectangular) set of probability measures (see [3, 11, 29, 14, 9]). Formula
(3.5) can be seen as a discrete version of the continuous-time representation (37) in [5].

Theorem 3.4 Let (cpt)tT;Ol be a dynamic penalty function on D. Then

Ft(X) = easelgf{EQ[X|ft]+gpt(Q)} ) t:Ow"aT_la (33)

defines generators of a time-consistent concave monetary utility function (¢¢)i_, with the following
representations:

X) = fEq | X 4
$i(X) essinf Bg | X + Z 0;i1(Q) | Fi (3.4)
j=t+1 ]
= fEg | X .
e%belg Q + Z 0i-1(Q) | Fi (3.5)
- j f+1 -
= fEg | X .
essinf Eg | X + Z i-1(Q) | 7 (3.6)
= fEg | X .
essinf Eg | X + Z i-1(Q) | 7 (3.7)

for0<t<s<T and X € L>®(F;).
Proof. Tt can easily be checked that for all t =0,...,7 — 1,

Fy(X) = e%seigf {Eq [X | 2] + »:(Q)}

defines a concave monetary utility function from L (Fy11) to L°°(F:). Therefore, the family
(F,)=! induces a time-consistent dynamic concave monetary utility function (¢;){_,. It remains
to show (3.4)—(3.7). To do this we define the mappings ¢; : L>°(Fr) — L*°(F:) by

q@t(X) —essmeQ X—i—Z% Q)| Fe| . XeL>™(Fr).
j=1



If X € L°(F;) for 0 <t < s<T, then

(bt( ) (51,...,55?2117111><~-><DT P S &r j;(p] 1(53) | t
= Zessmfnpj 1(&) (3.8)
] 1 J J
+ essinf E e X+ (€ T
(€vs1,be)E Dy XX D P |&it1 13 j;rl vi-1(&) | | F
ess inf Z Bp [ &1 951(&) | Al (39)

(s+1567)EDsy1 X+ XD T ioot1
The terms (3.8) and (3.9) are both equal to 0. For (3.8) this follows directly from condltlon ( ) of
Definition 3.3. For (3.9) we prove it by induction over T: Fix (&.41,...,&s) € Dpy1 X - It
T = s+ 1, then (3.9) equals

essinf E[P [St—i—l . 55 905(554'_1) | ft] . (310)

£s+1€Ds 41

By condition (ii) of Definition 3.3, the family {@s({s41) | €s+1 € Dsy1} is directed downwards.
Therefore, it follows by Beppo Levi’s dominated convergence theorem that essinf in (3.10) can
be taken inside the conditional expectation. By condition (i) of Definition (3.3), this shows that
(3.10) is equal to zero. Now, assume T' > s + 2 and

T—1
essinf E e £ (€N Fl1=0.
T, e D L

Then, to prove that (3.9) is equal to zero, it is enough to show that for fixed (&41,...,87-1) €
Dt+1 X oo X DT—la the term

ess ilglep Eer1 - &1 or—1(&r) | Fi)

Er €D

is zero. As above, this follows because @ _1 satisfies condition (ii) of Definition 3.3 and therefore,
the essinf can be taken inside the conditional expectation.
Since (3.8) and (3.9) are both equal to zero, we have

5 (X) = fEq | X F
¢¢(X) eabelg Q +Z</Jy 1(Q) | F
= fEg | X Fi
865617131 Q + Z ©0i-1(Q) | Fi
Jj=t+1 ]
= fEg | X Fi| - 3.11
ess inf Eq +];1% 1Q) | 7 (3.11)




Next, we show ¢; = ¢; by induction over s. If s = t 4 1, then we obtain from (3.11) that
9u(X) = Fi(X) = essinf B [X + ¢ (Q) | 7] = ¢i(X) forall X € L®(F,).

Now, assume s > ¢t + 2 and ¢¢(Y) = ¢(Y) for all Y € L>®(Fs_1). If X € L*(F;), then
Fs_1(X) € L>*(F,_1), and we get

$1(X) = ¢y(Fo_1(X)) = ¢¢(Fs_1(X))

s—1
= essinf E s £y Fo 1(X)+ i1(&; Fi
Corone, S5t D TP (&t+1 §s—1) 1(X) j;rl% (&) | | Fe
= essinf Ep ({41 s—
(Et4150-265—1)EDsy1 X XDy P[(£t+1 5 1)
essinf Ep [6,X | Fs_1] + Z wi—1(&) | | Fe| - (3.12)

<€D,
¢ j=t+1

By condition (ii) of Definition 3.3, the family
Ep [ng | ‘7:8—1] + @S—l(gs) ) gs € D;

is directed downwards. Therefore, we can take the essinf in (3.12) outside the conditional expec-
tation and arrive at

X) = essinf Ep [ (&0q -1 X + o . F _ 7 X ’
¢t( ) (5t+1,~-~,€s)€%)rt1+1><"'><Ds i (§t+1 63) j:zt;rl & 1(£J) | ' ¢t( )
which concludes the proof. O

It can easily be checked that generators of the form (3.3) and the corresponding dynamic
monetary utility functions (3.4)—(3.7) have the following continuity property:

Definition 3.5 For 0 < ¢t < s < T, we call a mapping I : L=(F,) — L>®(F;) continuous from
above if
I(X™) - I(X) P-almost surely

for every sequence (X™),>1 in L°(F,) that decreases P-almost surely to X € L (Fy).
We call a dynamic monetary utility function (¢¢)L_, on L>(Fr) continuous from above if all
¢ are continuous from above.

On the other hand, every time-consistent dynamic concave monetary utility function with
generators that are continuous from above has a representation of the form (3.4). This will be
shown in Corollary 3.8 below. But first we need the following definition and lemma.

Definition 3.6 For a time-consistent dynamic concave monetary utility function (¢t);;r=_01 with
generators (Ft)tT:_O1 that are continuous from above we define for allt =0,...,T — 1 and &41 €

Dt+17 .
0" (&er1) = esssup  {Fy(X) — Ep [§41 X | i}
X€EL>®(Fii1)

and call ()21 the minimal dynamic penalty function of (¢1)ig-



In the subsequent lemma we provide a conditional dual representation result for concave generators
F; in terms of ™. Similar results are proved in [29, 3, 12, 9, 6, 31, 26]. Since our setup is slightly
different, we provide a proof that is adapted to it.

Lemma 3.7 Let (¢1)L be a time-consistent dynamic concave monetary utility function on L™ (Fr)

with generators (Ft)tT‘:_Ol that are continuous from above. Then ((p?‘in)zﬂ:_ol 1s the smallest dynamic

penalty function such that

Fi(X) = e%seigf {Eq[X | Bl + ¥"™(Q)} (3.13)

forallt=0,...,7—1 and X € L>®(F41).
Proof. We fixt € {0,...,T — 1} and introduce the sets
Bt = {X S Loo(f-t+1) | Ft(X) > 0}

and
C = {X € L>®(Fi1) | Eg[X | )+ @i“in((@) >0 forall Q € 73} .

It follows directly from the definition of @® that
Eq [X | Al + ¢ (Q) > F(X)

for all X € L°°(F;y1) and Q € P. This shows that B; is contained in C;. In the following we are
going to show C; C B;. Assume this is not the case. Then there exists X* € C; \ B;. Hence, the
set A := {F}(X™*) < 0} has positive P-measure and 14X ™ is still in C; \ B;. The mapping

X o I(X) = E[F(X)]

is a concave monetary utility function from L>°(F;41) to R that is continuous from above. Hence,
it can be deduced from the Krein-Smulian theorem that

B:={X € L®(Fy1) | [(X) > 0}

is o(L%°(F41), L' (Fis1))-closed, see for instance, the proof of Theorem 3.2 in Delbaen [10] or
Remark 4.3 in Cheridito et al. [9]. Since it does not contain 14X*, it follows from the separating
hyperplane theorem that there exists a Q € P such that

Eq [1AX ] < )l(réfB Eq [X] < XHelzfst Eq [X} . (3.14)

Since the family {Eq [X | 3] | X € B,} is directed downwards, we obtain from Beppo Levi’s mono-
tone convergence theorem that

of Eq[X]=Eq |essinf o [X | 7]

min

Moreover, by the translation property of F;, ¢i*™ can be written as

@fin((@) =esssupEg [-X | F] .
XeB;

Therefore, it follows from (3.14) that

Eg[14X"] < Eg [-¢"™™(Q)] ,



and hence,
Eq [Eg [1aX* | Fi] 4+ ¢"™(@Q)] < 0.

But this contradicts 14 X™* € C;. Thus, we must have B; = C;. Note that for all X € L>(F;41),
Fy(X) =esssup{m € L>(F) | X —m € B},
and therefore,
Fy(X) =esssup {m € L®(F;) | Eg [X —m | F¢] + ¢ (Q) > 0 for all Q € P}
= esssup{m € L™(F) | Eq[X | Fi] + ¢"™(Q) > m for all Q € P}
e%seigf Eg [X | ] + ¢™(Q).

Finally note that for every function o; from Dy, to L, (F;) that satisfies
Fy(X) = essinf {Ep[§1X | Fe] + 0i(§ev1)}

£t41€D¢ 11

for all X € L*°(F;41), we have

Fy(X) = Ep [§41.X | Fi] < @i(§e41)
for all X € L>(F;41) and €41 € Dyy1, and therefore, oPin < . O
The following corollary is an immediate consequence of Theorem 3.4 and Lemma 3.7.

Corollary 3.8 Let (¢1)L be a time-consistent dynamic concave monetary utility function that is
continuous from above. Then

X) = fEg | X mm Fi
¢t( ) e?sQSEl}’l ¢ —1—325-1%7 | ‘

= essinfEg | X mm Fi
QeP Q +]§1@ l t

— fE X IIlln f
e%selg Q —|—Z Q)| F

e%selg Q + Z ©i(Q) | F

for all0 <t < s<T and X € L*>(F;).

The following theorem is related to Corollary 4.8 in [9], which shows that a relevant time-
consistent monetary utility function (¢;)~_, is completely determined by ¢y.

Theorem 3.9 Let (gpt)tT:_Ol be a dynamic penalty function on D with corresponding time-consistent
dynamic concave monetary utility function (¢;)l_q on L°(Fr). Assume there exists an X €
L>(Fr) and a probability measure Qx equivalent to P such that

T

$0(X) =Eqy [ X+ 9j-1(Qx)

J=1



Then
T

$1(X) =Fox [X+ > 9;1(Qx) | F

j=t+1
forallt=1,...,T —1.

Proof. By Theorem 3.4, we have

T
$1(X) <Boy [X+ Y 9;1(Qx) |
j=t+1

forall t =0,...,T — 1. Now, assume that there exists a t € {1,...,T — 1} such that

T

$(X) <Egy | X+ > 0;1(Qx) | 7
j=t+1

on a set with positive P-measure. Then,

T
$o(X) = Eqy [X + Z@jfl((@x)
j=1

T ¢
= Egx [Eox |[X + Z 0i—1(Qx) | Fe +Z<Pj71(@x)

j=t+1 j=1

> Egy [¢1(X)+ D ¢;1(Qx)

j=1

v

T
inf E X (e
e ot Bp & & [ X+ eim1()

= ¢0 (X) )
which is absurd. O

j=1

3.3 Examples
3.3.1 Time-consistent dynamic Average-Value-at-Risk

For every t = 0,...,T — 1, let o be an element of L (F;) such that 0 < a; < 1. Consider the
generators
Ft(X) = essinf . E]P> [§t+1 X | th] 5 X e Loo(ft+1).
§t+1€D41, &e4150y

Then, —F; is a conditional Average-Value-at-Risk on L>(F;41) at the level ay; see [18] for the
definition of the unconditional Average-Value-at-Risk. The minimal dynamic penalty function
(i)t of the induced time-consistent dynamic concave monetary utility function (¢)7_, is
given by

0 if&<a;’

P (Era1) = essSUDxe L (g {FH(X) — Bp[Ga X | A} = { % else

10



Hence,
0 if& <a;l forallj=1,....T

PMN(Q) = Z Prm(Q) = {

oo else
and '
61(X) = essint Bq [X + ¢"(Q) | 7] = espinf Eq (X | 7
where
Q:={QeP | <ajl forallj=1... T}
(p)Ey = (=), is a time-consistent dynamic Average-Value-at-Risk at the dynamic level
(Oéo, ceey aT—l)-

3.3.2 Time-consistent dynamic entropic risk measure

Forallt=0,...,T — 1, let oy € L>°(F;) with oy > 0 and define F; by
Fi(X) = —a; 'logEp [exp(—a: X) | ], X € L®(Fi11).

Then, —F; is a conditional entropic risk measure on L(F; 1) with risk aversion parameter ay; see
[17, 18, 4, 5, 12, 9]. Tt is well known that the minimal dynamic penalty function ()7 of the
induced time-consistent concave monetary utility function (¢;)7_, is given by

@ (Err1) = a; 'Bp (€11 log(&41) | Fi

Hence,
T T -1
PMNQ) =) (@ =) Eg [log ((581) t ) ft]
j=1 j=1

and

o(X) = e%seingQ[XJrgomi“(Q)\ft], X e L>®(Fr), t=0,...,T.

3.3.3 Dynamic variational preferences

Recall that R°° denotes the space of all essentially bounded adapted processes (X;)_, on (Q, F, (F) o, P).
We here understand X; as a cashflow at time . Let (¢¢)~_, be a time-consistent dynamic concave
monetary utility function on L (Fr) and 8 > 0 a depreciation factor. The transform

Wi() =B ¢u(B), t=0,...,T,

is still a dynamic concave monetary utility function on L (Fr). It satisfies the S-modified time-
consistency condition

Wi (X) > Wi (Y)  implies Wi (8X) > Wi(BY),
or equivalently, the S-modified dynamic programming principle

Wi(X) = Wi(BWis1(B71X)) forall X € L®(Fr) and t =0,...,T — 1.

11



Now, let u be an increasing continuous function from R to R. Then, the functionals

T
Vi(X) =Wy [ D u(X;) |, XeR®, t=0,...,T,

j=t
satisfy the recursive relation
%(X):u(Xt)+Wt(ﬁ‘/vt+1(X)), tZO,,T—l

This class of dynamic preferences is axiomatized in [27], where they are called dynamic variational
preferences.

4 Dynamic monetary risk measures for stochastic processes

In this section the risky objects are stochastic processes X € R modelling discounted value
processes or discounted cumulated cash flows; for instance, the discounted market value of a
portfolio, the discounted equity value of a firm or the discounted surplus of an insurance company.
This interpretation of X € R is the same as in [3, 7, 8, 9, 23] but different from the one in
Subsection 3.3.3 above or the one in [21], where X is understood as a sequence of cash flows.
As before, we are interested in monetary risk measures p; but find it more convenient to work
with the corresponding monetary utility functions ¢; = —p;. In the following, we generalize the
definitions of Section 3 to this more general setup. For 0 < ¢t < s < T, we define the projection
Tt R™ — R by
Tes(X)r = 1<y Xons, 7=0,...,T.

and denote

Ry

)S T

m,s(R%) .

Definition 4.1 Lett € {0,...,T}. A monetary utility function on R is a mapping ¢y : Rip —
L (F;) with the following properties:

(N) Normalization: ¢;(0) =0

(M) Monotonicity: ¢.(X) > ¢,(Y) for all X,Y € RS such that X >Y

(T) Translation property: ¢:(X +mly 7)) = ¢¢(X) +m for all X € Ry and m € L>=(F;)
We call ¢p Fi-concave if it satisfies

(C) Fi-concavity: ¢;(AX+(1-N)Y)
such that 0 < \ <

For X € R*™® we set

> Aot (X)+(1=N)pe(Y) for all X, Y € R{% and A € L™ (Fy)
1

¢e(X) = ppomr(X).

A dynamic monetary utility function on R* is a family (¢)L_, such that each ¢; is a monetary
utility function on Rg%. If all ¢y satisfy (C), then we call (1)L a dynamic concave monetary
utility function on R*>°.

As in the case of risk measures for random variables, it can be deduced from (M) and (T) that ¢,
satisfies the

(LP) Local property: 14¢:(X) =14¢:(14X) for all X € R and A € F;

12



Definition 4.2 We call a dynamic monetary utility function (¢)L_, on R® time-consistent if for
all X, Y € R*® andt=0,...,T —1,

Xe =Y, and ¢i11(X) > ¢ (Y)
implies
Ge(X) > (V).

It can easily be deduced from (N), (M) and (T) that time-consistency of a dynamic monetary risk
measure on R is equivalent to the following dynamic programming principle:

$1(X) = ¢u(Xily + b1 (X)1zy) forall X € R and t =0,...,T 1. (4.15)

4.1 Aggregators and generators

For a time time-consistent dynamic monetary utility function (¢¢)~_, on R°°, we define the aggre-

gators
GtILoo(ft)XLOC(.Ft+1)—>LOO(ft), tZO,,T—].

by
Gi( X, X 1) == (X)),

where X is the process in R34 given by

0 for r <t
X, = X; forr=t
Xt+1 for r Z t+1
Clearly, G; has the following three properties:

(G1) G¢(0,0) =0
(G2) Gy (X4, Xiq1) =2 G(Y, Yiq) if Xy > Y and Xy > Vi
(G?)) Gt(Xt + m,Xt+1 + m) == Gt(Xt,Xt+1) +m for all m € L(]:t),

and it can be seen from (4.15) that the whole dynamic functional (¢;)_, is uniquely determined
by the aggregators (Gt)tT;Ol. In fact, every sequence of functionals (Gt)tT;O1 satisfying (G1)—(G3)
defines a time-consistent dynamic monetary utility function (¢;)_, by

or(X) = X
(X)) = Ge(Xp, (X)), t<T—1.

(Notice the formal similarities to the aggregators in the theory of recursive utilities for consumption
streams, see for instance, [24] and [15].)
It is clear that (¢;)L_, is concave if and only if all G; satisfy

(G4) Gy (AX, + (1 = N)Yi AX a1 + (1= N)Yii1) = AGo (X, Xesr) + (1= NGy(Ys, Yisr)
for all X;,Y; € L™°(F;), Xeq1, Yer1 € L°(Fieq1) and X € L°(F;) such that 0 < A < 1.

By (G3), we can write G; as
Gt(XtaXt+l) = Xt + Gt<O7Xt+1 — Xt) = Xt + Ht(Xt+l — Xt) s (416)
for the mapping H; : L (Fi41) — L°(F;) given by

Ht(X) = Gt(O,X) .

13



It follows from (G1)—(G3) that H, has the following three properties:

(H1) H,(0) = 0

(H2) Hy(X) > Hy(Y) for X,Y € L®(Fpyy) with X > Y

(H3) Hy(X +m) < Hy(X) 4+ m for all X € L>(Fy1) and m € LY (F)
(H1)

H1) and (H2) are clear, and (H3) holds because for X € L*°(F;41) and m € L (F),
Hy (X +m) =G0, X +m) =m+ G(—m, X) <m+ G(0,X) =m+ H(X).

On the other hand, every sequence (H;)7—;' of mappings satisfying (H1)—(H3) induces aggregators
(G1)LZ! of a time-consistent dynamic monetary utility function (¢:)7_, on R>°. Indeed, if H;
satisfies (H1)—(H3) and G; is given by

Ge(Xt, Xey1) = X + He (X1 — Xo),

then it clearly satisfies (G1) and (G3). (G2) follows from (H2) and (H3) because for X;,Y; €
L°(F;) such that X; > Y; and Xyy1, Yip1 € Lo°(Fiy1) such that Xy g > Vi, we get from (H2)
and (H3) that

Gi( X, Xop1) = Xo + Hi( X1 — Xo) 2 Xo + Hy(Yir — Xy)
> Xy +H (Y — V) —(Xe = Y) =Y+ Hy(Yi1 - Y2).

We call (H;){-;' the generators of (¢;)7_,. It is clear that Gy satisfies (G4) if and only if H; fulfils
(H4) Hy(AX + (1 — \)Y) > MH(X) + (1 — N Hy(Y) for all A € L>(F;) such that 0 < A < 1.

4.2 Duality

Fort =1,...,T, we define the set

E={CeL(F) | Epl¢| Fon] <1}

Every sequence (&11,-..,&7) € Eq1 X -+ - x Er induces a P-supermartingale (M$)I_, by
<
Mf _ 1 for r <t
Eep1 oo & forr=t+1,...,T

Definition 4.3 A one-step penalty function on i1 is a mapping
Pt Epr — Ly (Fr)

that satisfies the two properties:

(i) essinfeeg,,, () =0
(i1) Y (1a€ + 1acE’) = 14t (&) + Lacth (&) for all £,8 € Ei11 and A € Fy
A dynamic penalty function on £ is a sequence (wt);f:_ol of one-step penalty functions.
Theorem 4.4 Let (zm)tT;Ol be a dynamic penalty function on . Then
Ht(X) := essinf {E[P [£t+1X ‘ ft]+¢t(€t+l)} , t:(),...,Tfl, (417)

Et+1€E 41
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defines generators of a time-consistent dynamic concave monetary utility function (¢)_, on R>
that has the following representations:

X) = X, + ess inf E MSAX; + MS b 1(6:) | F 4.18

th( ) t (§t+1,...,£s)61513+1x---xé‘s P j;rl j J g—ﬂZ’J 1(§J)| t ( )
T

- X, + essinf E MSAX,; + M5 b _1(€:) | F 4.19

vk s B ; SAX; + Mj_yia(&) | Fe| o (4.19)

for all0 <t <s<T and X € R{,, where we used the notation AX; := X; — X;_1.
Proof. 1t can easily be checked that for every t =0,...,7 — 1,

Hy(X):= essinf {Ep[&1X | Fi] + ¥1(&e41)}

Eer1€E41

defines an F;-concave mapping from L>(F;11) to L°°(F;) that satisfies (H1)—(H3). Therefore, the
family (Ht)?:_ol induces a time-consistent dynamic concave monetary utility function (), on
R>°. To show (4.18) and (4.19), we define the mappings ¢; : R{% — L>(F;) by

T
he(X) = X inf E MEAX; + MS b (6| Fol . 4.20
XV =Xk Sl e Br| 30 AN ML vn@) [ (420

Exactly as in the proof of Theorem 3.4, it can be deduced from conditions (i) and (ii) of Definition
4.3 that

(X)) = X, + essinf B > M;AX;+ M 1) | Fe (4.21)
(Etq148s)EE 1 XX E;s o1

for all X € RyS. Now, we can show ¢; = qgt by induction over s. First, assume that X € Ry3, .
Then, by (4.21),

:(X) = Ge(Xt, pr11(X)) = Ge( Xy, Xpy1) = Xi + {It(AXt-H)
= Xi+ essinf {Ep[§1AXe1 | Foe] +9u(&r1)} = 0e(X).

tr1€E 11

Now, assume X € RS for s > ¢+ 2 and ¢(Y) = ¢:(Y) for all Y € R{%—1- By (4.15), we have

¢t(X) = (bt(Y) fOI‘
Y =1y X + 1em1,m@s—1(X) € Ri%_1,

15



and therefore,

¢5t(X) = ¢t(Y) = Qgt(y)

s—1
= inf E MSAY; + M5_;-1(&) | F
(§t+17---,§sfels)segtl+1><“'><5571 i _z: J i 3—1'(/}] 1(£J)| !
_]7t+1
[ s—2
= essinf E MEAX; + M5 [bs_1(X) — Xo_
(Etg1,-s€s—1)EEL41 X XEs1 ¥ j:zt;rl J J s 1[¢ 1( ) 2]

+Z 11/& 1fj)|-7'—t

Jj=t+1
s—2
= essinf E MSAX,
(Etq1se8s—1)EE 1 XX Es 1 ¥ j;l J J
+M5_[AX,_ 1+essmf{E]p [EAX, | Fooi] + Ys—1(E5)}] (4.22)

+ Z MS_;-1(8) | Fi

j=t+1

where for s =t + 2, the term Zj 1 MfAXj is understood as 0. By condition (ii) of Definition
4.3, the family

EIP [ESAXS ‘ ‘7:5—1} + ws—l(fs) ) fs S gs

is directed downwards. Therefore, we can take the essinf in (4.22) outside of the conditional
expectation Ep [. | 73] and arrive at

S

X) = inf E MEAX M = di(X).
¢t( ) (§t+1,...,§ess)sel‘£+1x»--xss P j;ﬂ + 11/13 1(51) ¢t( )

O

It can easily be checked that aggregators of the form (4.17) are continuous from above in the
sense of Definition 3.5 and utility functions of the form (4.18)—(4.19) are continuous from above in
the following more general sense:

Definition 4.5 Let 0 <t < s <T. We call a mapping I : R{S, — L*°(F;) continuous from above
if I(X™) — I(X) P-almost surely for all (X™)p>1 and X in R 2 such that X' decreases to X,
P-almost surely for allr =t,...,s.

We call a dynamic monetary utility function (¢)L_, on R™ continuous from above if every ¢;
is continuous from above.

Lemma 4.6 A time-consistent dynamic monetary utility function (¢;)L_, is continuous from above
if and only if all of the corresponding aggregators (Gt)t:_ol are continuous from above, which is the

case if and only if all of the associated generators (Ht)th_Ol are continuous from above.
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Proof. Tt is obvious that (¢;)7_, is continuous from above if and only if all aggregators (G¢)7—'
are continuous from above. Now, fix ¢ and assume that G; is continuous from above. If (X™),>1
and X are in L°°(F;41) such that (X"),,>1 decreases to X P-almost surely, then we have

H:(X"™) = Ge(0,X") \, G¢(0,X) = Hy(X) P — almost surely.

Hence, H; is continuous from above. On the other hand, if we assume that H; is continuous from
above, (X" )p>1 and X are in L*°(F;) such that (X™),>1 decreases to X P-almost surely and
(X# 1)n>1 and X4y are in L*°(F;41) such that (X™),>1 decreases to X P-almost surely, then

Go( Xy, X y) = XU+ Ho (X — X{) < XPHH (X —X) N X+ Hy (X1 — X)) = Go(Xe, Xiga)
P-almost surely. This shows that G; is continuous from above. O

Definition 4.7 For a time-consistent dynamic concave monetary utility function (¢¢)1_, on R>
with generators (Ht)tT:_O1 that are continuous from above, we define for {41 € Ep1 and t =

0,...,T —1,

P (Eppr) = esssup {Hy(X) — Ep[61 X | Fi]}
XeL>(Fit1)

and call (Y)Y the minimal dynamic penalty function of (¢4)1_,-

Lemma 4.8 Let (¢;)1, be a time-consistent dynamic concave monetary utility function on R>
with generators (Ht)z:ol that are continuous from above. Then ( tml")tT;Ol 1s the smallest dynamic

penalty function on £ such that
Hy(X) = essinf {Ep[{1X | Fo] + 0" (&41) } (4.23)

Etr1€E14+1
forallt=0,...,T—1 and X € L (Fiy1).
Proof. Fix t € {0,...,T — 1} and consider Q= {t,t + 1} x Q with the o-algebra Fi41 generated
by all sets of the form {j} x A; for j =t,t+ 1 and A; € F;. Let P be the probability measure
on (€, Fi1) given by P[{j} x Aj] = iP[Aj] for j =t,t+1 and A; € F;. By F, we denote the
o-algebra on Q generated by all sets of the form {¢,¢+ 1} x A; for A; € F;. Then we have

L®(F) x L®(Feq1) = L°(Q, Foyr, P)

and the aggregator G; can be viewed as a concave monetary utility function from L° (Q, J}tﬂ,ﬁ")
to L (), F¢,P). Clearly, it is continuous from above. Therefore, it follows from Lemma 3.7 that

Gi(Xp, Xiga) = essinf {Ep[(1 —a) Xy + a1 Xoqr [ Fo] + Gela, §e1) - (4.24)

(a,6¢4+1) €LY (Fi) X Dy

where

L (F) :={ae L®¥(F)|0<a<1}
and
Gla, &) = esssup {Gi( Xy, Xi41) — B [(1 — a) Xy + a&1 Xeq1 | Fo}
(X4, X 41)EL®(F)XL>®(Fiq1)
= €ss sup {Gi(0,AX 1) —Epla&1AXiy1 | F)}

(X4, X¢41)EL®(Fe)X Lo (Frq1)

= esssup {Hy(X)—Epla&1 X | F]} .
XeEL®(Fii1)
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This shows that

Hy(X) = Gu(0,X)= essinf {Ep[&1X | F]+ ¢ ()}

Et41€E41

for all X € L°°(F;41). The minimality of ® follows because every function 9 : 11 — Ly (F})
that fulfills

Hy(X)= essinf {Ep[&1X | Fe] +e(&y1)}  forall X € L(Fiqq)

Ei41€E41

must also satisfy
Ht(X) — E[P [£t+1X ‘ th] S 7/’t(ft+1) fOI‘ all X S Loo(]—_'t+1) and £t+1 S 5t+1 5

and therefore, 1M < ). O

The following corollary is an immediate consequence of Theorem 4.4 and Lemma 4.8.

Corollary 4.9 Let (¢;)]_, be a time-consistent dynamic concave monetary utility function that is
continuous from above. Then

X) = X inf E MEAX,; + ME  p™in(e) | F
o(X) = Xk essinf o Bel D0 MAK; ML) | F
j=t+1
T
= Xi+ ess inf E MEAX: + MS gmin(e) | F
! (41, €7)EE 41X XED F j:zt;rl J J J—1%j 1(£J)| t

forall0§t<s§TandX€Rffs.

Our next result is the extension of Theorem 3.9 for risk measures that depend on stochastic
processes.

Theorem 4.10 Let (zbt)?:_ol be a dynamic penalty function on & with corresponding time-consistent
dynamic concave monetary utility function (¢;)1_, on R>°. Assume there exists an X € R*™ and

an element (&YX,...,&X) in & X -+ X Ep with M%X > 0 such that
T X X
$o(X) = Xo+Ep | Y M5 AX; + M; ;1 (&)
j=1
Then

T
¢:(X) = Xi + Ep Z Mf AX; +M]§71’(/)j—1(§}x) | Fi
=t

forallt=1,...;T —1.

Proof. By Theorem 4.4, we have

T
X X
(X)X +Bp | Y MS AX; + M9 (65) | Fo
j=t+1

18



forall t =0,...,T — 1. If there exists a t € {1,...,T — 1} such that

T X
G(X) < Xy +Ep | Y M AX;+ M- "1 ( & | F
j=t+1

on a set with positive P-measure. Then,

T
$o(X) = Xo + Ep ZMf AX;+ M i1 (€5)
j=1

t
= Xo+Ep | M AX;+ & 1 (€X) + Ep Z M AX; + M 1 (65) | 7
| 7=1 Jj=t+1

t
> X0+E]p ZMf AX +M 17/}J 1(5 )+¢t( ) Xi

T
> X inf E MSAX; + M5 4pi (&
> o+(£hw£<;8)ségxmxh P ; SAX+ M vi-1(85)
= ¢0(X)7
which is a contradiction. O

4.3 Composed generators

In this section we study generators of the composed form
Hy(X) = hi(F (X)), (4.25)

where F} : L®°(F;41) — L°°(F;) is a monetary utility function from L% (F;y1) to L®(F;) and hy
a function from R to R satisfying

(h1) h(0)=0
(h2) hy is increasing
(h3) |he(z) — he(y)| < |z —y| for all z,y € R.

Then Ht = hyo Fy : L°°(Fiy1) — L°(F;) satisfies the properties (H1), (H2) and (H3). Hence,
(ht, Fy)I-4' induces a time-consistent dynamic monetary utility function (¢¢)7_, on R*®. If in
addition to (h1)-(h3), h; is concave and F; Fi-concave, then H; satisfies (H4), and (¢;)L, is a
time-consistent dynamic concave monetary utility function on R°.

By standard convex duality, every concave function h : R — R can be represented as

h(z) = min{zy + h*(y)} ,
yER
where h* is the concave conjugate given by

h(y) = Sup {zy — h(z)} .

As a consequence, we have the following
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Proposition 4.11 If F; : L®°(Fi41) — L°(Fy) is given by
Fy(X) = essinf {Ep[§{1X | Fe] + 0i(§ev1)}

§t41€D 41

for a one-step penalty function p; on Diy1 and hy is a concave function from R to R satisfying
(h1)—(h3). Then Hy = hy o F; can be represented as

Hy(X) = essinf {Ep [§e1 X | Fil + ¥e(&ev1)}, X € L7 (Fiqa),

i11€8: 4

for the one-step penalty function 1y on E11 given by

Vi(§e1) = Ep [§e1 | Fo] 1 (Em) + Ry (Ep [§ev1 | Fi]) -

Proof. Since h; satisfies (h2) and (h3), we have h;(y) = oo for all y ¢ [0, 1], and therefore
Hi(X) = hy(Fy (X))

hy ( essinf {Ep[§i1 X | Fi] + @t(§t+1)})

£t+1€D111

oé%fgl gﬁfseanil {y {Ep[&1 X | Fe] + @e(&e41)} + Ry (y)}

= ess inf {EP[§t+1X | Fi] + Ay <§t+1) + h} ()\)}

§t41€E¢ 41 A

for \ := E]p[gt_ﬂ | ft] U

In the following we are going to discuss different specifications of the function h;. This leads
to extensions of some of the examples of Section 5 of Cheridito et al. [9].
4.3.1 Risk measures that depend only on the final value
If hi(z) = x, then the aggregators reduce to

Gi( X, Xey1) = Xo + b (Fr(Xeq1 — X)) = Fr(Xey1)
and the corresponding (¢;)7_, is a time-consistent dynamic utility function on L%°(Fr) as in
Section 3.
4.3.2 Risk measures that depend on a weighted average over time
If hi(z) = vz for a constant v, € (0,1), then
Gi( X, Xoq1) = Xy + hi(Fy (X1 — Xo)) = (1= 7)) Xo + 7 Fr (Xig) -

Consider the transformed generators Fy(.) := ~,F,(y; '.) and the corresponding time-consistent
dynamic monetary utility function on L (Fr) given by

(Z;t:ﬁ‘to"'OFTfy

Then it can easily be checked that the time-consistent dynamic monetary utility function (¢¢)L_,
on R* induced by the aggregators (G;)I_, is given by

T
S(X) = [ D 01X, t=0,..T-1,
=t
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where

11— for j =t
0 =1 Yo V-1l =7;) fort<j<T
e Yr—1 fOI'j:T
In particular, for v = qui;rtl? t=0,...,T —1, we get
_ 1 T
X) = B — X,
¢t( ) ¢t T—t—f—l; J

4.3.3 Risk measures defined by worst stopping
For hy(x) = x A 0, the aggregators become
Go(Xt, Xe1) = Xy + he(Fy(Xip1 — X3)) = Xo A Fy(Xpar) (4.26)
and the ¢; are of the form
¢+(X) = essinf ¢, (X,), X € R™,

TEO,

where ©; is the set of all {¢,...,T}-valued stopping times and (qgt)tT:O is the time-consistent
dynamic concave monetary utility function on L (Fr) given by

¢i(X)=Fio---0Fp_(X), XeL®Fr).
This can directly be seen by checking that

inf¢:(X,), t=0,...,T
efggﬁ@( ) e

is a time-consistent dynamic monetary utility function on R* whose aggregators are given by
(4.26).
4.3.4 Trade-off functions

Instead of specifying the function h; directly, one can start with a continuous decreasing function
gt : R — R such that ¢;(0) = 0 and define the corresponding aggregator G; by

Gi(X¢, Xiy1) :=esssup{m € L=(F;) | (Xt — m, Xtp1 —m) € B},
where the one-step acceptance set B; is given by
By = {(Xt, Xi41) € L=(F) x L=(Fei1) | g1(Xe) < Fe(Xeg1)}

The function g; specifies the trade-off between risk at time ¢ and ¢ + 1 of an acceptable process
X € RYG41- It can easily be checked that the inverse h; of the strictly increasing function g;(—x)+=
satisfies (h1)—(h3), and B; can be written as

Bt = {(Xt,Xt+1) (S Loo(ft) X Loo(ft+1) | Xt + ht OFt(Xt+1 - Xt) Z 0} .

Hence, the generator H; is given by h; o F;. Note h; is concave if and only if ¢g; is convex.
For g:(x) = 0 we get hi(z) = x, and we are back in the case of Subsection 4.3.1. The case
gt(x) = (1 = 1/4¢)x for 0 < v < 1 corresponds to h:(x) = y:x of Subsection 4.3.2. The function
hi(x) = 2 A0 of Subsection 4.3.3 is not bijective. Therefore, it cannot be obtained from a trade-off
function gy.
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Example 4.12 Our last example is built on trade-off functions of the form g;(z) := exp(—vyz)—1
for 44 > 0. In this case there exists no closed form expression for h;. But we have the following
relation between the concave conjugates of g = —¢g; and hy:

ey J ygi (Ly—1) forye(0,1]
hi (y) { 0 for y ¢ (0, 1]

Indeed, h}(y) = oo for y ¢ (0,1] is an immediate consequence of the fact that h; is bijective and
satisfies (h2) and (h3). For y € (0, 1], we can write

hi(y) = sup {hu(x) — ay} = sup {he(h; H(=2)) = by ' (—2)y}
= y-sup{—a/y—h;'(-2)} =y i‘éﬁ{“ —1/y)x — (hy (=) +x)}

z€ER
= yoswp {g(x) — (Vy -1z} =yg (1/y—1).

For y > 0, the concave conjugate of g:(z) = —g;(x) = 1 — exp(—vy;) is given by

~ Y Yy Yy
g: (y) =1+ —log (> -
Yt Yt Ve

Hence,

X 1—y 1—y 1—y
hi(y) =y + log( )— :
Tt Yty Yt

We now combine h; with the entropic generator
Fy(X)=—a; "logEp [exp(—a X) | 7], X € L®(Fyq1)
with minimal penalty function

O (E41) = o "Ep [&41 log(&41) | A

Then it follows from from Proposition 4.11 that the minimal dynamic penalty function of the
dynamic concave monetary utility function (¢;)_, on R* induced by (hs, F;)I_;' is given by

)

1—X 11— 1—X
Ve(&e1) = oy "Ep [€41 log(&e1) | Fe] — oy "Alog(A) + A + 5 log ( ) -
t

A e
for £t+1 S gt+1 and \ := E[P [€t+1 ‘ ft]
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