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Compositional Schedulability Analysis of
Real-Time Systems Using Time Petri Nets
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Abstract—This paper presents an approach to the schedulability analysis of real-time systems modeled in time Petri nets by
separating timing properties from other behavioral properties. The analysis of behavioral properties is conducted based on the
reachability graph of the underlying Petri net, whereas timing constraints are checked in terms of absolute and relative firing domains. If
a specific task execution is schedulable, we calculate the time span of the task execution, and pinpoint nonschedulable transitions to
help adjust timing constraints. A technique for compositional timing analysis is also proposed to deal with complex task sequences,
which not only improves efficiency but also facilitates the discussion of the reachability issue with regard to schedulability. We have
identified a class of well-structured time Petri nets such that their reachability can be easily analyzed.

Index Terms—Real-time systems, time Petri nets, schedulability, reachability.

1 INTRODUCTION

IN a real-time system, the process of verifying whether a
schedule of task execution meets the imposed timing
constraints is referred to as schedulability analysis [10].
Many researchers have tackled this problem by focusing on
either the implementation of a real-time system or the
specification of a real-time system. Examples of schedul-
ability analysis based on implementations include the
works by Stoyenko et al. [10] and Haban and Shin [5]. In
[10], a set of language-independent schedulability techni-
ques based on the information of program implementation
was proposed. In [5], an approach to monitor and verify the
task executions was presented. Representatives of schedul-
ability analysis based on specifications include the real time
logic technique by Jahanian and Mok [6], and the Petri net
based technique by Tsai et al. [11].

Our work studies schedulability analysis of specifica-
tions modeled in time Petri nets [8]. As a visual model, time
Petri nets (TPNs) have been proven very convenient for
expressing timing constraints in time dependent systems.
TPNs associate transitions with time pairs instead of single
delays in timed Petri nets, thus TPNs are more general than
timed Petri nets [1]. Furthermore, TPNs support formal
analysis by adapting the well-known reachability analysis
technique [1], [2]. A reachability graph (or tree) provides a
representation of the complete dynamic behavior of a TPN
based on the interleaving semantics. The nodes are state
classes and the edges are labeled with firing transitions and
firing domains reflecting timing constraints. Schedulability,
though closely related to reachability, has more specific
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concerns about transition sequences rather than markings
or states. State classes constructed for the purpose of
validating the dynamic behavior is therefore not so effective
for schedulability analysis. In particular, the end-to-end
delay in task execution, an important issue in time critical
systems, cannot be directly derived from the firing domain
of state classes. Thus, the techniques developed in [1], [2]
are useful for reachability analysis but not efficient for
schedulability analysis.

An alternative analysis technique for real-time systems is
to separate the analysis of timing properties from the
analysis of other nontiming behavioral properties. For a
Petri net (PN) based model with extended time-handling
capability, the analysis can be conducted in two phases:
reachability analysis without considering the timing con-
straints and timing analysis of task sequences. Reachability
is analyzed to verify whether a transition sequence 6 is an
occurrence sequence reaching a certain marking M, in the
underlying PN. The occurrence sequence 6 is then analyzed
to verify whether ¢ is schedulable or M, is reachable by
means of 6 with the timing constraints. Tsai et al. employed
this approach for the schedulability analysis of real-time
system specifications modeled by timing constraint Petri
nets (TCPNs) [11]. TCPNs extend Petri nets by associating a
minimum/maximum timing constraint with each transition
and place, and associating a duration constraint for firing
each transition. Different from TPNs and timed PNs,
TCPNs use the weak firing rule. TCPNs are more
expressive, but more complicated to use. Furthermore, it
is difficult to address the general reachability issue of
TCPNs when we need to analyze both behavioral and
timing properties. The schedulability analysis of TCPNs,
though adapted from TPNs and timed PNs, is not
applicable to that of TPNs because of different firing rules
that have different interpretations of timing constraints on
net structures such as synchronization and concurrence. In
addition, the following formulas of earliest beginning fire
time (EFBT) and latest fire ending time (LFET) for a weakly
firable transition (WFT) in Definition 4 [11] are inconsistent
with the meanings of timing constraints:
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p (3,15)
O,

Fig. 1. TCPN—Example 1.

t(2,10) [6]

O

EFBT(tJ) = MaX{TCmm (pj)} =+ TCm‘m (tj),
LFET(t;) = Min{TCpax(p;j), TCrax(tj) }-

This problem leads to the incorrect conclusions in
Theorems 1 and 2.

Consider a simple example in Fig. 1, where p is the only
input place of transition t. Suppose the token in p arrives at
time Ty. Then, transition t is enabled at T.

Using the above formulas, EFBT(t) =3+2=5 and
LFET(t) = Min{15,10} = 10.

LFET(t) — EFBT(t) = 10 — 5 = 5 < FIREqy(t) = 6.

Thus, t is not firable. As a matter of fact, this is not consistent
with the meanings of timing constraints. The timing
constraints on place p, (TCun(p), TCuax(p)) = (3,15), are
the minimum/maximum elapsed time intervals between
the token arrival time of p (T), and the beginning/ending
firing times of p’s output transition, i.e., t. In other words, t
can fire only during (Ty+3,Ty+ 15). The timing con-
straints on t, (TCpn(p), TCrax(p)) = (2,10) mean that t is
firable only during (T + 2, Ty + 10). Thus,

EFBT(t) = Max{T + 3, Ty + 2} = Ty + 3,
and

LFET(t) = Min{T, + 15, Ty 4+ 10} = T, + 10,
LFET(t) — EFBT(t) = (To + 10) — (To +3) =7 > 6.
Thus, t is firable.

In more general cases when token arrival times are
considered, formulas 4.a and 4.b in Theorem 1 defining
EFBT and LFET for a strongly firable transition (SFT) are
incorrect either. For the example in Fig. 2, suppose the token
arrival times of pi, p2, and p; be different.

Considering the place constraints, t can only fire in the
following three intervals:

(TOKENarr (pj) + TCmin (pj)a TOKENarr (pj) + TCmax (pj))v

where p; € {p1, p2, p3}. On the other hand,

MAX{ TOKEN..(pj) : pj € {P1,P2,P3}}

is the time when t is enabled. According to the transition
constraints, t is firable only during

(MAX{ TOKENdrr(pJ) Y € {pla b2, p3}} + Tcmin(t),
MAX{ TOKENarr(pj) ipj € {pla PQ,pi’)}} + TcmaX(t))-
Thus,
EFBT(t) = MAX{ TOKEN,;(p;) + TCuin(p;),
MAX{ TOKEN(ur(p]) : p] € {ph P2, piﬁ}} + TCmin(t)}
LFET(t) = MIN{ TOKEN s (p5) + TConuux (D),
NIAX{ TOKENarr(pJ) Y € {p17p27p3}} + TCmaX(t)}

pL(3.15)

t(2,10) [6]

Fig. 2. TCPN—Example 2.

These should be the correct versions for formula 4.a and 4.b
in Theorem 1. However, they are not as easy to deduce
TOKEN,;(p;) as in formulas 4.a and 4.b. In other words, it
is rather complex to use them to automatically determine
the schedulability of all transitions in a TCPN. In conclu-
sion, the complex timing constraints provide little help for
modeling and analyzing real time systems.

In this paper, we focus on the schedulability analysis of
TPNs. Our main results include: 1) an approach for
determining whether a specific transition sequence is
schedulable or not, for calculating the time span of a
schedulable task execution, or for pinpointing out non-
schedulable transitions to help adjust timing constraints
and correct design errors, 2) a compositional approach to
deal with complex task sequences, 3) identification of a
class of well-structured time Petri nets so that the reach-
ability of these nets can be easily analyzed. These results
serve dual purposes: On one hand, TPNs are used as a
model for architectural specification in SAM [13], a soft-
ware architecture specification model developed by us, the
scheduability technique provides an important analysis
technique for timing critical properties of SAM specifica-
tions. On the other hand, our schedulability analysis
technique of TPNs offers a more effective and practical
way complementing the traditional reachability analysis.
Our schedulability analysis is based on both relative and
absolute time modes and can be integrated with reach-
ability analysis of TPNs [1], [14].

This paper is organized as follows: Section 2 gives a brief
introduction to TPNs and schedulability. Section 3 shows
how to conduct timing verification for schedulability
analysis of task execution by separating timing properties
from behavioral properties. Section 4 describes how to
conduct schedulability analysis by decomposing a firing
sequence in underlying Petri net into a number of
subsequences. Section 5 discusses the reachability problem
of TPNs based on the reachability graph of underlying Petri
net and the compositional schedulability analysis. Section 6
demonstrates the main idea through an example. Sections 7
concludes the paper.

2 Time PETRI NETS AND SCHEDULABILITY
A time Petri net TN is a tuple (P, T, B, F, C, M) where:

e D is a finite set of places.

e T is a finite set of transitions.

e B is the backward incidence function, B: T x P — N,
where N is the set of nonnegative integers.

e Fis the foreward incidence function, F: T x P — N.

e M is the initial marking function, My: P — N.
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Fig. 3. Schedulability of transitions.

e C is a mapping called static interval, C: T —
Q" x Q" where Q* is the set of nonnegative rational
numbers.

P, T, B, F, and M, together define a Petri net without any
timing constraints. We denote this underlying net as UN =
(P,T,B,F,M) and use its reachability graph as the basis
for the schedulability analysis of TN. Given a marking M
and a place p € P, M(p) denotes the number of tokens in p.
For any transition t € T, *t = {p € P: (t,p) € B}. For con-
venience, we also denote C(t) as t(EFT(t), LFT(t)) € C,
where t € T, EFT, and LFT are called static (relative) earliest
firing time and latest firing time, respectively. The static
interval for any transition is finite since this paper is mainly
concerned with the schedulability of finite task sequences
within finite time. Let I; = (a1, b1), Ir = (a2, bs), where 0 <
a; < b < o0 and k € N, we define L+1 = (a1 + az,bl + bz),
Il — IQ = (al — ag,bl — bg), and k*Il = (k*al,k*bl).

In a time Petri net TN, a transition t is said to be enabled
under marking M if (Vp € *t)M(p) > B(t,p). An enabled
transition t with time interval t(EFT (t), LFT (t)) under
marking M at time 7 may not fire before 7+ EFT(t) and
must fire before or at 7 + LFT(t) unless another transition
fires before and modifies M [1]. According to the strong
firing mode, a transition is forced to fire at 7 + LFT(t) if the
transition has not fired and not been disabled by others
transitions’ firing (on the contrary, PNs use a weak firing
mode, which does not force an enabled transition to fire; in
other words, an enabled transition may or may not fire)
[11]. As in [1], we also assume no transition can be multiply
enabled. We use EN(M) to denote the set of transitions
enabled under marking M.

In a TN, an enabled transition t is said to be schedulable
under marking M if t can be the first transition to fire (i.e.,
can fire before any other enabled transitions). For example,
in Fig. 3a, both t; and t; in the conflict structure are
schedulable under the current marking, though the firing of
one transition makes the other disabled under the new
marking. In Fig. 3b, only t; is schedulable; t; is not
schedulable because t; must fire before to has a chance to
fire. In Fig. 3c, both t; and t, are schedulable. After the
firing of t; (or t3), to (or t;) is still enabled and schedulable
under the new marking. Generally, the schedulability of
an individual transition depends on the time constraints

(©)

of all enabled transitions under the current marking.
Transition t is schedulable under the initial marking M, if
EFT(t) < min{LFT(t'): t’ is enabled under My}. More gen-
eral cases are discussed in the next section.

In a TN, a transition sequence 6 = (t ...t;...t,) is said to
be schedulable or 6 is a schedule if all transitions in § are
schedulable in the given order, that is, there exist markings
My, ..., M, such that (MgtyM;...tM;...t,M,) is a firing
sequence in the underlying net and t;(1 < i < n) is schedul-
able under M;_;. If at least one transition in § is
nonschedulable, then § is nonschedulable. In a TN, a
marking M, is said to be reachable from M, if there exists a
schedule ¢ that reaches M, from M. In the underlying net
UN, a marking M, is said to be reachable if there is a firing
sequence (Mot M ... t;M; ... t,M,), or simply an occurrence
sequence 6 = (t1...t;...t,), that transforms M, to M,. We
use L(Mj,M,) to denote the set of all possible firing
sequences from M, to M, in a UN. If a transition sequence
is not an occurrence sequence in the UN, it is not
schedulable in a TN. However, an occurrence sequence in
the UN is not necessarily a schedule in the TN and a
marking that is reachable in the UN is not necessarily
reachable in the TN. In this paper, we focus on checking
whether occurrence sequences in a UN are schedulable in
the TN.

3 SCHEDULABILITY ANALYSIS

In this section, we first show that the time span of a task
sequence cannot be accurately evaluated by the relative time
mode for checking the schedulability in a TN. A method
integrating the absolute time mode with the relative time
mode is then presented to conduct a schedulability analysis.

Generally, the relative firing domains for the state classes of
TPNs in [1] can be used to determine the schedulablility of
transitions. Let us first disregard the timing inequalities on
pairs of enabled transitions, which were originally used for
comparing state classes when generating state class graphs.
Suppose D; is a relative firing domain for enabled
transitions at M;. The dynamic firing interval of transition
t in D; is denoted as Di(t), (REFT; (t), RLFT; (t)), or
t(REFT; (t), RLFT; (t)), where REFT; (t) and RLFT; (t)
are referred to as the relative earliest firing time and the
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relative latest firing time, respectively. Let Dy = {C(t): t €
EN(My)} and (RE;, RL;) be the relative schedulable interval
for t;. The schedulability of ti;1(0 <i<n-—1) in firing
sequence (Mot ... ... tn M, ) can be checked by the following
steps:

Step 1: If t;.; € EN(M;) and REFT;(t;) < MIN{RLFT;(t):
t € EN(M;)}, then t;4; is schedulable at marking M;
during interval

(REi;1,RLiy1) = (RLFT;(ti11),
MIN{RLFT;(t) : t € EN(M,)}).

Else, ti1; is nonschedulable at marking M;;

Step 2: Build new relative firing domain:

e D=0

e For any newly enabled transition t (disabled
under M; and enabled under M;,,), add its static
time interval C(t) into D;.;.

e For any inherited transition t (enabled by both
M; and My, t # tiy1), the interval of t to be
added into Di+1 is (MAX {O, REFTl(t) — RL1+1 },
RLFT;(t) — REp).

e If ti;; is enabled again under M., add its static
interval into Dy,

Let us check the schedulability of t;t; in Fig. 3c, where
1\10 = {pl,pg} and Do = {t1(1,3>,t2(2, 5)}

1. Check t; : t; is schedulable during (1, min{3,5}) =
(1,3); //My = {p2, p3}

Dy = {tz(max{2 — 3,0},5 — 1)} = {t,(0,4)}.

2. Check t; : t9 is schedulable during (0,4);
//Mz = {P27P4} Dy = 0.

According to the above steps, t; fires at 6;(1 < 6, < 3)
relative to time 7 (at My) and ty fires at 65(0 < 6y < 4)
relative to 7 + 61 (at My). At M, after t, fires, the time should
be 7460, +6,. Is (1,3)+(0,4) =(1,7) the interval for
01 + 6,7 The answer is negative. At least, this is not
accurate. The correct time span for t;t; is (2,5) because t,
is enabled under M, and it must fire at sometime between
(2,5). Similarly, tst; is a schedule in Fig. 3c. The relative
schedulable interval for t, is (2, min{3,5}) = (2,3) and the
relative schedulable interval for t; is (max{1—3,0},3 —2)
=(0,1).(2,3) +(0,1) = (2,4) is not the correct time span for
tot; either. Since t; must fire before or at 3, the correct time
span for tot; should be (2,3). As a matter of fact, we cannot
accurately determine the time span of an occurrence
sequence according to the relative firing domains. The
problem arises from the timing constraints of concurrent
transitions. For a transition t enabled at both M; and M;,4,
relative interval (MAX{0,REFT;(t) — RL;;1}, RLFT;(t) —
REi41) loses time information for calculating the time span.
For example, the relative interval at M; is not necessarily
equal to the relative interval at M;y; plus the schedulable
interval during which t; fires under M;, that is,
(REFT;(t), RLFT;(t)) is not necessarily equal to

(MAX{0, REFT;(t) — RLi;1},
RLFT;(t) — REiy1) + (RLis1, REi41).

The above problem may be solved by transforming
timing inequalities for transition pairs in dynamic firing
domains into a canonical form before their use. However,
this approach has a polynomial complexity [2] and is less
understandable and effective. In this paper, we introduce
the absolute firing domains for enabled transitions and global
time stamps for reached markings based on absolute
intervals, which are relative to 7 at M,. After firing a
transition, the reached marking is stamped and an absolute
firing domain is constructed for newly enabled transitions
and those transitions remain enabled. Suppose TS; =
(AE;, AL;) is the time stamp at M;, which means M is
reached at sometime during (AE;, AL;) relative to 7 at My (M;
cannot be reached before AFE; or after AL;); AD;(1 <i<n)is
the absolute firing domain for the transitions enabled under
M;. The interval of transition t in AD; is denoted as AD;(t),
(AEFT;(t), ALFT;(t)), or t(AEFT;(t), ALFT;(t)), where
AEFT;(t) and ALFT;(t) are referred to as the absolute
earliest firing time and the absolute latest firing time,
respectively. ADy(t) = {C(t) : t € EN(My)}; let the time
stamp at My be TSy = (0,0). Whether firing sequence
(Moty ... t;M;...t,M,) in a UN is schedulable or not in TN =
(P,T,B,F,C,M;) can be determined by checking each
transition t;41(0 <i<n — 1) as follows:

Step 1: If tiyy ¢ EN(M;), then, § is not an occurrence
sequence in UN and, thus, nonschedulable.

Step 2: If REFT;(ti11) < MIN{RLFT;(t) : t € EN(M;)}, then
tiy1 is schedulable at marking M;; do Steps 3-5. Else, ti4;
is nonschedulable at marking M;.

Step 3: Calculate the relative schedulable interval of t; :
(REit1, RLiy1) = (REFT;(tit1),
MIN{RLFT;(t) : t € EN(M;)}).
Calculate the absolute schedulable interval of t;,q, i.e.,
time stamp:
TSit1 = (AEif1, ALiy1) = (AEFT(ti11),
MIN{ALFT;(t) : t € EN(M;)}).

Step 4: Build the new relative firing domain D;; from D;:

[ ] Di+1 = @

e For any newly enabled transition t (disabled
under M; and enabled under M;,,), add its static
time interval C(t) into D;y, i.e.,

Di+1 = D1+1 @] {C(t) ot ¢ EN(lVL) ANt e EN(I\LJrl)}
e For any inherited transition t (enabled by both M;

and M;,;) and t # t;;;, the interval of t to be
added into D;,; is

(MAX{0,REFT;(t) — RL;; }, RLFT;(t) — RE;;,),
ie.,
Dprl = Di+1 U {(1\/IA)({O7 REFTl(t) - RLiJrl},

RLFT;(t) — REi,,): t € EN(M,)
At € EN(I\/L+1) At 75 ti+1}.
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e If t;y; is enabled by M;y; (tis; has already fired
under M;, but is enabled again under M), add
its static interval into D, i.e.,

Dit1 := Diy1 U{C(tis1) : tix1 € EN(Miz1)}.
Step 5: Build the new absolute firing domain AD;y; from
ADiZ

L4 1+1 = @
° For any newly enabled transition t, add the sum
of its static interval and current time stamp, i.e.,

ADi+l = ADi+1 (@] {C(t) + TSH»l : t¢ EN(MI)
Nt € EN(MHO}

e For any inherited transition t (t# ti11), the

interval added to AD;, is
(MAX{AEFT;(t), AEi;1 }, ALFT;(t)),
ie.,

ADi+1 = ADi+1 U {(l\lAX{AEFTI(t), AEH—l}’
ALFT;(t)) : t € EN(Mj) At € EN(Miy) At # tisr ).

e If t;. is enabled under M;.;, add the sum of its
static interval and current time stamp into
ADi+1, i.e.,

ADiyq := ADiU{C(ti41) + TSit1 : tiy1 € EN(Mjyq1)}.
In the above algorithm, EN(M;;;)(0 <i<n-—1) are
directly obtained from the reachability tree of the under-
lying Petri net UN. Relative firing domains D; are used to
determine the schedulability of individual transitions and
absolute firing domains AD; are used to calculate the times
when transitions fire and new markings are reached. The
computations of AD; and D; are independent from the
preconditions of Steps 1 and 2. The time stamp T'S;;; is the
absolute schedulable interval of ti;; reaching M. If the
sequence is schedulable, the time span of executing the
sequence is TS,. This can be illustrated by the following
induction: 1) According to the definition of schedulability, t;
is schedulable during (EFT(t;), MIN{LFT(t):t€EN(Mjy)}.
Since (EFT(t),LFT(t)) = C(t) = (AEFT,(t), ALFT((t)) for
any t € EN(M,), the schedulable interval of t; is equal to

(AEFT(t;), MIN{ALFT,(t): t € EN(M)})
=TS, = (AE;, ALy).

TS, is the interval (time stamp) for reaching M;. In addition,
AD; contains correct absolute intervals for all enabled
transitions under M;. For any newly enabled transition t,
the absolute interval during which t can fire is the static
interval (relative to M;,) plus the absolute schedulable
interval of t; (the interval during which M, is reached,
i.e.,, TSy). For any transition t (t # t;) enabled under both
My and M;, t will never fire before AE; because t;
fires after or at AE; and t must fire after t;. Thus,
(MAX{AEFT,(t), AE}) is the earliest absolute time that t

can fire. If t; is still enabled under M;, the new absolute
interval for t; in AD, is its static interval plus TS; (like a
newly enabled transition). 2) Suppose TS; is the time span
during which t; fires and AD; contains correct absolute
intervals for all enabled transitions under M;. Obviously,
tiy1 may not fire before AEFT;(ti11). Also, tir; must fire
before any other enabled transition is forced to fire, i.e., ti4;
must not fire after MIN{ALFT;(t):t € EN(M;)}. Thus,
(AEFT;(ti+1), MIN{ALFT;(t) : t € EN(M;)}) is the interval
during which ti;; fires or the time span of firing
t1,t2,...tiy1. This interval is exactly TS;;;. Similarly, it is
easy to show that AD;;; also contains correct absolute
intervals for all enabled transitions under M. ;.

Furthermore, we can easily know the time span between
any two transitions or markings in a schedulable occurrence
sequence. In fact, the time span of the subsequence
(t1t1+1 .. tJ)(J >i> 0) or from t; to tj is TS_] —TS;_;. This
facilitates the composition of transition sequences because a
sequence that does not begin with M, can also be analyzed.

For example, the schedulability of 6= (titetststs) in
Fig. 4a is checked as follows:

1. Initial time stamp TS, = //Mo ={p1};
DU = {t1(0,5)}}
Initial absolute firing domain ADy = {t,(0,5)}.
2. Check t; : t; is schedulable during dynamic relative
=(0,5);

interval (0,5);
//My = {p2};
Dl = {t2(17 4)7 t6(57 7)}/

New time stamp TS,
Add the intervals of newly enabled transitions t,
and tg to new absolute domain AD;:
ADq(t2) = C(te) + TSy = (1,4) + (0,5) = (1,9);
AD;(t6) = C(ts) + TS; = (5,7) + (0, 5) (5,12).
3. Check to : REFT1 (tg) =1 S MIN{RLFTl( ) 47
to is schedulable during (1,4);
TSy = (179)/
Dy = {tS(la 3)7 t4(47 5)}/
Add the intervals of newly enabled transitions t;3
and t4 to new absolute domain ADs:
ADs(t3) = C(t3) + TSy = (1,3) +(1,9) = (2,12);
ADz(t4) = C(t4) + TSy, = (4,5) + ( ) (5 14 )
4. Check ts: REFTs(ts) — 1 < MIN{RLFTs(ts) — 3,
RLFT,(t4) =5} =3
tg is schedulable during (1,3); //Mj = {ps,ps};
TS, = (2,12);
D3 = {t4(1,4)}; AD;(ts) = (5, 14).
5. Check t4 : t4 is schedulable during (1,4);
//My = {ps,ps};
TS, = (5,14);
Dy = {t5(1,5)};
ADy(t5) = (1,5) + (5,14) = (6,19) }.
6. Check t5 : t5 is schedulable during (1,5);
//My =M; = {pr};
TS; = (6,19);
Dr, = @, AD5 = @

Thus, ¢ is schedulable and the time span of ¢ is
TS; = (6,19). The time span of subsequence (tsts) is
TSy — TSy = (5,14) — (1,9) = (4,5), i.e., it takes four to five
units of time to finish firing t; and then t,. This complies
with the interpretation of timing constraints imposed on the

(0,0);

9
1

//My = {p3,pa};
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Fig. 4. Schedulability of transition sequences.

concurrence structure. Note that, the absolute firing
domains cannot be used to determine the schedulability
of individual transitions. In the above example, the absolute
domain after firing t; is AD; = {t2(1,9),t6(5,12)}. It seems
from AD; that either t; or tg in the synchronization/conflict
structure is schedulable. This is not true because tg
is nonschedulable according to the timing constraints
defined for t; and tg. Similarly, it seems from AD, =
{t3(2,12),t4(5,14)} that t3 and t4 in the concurrence
structure can fire in both sequences: (tst4) and (t4t3). This
is not true because t; must fire before t, according to the
timing constraints of t3 and t4. As will be pointed out later,
there is another issue related to the reachability graph if we
merely use the absolute firing domain. This is why we use
relative firing domains and absolute firing domains to
determine the schedulability of individual transitions and
the time span of transition sequences, respectively.

Similarly, 6; = (titatatsts) is not schedulable in Fig. 4a
because t4 cannot fire before t; according to My = {ps, ps},
Dy = {t3(1,3),t4(4,5)}), and

REFT,(ty) = 4 > MIN{RLFT;(t3), RLFT,(t)} = 3.

Let us consider 8, = (t1tst7ts). t1 is schedulable and its firing
results in My = {po} and D; = {t2(1,4), ts(5, 7)}. Obviously,
to is schedulable and tg is not schedulable. Thus, 6, is not
schedulable either. Note that L(My, M,) = {6, 61,62}, i.e., 6,
61, and 6, are exactly the three possible firing sequences
reaching M, = {pr}. However, M, is reachable only by
means of 6. In Fig. 4b, the time Petri net has the same
underlying Petri net as in Fig. 4a, but the static intervals of t4
and t¢ are replaced with (2,4) and (3,7), respectively. In this
case, 6, 61, and 6, are all schedulable. Their spans are (4,18),
(4,17), and (8,24), respectively. The span of (tsts) in 6 is (2,4),

ts (3,7)
P3 P4 Ps
L2 (1,3) 11 (2,4) 7 (3,8)
Ps Ps Py
ts (1,5) t3 (2,7)
p7

whereas the span of (t4t3) in & is (2,3). It should also be
noticed that the dynamic interval of ts in 6, is (3,4) and,
therefore, the absolute interval of firing ts is (3,9).

4 COMPOSITIONAL ANALYSIS OF SCHEDULABILITY

In this section, we describe how to conduct a schedulability

analysis by decomposing a firing sequence in UN into a

number of subsequences. Because of decomposition and

composition, the analysis result of some sequence can be
reused for checking other sequences. Specifically, the
analysis of those sequences containing duplicated subse-
quences can be simplified. This not only reduces the
complexity but also helps address the reachability issue.
As mentioned above, any marking in a schedule is
stamped with an absolute time interval, relative to the
initial marking. It is easy to get the time span between any
two markings or transitions from a given schedule. To
facilitate decomposition and composition, here, we use
firing sequences instead of occurrence sequences and
extend the schedulability analysis in the last section for
more general cases. A sequence 6 is allowed to start from
any marking reachable from M, in UN, rather than M itself.

In other words, ¢ is allowed to be a part of a firing sequence.

The algorithm of checking schedulability of ¢ is then

denoted as a mapping V¥ : ST — Q* x Q*, where ST is the

set of all firing (sub)sequences in UN. If ¢ is nonschedulable,
then ¥(6) = (0,0); otherwise ¥(6) = TS,, which is the time
span relative to the start time.

Definition 1. Let 61 = (1\/[10t11M11 ce tliMli P tlml\/Ilm) (m >
1) and 62 = (1\120t21M21 .. .tnggj A tgnl\/I?n) (n > 1) be two
sequences in UN, where My and My are reachable from M.
by is composable with 6, if and only if My = My and
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EN(Mip) NEN(Mip_1) — {tim} = 0. The composition of 6,
with 61, denoted as 6, + s, i

(1\410'5111\/111 A thMli - tllimtglMgl . tnggj - thl\/IQn).

EN(Mpy) NEN(Myy-1) — {tim} = @ means that My, and
Miu-1 do not share any other enabled transitions except
tim, i.e., all transitions enabled by M;,, are newly enabled
after firing tim. tim, if still enabled under M, is
considered as a new one. For example, in Fig. 4a,
(MatsMstyMyt;Ms) is composable with (Mgt;M;toMs) be-
cause EN(I\/IQ) = {t37t4}, EN(Ml) = {tg,tﬁ}, and EN(MQ)
NEN(M;) =0; (MstsMstsM5) is not composable with
(Motll\/lltgl\qgtgkig) because EN(M3) = {t4},EN(1\/Ig) =
{t3,t4} and EN(M3) N EN(M,) # 0, i.e., (t1t2t3t4t5) cannot
be decomposed into (titats) and (tsts). Generally, it is
incorrect to separate concurrent transitions while decom-
posing a sequence.

Obviously, sequence composition is associative, that is,
(51 + (52 + 53:(61 + 62) + (53 = 51 + (52 + 53), where (51, (52,
and 63 are sequences. In the following, ¢ and & are
sequences, and 6; +6;+ ...+ & is simply denoted as
6109 ... 6.

Theorem 1. Let 6 be composable with 6,. 6,6, is schedulable if
and only if both & and 68, are schedulable, and W (66,) =
U(81) + U(bs) if 6169 is schedulable.

Proof. Let

81 = (Miptr My .. .t My; « . 1 M),

8y = (Moot Mo . . . tg;My; . . . tayMay), and

8163 = (Myot1i My ...t Mii « . b1 Mymtor Moy
oty Mo . taMay).

1. Suppose both 6; and 4, are schedulable. There
exist two sequences of relative firing domains for
checking the schedulability of 6; and 6, say,
(D10D11 e Dlm)/ and (D20D21 e DQn). Since (52 is
composable with 6;, My, = My, and

EN(M11) UEN(Myy-1) — {tim} = 0.

So, Dim ={C(t) :t € EN(My,)}, i.e., for any
transition enabled by M, the dynamic interval
is exactly the static interval. On the other hand,
Doy = {C(t) 1t e EN(I\I%)} Therefore, D1 = Dy
and (DyoDq1...DimD21...Dyy,) is exactly the
sequence of relative firing domains for checking
the schedulability of 6;6,. So, 616, is schedulable.

Similarly, there exist two sequences of time
stamps for checking the schedulability of ¢; and
62, say, TSmTSH cen TSlm and TSQ()TSZI ‘e TSzn,
where Tslo = TSQQ = (O, 0) \I'(él) = TSlm and
U(8y) = TSsy. There also exists two sequences of
absolute firing domains for checking the schedul-
ablhty of 61 and (52, say, (ADlOADH . ADlm) and
(ADQOADgl e ADQH). ADlm = {C(t) + TSlm it e
EN(MQ[])} and

AD20 = {C(t) 1t e EN(Mgo)}
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Let ADZJ'/ = {I + TSlm :1e ADQJ} and TSQJI =
TSQj + TSim (0 <j<n+ 1). Then, (ADmADU ..
AD;,AD), ... AD} ) is exactly the sequence of
absolute firing domains and (TS;(TSy;...
TSimTSY, ... TS, ) is exactly the sequence of time
stamps for checking the schedulability of 6;6s. So,

\11(61(52) = TSIQn = TSQn =+ TSlm = \11(62) + \11(61)

2. Suppose

8162 =(Miot1i Mg .. 1My« .t M,
tor Moy ... tQjMQj . tgnMgn)

is schedulable. There exists a sequence of relative
firing domains, say, (DigDi1...DimDai...Day).
ObViOllSly, (D]OD]] e Dlm) and (D]ng] R Dgn)
are the sequences of relative firing domains for
checking 6; and 6, respectively. So, both 6; and 6,
are schedulable. Similarly, there exist a sequence
of time stamps, say,

(TSU)TSH e TSlmTSQI . TSQH).

\11(5152) = TSQn. ObViOLlSly, (TS10TS11 e TS1m) is
the sequences of time stamps for checking 6.
U(6) = TSim- Suppose TS, doesn’t contain
infinite time. Let TSy = (0,0) and TSy’ = TSy;
— TSlm(O <j<n+ 1) TSQO,TSQII R TSQHI is the
sequence of time stamps for checking 6.
\11(62) = TSQH, = TSgn — TShn. SO,

q1(51) + \I/(&Q) = TSlm + TSQn
TS 1 = TSon = W(5,62).

If TSy contains infinite time, TSy (0 < j <n+1)
all contain infinite time. Similarly, we can prove
U(6162) = W(61) + ¥(2).

According to 1 and 2, the theorem holds. a

If 65 is not composable with ¢;, checking ¢; and 6,
individually does not provide any useful information for
analyzing the composition of ¢; and é,. The reason is that
the dynamic intervals in the initial relative and absolute
firing domains are always equal to the static intervals. For
example, let (51 = (MoththMgtgl\/Ig), (52 = (M3t4M4t5M5),
and § = (M0t1M1t2M2t3M3t41\/14t51\/[5). In Flg 4a, 6, (51, and 52
are all schedulable according to the extended algorithm,
and Y(6) =(6,19), ¥(é1)=(2,12), ¥(62) = (5,10). Ob-
viously, ¥(6) # U(6;) + ¥(d2). As a result, we cannot
analyze the schedulability of 6 by means of ¢; and 6.

Theorem 2. Let 6;(1 <1i < k) be sequences, and 6;(2 <i < k) be
composable with 6;_1. 61...6 is schedulable if and only if
6i(1 <1 <k) are all schedulable. ¥ (6, ...0) = ZLI W(6) if
61 ... 0 is schedulable.

Proof. It is obvious if k = 2; if k = 3, then 6;6263 = (6162)83.
Let 6 = 6162. 516263 = (563 663 is schedulable iff § and 65
are schedulable iff §;, 62, and 63 are schedulable. Suppose
6 =261...6,-1 is schedulable iff (1 <i<k—1) are all
schedulable. §;...6k = 66k. 61...8c is schedulable iff &
and ¢ are schedulable iff §(1 <i<k) are schedulable.
By induction, the theorem holds. O
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Fig. 5. Compositional analysis.

Theorem 2 shows the schedulability can be analyzed by
decomposing a sequence into a number of subsequences,
whenever possible and necessary.

Theorem 3. Suppose sequence 6y is composable with itself (called
self-composable) and with sequence 6, and sequence s is
composable with ;. Let 6 = (62)1‘ =6y...09...69, where the
number of 65 is k(k > 0). 6,663 is schedulable if and only if
(5152(53 is schedulable. \11(61563) = \11(615253) + (k — 1)*\11(52)
if 61663 is schedulable.

Proof. If 52 = (Mzotgll\/bl e t211\/121 e tQmMgm) is a self-
composable sequence, then Myy = My,,. This theorem
directly follows from Theorem 2. ]

The significance of Theorem 2 and Theorem 3 is that they
not only simplify the schedulability analysis of those
sequences containing loops, but also help analyze reach-
ability. In Fig. 5a, there is an infinite number of firing
(occurrence) sequences reaching Mz = {p4} from My = {p;}
in the underlying net, but any firing sequence can
be constructed by (Mothlthz)(6)k(Mgt4M3), where
6= (l\/lgthltzl\/lg), I\/Il = {pz}, 1\/12 = {pg}, and k € N. Ac-
cording to Theorem 3, (Mot;M;toMy)(6)'"(Maty,Ms) is
schedulable if and only if (Mgt;M;tsMs)d(MatsMs) is
schedulable. Here, neither is schedulable because

(b)

(Mat4M3) is nonschedulable. To determine the reachability
of M3 in TN, we only need to check the schedulability of
basic sequences, i.e., & = (Mot;M;taMstsM3)(k =0) and
8y = (Mot1MitoMadMatyM3)(k = 1). With regard to timing
constraints, M3 is unreachable since neither é; nor 6, is
schedulable. In Fig. 5b, we can also identify some key
transition sequences reaching {pio} in the underlying net,
such as (t2t3t4t5), (t2t4t3t5), (t6t7t8), (t9t2t3t4t5), (t9t2t4t3t5),
(t9t6t7t8), (tl), and (tm). Since (t2t4t3t5) and (t6t7t8) are
nonschedulable from M; = {p,}, any sequence containing
(totststs) or (tgtrts) is nonschedulable. However,
(tl)(t2t3t4t5)(t9t2t3t4t5)k(t10) is schedulable, where k € N.
Thus, {p1} is reachable in the TN. Note that Theorems 1-3
are useful only if sequences can be decomposed, i.e., no
concurrency is present at decomposition markings.

5 SCHEDULABILITY AND REACHABILITY

In this section, we discuss the reachability problem of TPNs
according to the reachability graph of PNs. Though we
know M,, is reachable by finding a schedule that starts from
M, to M,,, it is generally difficult to determine whether M,, is
reachable or when the reachable marking M, is reached
because all possible firing sequences from M, to M,, in a UN
(i.e., in L(My, M,)) must be analyzed.
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Figs. 4a and 4b have the same underlying Petri net.
L(l\/lo, 1\{“) = {(5: (t1t2t3t4t5), 61 = (t1t2t4t3t5), 52 = (t1t6t7tg)},
where M, = {p7}. In Fig. 4a, 6§ is schedulable, and
U(6) = (6,19), whereas é; and 62 are nonschedulable. The
earliest time and the latest time when M, is reached are
(6, 19). In Fig. 4b, all 6, 6;, and &, are schedulable.
U(6) = (4,18), ¥(&) = (4,17), and ¥(6;) = (8,24). There-
fore, the earliest time and the latest time when M, is
reached are (4, 24).

However, can we determine whether M,, is unreachable
if none of §, 61, or 6, are schedulable? It is known that the
reachability and boundedness problems are decidable for
PNs [9], but undecidable for TPNs [1]. Even if M, is
reachable in a UN, it may not be reachable in a TN. This
does not mean that we cannot establish some relationship
between the reachability of a TN and the reachability of its
UN. In fact, we have:

Theorem 4. M, is unreachable in a TN if marking M, is
unreachable in its UN.

Proof. We need to show that, if M, is reachable in a TN,
then M, is reachable in its UN. If M,, is reachable in a TN,
there exists a firing schedule, say

0 A
<My, Dy > " <y, py > Y
tn (0
<MD > oM D, >

t; is firable and schedulable by < My, Dy > in the TN, so
t; in the UN is firable by M, and the firing of t; in the UN
reaches M; exactly. Therefore, (Myt;M;) is a firing
sequence in the UN. By induction,

(Mot M, .M .. t,M,)

is a firing sequence in the UN, that is, M,, is reachable in
the UN. O

Theorem 5. It is decidable whether M,, in a TN is reachable or
not if L(My, M,) is a finite set.

Proof. Since L(My, M, ) is finite, there is a finite number of
firing sequences that reach M, in the UN. For any firing
sequence é in L(My,M,), we can check whether ¢ is
schedulable or not in the TN. If there exists at least one
schedulable firing sequence, then M, is schedulable in
the TN, otherwise M, is nonschedulable in the TN
according to Theorem 4. O

If M, is schedulable in a TN, the earliest time when M,, is
reached is the minimum of the times of schedulable firing
sequences reaching M,, i.e., MIN{AE() : § € L(My, M,) A 6
is schedulable} and the latest time is MAX{AL($):6 €
L(Mg, M, ) A é is schedulable}, where (AE(6), AL(6)) = ¥ (6).
Theorem 5 is less practical because a finite L(My, M, ) means
there is no loop from M, to M, in the net. Now, we extend it
to infinite L(My, M,,) where sequences can be composed.
Definition 2. A Petri net UN = (P, T,B,F,My) is said to be

well structured with respect to a reachable marking M, if there

exists a finite set S of composable sequences such that any

firing sequence in L(My, M,,) can be composed from S.

For example,
S = {(Mot; M;toMy), (MatsMs), (MatzMtoMs)}
for the underlying net in Fig. 5a and M,, = M3 = {p4} and

S :{(MUtIMl), (M1t2t3t4t5M5), (M1t2t4t3t51\/[5),
(N11t5t7tgl\/[5), (M5t9t2t3t4t5M5)7 (M5tgt2t4t3t51\15),
(1\151791761771781\15)7 (1%517]01\/[“)}

for the underlying net in Fig. 5b and M, = {p1o}. Thus, the
nets in Fig. 5 are well structured with respect to M,,.

In practice, whether a UN net is well structured with
respect to M,, can be determined in terms of the reachability
tree of the UN. The UN is a well-structured if 1) BL(M,, M,)
is finite, i.e., there is a finite number of basic firing sequences
(without duplicate subsequences). 2) For any basic loop
(MjtcMy ... Mj_i M . . . .M;) (without duplicate subse-
quences) in path (Mot; My ... M. . 6 M; ... 6, My), (MjtcMy)
is composable with (t;M;....t;M;) and (Mjti;1Miy1) is
composable with (ti M ... t;M;). That is,

UN(M;) N UN(M;_1) — {t;} = 0 and
UN(M,_1) N UN(M;) — {t,} = 0.

Such basic loops are called composable loops. In addition, a
UN net is not well structured if concurrent branches have
internal loops (see the end of the next section).

For the underlying net in Fig. 5a and M, = M3 = {p4},
BL(l\lo, Mn) = {(1\10t1N11t2M2t4M3)} and 100p (MgththMz)
(i=1,j=2,t =ty =t3, and Mj_y =M;) is a composable
loop because UN(M;) N UN(M;_;) = UN(M;_1) N UN(M;) =
UN(My) N UN(M;) = {t3,t4} N {t2} = 0. Similarly, for the
underlying net in Fig. 5b and M,, = {p1o},

BL(My, M,) = {(Motitatstatstio), (t1tatatststio), (titetrtstio)},

and basic IOOPS (t9t2t3t4t5),(t9t2t4t3t5),(t9t6t7t8) are all
composable.

Theorem 6. The reachability of M, in a TN is decidable if the UN
is well structured with respect to M.

Proof. Suppose the UN is well structured with respect to M,,.
There exists a finite set of composable sequences S such
that any firing sequence in L(My, M,) can be composed
from S. In terms of S, we can build a set of basic firing
sequences reach M, from M, say, BL(My,M,) C
L(My, M,), such that, for any § € BL(My, M, ), 6 cannot
be decomposed into 8;..66; . .. &, where (i =1...k) € S.
That is, 6 does not contain duplicate composable
sequences. Since S is finite, BL(M,,M,) is finite too.
According to Theorem 2 and Theorem 3, if none of firing
sequences in BL(My,M,) is schedulable, then none of
firing sequences in L(My, M, ) is schedulable, i.e., M, is
unreachable in the TN. If there is a schedulable firing
sequence in BL(My, M,,), M,, is reachable in the TN. In this
case, the earliest time when M,, is reached is MIN{AE($) :
6 € BL(My, M,) A é is schedulable}. Thus, whether M,, is
reachable is decidable. O

According to Theorem 6, the reachability of M, = {p1}
in Fig. 5b is decidable no matter what timing constraints are
imposed on the well structured underlying net. Thus,
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Fig. 6. The architecture of the assembly system.

Theorem 6 is more general than Theorem 5 because the
underlying net is well structured if L(My, M,,) is a finite set.
It should be noticed that the schedulability analysis in this
paper is not intended to address the general reachability
problem though they are closely related. As a matter of fact,
< M;,D; > is a state class in the enumerative method [1]
and schedule

<My, Dy > 5 < M, Dy > ...
M, Dy > . < M, D, >

is a path in the reachability graph. The time span of
executing such a schedule can be evaluated according to the
absolute firing domains. Nevertheless, the values in a
sequence of absolute firing domains and in a sequence of
time stamps are monotonically increased. They cannot be
used as a part of state classes to generate the reachability
graph that contains loops, otherwise it makes no sense to
compare two state classes. For example, two state classes
with the same marking and same relative firing domain
reached by different schedules are usually unequal since
they have different absolute firing domains and time
stamps. This reflects a reason why absolute time mode is
used to conduct the schedulability analysis, rather than to
address the general reachability issue, for TPNs.

6 SCHEDULABILITY ANALYSIS OF
AN ASSEMBLY SYSTEM

We have applied SAM to model various time-dependent
software system architectures, such as flexible manufactur-
ing systems (FMS) [12] and command and control systems
(C2) [13], and used the method described in this paper to
conduct schedulability analysis of these system architec-
tures. This section describes how to analyze the schedul-
ability of an assembly subsystem in an FMS, separating
timing properties from functional properties.

FMS systems provide a means to achieve better quality,
lower cost, and smaller lead-time in manufacturing. An
FMS is a real-time system composed of a number of
computer-controlled tools and automated material hand-
ling, assembly, and storage systems that operate as an
integrated system under the control of host computers. The
growing demand for higher performance and flexibility in

these systems and the interlocking factors of concurrency,
deadline-driven activities, and real-time decision-making
pose a significant challenge to FMS design, especially in
terms of control and scheduling. For a complex FMS, it is
necessary to experiment with different alternatives of
control and scheduling policies against the same hardware
configuration. It is therefore highly desirable to be able to
“plug-in” the specifications of various control modules to
an FMS model without having to make major changes or re-
construct the entire system model each time.

Let us consider the assembly subsystem in an FMS. As
shown in Fig. 6, the assembly system is composed of three
processors, one inspector, one assembler, and two disas-
semblers. The system receives two types of parts (A and B)
as inputs and, after processing the input parts, one A-part
and one B-part are assembled into a final product. The
assembly procedure is described as follows: raw parts
arrive in pairs, A-parts are processed by processors 1 and 2
in series, while B-parts are processed by processor 3.
Processed A-parts and B-parts are finally assembled by an
assembler. The inspector is responsible for quality control of
the assembled products. If an assembled product satisfies
the quality requirements, it is unloaded from the system as
a final product; otherwise, it is disassembled either by
disassembler 1 or 2 depending upon their status. Disas-
sembler 1 generates A-parts to be sent back to processors 1
and 2 and B-parts to assembler, respectively. Disassembler 2
generates A-parts to be sent back to processors 1 and 2 and
B-parts to processor 3. For all processors, inspectors,
assemblers, and disassemblers, there are certain timing
constraints imposed on them (refer to Table 1). Considering
timing constraints, we need to check a number of assem-
bling schedules. Whether an A-part and a B-part are
assembled in a given time period mostly depends on the
analysis of following cases:

1. Neither A-part nor B-part has any quality problem.

2. There is no problem with B-part, but A-part cannot
pass the quality examination for m times (m > 0).

3. A-part and B-part cannot pass the quality examina-
tion for m and n times respectively (mn > 0).

The TPN model of the assembly system is shown in
Fig. 7. The places and transitions are described in Table 1.
Suppose the assembly system receives an A-part and a
B-part at sometime, that is, My = {pu,pie}. Without
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TABLE 1
Legend for Fig. 5
Place Description
PiL.Pi2 Input from other subsystems providing A-parts and B-parts

Po Output to another subsystem storing assembled products
P1 A-part
P2 A-part after the processing of processor 1
D3 A-part for assembly after the processing of processor 2
Pa B-part
Ps B-part for assembly
Ds Assembled product
Pz Examining result of inspector

Transition Description Interval
ty Receive A-part and B-part 0,1
t Processor 1 works on an A-part (1,3)
t3 Processor 2 works on an A-part (1,2)
ty Processor 3 works on a B-part 2,4)
ts Assembler works (1,2)
te Inspector examines assembled product (0,1)
t; Final product is unloaded (0,2)
tg Disassembler 1 works (0,1)
to Disassembler 2 works (0,1)

v (0,1)
¢
6
7 ts (1,2) ts (0,1) t7 (0,2)
P7 Po
6
B

Fig. 7. TPN model of the assembly system.

consideration of timing constraints, the functional require-
ments of above cases are easily analyzed. For example,

b1 = (titatstatstety),
8y = (t1totstatstetstatstststy), and
83 = (t1tatstatstetototstatstety)

are three basic occurrence sequences in the underlying net
that model the functional behaviors of correspondent
assembly processes.

According to the algorithm in Section 2, the schedul-
ability of 6; is analyzed as follows:

1. TSy =(0,0); //My = {pi, pi2};
D() = {tl((), ].)}7 AD[) = {tl(O, 1)}

2.ty is schedulable during (0,1); //M; = {p1,ps};
TS; = (0,1); D1 = {t2(1,3),ta(2,4) };
ADl = {t2(174)7t4(27 5)}

3. to is schedulable during (1,3); //Ms = {p2,pa};
TSQ = (1,4), D2 = {tg(l,?),t4(073)};
AD2 = {t3(2a 6)7 t4(2a 5)}

4. t3 is schedulable during (1,2); //M; = {ps,ps};
T83 = (2,5), Dg = {t4(0, 2)}, AD3= {t4(2,5)}

5. t4 is schedulable during (0,2); //My = {ps,ps};

TS4 = (2,5); D4 = {t5(173)}; AD4: {t5(378)}

6. t5 is schedulable during (1,5); //Ms = {ps};

TS; = (3,8); Ds={ts(0,1)}; ADs= {t4(3,9)}.
7.  tg is schedulable during (0,1); //Ms = {pr};
TS6 = (3,9) Dg, = {t7(0,2),t3(0,1),t7(0, 1)}
ADg = {t7(3,11), t5(3,10), t7(3,10)}.

8. t7 is schedulable during (0,1); //M7 = {po};
TS7 = (3, 10), D7 = (Z‘; AD7 = (Z)

Thus, 6, is schedulable, and ¥(6;) = (3, 10). Similarly, 6,
and 63 are also schedulable, and ¥(6;) = (6,19) and
U(é3) = (6,18).

Besides the analysis of basic sequences, we also need to
deal with concurrence and loop. Here, t4 and tot3 are
concurrent. (tatsty), (t2t4t3), and (t4tots) are all schedulable
from marking M; = {pi, ps4}. The sequences obtained from
81, 62, and 83 by replacing (totsts) with (totsts) or (t4tots) are
all schedulable. For example, if (totsts) in 6 is replaced with
(tatots), we can change steps 3, 4, and 5 as follows:

3.ty is schedulable during (2,3); //Ms = {p1,ps};
4. ty is schedulable during (0,1); //M; = {p2,ps};
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Fig. 8. Reachability trees of underlying nets.
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5.

TSy =(3,6); Dis={t5(1,3)}; ADs={t5(4,9)}.

If (totsts) in 6y is replaced with (tatsts), we can change steps
(3), (4), and (5) as follows:

3. to is schedulable during (1,2); //Ms = {p2,pa};
TSQ = (174); D2 = {t3(172),t4(0,3)};
ADZ = {t3(27 6)7 t4(27 5)}

4. ty4 is schedulable during (0,2); //Mj = {p2,ps};
TS; = (2,5); D3 ={t3(0,2)}; AD3;={t3(2,6)}.

5. ts is schedulable during (0,2); //M4 = {ps3,ps};
TSy = (2,6); Dy={t5(1, 3)} ADy ={t5(3,9)}.

\I/(tztgt4), \I’(t2t4t3), and \I’(t4t2t3) relative to the time at
M; are (2,4), (2,5), and (3,5), respectively. The loops that
should be taken into account are o; = (tgtotststs) and
09 = (th’t;‘,t(;), where o = (t2t3t4) or (t2t4t3), or (t4t2t3). It
is easy to show that ¥(01)=(3,9) and ¥(02) = ¥(0) + (1,4),
relative to the time at Mg = {p7}.

Recall the assembling schedules. They are actually
correspondent to the following task sequences:

1. (t10t5t6t7),
2. (t10t5t60'mt7) and
3. (tlatg)tha'l’ O'gt7),

where (m > 0 and n > 0). These sequences are obviously
occurrence sequences in the underlying net and their timing
properties are easily calculated according to above discus-
sion. Note that oy and oy are self-composable sequences,
and oy (01) is composable with o; (02). Both the starting
marking and the ending marking are {pr}. o109 = 0201 (i-e.,
the ordering of o; and o3 is not important). So, A-part fails
m times and B-part fails n times at any sequences can be
represented by o'c}. Moreover, the underlying net is well
structured with respect to M, = {p,} because any firing
sequences can be composed from S = {t;otsts, 01, 09,7}
according to the reachability tree in Fig. 8a. The set of basic

and oy are composable. So, we can determine whether M, is
reachable and whether a given task execution is schedulable
no matter what the timing constraints are. For the
constraints given in Fig. 7, there is no nonschedulable
transition and M, is reachable. However, if we add a new
transition t;o with interval (0,2), input place p3, and output
place p, to Fig. 7, then the new underlying net is not well
structured (branch tyts with a loop tigtats is concurrent with
branch t,). The reachability tree of the new underlying net is
shown in Fig. 8b. Basic loop tigtots is not composable
because

UN({psps}) N UN({p2psa}) — {t3}
= {tio, ta} N {ts,ta} — {ts} = {ta} # 0,

where {psp,} and {psp4} are the markings after/before the
firing of t3 in the loop. To determine the schedulability of a
sequence with such loops, we cannot use the compositional
technique described in this paper.

7 CONCLUSIONS

We have presented an approach to the schedulability
analysis of real-time systems modeled by time Petri nets.
The contribution of this paper includes:

1. An approach for schedulability analysis by separat-
ing timing properties from other behavioral proper-
ties and by using relative/absolute time modes to
determine the schedulability of individual transi-
tions and to evaluate the time span of task execution.
This provides an incremental verification technique
from Petri nets to time Petri nets in the software

architecture methodology SAM.



996 IEEE TRANSACTIONS ON SOFTWARE ENGINEERING, VOL. 28, NO. 10, OCTOBER 2002

2. A compositional technique to reduce the complex-
ity of schedulability analysis by decomposing a
complicated task execution into a number of
subsequences.

3. A relationship between some reachability and
timing issues of time Petri nets and the reachability
of underlying Petri nets and the compositional
analysis.

4. Identification of a class of time Petri nets with well-
structured underlying Petri nets so that the reach-
ability of these nets can be easily analyzed.

Our compositional schedulability analysis is applicable
to TPNs that model behaviors and timing constraints of
individual system components (subsystems) and connec-
tions (communication and interaction among components)
of real time systems. An interesting research problem is
how the approach can be extended to analyze distributed
real time systems. In particular, how to compose system
components modeled by TPNs at a higher abstraction level
is our on-going research problem.
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