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6Department of Physics, Temple University, Philadelphia, PA 19122 - 1801, USA
7John von Neumann Institute for Computing (NIC), DESY, Platanenallee 6, 15738 Zeuthen, Germany

Abstract. We show the first results for parton distribution functions within the proton
at the physical pion mass, employing the method of quasi-distributions. In particular,
we present the matrix elements for the iso-vector combination of the unpolarized, he-
licity and transversity quasi-distributions, obtained with Nf = 2 twisted mass clover-
improved fermions and a proton boosted with momentum |�p| = 0.83 GeV. The momen-
tum smearing technique has been applied to improve the overlap with the proton boosted
state. Moreover, we present the renormalized helicity matrix elements in the RI′ scheme,
following the non-perturbative renormalization prescription recently developed by our
group.

1 Introduction

Parton distribution functions (PDFs) provide an important insight into the inner dynamics of hadrons,
by giving information on the momentum distribution of their constituents (quarks, antiquarks and
gluons), and represent also essential inputs for making predictions in high energy experiments. Our
knowledge on PDFs relies so far on phenomenological analysis of deep inelastic scattering data (see
for instance Refs. [1–4]) and suffers from a number of shortcomings. Therefore, finding an alternative
approach for computing PDFs would be a major step. Indeed, from phenomenological fits, a strong
dependence of the result has been observed on the form of the parametrization and on the selected
data; moreover, the scarcity of experimental data in certain kinematic regions leads to very poorly
constrained distributions especially at large and small values of the Bjorken variable x. On the other
hand, an ab initio direct determination of parton distributions from QCD has been impossible until the
pioneering work of Ji to compute the quasi-PDFs within the lattice QCD framework [5]. The standard
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lattice QCD methods could not be used since PDFs are defined in terms of non-local light cone
correlations in the Minkowskian space-time, usually in the rest frame of the nucleon. In practice, if
we simulate QCD in Euclidean space, we cannot reproduce light cone distances, because these would
require a zero lattice spacing. This issue is overcome by the so-called quasi-PDF approach. The idea
is to compute correlation functions in which the quark-antiquark fields are separated by space-like
distances and connected by a Wilson line that guarantees the gauge invariance of the relevant matrix
element. The validity of this method relies on the nucleon momentum boost, which has to be as large
as possible in order to re-establish a safe connection to the physical PDFs. The latter is pursued by a
perturbative matching procedure.

Obtaining a good signal when using highly boosted states is not a trivial issue in lattice QCD,
because the two- and three-point functions, that are needed for computing the PDFs, decay expo-
nentially with the energy of the proton. To address this problem, a momentum dependent smearing
has been proposed very recently [6] and a significant improvement of the quality of the signal for
PDFs has been seen when compared to the one coming from only the standard Gaussian smearing [7].
Many aspects of the quasi-PDF approach have been investigated so far and among these we mention
the matching procedure up to one-loop perturbation theory [8–11] and the target mass corrections
(TMCs) [12, 13]. Very recently, the renormalization pattern of non-local matrix elements for quasi-
PDFs has been addressed and presented in Refs. [14–16].

At present, Ji’s approach has been employed for two different Nf = 2+1+1 lattice QCD ensembles
at a non- physical pion mass. The results for non-singlet isovector operators for unpolarized, helicity
and transversity distributions look very promising, as can be seen from the bare distributions that
move towards the physical PDFs [7, 12, 13, 17] when increasing the momentum of the proton. There
are still many aspects that need to be investigated, because the distributions extracted so far from the
lattice suffer from several systematic effects, deriving for instance from a finite lattice spacing, non-
physical quark masses and lattice artifacts in the renormalization functions. The systematic effect we
want to address in this work is the dependence of quasi-PDFs on the pion mass.

2 Lattice calculation

According to Ji’s approach, quasi-PDFs are computed from

q̃(x,Λ, Pi) =
∫ ∞
−∞

dz
4π

e−izxPi〈P|ψ̄(0)ΓiW(0, z)ψ(z)|P〉 , (1)

where Λ (∼ 1/a, in a lattice calculation) is the UV cutoff and |P〉 is the proton state with momentum
P = (P0, P1, P2, P3). We take only one spatial component of the momentum different from zero
(denoted here by Pi, where i can be 1, 2, 3) and the Wilson line W(0, z) aligned to the direction of
motion, that we call i-direction. The quantity xPi can be interpreted as the quark momentum in the
direction of the boost. Choosing specific Γi matrices in the insertion operator, we can study three
types of PDFs, namely unpolarized, helicity and transversity PDFs. These give information about the
momentum distribution of partons with a given spin projection along the direction of the motion.
In this work we use:

• Γi = γi for the unpolarized case (q̃ = q̃↓ + q̃↑)

• Γi = γ5γi for the helicity case (∆q̃ = q̃↓ − q̃↑)

• Γi = σi j for the transversity case (δq̃ = q̃⊥ − q̃�)

The simulations are performed with a 483 × 96 ensemble at approximately physical pion mass
(mπ = 131 MeV), produced by ETMC [18], with Nf = 2 flavours of maximally twisted mass clover-
improved fermions, bare coupling of β = 2.10, corresponding to a lattice spacing a � 0.093 fm and
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twisted mass parameter aµ = 0.0009. We apply NG = 50 iterations of Gaussian smearing on the
quark fields with α = 4 and NAPE = 50 iterations of APE smearing, with αAPE = 0.5. The results
presented in this work have been produced at the boost momentum |�p| = 6π/L, corresponding to 0.83
GeV. To improve the quality of the signal, we tune the momentum smearing parameter ζ, computing
the nucleon two point-functions using 50 configurations. The momentum smearing function on the
quark fields, ψ(x), reads,

S mom ψ(x) =
1

6α

ψ(x) + α
∑

j

U j(x)eiζê jψ(x + ê j)

 . (2)

The optimal value for ζ was found to be 0.6. We kept 0.6 also for the matrix elements of Eq.(1).
To increase statistics and minimize lattice artifacts we compute quasi-PDFs with the proton

boosted along x-, y- or z- axis and also in the positive or negative orientation, for a total of six possible
combinations. However, changing either direction or orientation of the momentum requires a new
inversion of the Dirac matrix, because the gauge links are multiplied by a different phase factor. To
calculate the three-point functions, we employ the sequential method for the all-to-all propagator with
the fixed sink approach, setting the source-sink separation at ts = 12a � 1.11 fm. Thus, we compute 6
up/down forward propagators and 24 up/down backward propagators (considering that, for transver-
sity quasi-PDFs, two choices for σi j can contribute if the proton is moving along the i-direction).
For our computation with momentum 6π/L, we analyze 60 configurations with 16 source positions
each, for a total of 5760 measurements for the unpolarized and helicity and 11520 for transversity
distributions.

3 Results

We show the unrenormalized matrix elements for the unpolarized, helicity and transversity cases
in Figs. 1, 2 and 3, relevant for the isovector combination u-d. This choice is motivated by the
possibility of avoiding disconnected quark loops, which are present for instance in operators of the
type O = ψΓ1ψ, where 1 is the identity matrix in the flavour space. In order to estimate the effect
of the renormalization and bring the renormalization factors closer to their tree level value, we apply
multiple steps of stout smearing to the gauge links in the operator. The matrix elements have been
saved every 5 sweeps of stout smearing, from 0 up to 20 steps.

It can be observed that applying stout smearing to the Wilson line clearly affects the value of the
bare matrix elements. In general, the impact of smearing on the imaginary part seems considerably
stronger than on the real part. When comparing the different numbers of smearing steps, the change
from zero to five steps appears to be more significant than from five to ten steps, suggesting a sat-
uration of the smearing effect. As pointed out in Ref. [12], smearing is used to explore the effect
of renormalization on quasi-PDFs. The enhancement of the imaginary part with the stout smearing
leads to a strong x-asymmetry in the bare quasi-distribution, as illustrated in Fig. 4 for the helicity
case. This reveals the expected quark-antiquark asymmetry in the distribution, since antiquarks can
be interpreted as quarks in the negative x region, according to the crossing relation ∆q(−x) = ∆q̄(x).

A valuable cross-check of the lattice QCD results can be done by examining the matrix elements
at z = 0, which can be identified at Q2 = 0 with the local vector, axial and tensor charges. Using the
Z-factors for local operators in the MS scheme at µ = 2 GeV listed in [20], we find for |�p| = 6π/L:
ZVhu−d(0) = 1.09(12), ZA∆hu−d(0) = 1.136(74), ZTδhu−d(0) = 0.981(62). These values are compat-
ible within errors with the local vector charge gu−d

V , which has to be 1 for the proton and the axial
and tensor charges gu−d

A , gu−d
T computed on this ensemble [21, 22]. Following the guidelines of the

renormalization programme presented in [15] and [23], we apply the non-perturbative renormalization
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Figure 1. Real (left panel) and imaginary part (right panel) of the vector form factors for different stout steps and
|�p| = 6π/L.
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Figure 2. Real (left panel) and imaginary part (right panel) of the axial-vector form factors for different stout
steps and |�p| = 6π/L.

prescription on the matrix elements corresponding to the helicity PDF. We will address in the future
the renormalization of the unpolarized and transversity distributions. As shown for the first time in
Ref. [14], for the helicity there is no mixing with other operators when the index of the Dirac matrix
in the insertion is in the same direction as the Wilson line. The renormalization programme is based
on a RI′ scheme [24] and on the following renormalization conditions for the Wilson-line operator ZO

and quark field Zq:

Z−1
q ZO(z)

1
12

Tr
[
V(p, z)(VBorn(p, z))−1

] ∣∣∣∣
p2=µ̄2

0

= 1 , (3)

Zq =
1

12
Tr
[
(S (p)−1)S Born(p)

] ∣∣∣∣
p2=µ̄2

0

. (4)

In Eqs.(3) and (4),V(p, z) and S (p) stand for the amputated vertex function of the axial-vector opera-
tor and the quark propagator, respectively, whileVBorn(p, z) and S Born(p) correspond to their tree-level
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values, withVBorn(p, z) = iγiγ5eipz for the helicity operator. For the evaluation of the vertex functions
we adopt the momentum source technique [25], which allows us to extract the renormalization func-
tions for any operators, at each value z of the Wilson line length, computing only one quark propagator
momentum dependent [26]. The momentum used in the source determines the RI′ renormalization
scale µ̄0, having the form µ̄0 =

2π
L

(
n0
2 +

1
4 , n1, n2, n3

)
, where L is the spatial extent of the lattice. To

renormalize our results, we use a “diagonal” RI′ scale for the momenta (i.e. all spatial components
Pi are different from zero) since it is expected to have smaller lattice artifacts [15, 20]. Keeping in
mind these two requirements, we set the scale at aµ̄0 =

2π
48

(
9
2 +

1
4 , 3, 3, 3

)
. The temporal component

has been chosen in order to make (ap)2 large enough so that the non-perturbative effects are not very

strong and P̂ =
∑
ρ µ̄0

4
ρ

(∑ρ µ̄0
2
ρ)2 sufficiently small to avoid enhanced cut-off effects (see Refs. [26, 27] and [15]

for a specific study on the quasi-PDFs). In Fig. 5 we show the extracted values for the real and imag-
inary part of helicity Z-factor, Z∆h, for 20 steps of stout smearing. In each plot, we report the results
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in the RI′ scheme and the Z-factors converted to MS scheme at µ̄ = 2 GeV. The conversion factor
has been computed in one-loop continuum perturbation theory in [14] and the evolution to the MS
scale µ̄ = 2 GeV is performed using the intermediate Renormalization Group Invariant scheme (RGI),
employed in [20] and [28]. As can be observed, the errors on the Z-factors are very tiny and this is
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Figure 5. Real (left panel) and imaginary parts (right panel) of the renormalization factors as a function of the
length of the Wilson line, z, for 20 steps of stout smearing. Open (filled) symbols correspond to the RI′ (MS)
scale estimates.

an advantage of the momentum source method, which offers a high statistical accuracy with a small
number of measurements. We also note that the values of the Z-factors increase with increasing z as a
consequence of the power divergences of long-link operators. Moreover, the imaginary part is consid-
erably smaller than the real part (both in RI′ and MS schemes) and this is expected from perturbation
theory, where the renormalization functions are real in dimensional regularization and MS scheme to
all orders.

Having the Z-factors, we renormalize the matrix elements for the helicity distribution multiplying
each matrix element ∆h(P, z) by its renormalization function. In Fig. 6 we show the real and imaginary
parts of the renormalized matrix elements in RI′ scheme, as a result of the complex multiplication
∆h(P, z)RI′ = ∆h(P, z)bare × ZRI′

∆h (P, z). From Fig. 6 one can see that Re[∆hRI′ ] is compatible with
zero from z/a > 12, but with increased statistical uncertainties. Moreover, after renormalization, the
imaginary part is amplified especially for intermediate values of z and this is mostly due to the fact
that Im[∆hRI′ ] receives significant contributions from the term Re[ZRI′

∆h ] Im[∆hbare].

4 Conclusions and perspectives

In this work, we report first results on the PDFs using an ensemble of twisted mass fermions simulated
at the physical pion mass. As a starting point we set the momentum of the proton to 6π/L, which
corresponds to 0.83 GeV in physical units. This is still a very low value for the momentum, where
we know there cannot be a quantitative agreement with phenomenological expectations and neither
a safe matching to the physical PDFs. Nevertheless, the calculation for such a low momentum gives
us an indication about the computational effort needed to extract the PDFs from a physical point
ensemble, since this work represents the first attempt in this direction. It is indeed interesting to
make a comparison with the previous study on the PDFs with momentum smearing [7], where we
used a 323 × 64 ensemble from ETMC, with Nf = 2 + 1 + 1 at Mπ ≈ 375 MeV [29]. In that work,
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ensemble, since this work represents the first attempt in this direction. It is indeed interesting to
make a comparison with the previous study on the PDFs with momentum smearing [7], where we
used a 323 × 64 ensemble from ETMC, with Nf = 2 + 1 + 1 at Mπ ≈ 375 MeV [29]. In that work,
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Figure 6. Renormalized matrix elements for the helicity quasi-PDFs in the RI′ scheme at scale aµ̄0 =(
9
2 +

1
4 , 3, 3, 3

)
for 20 stout smearing steps.

150 measurements were enough to have a precision of 10% with momentum 6π/L (1.41 GeV in
physical units), while at the physical point we need around 38 times more measurements for the same
accuracy and with a lower momentum. However, we are currently computing quasi-PDFs using larger
boosts, which is a highly non-trivial task due to the increased noise-to-signal ratio. The bare matrix
elements for the unpolarized, helicity and transversity distributions need to be renormalized. The
renormalization functions for the helicity distribution, Z∆h, are computed in a RI′ and MS schemes,
and allow us to extract the renormalized matrix elements for the helicity case. In future work we
will address the renormalization of the unpolarized distribution, taking into account the mixing with
the scalar operator in the twisted basis and the renormalization of the transversity distribution, which
proceeds in complete analogy with the helicity one. We should also keep in mind that, also for the
unpolarized PDF, there is the possibility to avoid the operator mixing if in the insertion one uses an
appropriate set of gamma matrices instead of the standard choice of a γ matrix in the direction of
the Wilson line [14]. The practicality of this approach needs to be explored. Moreover, the explicit
computation of lattice artifacts in the renormalization functions and the calculation of the conversion
factor RI′-MS up to two-loops are also important ingredient towards a more reliable estimate of PDFs
from the lattice.
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