
Research Article

Computation of Rayleigh Damping Coefficients for
the Seismic Analysis of a Hydro-Powerhouse

Zhiqiang Song and Chenhui Su

State Key Laboratory Base of Eco-Hydraulic Engineering in Arid Area, Xi’an University of Technology, Xi’an 710048, China

Correspondence should be addressed to Zhiqiang Song; szhiq2004@126.com

Received 12 April 2017; Accepted 27 July 2017; Published 30 August 2017

Academic Editor: Xing Ma

Copyright © 2017 Zhiqiang Song and Chenhui Su. �is is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

�emass and sti	ness of the upper and lower structures of a powerhouse are di	erent. As such, the 
rst two vibrationmodesmostly
indicate the dynamic characteristics of the upper structure, and the precise seismic response of a powerhouse is di�cult to obtain
on the basis of Rayleigh damping coe�cients acquired using the fundamental frequencies of this structure. �e damping ratio
of each mode is relatively accurate when the least square method is used, but the accuracy of the damping ratios that contribute
substantially to seismic responses is hardly ensured. �e error of dynamic responses may even be ampli
ed. In this study, modes
that greatly in�uence these responses are found on the basis of mode participation mass, and Rayleigh damping coe�cients are
obtained. Seismic response distortion attributed to large di	erences in Rayleigh damping coe�cients because of improper modal
selection is avoided by using the proposedmethod,which is also simpler andmore accurate than the least squaremethod.Numerical
experiments show that the damping matrix determined by using the Rayleigh damping coe�cients identi
ed by our method is
closer to the actual value and the seismic response of the powerhouse is more reasonable than that revealed through the least
square method.

1. Introduction

With the exploitation of water resources in southwest China,
large-scale hydropower stations have been established in
regions frequently hit by earthquakes. �e antiseismic safety
of powerhouses is essential for water turbine generators
and operators in powerhouses. �e seismic responses of
powerhouse structures are oen analyzed with time his-
tory method. For example, structural dynamic time his-
tory analysis includes modal superposition and step-by-step
integration methods. Multi-degree-of-freedom vibration is
decoupled in multiple single-degree-of-freedom vibrations
in modal superposition method. Single-degree-of-freedom
systems can be subjected to a precise dynamic response anal-
ysis through Duhamel’s integration. With this method, input
damping is accurate and high-speed calculation is achieved.
However, modal superposition time history analysis method
is only applicable to linear elastic structure systems because
a structure possesses di	erent decomposition modes at var-
ious times due to nonlinear structural material, nonlinear

contact state, and other parameters.�erefore, a step-by-step
integration dynamic time history analysis method can be
used for a nonlinear system, which requires damping matrix
establishment.

Unlike the formation of sti	ness and mass matrixes, the
formation mechanism of damping is complicated; that is, a
damping matrix can be calculated by using a construction
method but cannot be directly determined by identifying
the material, size, and characteristics of structures [1]. Con-
sequently, di	erent damping matrix construction theories
have been proposed [2–9]. For instance, a Rayleigh damping
model is widely used because of its excellent advantages [10–
13]. (1) In this model, the damping matrix of a structure
is a linear combination of mass and sti	ness matrixes. As
such, Rayleigh damping models can provide a clear physical
meaning and present a convenient expression. �us, these
models can be easily applied. (2) A Rayleigh damping
matrix must be orthogonal to mode shapes. Consequently,
decoupling the dynamic equations of multiple degree-of-
freedom systems viamode superposition become convenient.
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Mode damping ratios can be directly used in single degree-
of-freedom systems (generated by decoupling) dynamic
response calculation. �erefore, damping input shows an
enhanced accuracy and a reduced calculation scale. (3)
Rayleigh damping coe�cients can be determined by the
orthogonality of a damping matrix for a modal shape. (4)
With appropriate Rayleigh damping coe�cients, results of
a dynamic response analysis of a multi-degree-of-freedom
system are the same as experimental data. A damping model
is also embedded in commercial 
nite element soware,
and Rayleigh damping models are considered as a basis
for damping matrix construction commonly utilized in the
seismic time history analysis of hydraulic structures.

�e damping matrix of a structure is the linear combina-
tion of the mass and sti	ness matrixes of a Rayleigh damping
model:

[�] = � [�] + � [�] , (1)

where � and �, respectively, represent the mass and sti	ness
proportional damping coe�cients, which are collectively
known as Rayleigh damping coe�cients. [�], [�], and [�]
are the mass, damping, and sti	ness matrixes, respectively.
In traditional methods, two reference vibration modes (�-
and �-order) are selected, and their damping ratios 	� and 	�
obtained through measurement or reliable test data estima-
tion and their frequencies 
� and 
� are used to calculate �
and �:

{��} = 2
�
�
2� − 
2� (

� −
�− 1
� 1
� ){

	�	�} . (2)

�is equation can be simpli
ed as follows when 	� = 	� = 	:
{��} = 2	
� + 
� {
�
�1 } . (3)

Two orders of the reference frequency can be easily
and appropriately selected to determine Rayleigh damping
coe�cients when the degree of freedom of a structure is low
or the dynamic response of this structure is controlled by
some low-order modes. For example, the 
rst two orders
are generally obtained as reference frequencies in traditional
methods. For complex structures and structures with a num-
ber of modes that contribute greatly to dynamic responses,
di�culties in selecting two orders of reference frequencies to
obtain reasonable Rayleigh damping coe�cients � and � are
encountered. If damping coe�cients are chosen inappropri-
ately, a slight di	erence in damping may seriously distort the
calculation of the seismic response of a given structure [14–
17].

Many scholars investigated the calculation of Rayleigh
damping coe�cients. Pan et al. [18] proposed a constrained
optimization method to determine Rayleigh damping coef-

cients for the accurate analysis of complex structures.
An objective function is de
ned as a complete quadratic
combination of the modal errors of a peak base reaction

evaluated through response spectral analysis. An optimiza-
tion constraint is enforced to determine the exact damping
ratio of modes that contribute greatly to dynamic responses.
�is method is based on Duhamel’s integral formula, which
is suitable for linear elastic systems. Yang et al. [19] studied
the application of a multi-mode-based computation method
in single-layer cylindrical latticed shells because the tradi-
tional two-mode Rayleigh damping method is unsuitable.
Yang et al. [19] also suggested that the multi-mode-based
computation method is preferable when many dominant
modes are distributed loosely and found in a wide range
of frequencies under some ground motions. Jehel et al.
[20] comprehensively compared the initial structural sti	ness
and updated tangent sti	ness of Rayleigh damping models
to allow a practitioner to objectively choose the type of
Rayleigh damping models that satisfy his needs and be
provided with useful analytical tools for the design of these
models with good control on their damping ratios during
inelastic analysis. Erduran [21] evaluated the e	ects of a
Rayleigh damping model based on the engineering demand
parameters of two steel moment-resisting frame buildings.
Rayleigh dampingmodels, which combinemass and sti	ness
proportional components, are anchored at reduced modal
frequencies, which create reasonable damping forces and
�oor acceleration demands for both buildings but do not
suppress higher-mode e	ects. Zhe et al. [22] developed an
improved method to calculate Rayleigh damping coe�cients
for the seismic response time history analysis of powerhouse
structures by considering the spectrum characteristics of
the ground motion and the frequency characteristics of
these structures. Using the improved method, Zhe et al.
[22] obtained calculation results that are consistent with
experimental 
ndings.

Hongshi [23] initially compared and analyzed several
methods of calculating Rayleigh damping coe�cients and
subsequently proposed the least square method to minimize
the di	erence between the calculated damping ratio and the
actual damping ratio within the cuto	 frequency. Li et al. [24]
then established the corresponding method for the seismic
response analysis of powerhouse structures by calculating the
proportional damping coe�cient through the weighted least
square method.

Analyzing the seismic dynamic response of long-span
arch bridges and super high structures with long periods, Lou
[15, 25] found that Rayleigh damping coe�cients determined
by traditional methods involving the 
rst two orders of
frequencies as reference frequencies inaccurately re�ect the
actual damping e	ect of long-period structures in a dynamic
process and even create a large deviation. Hence, calculation
methods of the Rayleigh damping coe�cients of long-period
structures in dynamic processes should be further discussed.

�e de
nition of long- and short-period structures is a
relative concept depending on the relationship between the
basic period of a structure and the characteristic period of
dynamic loads. A short-period structure is characterized as
a structure whose basic period is less than or close to the
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characteristic period of external loads. Otherwise, a given
structure is called a long-period structure. �e basic charac-
teristic period is usually 10−1 s or higher because the sti	ness
of the upper frame structure is relatively weak.�erefore, this
weak structure is also described as a long-period structure
because of the characteristic period of seismic waves. �e
mass and sti	ness of the upper and lower structures of
powerhouses are di	erent. As such, the 
rst two modes of
vibration oen indicate the dynamic characteristics of the
upper structure. �e damping matrix obtained by traditional
methods of calculating Rayleigh damping coe�cients does
not easily reveal the actual damping of the whole powerhouse
structure. Hence, the in�uence of the calculation methods of
Rayleigh damping coe�cients on the dynamic response of a
powerhouse under seismic actions should be investigated. In
this study, the calculation of Rayleigh damping coe�cients is
examined to analyze the seismic responses of a powerhouse.

To calculate Rayleigh damping coe�cients, Chopra [1]
suggested that “in dealing with practical problems, it is
reasonable to select the modes of vibrations � and � with
speci
c damping ratios to ensure that the damping ratios
of all modes of vibration that contribute greatly to the
dynamic response are reasonable.” Di	erences in the mass
and sti	ness of the upper and lower structures of a pow-
erhouse remarkably create the dynamic characteristics of a
powerhouse structure. �e 
rst two vibration modes oen
involve the relatively so upper structure of the powerhouse,
whose mode participation mass is quite smaller than that of
thewhole powerhouse.�e damping of these buildings under
seismic actions is mainly due to various interior frictions and
deformations of components and the ones between them.
�erefore, mode participation mass should be considered as
a key factor a	ecting the calculation of damping. �e modes
that contribute greatly to dynamic responses are found on the
basis of mode participation mass. In this study, the Rayleigh
damping coe�cient is calculated.

�is paper is organized as follows. Section 2 introduces
the 
nite element models of a powerhouse and several
methods of calculating Rayleigh damping coe�cients. �e
two modes that remarkably a	ect the dynamic responses are
determined on the basis of mode participation mass, and
the Rayleigh damping coe�cients are calculated. Section 3
presents the results of the dynamic response obtained by
di	erent methods. Numerical results show that the proposed
method accurately reveals the two modes contributing to
the dynamic response of the powerhouse, and the calculated
Rayleigh damping coe�cients are consistent with actual
results. �e calculated results are also closer to the exact
solutions and even higher than those acquired by the least
square method. Section 4 provides the conclusion.

2. Seismic Analysis Model of
Powerhouses and Calculation Method of
Rayleigh Damping Coefficients

2.1. �ree-Dimensional Finite Element Model and Seismic
Inputs. In Figure 1, the three-dimensional 
nite element
model of a typical unit of the hydropower station is estab-
lished. �e depth of the foundation is about twice the

X

Y

Z

Figure 1: Finite element model of the powerhouse.

height of the powerhouse, and the upstream and downstream
and the le and right sides extend twice the height of
the powerhouse because of the elastic coupling e	ect of
the foundation. �e foundation boundary condition is that
the bottom is 
xed and the four boundaries are normally
constrained. Turbine generators, cranes, roof loads, and
hydrodynamic pressures are simulated as the additional mass
at corresponding locations. A linear elastic model is used
in the structure, and the local strengthening e	ects of the
volute steel plate and the seating ring are neglected. �e
damage cracks of the concrete around the volute are also
disregarded. Zhang et al. [26] observed that cracks on thin
parts of the concrete of a volute greatly change the local
sti	ness of the volute but slightly alter the displacement,
speed, and acceleration of the upper structure compared with
those without cracks. �e nonmass foundation, which does
not a	ect the response peaks of the structure, is adopted for
calculation convenience.

In engineering designs, a single seismic time history
does not generally in�uence the dynamic response of a
structure. Di	erent factors, such as site characteristics, forti-

cation intensity, and probability of ground motion, should
be considered in accordance with the requirements of the
antiseismic codes of various types of structures. �erefore,
seismic time history is simulated in this paper according to
the response spectrum of the standard design in literature
[27].

Under actual conditions, the site type is �0, the character-
istic period �� is 0.02 s, the representative of the maximum
value of the response spectrum of the standard design is
2.25, the seismic intensity is increased from degrees 7 to 8
according to requirements of the grade and importance of
structures, the peak acceleration of the horizontal ground
motion is increased from 0.05 g to 0.1 g, the time step of
the ground motion is 0.01 s, and the total time is 20 s.
Figure 2 shows the generated seismic time histories, in which
the correlation coe�cients of � and � directions, � and �
directions, and � and � directions are 0.0011, 0.1737, and
0.0002, respectively.�ese coe�cients are less than 0.3, which
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Figure 2: Calculation of the time history of seismic acceleration.

satis
es the requirements [26] that the time histories in the
three directions should be independent of one another.

2.2. Calculation Method of Rayleigh Damping Coe	cients.
A reasonable proportional damping matrix based on the
Rayleigh damping model is necessary when the step-by-step
integration method is used to conduct dynamic time history
analysis. In this case, Rayleigh damping coe�cients directly
a	ect the results of dynamic analysis.

A linear elastic powerhouse structure is presented as an
example and the response of the modal superposition time
history method (referred to as modal method thereaer)
is used as a reference, which is the standard of measure-
ment, to evaluate the in�uence of various Rayleigh damping
coe�cients obtained by di	erent methods on the seismic
response in the step-by-step integrationmethod.�e relevant
speci
cation [27] requires that the damping ratio of the
powerhouse under the action of ground motion is 0.07,
which is substituted into the following Rayleigh damping
coe�cients to obtain the corresponding damping matrix of
eachmethod and then applied to the step-by-step integration
method to solve the seismic response of the powerhouse.

�e 
nite element model of the powerhouse is ini-
tially analyzed to determine the natural frequency of some
orders of the structure, which is required for the calculation
of Rayleigh damping coe�cients. �e 
rst 80 orders are

obtained. �e mode participation masses of �, �, and �
directions are 92.1%, 90.8%, and 91.0% of the total mass
of the model, respectively. �ese values are more than
90% of the total mass of the model and thus satisfy the
requirement of calculation accuracy. Figure 3 illustrates some
orders of the vibration modes of the hydro-powerhouse
and the typical vibration characteristics of the ground-type
powerhouse structure. �e frequencies are low and dense,
and the frequencies of the 
rst 10 orders range from0.55Hz to
6.21Hz.�e natural period of the vibration of the 
rst order is
1.83 s, which is much larger than the characteristic period of a
seismic wave, and this 
nding indicates that the powerhouse
is a long-period structure. The 
rst-order vibration mode is

mainly the vibration of the frame columns and roof grids in
the upstream and downstream directions. Most of the modal
shapes of the low orders are mainly the bending and torsional
vibration of the upper frame structure and the vibration of the
weak parts of the generator �oor and windshield. �e two-
order vibration modes with the largest mode participation
masses of the three directions are the 13th (7.72Hz) and
25th (12.81Hz), whose mode participation masses are 14.6%
and 25.3%, respectively. �e vibration modes correspond to
the whole vibration of the powerhouse and the higher-order
bending vibration of the superstructure.

According to the natural frequency of the structure of the
powerhouse and the characteristic of each mode of vibration,
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(a) First order (b) Second order (c) �ird order (d) Fourth order

(e) Fih order (f) Sixth order (g) Seventh order (h) Eighth order

(i) Ninth order (j) Tenth order (k) �irteenth order (l) Twenty-
h order

Figure 3: Vibration modes of the hydro-powerhouse.

the methods widely used and the proposed calculation
method of Rayleigh damping coe�cients can be summarized
as follows:

(1) In method 1 or the traditional method, the 
rst
two orders of natural frequency are used to determine
Rayleigh damping coe�cients. �is method is based on
the assumption that low-order vibration modes contribute
greatly to structural dynamic responses. Many orders of
vibration modes are also complex, and low-order modes
mainly correspond to the vibrations of the weak parts of the
upper structure. �erefore, this assumption is inapplicable.
�e damping ratios of the vibration modes obtained in this
method are too large, but the 
rst two orders are equal to the
actual values. Consequently, the contributions of the third-
order vibration modes to dynamic responses become weak-
ened and induce a low total structural response. Designing

an antiseismic powerhouse based on these response results is
risky. �e 
rst two natural frequencies are 0.55 and 2.96Hz
according to the calculation of the 
nite element structure
of the powerhouse. �e damping coe�cients obtained by
method 1 are �1 = 0.4053 and �1 = 0.0064 (3).

(2) Inmethod 2, the frequency band of interest is selected;
that is, the natural frequencies of the 
rst order and the last
order (80th order) are used as the parameters. �e mode
participation masses of x, y, and z directions are larger than
90% of the total mass of the model and thus satisfy the
calculation accuracy requirements. �e natural frequency of
the 80th order is 27.96Hz. According to (3), the damping
coe�cients acquired by this method are �2 = 0.4709 and �2
= 0.0008.

According to the calculation principle of Rayleigh damp-
ing coe�cients, the frequencies
� and
� of the two constants
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Table 1: Rayleigh damping coe�cients obtained by di	erent methods.

Methods � � According to Involved orders

Modal methods \ \ Constant damping ratio: 0.07 1–80

Case 1 0.4053 0.0064 First and second orders 1, 2

Case 2 0.4709 0.0008 First and last orders 1, 80

Case 3 0.9553 0.0010 Optimization by least square method 1–80

Case 4 0.5286 0.0012 Weighted least squares, weight coe�cients: 1/
i 1–80

Case 5 0.4064 0.0063 Weighted least squares, weight coe�cients: exp(−
i) 1–80

Case 6 4.2364 0.0011 Two orders have largest mode participation masses 13, 25

Case 7 0.7878 0.0015 Weighted least squares, weight coe�cients:m�/M 1–80

� and � should cover the target frequency band in the struc-
tural analysis. �e calculation of the speci
c frequency band
should be considered in terms of the frequency components
of the loads acting on a particular structure and the dynamic
characteristics of this structure.

However, this method may cause several problems. (1)
�e selection of target frequency band relies on experience.
(2)�e set damping ratios within the band may be too small.
As such, the calculated structural responsemay be excessively
large and inappropriate if the deviation is overly large.

(3) In method 3, the least square method without
weighting coe�cients is used. �e damping coe�cients are
calculated by applying the least square method to determine
the least square sum of the di	erence between the calculated
damping ratio of each order and the actual damping ratio
within the cuto	 frequency. �e formula is expressed as
follows:

min
�,�

	∑
�=1
( �2
� + �
�2 − 	)

2 . (4)

(4) In method 4, given weighting coe�cients, the orders
that contribute greatly to the damping e	ect will become
more dominant, while the ones that contribute a little are less
important. �e objective function is

min
�,�

	∑
�=1

1
� ( �2
� + �
�2 − 	)
2 . (5)

�e weighting coe�cient is the reciprocal of the natural
frequency of each order. �erefore, low orders correspond
to high weight coe�cients and contribute to the dynamic
responses of structures.

(5) Method 5 is almost the same as method 4. �ese
methods di	er in terms of their weight coe�cients; that is,
the weight coe�cient of method 5 is the negative exponential
function of the natural frequency of each order:

min
�,�

	∑
�=1

exp (−
�) ( �2
� + �
�2 − 	)
2 . (6)

(6) Method 6 is our proposed approach. �e orders that
contribute greatly to the responses are selected on the basis
of mode participation mass. �e two orders with the largest
total mode participation masses in the three directions are
considered as references to calculate the damping coe�cients.

According to the results of the self-vibration characteristics of
the structure of the powerhouse, these two orders are the 13th
(7.72Hz) and 25th (12.81Hz), and their masses are 14.6% and
25.3%, respectively.

(7) Method 7 is based on method 6, and the least square
method involving mode participation masses as coe�cients
is established and expressed as follows:

min
�,�

	∑
�=1

��� ( �2
� + �
�2 − 	)
2 . (7)

�e mode orders and damping coe�cients obtained by each
method are shown in Table 1.

3. Seismic Analysis of Different
Rayleigh Damping Coefficients
Obtained Using Various
Calculation Methods for the Powerhouse

Five typical points in the powerhouse are selected to reveal
the representative seismic response of the powerhouse com-
prehensively: 8079 in themiddle of the top of the downstream
wall, 6636 in the middle of the joint between the generator
�oor and the downstream wall, 8255 in the mid-span of the
generator �oor, 8088 in the downstream side of the cover fan,
and 2889 in the downstream side of the seating ring. �e
relative peak acceleration of each typical point determined
by di	erent calculation methods is listed in Table 2, and the
direction of acceleration is disregarded and the maximum
absolute value is considered. �e peak acceleration of each
point acquired by the modal superposition method is set
as the standard value. �e results of methods 1 to 7 are
normalized and the percentages of deviation from the results
acquired by the modal superposition method are obtained
(Figure 4).

In Table 2 and Figure 4, di	erent calculation methods
of damping coe�cients signi
cantly a	ect the calculation
results of the seismic response of the powerhouse.

In method 1, the relative peak acceleration of each typical
point in di	erent directions is smaller than the exact values
because the damping ratios of the 1st and 2nd orders of the
vibration modes are equal to 0.07 and the damping ratios
of the 3rd to the 80th orders are greater than 0.07. �ese

ndings indicate that damping ratios increase signi
cantly as
the order increases and thus yield high damping ratios and
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Table 2: Peak accelerations of typical points determined by di	erent methods (m/s2).

Node Direction Modal method Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
2889

� 0.482 0.423 0.732 0.623 0.603 0.424 0.483 0.535� 1.368 1.239 1.835 1.680 1.675 1.245 1.437 1.617� 0.442 0.380 0.834 0.725 0.707 0.383 0.558 0.641

6636

� 2.947 2.193 5.407 4.665 4.642 2.208 3.133 4.108� 2.186 1.996 2.898 2.522 2.595 1.999 2.112 2.357� 1.360 0.852 2.333 2.031 1.929 0.860 1.559 1.706

8079

� 3.971 2.807 7.310 5.983 5.944 2.829 4.179 5.139� 4.163 3.457 4.971 4.902 4.913 3.475 3.892 4.831� 2.844 1.534 4.898 4.459 4.354 1.555 3.395 3.901

8088

� 1.919 1.541 3.349 2.999 2.989 1.551 2.212 2.707� 1.864 1.744 2.757 2.421 2.465 1.747 1.811 2.239� 1.167 0.792 1.703 1.556 1.534 0.800 1.233 1.422

8255

� 2.830 2.141 5.207 4.501 4.483 2.156 3.030 3.971� 2.168 1.967 2.955 2.557 2.622 1.971 2.077 2.370� 1.666 1.060 2.536 2.301 2.243 1.069 1.798 2.060

Note. � represents the upstream and downstream direction, � shows the direction perpendicular to the stream direction, and � denotes the vertical direction.
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Figure 5: Displacement envelope 
gures of the whole powerhouse.

low seismic responses. Low-ordermodes, such as the 
rst and
second orders, are not the main contributors to the structural
dynamic response when the mass and sti	ness of the upper
and lower structures of the powerhouse di	er greatly. �e
low-order modes of vibration oen indicate the dynamic
characteristics of the upper structure because of the low
mode participationmass.�erefore, designing an antiseismic
powerhouse by using the results calculated with this method
is risky. In the example, the acceleration in the � direction
di	ers from the exact solution to a greater extent than those
in the � and � directions. �e relative peak acceleration in
the � direction of the point in the middle of the top of the
downstream wall also deviates from the exact value by up to
46%.

In method 2, the relative peak acceleration of each typical
point in di	erent directions is greater than the exact value
because the damping ratios of the 1st and 80th orders of the
vibrationmode are equal to 0.07 and the damping ratios of the
2nd to the 79th orders are smaller than 0.07. �erefore, low
damping ratios and high seismic responses are obtained. In
the example, the relative peak acceleration in the � direction
of the point in the downstream side of the seating ring
deviates from the exact value by up to 89%. Numerous
solutions that are greater than the exact values account for the
increase in construction costs, which fail to satisfy the current
requirements of performance-based antiseismic designs.

Method 3 is based on the least square method. In the
example, the relative peak acceleration of each point in
di	erent directions is larger than the exact solutions, but the
overall deviation is lower than that of method 2. �e relative
peak acceleration in the � direction of point 2889 deviates
from the exact value by up to 64%.

Method 4 is based on the weighted least square method.
In the example, the relative peak acceleration of each point
in di	erent directions is larger than the exact solutions

and slightly lower than that of method 3. �e solutions
obtained by this method are closer to the exact values, and
the numerical distribution is similar to that in method 3.
Similarly, the relative peak acceleration in the � direction of
point 2889 deviates from the exact value by up to 60%.

Method 5 is also based on the weighted least square
method. In the example, the relative peak acceleration of each
point in di	erent directions is close to and slightly larger
than those acquired in method 1 and is less than the exact
solutions. �e seismic response is lower than the exact value.
�e relative peak acceleration in the � direction of point 8079
also deviates from the exact value by up to 45%.

In method 6, the mode orders with a remarkable con-
tribution to the structure dynamic responses are selected
according to the mode participation mass. �e mode partic-
ipation mass is the most important factor that in�uences the
damping coe�cients of the powerhouse. �e 13th and 25th
orders yield the largest vibration mode participation mass.
�e Rayleigh damping model shows that the damping ratios
of the 13th and 25th orders are 0.07, the damping ratios of
the 1st–12th and the 26th–80th orders are greater than 0.07,
and the damping ratios of the 14th–24th orders are less than
0.07. �e relative peak acceleration of each typical point in
di	erent directions is quite close to the exact values; that is,
the di	erences from the exact data of most of the points are
within 10%. �e relative peak acceleration in the � direction
of point 2889 deviates from the exact value by 26%.

�e displacement envelope 
gures of the whole power-
house in the � and � directions via method 6 are presented
in Figure 5. �e peak displacement of the lower structure
appears uniform. �e peak displacement of the upper struc-
ture is larger because of the whiplash e	ect. �e larger
sti	ness of the powerhouse transversal to the �ow direction
leads to a smaller peak displacement than that along the �ow
direction.
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In method 7, the damping coe�cients are obtained on
the basis of the weighted least square method. In contrast to
methods 4 and 5, method 7 considers the mode participation
masses as the weighting coe�cients; that is, the orders that
contribute greatly to the dynamic response are selected on
the basis of the mode participation mass. �e damping
coe�cients of most of themodes obtained by this method are
closer to the exact values, whereas the damping coe�cients
of the modes that contribute greatly to the dynamic response
are less accurate.�e relative peak acceleration of each typical
point in di	erent directions is closer to the exact solution
determined bymethod 7 than those obtained bymethods 2–5
but less accurate than the one acquired by method 6.

�e relative peak acceleration of each typical point in
di	erent directions obtained by methods 3, 4, 5, and 7,
which were based on the least square method, is closer to
the exact value than that identi
ed by methods 1 and 2.
�erefore, the solutions provided by the least square method
or the weighted least square method are more accurate than
those established by methods 1 and 2. Methods 4 and 5
are based on the weighted least square method and on
the assumption that low-order modes contribute greatly to
seismic responses. However, the results calculated by the
two methods di	er greatly. In particular, the response of
the powerhouse acquired by method 4 is greater than the
exact value, whereas the response determined by method 5 is
smaller than the exact 
nding. �e relative peak acceleration
of point 8079 detected by method 4 is also 2.8 times greater
than that revealed by method 5. �e mode participation
mode is thus regarded as an important factor in�uencing the
damping coe�cients of the powerhouse in methods 6 and 7.
By comparison, the solutions frommethod 7 are less accurate
than those from method 6.

�ese comparisons and analyses reveal that the draw-
backs of the least square method and the weighted least
square method are inevitable. On the one hand, the weight
coe�cients remarkably in�uence the calculation results.
�erefore, the damping coe�cients of all orders can be
considered to reduce the uncertainty caused by the two
chosen modes, but the uncertainty attributed to the selection
of the weight coe�cients cannot be removed. On the other
hand, we have yet to verify importance of the orders that
contribute greatly to the response during calculation to obtain
the optimal objective function in the least square method
and the weighted least square method. �e accuracy of the
damping ratios of the orders that remarkably contribute may
be severely reduced. �erefore, the least squares method and
the weighted least squares method are slightly uncontrollable
and should be used cautiously in practical engineering.

Table 3 and Figure 6 show the relative peak displacements
for each typical point obtained by di	erent methods, in
which the direction of displacement is disregarded and the
maximum absolute value is considered, and the percentage
of deviation from values obtained by modal superposition
method. �e relative peak displacements of the points in
di	erent directions are similar to those of the relative peak
acceleration analyzed in the preceding sections. Only few
values obtained by methods 1 and 5 are closer to the exact
values because changes in damping a	ect the distribution of

the relative displacements of the structure in time history
under the same seismic input. As such, peak displacements
are in�uenced cumulatively. Overall, the results determined
by method 6 are still the closest solutions to the exact values
because they aremore stable and reliable than those identi
ed
by othermethods. In the example, the largest deviations from
the exact relative peak acceleration determined by methods
1–7 in di	erent directions are −28.39%, 63.61%, 41.59%,
41.44%, 27.83%, 30.37%, and 28.67%, respectively.

�e solutions obtained by method 6 are slightly larger
than and closer to the exact values.�emodes that contribute
greatly to the dynamic response are found on the basis of
the mode participation mass, and the damping coe�cients
are calculated using method 6. �ese 
ndings are consistent
with the calculationmethod of Rayleigh damping coe�cients
proposed by Chopra [1]: “In dealing with practical problems,
it is reasonable to select the modes of vibration � and � with
speci
c damping ratios to ensure that damping ratios of all
modes of vibration that contribute greatly to the dynamic
response are reasonable.” �erefore, we verify that mode
participation mass is related to the contribution of orders to
seismic responses. Our numerical experiments demonstrate
that the Rayleigh damping coe�cients determined by this
method are closer to the actual values and the seismic
response of the structure is more reasonable.

4. Conclusions

Calculationmethods of Rayleigh damping coe�cients greatly
a	ect the results of the seismic responses of powerhouses and
buildings with similar structural characteristics. In method
1 or the traditional method, the damping ratios except the

rst two values are larger than the exact ratios. As a result,
the structural dynamic response is signi
cantly smaller. �e

rst two vibration modes oen indicate the dynamic charac-
teristics of the upper structure, not the whole structure. �e
damping ratios of most of the vibration modes in the middle
are smaller than the exact values. As such, the structural
dynamic response inmethod 2 is signi
cantly larger than that
in method 1. To obtain the optimal objective function, we can
use the least square method and the weighted least square
method for an accurate calculation of damping coe�cients.
However, whether the orders that contribute greatly to
responses play an important role in the calculation remains
uncertain.�e errors of the damping ratios of the orders with
a signi
cant contribution may be severely increased. �us,
the dynamic response of a structure is unable to satisfy the
required accuracy in practical engineering.

In the method proposed in this study, the mode orders
that in�uence the dynamic responses are found on the
basis of mode participation mass, and Rayleigh damping
coe�cients are determined by using the natural frequencies
of the two mode orders, whose mode participation masses
are the largest. �e seismic response distortion attributed to
large di	erences in Rayleigh damping coe�cients caused by
improper modal selection is avoided by using the proposed
method, which is also simpler and more accurate than the
least square method. Our numerical experiments show that
the damping matrix determined by using Rayleigh damping
coe�cients in this method is closer to the actual value, and
the seismic response of the powerhouse is more acceptable.
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Table 3: Peak displacements of each point obtained by di	erent methods (cm).

Node Direction Modal method Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
2889

� 0.020 0.022 0.027 0.026 0.025 0.022 0.026 0.024� 0.121 0.112 0.138 0.137 0.136 0.113 0.133 0.134� 0.016 0.015 0.025 0.022 0.022 0.015 0.019 0.020

6636

� 0.134 0.120 0.214 0.187 0.187 0.120 0.173 0.170� 0.191 0.188 0.230 0.209 0.213 0.188 0.218 0.206� 0.033 0.026 0.054 0.046 0.045 0.026 0.037 0.040

8079

� 6.882 7.287 7.429 6.164 7.116 7.289 7.739 6.431� 0.527 0.502 0.597 0.583 0.580 0.503 0.541 0.573� 0.302 0.307 0.326 0.278 0.308 0.308 0.317 0.287

8088

� 0.093 0.082 0.143 0.129 0.128 0.082 0.118 0.117� 0.164 0.157 0.194 0.180 0.181 0.157 0.184 0.177� 0.028 0.021 0.043 0.038 0.038 0.021 0.032 0.034

8255

� 0.129 0.116 0.208 0.182 0.182 0.116 0.168 0.166� 0.186 0.183 0.228 0.205 0.212 0.183 0.212 0.201� 0.042 0.030 0.065 0.058 0.058 0.030 0.045 0.052

Note. � represents the upstream and downstream direction, � corresponds to the direction perpendicular to the stream direction, and � indicates the vertical
direction.
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