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Abstract

A generalization of Laplace distribution with location parameter 8, —oo < @ < o0, and scale parameter
¢ >0, is defined by introducing a third parameter & >0 as a shape parameter. One tractable class of
this generalization arises when ¢ is chosen such that 1/ ¢ is a positive integer. In this article, we derive
explicit forms for the moments of order statistics, and the mean values of the range, quasi-ranges, and

spacings of a random sample corresponded to any member of this class. For values of the shape parameter
o equals 1/i,i=1...,8, and sample sizes equal 2,3,...,15 short tables are computed for the exact mean

values of the range, quasi-ranges, and spacings. Means and variances of all order statistics are also
tabulated.

Keywords:  Generalized Laplace distribution, Order statistics, Range, Quasi-ranges,
Spacings, Multinomial expansion.

1. Introduction

The probability density function of Laplace distribution with location parameter &,
—oo < @ <o, and scale parameter ¢ > 0, takes the form

f(xhiexp{—%}, —0< X< 00, (1.2)

This distribution is also known in the literature as the double exponential distribution.
Laplace distribution has been extensively studied since its early introduction by Laplace
in (1774). For extensive reviews of this distribution and its statistical properties we refer
the reader to Johnson et al. (1995) and Kotz et al. (2001).

One possible generalization of Laplace distribution is to introduce a shape parameter «,

a>0. In such case, the probability density function (1.1) takes the form (Kotz et al.
2001)

f(x)=

1(|x-6]\"
Y Ll I S | 12
20" T ) " a[ p j PmXs (1.2
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And the cumulative distribution function F(x), can be easily derived as follows. For
X<40,

200" T(Ll a)

et %)
Fo()=[ T dy =i e * Ty,

On setting ((0—Y)/¢)" | a =t, and with simple manipulation we get

F(X)=mrl(é)[é(%jﬂ (13)

where T'(v,f) = jt”‘l e 'dt is the complementary incomplete gamma function. Similarly,
B
for x> 6, the cumulative distribution function takes the form

1| oL (A 2 xe)
Foa) =1 1) 0y =1 zr(l/a)r{(aj’(a[ﬂﬂ- (14

Evidently, when « =1, the p.d.f. (1.2) yields the classical Laplace distribution (1.1), and
by varying the value of o, the model can better fit data with sharper peaks and heavier
tails. The generalized Laplace distribution can therefore be viewed as a flexible model
able to cope with empirical deviations from the Laplace model.

One interesting class of (1.2) is when the shape parameter « is assumed to be equal to
1/i,1=12, ..., i.e., when 1/ « is a positive integer value. As it is known that when v is
a positive integer, T'(v,) can be expanded as a finite summation (Gradshteyn and
Ryzhik 2007)
v-1 pi
C(v,p)=T(v) e’ﬂZé—.

i 1!

Accordingly, under the assumption that 1/« is a positive integer, the cumulative
distribution function of the generalized Laplace distribution function (1.3) and (1.4) can
be expressed as

1 6-x\" (Wa)-1 al
1 a[ ¢] & 1] 1(0-x
>e IZ(; nklers for x<6,
F(x)= ., _ (1.5)
1 _?l[%] Va1 (o) |
1-e ; ﬁ{a(qjj } for x > 6.
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Let X, X,,...,X, be independent and identically distributed as generalized Laplace
distribution under the previously stated assumption about the parameter «. Further, let
X, <X, <..<X, be the corresponding order statistics of a random sample of size
n (=2) arranged in ascending order of magnitude. For any integer r, 2<r<|n/2]
where |y | is the largest integer value less than or equal y, the difference
R nrn = X X ,; namely the distance between the r" values from either end of the
ordered sample, is known as the r™" symmetric quasi-range. Conventionally, when r =1,
the difference R, = X, — X, is called the sample range. Also, of special interest are the

n—r+l

successive differences of order statistics (X,,,—X,), r=1..,n-1 referred to as the
sample spacings (David and Nagaraja 2003).

The sample range, the symmetric quasi-ranges, and the spacings and their linear
combinations have many theoretical uses and applications in statistical inference. For
excellent surveys of their theoretical uses we refer the reader to (David and Nagaraja
2003, Arnold 2008). Applications of order statistics, in general, and the sample range and
quasi-ranges, in particular, in estimation and tests of hypotheses are extensively surveyed
in (Harter and Balakrishnan 1996, 1998). (For an early survey of such applications, see
also (Chu 1957). Use of sample quasi-ranges in estimating population standard deviation
is studied by Masuyama (1957), Harter (1959), and Leone et al. (1961). David and
Nagaraja (2003) indicated the uses of spacings in building nonparametric and sime-
parametric confidence intervals for the population parameters, and Ahsanullah et al.
(2013) covered their uses in quantile estimations. The generalized Laplace distribution on
the other hand, is employed in Bayesian inference and modeling (Taylor 1992), and its
applications in communications, economics, engineering, and finance are extensively
surveyed in (Kotz et al. 2001).

Using the expressions of the density and distribution functions in (1.2) and (1.5),
respectively, exact explicit forms for the density function of the r™order statistic
X, r=1..,n,and the s™ momentof X, about the location parameter &, are derived in
the next section. The means of the range, quasi-ranges, and spacings of samples taken
from the distribution under consideration are the subject of section 3. Computational
aspects and directions on statistical applications of the derived means are considered in
section 4. The computed tables for samples of sizes 2,3,...,15 are given in the appendix.

2. Moments of order statistics

The following two propositions derive the probability density function of the r™ order
statistic X, , and the s™ moment of X, about the location parameter 8, respectively.
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Proposition 2.1

Let X, (r=1...,n) be the r"order statistic of an i.i.d. random sample of size n (>1)
from the generalized Laplace distribution (1.2) under the assumption that 1/« is a
positive integer. Then, the p.d.f. of X, denoted by f (X), is

1(6-x) (lgllp‘
o gt | Ll
g a7 et [
f(x) = e (2.1)
e g [T
R U A s P ol ¢
¢a(”“)'1rF(1/a) kzt; k 2 ‘ ¢ p0+.,.+p(§1_k+n,m’ x>6

where Py, P, P,y @re non-negative integer values.

Proof: The probability density function of the r™ order statistic is given by

n! 1l n-r
fr(X):mf(X)[F(X)] [1—F(X)] , —O<< X< (22)

_ rm f (x)g(”;“j(—l)k HONE

Hence, if x <@, then substituting from (1.2) and (1.5) for f(x) and F(x), respectively,
we get

g’ T (1 ) 26 ~ jllal ¢

fo,(x)= ("] Zo[n r](‘l)k *“”[ [ZJ}[% _1[1[(” ]] rl- 03

Now, by the multinomial expansion of the finite power summation (Bender and
Williamson 2006), it could be easily proved that

DT e (o A B e

o+ Pg=m pO' pl +-+Pg=m NP
Po+Pr++Ps P+ Prt+Ps H p,1(ih)"
i=0

where m, m, Py, P;,..., Ps are non-negative integer values.

The application of this expansion on the last power summation of (2.3) gives the upper
right hand side of (2.1).
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Similarly, by expanding [1-(1-F(x))] ", (2.2) could be written as

f(x) = r[ jf(x)z[r 1} “[L-F™ 2.5)

Hence, for x> 6, by substituting from (1.2) and (1.5) in (2.5), and following similar
steps as before, we reach the lower right hand side of (2.1).

Deriving the distribution function of X, is a straightforward exercise involving simple

variable transformations and some algebraic manipulation. The resulting distribution
comprises two functions of finite series of the complementary incomplete gamma
function.

Proposition 2.2

Under the same stated assumptions of proposition 2.1, the s™ moment about the location
parameter &, of the order statistic X,, denoted by = [(x—e)s] is given by

£, [(x-0)]= r@gfi)) :Z;(nkrjz(kj)m Gk”ﬁkrzl(;% Gunr | (26)

Where for the non-negative integer values pq, p;;..., P4y the term G, is given by

(Va)-1
(k+r 1)! F[[ .Zo: Ipi]+(1/a)(3+1)j

Gk+r—l = Z ) Va)- [(1/(12):-1 ] (1/ )( ) ’ (27)
Po+-+ Py -1=K+r-1 | pi ip (+HVa)(s+L
W H pl I) (k+r) i=0
and G, . is similarly given by (2.7) but with (k+n-r) in place of (k+r-1).
Proof: Consider the s™ central moment of the r" order statistic,
0 )
Ex, [(x=0) ] = [ X*F, o 0)dX + [ X* 1, o (X)X, (2.8)
—0 0

After substitution from (2.1), and making the change of variable y=(-x/¢)"/«, i.e.
X =—ga’“y¥* and dx = —gaU*yY dy | the first integral in (2.8) yields

o) o)

rl/a) = 2

0

.[XS f o (X)dX = r[

—0

Wa)-1
(k+r 1)| o —k+ [ ; ipij+(1/a)(s+1)—1
X Z (1/05)1—.[ ( r)yy

Po -+ + Pyyq)-1=K+r-1 H P, 1 (l!)p 0

i=0

dy
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e [y

G, ., 2.9
rl/a) &= 2% kert (29)

where G, ,,, is given by (2.7).

Similarly, by substitution for f__.(x) from (2.1), and the variable change, the second
integral in (2.8) gives

o [0

X f" x> (X)dX = +N—T+ G +n—r! (210)
! - L/ a) kZ; lenret K
where G, , is as given by (2.7) but with (k+n-r) in place of (k+r-1). The proof is

then concluded by the substitution from (2.9) and (2.10) in (2.8).

Corollary 2.1: On setting o =1, we get the s™ moment about the location parameter &
of the r" order statistic connected with a sample of size n (>1) from the classical two-
parameter Laplace distribution (1.1) as
n-r k+s (34 r-1 k (s+
o'l [ ) ](—1) (k+r) ¢ ,1[ ) ](—1) (k+n—r+1)¢
k+r + k+n-r+1
(r-Dn-n'i= 2 ko0 2

Ey [(x-0) |=(¢) (2.11)

This same result appeared in Johnson et al. (1995, p. 168) but with an excessive
multiplication by 2.

3. Means of sample range, quasi-ranges, and spacings

In the early beginning of the last century, Pearson (1902) proved that the expected value
of the sample spacings takes the form

E(xm-xr):mT[F(x)]’[l—F(x)]”"dx, r=1,..,n-1. (3.1)

By summing both sides of (3.1) for all successive spacings from r=r to r=r,-1,
(1<r <r,<n), we get

n-1

E(X, - X,)= Y E(X,.,- Xr){‘ﬂjf [FOO] [1- F(T . (3.2)
The left hand side of (3.2) represents the mean of the difference between any two order
statistics X, and X, . Setting ;=1 and r,=n, and making use of the binomial
theorem, we get the known form of the sample mean range derived by Tippett (1925)

E (R ) = E(X, ~X,)= j [-[FOO)"-[1-F O]} o (3.3)

-0
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Now, since [F(x)]"+[1-F(x)]" =1 at x =00, (3.3) could be written as

0

E(Rl,n;n)={X([F(X)] "+[1—F(X)]n)}:—H[F(x)]”+[1—F(x)]"} dx. (3.4)

Applying the integration by parts reversely on (3.4), we get
E(Runn) = [ X{[FOO]™ =1 FOOT™ () o (3.5)

Another approach to derive (3.5) is to consider the difference between means of the two
extreme order statistics X, and X,

E(Rym)=E(X,)-E(X))= j xn[F(x)]"" f (x)dx— j xn[L-F(x)]"" f (x)dx. (3.6)

-0

The following theorem states the derivation of explicit forms for the exact mean values of
the range, quasi-ranges, and spacings of a random sample taken from the generalized
Laplace distribution.

Theorem 3.1

Let X, <X, <...< X, be the order statistics of a random sample of size n (>2) drawn
from the generalized Laplace distribution (1.2) under the condition that 1/ « is a positive
integer. Then, the mean difference E(X, — X, ), (1< <r, <n) is given by

e e
E(X, - X, )= >1z[r] Z[ 2] MM,@QM_r M| (37)
r=n k=0 k=0
where for the non-negative integer values py, p;;..., Py, the term M, is given by
(Ya)-1 1
(k+n!T)| D ip |+=
i= a) (3.8)
My = W) 1
Pot Pt + Py =K+T (Ya)- [ Z ipi}all
[H pi!(i!)pi] (k+r)
i=0
and M, issimilarly given by (3.8) but with (k+n—r) in place of (k+r).

Proof: Recalling (3.2), it is true that

B(X, =X, =Z@U [FOI [2- F(x)]”"dx+T[F(x)]r[1- F(x)]"_rdx}

r=n -0

DI DI [CORD R RO R S
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Consider the first integral in (3.9), by substituting for F(x); x<8& from (1.5), and
making the change of variable y = (1/ a)((6—x)/ ¢)" we get

g Va)-1 o | (Ya)-1 i k+r
I[F(X)]de: ¢0;k+r J. { Z y_} g Y0 yWe gy (3.10)

—» 0 i=0 i!
Applying the multinomial expansion (2.4) on the finite power summation in (3.10) then
gives

(Ua)-1
0 (Ua)-1 o Y ip L1
J‘ [F(X)]k+rdx = ¢azk+r z mﬂfije*y(ﬁr) y[ i-0 } a dy (311)

e Po-+ Byt + Py 1 =K+ H pl|(||)Pl 0

With the change of variable z=y/(k+r), the integral in (3.11) is clearly a gamma
function, and so

(Wa)1
? [FOo] Tax = (3.12)

= Myir?

where M, , is as given by (3.8).

Similarly, the second integral in (3.9), after substituting for F(x); x>@& from (1.5),
making the change of variable y=(1/a)((x—6)/¢)", and applying expansion (2.4)
yields

+—1

(1/@)71
]0,[1_ F(X)]k+n7rdx _ m(l/a)—l Z k+n r J' —y(k+n-r) [ ] dy.
0

2k+n—r (l/a) -1

Po+ Prt-+ Payq)-1=K+n-1 H p ki o
it

And with the change of variable z=y/(k+n-r), we get

K+n-r qﬁa(ﬂa)_l

L FOOT o= e M (313

where M is given by (3.8) but with (k+n-r) in place of (k+r).

k+n-r
Finally, the substitution from (3.12) and (3.13) in (3.9) completes the proof of the
theorem.

Corollary 3.1: The following are straightforward consequences of theorem 3.1

1. Setting I, =1 and 1, =n in (3.7) gives the mean of the sample range.

2. Setting [, =m and I,=n-m+1; 2<m<|n/2], in (3.7) gives the mean of the
m™ symmetric quasi-range.

3. Finally, setting I, =r,+1 in (3.7) gives the mean of the spacing (X,,,—X,);
rn=21..n-1.
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Corollary 3.2: For n>3, and r, =1,...,| (n+1)/2 |-1, the following relation is true

E(Xn—rl+1_xn—r1)=E(Xrl+1_xr1)' (3.14)

Poof: Set r1=1,...,L(n +1)/2J—1 and r,=r,+1, and then substitute in (3.7) to get both
sides of (3.14), the equality of the two sides becomes evidently true.
Corollary 3.3: On setting a=1 we get the mean difference
E(sz - Xrl), (1<r, <r,<n)connected with a sample of size n (>2) from the classical
two-parameter Laplace distribution (1.1) as

n-r k 1 r k =
Y il ) S0 ki) @15

k=0

E(X, - X,) =4,

r=n

k=0

Remark 3.1: The explicit from (3.7) does not depend on the location parameter
0, —o< <o, Notonly is this so, but the dependence on the scale parameter ¢, ¢ >0
is especially simple multiplicative one. Hence, for example, if instead of the sample range
R+ We consider w, =R _ /¢, then E(R )=¢E(W,,). Since, in this case the form of

,nn !

W, Is independent of &, and ¢, a single table suffices for the means of the range, for

each sample size, and each value of «.

4. Computation algorithm and tabulation

Apart from the precision matters of computing large factorials and gamma functions, the
main difficulty in programming the derived forms (2.6) and (3.7) is the generation of all
possible terms of the involved multinomial expansions. The following algorithm provides
a straightforward approach to overcome this difficulty.

4.1 The compositions algorithm

Following the basic number theory concepts of partitions and compositions (See
Andrews 1976, Knuth 1997, Stojmenovic 2008), by partitions of a positive integer m
into z parts, we mean all possible sets of z nonnegative integers that sum up to m.
Compositions are merely partitions in which the orders of the summands are taken into
account. Generating all of the decompositions of a nonnegative integer m into z
nonnegative integers, is the same as to generate all of the possible z—1 subsets of
m+ z —1objects.

The following algorithm; in Pascal-like notation, is adopted to generate all of the
compositions needed for computing summation like (3.8).

Algorithm composition (k + r);
Ppp <« k+rt <« k+rh « -Lp < 0( =12..,0/a)-1);
While py,,,, # k+rdo {

If t >1thenh « -1;

heh+Ltep;p, «<0p «t-Lp, < p+1}
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A Fortran 95 code, running on a Windows-based Intel® 3.00GHz CPU is written to
conduct all computations. The Fortran language provides better control over the precision
and accuracy of the computations. Interfacing this Fortran code with R is now under
consideration by the author besides other computational routines attributed to the
Generalized Normal and the multinomial distributions.

4.2 Tabulation

Given that the sampling distribution is the generalized Laplace (1.2) with parameters
¢p=1and o equals 1, 1/2 ,..., 1/8 respectively, exact mean values of the range, quasi-
ranges, and spacings, as well as means and variances of all order statistics are computed
for samples of sizes equal to 2,3,...,15. Table 1 in the appendix gives the means of ranges
and quasi-ranges, and table 2 gives the means of the corresponding lower order spacings.
It should be noted that, for any sample size n> 3, the identity relation (3.14) eliminates

the need to compute the means of the \_(n—l)IZJ higher order spacings, i.e., the means

of spacings not appeared in table 2, can be obtained by symmetry. Means and variances
of higher order statistics are listed in tables 3 and 4, respectively. Again, there is no need
to list the means and variances of the lower order statistics, as it can be obtained using the

relation E(X,)=-E(X,_,,),r<|n/2], and for any odd sample size, E(X|24) =0.

Of special interest is the case when « =1, for which the underling distribution reduces to
the classical Laplace distribution (1.1). For this case, Govindarajulu (1966), has derived
closed-form expressions for the first two moments and the product (linear) moment of
order statistics, in terms of the moments of order statistics of a random sample drawn
from the negative exponential, as the folded distribution of the double exponential. For
samples of sizen=2,3,...,20, Govindarajulu evaluated and tabulated the means of order

statistics, accurate to six decimal places, and the covariances, accurate to five decimal
places. All his computed means and variances for n=2,...,15 match exactly the

corresponding computed values for this case in tables 3 and 4.

5. Conclusion

In this article, a generalization of the Laplace distribution is considered. The model
enhances the classical Laplace distribution by introducing a third parameter « >0, to

further control the shape of the distribution. By varying the value of «, the model can
better fit data with sharper peaks and heavier tails. The generalized Laplace distribution
can therefore be viewed as a flexible model able to cope with empirical deviations from
the Laplace model with two parameters only.

Under the assumption that the reciprocal of the shape parameter is a positive integer, we
derive explicit forms for density functions and the moments of order statistics, and the
mean values of the range, quasi-ranges, and spacings of a random sample corresponded
to any member of this class. For the largest eight values of the shape parameter « , and
for samples of sizes equal 2,3,...,15, exact mean and variance values of all order
statistics, and exact mean values of the range, quasi-ranges, and spacings are evaluated
and tabulated.
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The theoretical development in this article depends on the complementary incomplete
gamma function and the multinomial expansions. Conducting the computations invited
for developing an algorithm for generating all compositions of any nonnegative integer
number. Directions of the many possible applications of the results are briefly surveyed
in the introduction.
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Table 1: Means of the ranges and quasi-ranges of samples of size 2,3,...,15 from the
Generalized Laplace distribution with parameters ¢=1,and « =1, 1/2,...,1/8.

(rh,r) o=l 12 1/3 1/4 1/5 1/6 7 1/8

(1,2) 1.50000 2.437500 3.802083  5.819092  8.807991  13.23642  19.792450  29.489545

n

2

3 (13 2.25000 3.656250  5.703125  8.728638  13.21198  19.85463  29.688675  44.234317

4 (1,4 2.77083  4.583264 7.239311 11.18493 17.05495 25.77999  38.730595 57.926895
(2,3) 0.68750  0.875208  1.094568  1.359754  1.683085  2.078547 2.562913 3.156584

5 (1,5 3.17708  5.364410 8.593068  13.41460 20.61740 31.35892  47.345364  71.093375
(2,4) 114583  1.458680 1.824280 2.266257  2.805141  3.464246 4.271521 5.260974

6 (1,6) 3.51250 6.049422  9.820659 1548133 23.97154 36.67337  55.626056  83.839576
(2,5) 150000 1.939351 2455116  3.080917  3.846715  4.786692 5.941904 7.362369
(3,4) 0.43750  0.497338 0.562610 0.636938 0.721994  0.819353 0.930756 1.058184

7 @7 3.79895  6.663166  10.95021  17.41698  27.15346  41.76430 63.619210  96.218407
(2,6) 179375 2.366954  3.043335 3.867427  4.880005 6.127821 7.667136 9.566587
(3,5) 0.76562  0.870342  0.984567  1.114642 1.263490 1.433868 1.628823 1.851823

8 (1,8) 4.04923 7.220867 11.99960  19.24242  30.18747  46.65993  71.357574  108.26782
2,7) 2.04700 2.759260 3.604494  4.638951  5.915450  7.494878 9.450657  11.872506
(3,6) 1.03398  1.190037  1.359859  1.552857  1.773669  2.026652 2.316574 2.648830
(45) 031835 0.337517 0.359082 0.384283  0.413191  0.445895 0.482571 0.523477

9 (19 427156 7.732926  12.98156  20.97301  33.09194 51.38212  78.867007  120.01829
(2,8) 2.27059  3.124395 4.143888 5397671 6.951685  8.882365  11.282117  14.264045
3.7) 1.26445  1.481290 1.716615 1.983430 2.288631  2.638673 3.040547 3.502117
(46) 057304 0.607530 0.646347 0.691709  0.743744  0.802611 0.868628 0.942258

1 (1,10 447161 8206921  13.90575 22.62075 35.88154 55.94863  86.168837  131.49530
(2,9 247117  3.466978  4.663887  6.143392  7.985511  10.28353  13.150528  16.725163
(3,8) 146824  1.754063 2.063891  2.414785  2.816377  3.277701 3.808472 4.419576
(4,79 0.78893  0.844820 0.906303 0.976938  1.057222  1.147607 1.248721 1.361379
(5,6) 0.24921  0.251595 0.256412  0.263867  0.273528  0.285117 0.298489 0.313577

1 (1,11 465344 8648601 14.77973 2419526  38.56829  60.37424  93.281058  142.72060
(2,10 265325 3790120 5.165970  6.875636  9.014076  11.69263  15.046632  19.242340
(3,9 1.65184  2.012836  2.404512  2.848295  3.356970  3.942581 4.618058 5.397866
(48) 097866 1.063999  1.155569  1.258756  1.374797  1.504688 1.649574 1.810801
(5,77 0.45690 0.461258 0.470089  0.483756  0.501467  0.522715 0.547229 0.574891

1 (112 482012 9.068667 15.61947 2571521 41.17182 64.67874  100.22517  153.71897
(2,11 2.82003 4.102370 5.661214  7.604866  10.04484  13.11249  16.969162  21.810621
(3,10  1.81934 2266121  2.749095 3.293998  3.917938  4.637205 5.470701 6.436995
(4,9 114931  1.277814 1410328 1554195  1.712537  1.887961 2.084610 2.304519
(5.8) 0.63735 0.654994  0.675723  0.700134  0.728170  0.760080 0.797862 0.841396
6,7) 0.20426  0.204927  0.205940  0.206631  0.207167  0.207956 0.211031 0.216207

1 (1,13 497397 9.463171 16.41767 27.17328 43.68783  68.86319  107.00317  164.49563
(2,12 297393 4398067 6.138393  8.317134  11.06351  14.53005 18.900960  24.409981
(311 197359 2507763  3.085411 3.736799  4.484058  5.348254 6.350128 7.519576
(410 1.30518 1.481799  1.660492  1.850932  2.058789  2.288627 2.543177 2.832015
(5,9) 0.79861  0.834709  0.871800 0.911239  0.954410 1.002651 1.055758 1.120370
(6,8) 0.37934 0.380139 0.381471 0.382129  0.382937  0.384917 0.387569 0.397212

1 (1,14 511682 9.832601  17.17482  28.57555  46.13095 72.95048  113.65257  175.09129
(2,13 3.11681 4.676340 6.594848 9.013087  12.07644  15.95639  20.863358  27.059570
(312 211664 2736299  3.409723  4.176058  5.060503  6.086029 7.277768 8.666222
(411  1.44907 1.675050 1.902972  2.149281  2.420159  2.719065 3.049580 3.417726
(510  0.94546  1.002612 1.059322  1.122381  1.192663  1.269524 1.352772 1.444624
6,9 0.53427  0.535635  0.538284  0.545041  0.555395  0.567871 0.581612 0.598222
(7,8) 0.17278  0.175437  0.175741 0.176460 0.177859  0.178972 0.179245 0.180456

1 (1,15 5.25016  10.19035 17.91529  29.94395 4851279  76.94150 120.16271  185.49634
(2,14 325015 4949506  7.052395 9.710192 13.08833  17.38239  22.831839  29.731155
(3,13 225007 2963481  3.742848  4.628013  5.650738  6.840505 8.228826 9.849506
(412 158294 1869378 2.158595  2.465641  2.800593  3.170199 3.580598 4.036580
(5,11 1.08095 1.172003 1.261036  1.352343  1.449741  1.554997 1.669574 1.793498
(6,10 0.67447 0.688915 0.704714  0.720901 0.739126  0.759820 0.783404 0.808974
(7,9 0.32396  0.326620  0.329323  0.329954  0.330314  0.330982 0.332455 0.333842
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Table 2: Means of spacings of samples of size 2,3,...,15 from the Generalized
Laplace distribution with parameters ¢=1,and «=1, 1/2,...,1/8.

r,r+1) o=l 12 1/3 1/4 1/5 1/6 7 1/8

n
2 (1,2) 1.500000 2.437500 3.802083  5.819092  8.807991 13.236420 19.792450 29.489545
3 (1,2) 1.125000 1.828125 2.851562  4.364319  6.605993  9.927315 14.844337 22.117158
4 (1,2) 1.041667 1.854028 3.072371  4.912589  7.685934 11.850722 18.083841 27.385155
(2,3) 0.687500 0.875208 1.094568  1.359754  1.683085  2.078547  2.562913  3.156584
5 (1,2) 1.015625 1.952865 3.384394 5574172  8.906132 13.947341 21.536922 32.916200
(2,3) 0.572917 0.729340 0.912140  1.133129  1.402571  1.732123  2.135761  2.630487
6 (1,2) 1.006250 2.055036 3.682771  6.200210 10.062415 15.943341 24.842076 38.238604
(2,3) 0531250 0.721006 0.946253  1.221989  1.562360  1.983669  2.505574  3.152092
(3,4) 0.437500 0.497338 0.562610 0.636938  0.721994  0.819353  0.930756  1.058184
7 (1,2) 1.002604 2.148106 3.953439  6.774781 11.136731 17.818240 27.976037 43.325910
(2,3) 0.514062 0.748306 1.029384  1.376393  1.808258  2.346977  3.019156  3.857382
(34) 0.382812 0.435171 0.492284 0.557321  0.631745 0.716934  0.814411  0.925911
8 (1,2) 1.001116 2.230803 4.197554  7.301736 12.136010 19.582527 30.953459 48.197658
(2,3) 0.506510 0.784612 1.122317 1543047 2.070891  2.734113  3.567041  4.611838
(34) 0.357812 0.426260 0.500389  0.584287  0.680239  0.790379  0.917001  1.062677
(45) 0.318359 0.337517 0.359082  0.384283  0.413191  0.445895  0.482571  0.523477
(1,2) 1.000488 2.304266 4.418839  7.787673 13.070129 21.249882 33.792445 52.877124
(2,3) 0.503069 0.821552 1.213636  1.707120  2.331527  3.121846  4.120785  5.380964
(3,4) 0.345703 0.436880 0.535134  0.645861  0.772443  0.918031  1.085959  1.279929
(45) 0.286523 0.303765 0.323173  0.345855  0.371872  0.401306  0.434314  0.471129
10 (1,2) 1.000217 2.369971 4.620932  8.238681 13.948018 22.832554 36.509155 57.385073
(2,3) 0.501465 0.856458 1.299998  1.864304  2.584567  3.502915  4.671028  6.152794
(34) 0.339658 0.454621 0.578794  0.718923  0.879577  1.065047  1.279875  1.529098
(45) 0.269857 0.296613 0.324946  0.356535  0.391847  0.431245 0.475116  0.523901
(5,6) 0.249219 0.251595 0.256412  0.263867  0.273528  0.285117  0.298489  0.313577
11  (1,2) 1.000098 2.429240 4.806880  8.659815 14.777109 24.340805 39.117213 61.739133
(2,3) 0.500705 0.888642 1.380729  2.013670  2.828553  3.875025  5.214287  6.922237
(3,4) 0.336589 0.474419 0.624472  0.794770  0.991086  1.218947  1.484242  1.793532
(45) 0.260882 0.301370 0.342740  0.387500  0.436665  0.490986  0.551172  0.617955
(5,6) 0.228451 0.230629 0.235044  0.241878  0.250734  0.261358  0.273615  0.287445
12 (1,2) 1.000044 2.483149 4979131  9.055174 15563490 25.783124 41.628008 65.954179
(2,3) 0.500342 0.918124 1.456060  2.155434  3.063454  4.237643  5.749231  7.686813
(3,4) 0.335015 0.494154 0.669383  0.869902  1.102700  1.374622  1.693045  2.066238
(45) 0.255981 0.311410 0.367303  0.427030  0.492184  0.563941  0.643374  0.731561
(5,6) 0.216546 0.225033 0.234891  0.246752  0.260502  0.276062  0.293416  0.312595
(6,7) 0.204264 0.204927 0.205940  0.206631  0.207167  0.207956  0.211031  0.216207
13 (1,2) 1.000020 2.532552 5.139643  9.428077 16.312160 27.166568 44.051107 70.042827
(2,3) 0.500166 0.945152 1526491  2.290167  3.289727  4.590902  6.275416  8.445202
(3,4) 0.334204 0.512982 0.712460  0.942934 1212634 1529813  1.903475  2.343781
(45) 0.253289 0.323545 0.394346  0.469846  0.552189  0.642988  0.743710  0.855822
(5,6) 0.209631 0.227285 0.245164  0.264555  0.285737  0.308867  0.334094  0.361579
(6,7) 0.189674 0.190069 0.190735 0.191065  0.191469  0.192458  0.193784  0.198606
14 (1,2) 1.000009 2578130 5.289991  9.781234 17.027254 28.497045 46.394608 74.015863
(2,3) 0.500081 0.970021 1.592562  2.418515  3.507972  4.935181  6.792795  9.196674
(3,4) 0.333785 0.530625 0.753376  1.013388  1.320172  1.683482  2.114094  2.624248
(45) 0.251807 0.336219 0.421825  0.513450  0.613748  0.724770  0.848404  0.986551
(5,6) 0.205596 0.233488 0.260519  0.288670  0.318634  0.350827  0.385580  0.423201
(6,7) 0.180745 0.180099 0.181272  0.184291  0.188768  0.194449  0.201184  0.208883
(7,8) 0.172782 0.175437 0.175741  0.176460  0.177859  0.178972  0.179245  0.180456
15 (1,2) 1.000004 2.620423 5.431451 10.116881 17.712229 29.779557 48.665436 77.882593
(2,3) 0.500040 0.993012 1.654773 2541089  3.718797  5.270943  7.301506  9.940825
(3,4) 0.333567 0.547052 0.792127  1.081186  1.425073  1.835153  2.324114  2.906463
(45) 0.250990 0.348688 0.448779  0.556649  0.675426  0.807601  0.955512  1.121541
(5,6) 0.203241 0.241544 0.278161  0.315721  0.355307 0.397588  0.443085  0.492262
(6,7) 0.175256 0.181148 0.187696  0.195473  0.204406  0.214419  0.225475  0.237566
(7,8) 0.161983 0.163310 0.164661  0.164977  0.165157 0.165491  0.166227  0.166921
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Table 3: Means of order statistics of samples of size 2,3,...,15 from the Generalized
Laplace distribution with parameters ¢=1,and a=1, 1/2,...,1/8.

n r a=I1 1/2 1/3 1/4 1/5 1/6 17 1/8
2 2 0.750000 1.218750 1.901042  2.909546  4.403995  6.618210  9.896225 14.744772
3 2 1125000 1.828125 2.851562  4.364319  6.605993  9.927315 14.844337 22.117158
4 3 0343750 0.437604 0.547284 0.679877  0.841542  1.039274  1.281456  1.578292
4 1.385417 2.291632 3.619655  5.592466  8.527476 12.889996 19.365298 28.963447
5 4 0572917 0.729340 0.912140  1.133129 1402571  1.732123  2.135761  2.630487
5 1588542 2.682205 4.296534  6.707300 10.308703 15.679464 23.672682 35.546687
6 4 0.218750 0.248669 0.281305  0.318469  0.360997  0.409677  0.465378  0.529092
5 0.750000 0.969675 1.227558  1.540458  1.923357  2.393346  2.970952  3.681184
6 1756250 3.024711 4.910329  7.740669 11.985772 18.336687 27.813028 41.919788
7 5 0.382812 0.435171 0.492284  0.557321 0.631745 0.716934  0.814411  0.925911
6 0.896875 1.183477 1521667  1.933714  2.440002  3.063911  3.833568  4.783293
7 1899479 3.331583 5.475106  8.708495 13.576734 20.882150 31.809605 48.109204
8 5 0.159180 0.168758 0.179541  0.192141  0.206596  0.222948  0.241286  0.261738
6 0516992 0.595018 0.679929  0.776428  0.886834  1.013326  1.158287  1.324415
7 1.023503 1.379630 1.802247  2.319475  2.957725  3.747439  4.725328  5.936253
8 2.024619 3.610434 5.999800 9.621212 15.093735 23.329966 35.678787 54.133911
9 6 0.286523 0.303765 0.323173  0.345855  0.371872  0.401306  0.434314  0.471129
7 0.632227 0.740645 0.858307  0.991715  1.144315 1319336  1.520273  1.751058
8 1135296 1.562197 2.071944  2.698835  3.475842  4.441182  5.641058  7.132023
9 2135784 3.866463 6.490783 10.486509 16.545971 25.691064 39.433503 60.009147
10 6 0.124609 0.125798 0.128206  0.131933  0.136764  0.142559  0.149244  0.156788
7 0.394466 0.422410 0.453152  0.488469  0.528611  0.573803  0.624361  0.680690
8 0.734124 0.877031 1.031946  1.207392  1.408189  1.638851  1.904236  2.209788
9 1.235589 1.733489 2.331943  3.071696  3.992756  5.141765  6.575264  8.362581
10 2235806 4.103460 6.952876 11.310377 17.940773 27.974319 43.084419 65.747654
11 7 0.228451 0.230629 0.235044  0.241878  0.250734  0.261358  0.273615  0.287445
8 0.489332 0.532000 0.577784  0.629378  0.687398  0.752344  0.824787  0.905401
9 0.825921 1.006418 1.202256  1.424148  1.678485 1971291  2.309029  2.698933
10 1326626 1.895060 2.582985  3.437818  4.507038  5.846315  7.523316  9.621170
11 2326724 4.324300 7.389865 12.097633 19.284147 30.187120 46.640529 71.360303
12 7 0102132 0.102464 0.102970  0.103316  0.103584  0.103978  0.105516  0.108103
8 0.318678 0.327497 0.337862  0.350067  0.364085  0.380040  0.398931  0.420698
9 0.574659 0.638907 0.705164  0.777098  0.856269  0.943980  1.042305  1.152259
10 0.909675 1.133061 1.374548  1.646999  1.958969  2.318602  2.735351  3.218497
11 1410016 2.051185 2.830607  3.802433  5.022423  6.556245  8.484581 10.905310
12 2410061 4.534334 7.809738 12.857607 20.585914 32.339370 50.112590 76.859489
13 8 0.189674 0.190069 0.190735  0.191065 0.191469  0.192458  0.193784  0.198606
9 0.399305 0.417354 0.435900  0.455620  0.477205  0.501325 0.527879  0.560185
10 0.652594 0.740899 0.830246  0.925466  1.029395  1.144313  1.271588  1.416007
11 0.986799 1.253881 1.542705  1.868400  2.242029  2.674127  3.175064  3.759788
12 1486965 2.199033 3.069196  4.158567  5.531756  7.265028  9.450480 12.204990
13 2486985 4.731585 8.208839 13.586644 21.843917 34.431596 53.501586 82.247817
14 8 0.086391 0.087719 0.087871  0.088230  0.088930  0.089486  0.089623  0.090228
9 0.267136 0.267818 0.269142  0.272520  0.277698  0.283935  0.290806  0.299111
10 0.472733 0.501306 0.529661  0.561190  0.596332  0.634762  0.676386  0.722312
11 0.724539 0.837525 0.951486  1.074640  1.210080  1.359532  1.524790  1.708863
12 1.058324 1.368150 1.704862  2.088029  2.530252  3.043014  3.638884  4.333111
13 1558405 2.338170 3.297424 4506543  6.038224  7.978196 10.431679 13.529785
14 2.558414 4.910193 8.578006 14.276127 23.052118 36.460953 56.811977 87.531241
15 9 0.161983 0.163310 0.164661  0.164977  0.165157  0.165491  0.166227  0.166921
10 0.337239 0.344457 0.352357  0.360450  0.369563  0.379910  0.391702  0.404487
11 0.540480 0.586001 0.630518  0.676171  0.724870  0.777498  0.834787  0.896749
12 0.791470 0.934689 1.079297  1.232820  1.400296  1.585099  1.790299  2.018290
13 1125037 1.481740 1.871424  2.314006  2.825369  3.420252  4.114413  4.924753
14 1.625077 2.474753 3.526197  4.855096  6.544166  8.691195 11.415919 14.865577
15 2.625081 5.095176 8.957648 14.971977 24.256395 38.470752 60.081355 92.748171
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Table 4: Variances of order statistics of samples of size 2,3,...,15 from the Generalized
Laplace distribution with parameters ¢=1,and a=1, 1/2,...,1/8.

n r a =1 172 1/3 1/4 1/5 1/6 17 1/8
2 2 14375 6.01465 24.0403  93.04821  352.56553  1317.8705  4884.24640  18005.76893
3 2 14149 727942  32.0987  130.7022  509.17787  1933.4696  7231.34576  26801.02090
4 3 05207 1.06558  2.20315 457972 9.53990 19.89111 41.50265 86.66153
4 14417 849135 39.7040 166.7097  660.95547  2536.2192  9546.20380  35518.32068
5 4 05024 121756 @ 2.81457 6.30610 13.83354 29.91689 64.08329 136.40051
5 14702 954706 46.6356  200.5963  806.87211  3123.8892  11823.9661  44147.10548
6 4 03033 045660 0.70769 1.11834 1.78881 2.88444 4.67822 7.62143
5 05079 1.42476  3.56955 8.40223 19.04224 42.12147 91.69318 197.47816
6 14939 104676 529883 232.6280 947.56272  3697.8777  14067.5659  52693.33247
7 5 02912 049792  0.84998 1.44515 2.44519 4.11971 6.91794 11.58862
6 05191 1.63551  4.35462  10.64379 24.74683 55.74838 122.99891 267.58271
7 15128 11.2804 58.8611 263.0686  1083.6472  4259.5436  16279.8520 61162.79536
8 5 02103 0.26480 0.34724 0.46820 0.64290 0.89400 1.25471 1.77344
6 0.2918 0.56966  1.05773 1.90330 3.35305 5.82088 10.00055 17.05425
7 05307 1.83689 5.13869  12.96203 30.80595 70.52203 157.48408 345.77494
8 15278 12.0075 643333 292.1337  1215.6428  4810.0408  18463.2829  69560.56435
9 6 02020 0.28052  0.39852 0.57325 0.82972 1.20494 1.75327 2.55450
7 02969 0.65061  1.29188 2.42928 4.41582 7.84793 13.73109 23.75805
8 05412 202584 591046  15.32378 37.13798 86.26316 194.78283 431.34537
9 15399 12.6652 69.4666  319.9963  1343.9750 5350.3400 20619.9643  77891.05114
1 6 01595 0.17806  0.20869 0.25303 0.31384 0.39553 0.50444 0.64922
7 02012 0.31363  0.48283 0.73588 1.11223 1.67015 2.49552 3.71491
8 03033 0.73302 1.53812 2.99996 5.59955 10.15525 18.05491 31.64653
9 05504 220234 6.66555  17.70961 43.68659  102.83605 234.60111 523.69871
1 15498 13.2661 74.3092 346.7961 1468.9967  5881.2634  22751.7129  86158.11897
1 7 01535 0.18523  0.23204 0.29754 0.38690 0.50762 0.67010 0.88854
8 0.2036 0.35398  0.58342 0.93175 1.45736 2.24679 3.42816 5.19111
9 03098 0.81378  1.78978 3.60328 6.88498 12.71569 22.93914 40.69001
1 05583 236733 7.40243  20.10710 50.41005  120.13265 276.69369 622.32173
1 15580 13.8195 78.8994 372.6475 1591.0042 6403.5152  24860.1097  94365.17865
1 7 01278 0.13057  0.14093 0.15811 0.18211 0.21371 0.25431 0.30592
8 01523 0.20318 0.27413 0.37177 0.50491 0.68580 0.93121 1.26398
9 0.2075 0.39706  0.69310 1.15095 1.85284 2.92128 4.53865 6.97628
1 03158 0.89164  2.04332 4.23153 8.25837 15.50810 28.35603 50.86058
1 05651 252198 8.12090 22.50790 57.27627  138.06462 320.85227 726.76611
1 15649 143327 83.2678 397.6454 1710.2488 6917.7041  26946.5437  102515.2654
1 8 01233 0.13423  0.15323 0.18045 0.21674 0.26378 0.32408 0.40096
9 01535 0.22640  0.32658 0.46442 0.65361 0.91287 1.26774 1.75308
1 02117 0.44069 0.80815 1.38816 2.29202 3.68670 5.82220 9.07234
1 03213 0.96620 2.29673 4.87936 9.70893 18.51445 34.28005 62.12937
1 05709 2.66741 8.82136  24.90618 64.25990  156.55850 366.89772 836.63662
1 15709 148115 874397 421.8694 1826.9464  7424.3620 29012.2449  110611.1001
1 8 01063 0.10132  0.10257 0.10837 0.11788 0.13095 0.14776 0.16878
9 01220 0.14501 0.17714 0.21996 0.27561 0.34721 0.43897 0.55640
1 01559 0.25215 0.38535 0.57046 0.82735 1.18317 1.67507 2.35395
1 0.2159 0.48381 0.92643 1.63991 2.77026 4.53802 7.27540 11.48161
1 03262 1.03742  2.54883 5.54279 11.22783 21.71889 40.68723 74.46668
1 05760 2.80466  9.50446  27.29781 71.34060  175.55234 414.67441 951.58226
1 15760 152603 91.4358 4453873 1941.2839  7923.9569  31058.3109  118655.1370
1 9 01027 0.10331  0.10973 0.12094 0.13654 0.15673 0.18209 0.21349
1 01226 0.15968 0.20799 0.27070 0.35161 0.45580 0.58989 0.76243
1 01588 0.27894  0.44824 0.68712 1.02315 1.49416 2.15222 3.06893
1 0.2199 0.52589  1.04660 1.90375 3.28392 5.47095 8.89491 14.20534
1 03305 1.10545 2.79889 6.21875 12.80764 25.10731 47.55501 87.84251
1 05804 293460 10.1709  29.67979 78.50174  194.99335 464.04606 1071.28930
1 15804 15.6829 95.2738  468.2573  2053.4249  8416.9043  33085.7273  126649.6034

298 Pak.j.stat.oper.res. Vol.XI No.3 2015 pp283-298



