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 The present work demonstrates the natural convection of two layers filled the space 
between inner circular cylinder located within wavy enclosure using finite element scheme. 
The right layer is filled with Ag nano-fluid while the left layer is filled saturated porous 
media and the same nanofluid. The governing equations of fluid flow and heat transfer 
(mass, energy and momentum of the fluid) have been formulated in dimensionless form 
with related initial and boundary conditions the numerical solution include the subdividing 
the fluid flow domain to two sets of transport equations.  The Darcy-Brinkman model was 
considered for modeling porous media with nano-fluid. The considered dimensionless 
parameters are Rayleigh number (106≥Ra≥103), Darcy number (10-1≥Da≥10-5), 
cylinder’s radius (0.4≥R≥0.2), circular cylinder vertical position (+0.2≥δ≥-0.2), the 
number of undulation (3≥N≥0) and nano-particle volume fraction (0.1≥φ≥0). The 
nanofluid is combining of Ag solid particle and water as a main fluid. The results were 
presented according to the stream-lines, isotherms, local and the mean of Nusselt number. 
The results have demonstrated the increasing in the value of the Rayleigh and Darcy 
numbers as well as nanofluid volume fraction enhances both fluid flow strength and 
average of heat transfer. It has been concluded that when the number of undulations N = 1 
gives better heat transfers enhancement. It is recommended that for better heat transfer 
average to move the internal circular cylinder with radius (R = 0.2) vertically downward 
(δ=-0.2) with undulations’ number (N=1). 
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1. INTRODUCTION 

 

Natural convection heat transfer in different porous 
enclosure shapes like square, rectangle, triangle, oblique, 
trapezoidal, wavy and others shapes took a great deal of 
interest because of its applications in industry and engineering 
like nuclear processing, air conditioning in rooms, float 
production [1-21]. The natural convection heat transfer in 
enclosures filling partly with fluid and partly with saturated 
porous media with the same fluid had been studied in open 
literature as a result of its wide range of applications like fuel 
cell, production of crude oil, geothermal systems.   

The thermal fluids have an important function of the 
enhancement of the heat transfer. However, the conventional 
fluids like mixture of ethylene glycol, oil and water has law 
thermal conductivity which makes a serious problem in 
augmentation of heat transfer. In order to overcome this 
limitation, there was a strong motivation towards adding of 
solid particle in to the main fluid to form what we called 
nanofluid [22]. Various researchers studied the nanofluid 
filling enclosures. For example; Kahwaji and Ali [23] 
investigated numerically by utilizing alternating direction 
implicit technique to simulate the natural convection between 
square cylinder within a square enclosure. The space filling 
with copper-water nano-fluid. The results demonstrated an 
increase in the numbers of Rayleigh and fraction volume of 

Nanofluid augmented the numbers of Nusselt leading to 
enhance the heat transfer. Selimefendigil et al. [24] examined 
numerically entropy generation and natural convections in 
nano-fluid trapezoidal enclosure including the impact of the 
magnetic fields. They have concluded that heat transfer 
augmentation rates with nano-fluids ranging from 0.1 to 0.12 
aren’t influenced with the existence of magnetic fields. 

The internal body placed inside various shapes of enclosure 
has been researched by numerous researchers. The effect of 
internal body size on various shapes of enclosures were 
investigated by Angeli et al. [25] and Xu et al. [26]. Angeli et 
al. [25] researched numerically utilizing CFD commercial 
code Fluent the effect of changing the cylinder that is placed 
in a square enclosure filling with air. Four different numeric 
magnitudes of cylinder diameter were taken (0.2, 0.4, 0.6 and 
0.8). A correlation of average Nusselt number as a function of 
both Rayleigh and diameter to side ratio had been developed 
with an accuracy better than ±10%. Xu et al. [26] examined in 
a numerical way the natural convection between horizontal 
triangular cylinder placed inside cylindrical enclosure filling 
with air utilizing finite volume technique. They studied the 
effect of internal body diameter and its inclination angle under 
various four numbers of Rayleigh’s magnitudes. They 
proposed a correlation based on curve fitting to average 
Nusselt number as a Rayleigh number function under a variety 
of values for the radius ratio for laminar flow. They have 
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reached the conclusion that the inner triangular cylinder's 
inclination angle had no impacts on average Nusselt number 
when radius ratio remained unchanged. Other researchers 
researched the impact of the change of the internal body 
location vertically [27-36], horizontally [37].  

Kim et al. [27], Hussain and Hussein [28] researched 
numerically the natural transfer of heat convection between 
cylinder which is placed in square enclosure filled by air. The 
difference between these two studies is that Kim et al. [27] 
kept the cylinder under isotherm hot temperature while 
Hussain and Hussein [28] applied constant heat flux to the 
cylinder. They examined the impact of Rayleigh’s number and 
different vertical location on the Nusselt’s number and the 
results have indicated that Nusselt number augmented with 
increasing Rayleigh’s number in case of a vertical movement 
of the cylinder upward or downward. Yoon et al. [29] studied 
the internal cylinder vertical position placed inside the square 
enclosure. Their obtained results indicated that, under the 
transient region, the free convection showed in accordance 
with the location of the inner circular cylinder, a single and 
multiple frequencies periodic patterns. Another investigation 
for Hussain and Hussein [30] examined the mixed heat transfer 
convection between internal conductive cylinder in a square 
enclosure at a variety of the vertical positions. They explained 
that the value of the Reynolds, Richardson numbers and the 
rotating cylinder positions has a significant influence on fluid 
flow field and distribution of temperature like in augmentation 
of convection heat transfer in square cavity Park et al. [31] 
have published a research comparing the effect of two internal 
cylinders and compared them with the single cylinder placed 
within a square enclosure utilizing the absorbed boundary 
technique based upon the method of finite volume. It has been 
concluded that two cylinder give better amount of heat transfer 
than that of a single cylinder.  

Park et al. [32] investigated the position of two pairs of 
internal cylinder at various vertical positions for various 
numbers of Rayleigh using immersed boundary approach 
which is based on the approach of the finite volume. They 
discovered that the profile of the Nusselt number is 
symmetrical at low Rayleigh numbers while this symmetry is 
broken at high values of Rayleligh number because of 
increasing the convection forces. It is also obtained that at high 
Rayleigh numbers for a certain value of vertical location, there 
will be bifurcation from steady into transient conditions. Majdi 
et al. [34] investigated utilizing the method of finite element 
on natural convection between cylinder placed in nanofluid 
parallelogramic enclosure under various vertical position. The 
influence of Rayleigh number, nanofluid loading, vertical 
location and inclination angle of enclosure on heat transfer and 
fluid flow were illustrated in full-details. Results have 
indicated that for better heat transfer enhancements, the 
recommendation is moving the inner circular cylinder with an 
inclination angle equals to 30. Another investigation using 
Lattice Boltzmann had been applied for natural convection 
around horizontal hot elliptical cylinder placed in a square 
enclosure for various vertical locations [35]. The results 
displayed that increasing of Rayleigh’s number, yields in an 
enhancement in average Nusselt number and its minimal 
magnitude will be farther from the top of elliptical inner body 
when the Rayleigh number goes up. Very recently, the effect 
of four internal cylinder vertical and horizontal distance had 
been reported by Mun et al. [36] using the immersed boundary 
layer approach. The results have shown that transition from the 
steady conditions into the unsteady take place relatively at 

high values of Rayleigh’s number. Abdelmalek et al. [38] 
studied the natural convection heat transfer between wavy 
enclosure located within square enclosure. It is obtained by 
increasing the inner body number of undulations, there is 
increasing in heat transfer rate.  

Enhancing the heat transfer could be done either by 
nanofluid or by corrugated enclosure walls to form what we 
call corrugated or wavy enclosure [39]. There are many 
publications for wavy enclosures [40-52]. Cho et al. [41] 
demonstrated numerically natural convection in the wavy 
enclosure filling with nano-fluid consists from Al2O3. They 
have reached a conclusion that the increase of nano-fluid 
loading, Rayleigh number and tuning wavy surface of 
enclosure can augment the transfer of heat. Esmaeilpour and 
Abdollah-zadeh [42] have researched the effect of numbers’ 
of Grashof and copper-water nanofluid volume fraction on the 
generation of entropy and natural convection of four different 
shapes of wavy enclosures (Simple, In–In, Out–Out, and In–
Out) by utilizing the method of finite volume. The researchers 
found out that the pattern of Out–Out has the maximal 
magnitude of Nusselt number. Beside that they obtained that 
the pattern of In–In has the minimal value of generation of the 
average Entropy. Cho et al. [43] have proposed a numerical 
study of the natural convection and production of entropy in a 
wavy inclined enclosure filling with nanofluid. It is concluded 
that increasing of volume fraction lead to enhancement in heat 
transfer and reduces total generation of entropy. Shirvan et al. 
[44] researched numerically the impact of the wavy surface of 
a cosine corrugated nanofluid enclosure on natural convection. 
It has been discovered that increasing amplitudes and 
wavelengths of the wavy walls lead to reduces both heat 
transfer and fluid flow intensity. Boulahia et al. [45] have 
researched the natural heat transfer convection between 2 
internal cylinders which have been placed in a wavy enclosure 
filled by nano-fluid by finite volume approach including the 
impact of wavy amplitude and undulation number, the number 
of Rayleigh and volume fraction. The results demonstrated 
that decreasing the wavy amplitude and increasing the 
undulation number, the number of Rayleigh and volume 
fraction contributes in enhancing the heat transfer. 

Elshehabey et al. [53] studied the MHD in partial open wavy 
enclosure filled with ferrofluid using finite element scheme. 
The results indicate the Boussinseq parameter had posatve 
impact on the movement of the ferrofluid. 

Nabavizadeh et al. [46] have proposed a numerical study for 
convection of the natural heat transfer between corrugated 
internal cylinder placed inside wavy enclosure filling with air 
utilizing thermal lattice Boltzmann technique. Results have 
demonstrated that increasing the amplitudes, the number of the 
Nusselts will augment. While undulation numbers might cause 
an increase or decrease in the number of the Nusselts. 
However, there were negligible impacts of rotation on the heat 
transfer. Also another investigation for the impact of magnetic 
field on natural convection between corrugated internal body 
placed within the square enclosure filling with multiple layers 
of the nano-fluid with porous media saturated by similar 
nanofluid was demonstrated by Sheikholeslami et al. [47]. 
They obtained that the thermal boundary layer gets thinner 
with an improvement in radiation parameter and the 
Rayleigh’s number. Sheikholeslami [48] used the method of 
control volume finite element for investigating the effects of 
radiation and magnetic field on the natural convection between 
annulus corrugated bodies filling with multilayer of nanofluid 
and porous media. He obtained that increasing the value of 
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radiation parameter leads to enhancing the Nusselt number 
Alsabery et al. [50] have researched mixing convection and 
generating entropy between internal rotating cylinder placed 
inside wavy enclosure heated from below and filled by porous 
media. They found that improvements in porosity of the 
medium lead to enhancing the convective flow and reducing 
in the Bejan number. Increasing the oscillation number results 
in reducing both the convection flow and generating of the 
entropy. Alsabery et al. [51] extended their previous study 
presented by Alsabery et al. [50] for wavy enclosure filling 
with the nano-fluid. They obtained that undulating the walls 
decreases the average Nusselt number at Ra=105 and its effect 
is for still cylinder while the effect of undulations for rotating 
cylinder is negligible. Farooq et al. [52] have researched the 
mixed convection between internal corrugated cylinder placed 
in outer rotating cylinder filling with nano-fluid for various 
internal corrugation numbers. They have concluded that 
average Nusselt number decreases with the increase of the 
Reynolds number and corrugations number.  Recently, 
Hussain and Rahomey [54] studied the natural convection 
between various internal cylinder bodies like circular, square, 
triangular and elliptical placed within a square enclosure 
filling by nanofluid and porous media saturated by the same 
nano-fluid. Results have shown that is better in heat transfer 
rate. 

Recently, Mebarek [55] examined different types of base 
fluid like oil, ethylene glycol, water with TiO2 nanofluid along 
with discrete heating using finite volume method. The results 
indicated that nanofluid and Rayleigh number enhances the 
heat transfer rate. Mahanthesh et al. [56] demonstrated the 
exponential spacing and heat source impact on the fluid flow 
of nanofluid in elongated disk radially considering Lorentz 
and carioles forces. Mebarek and Bessaih [57] studied the 
natural convection in annulus cylinders located vertically with 
partial heating. The results indicate that the length of the 
heaters effect on the heat transfer rate significantly. Gourari et 
al. [58] examine free convection within two inclined cylinders 
for various inclination angle (0, 45, 90). The results indicate 
that 90 degree is the best inclination angle for heat transfer 
characteristics. Parveen and Mahapatra [59] examined the 
natural convection, entropy generation along with the double 
diffusive in square nanofluid enclosure with wavy walled in 
its top wall. The results indicate that increasing the buoyancy 
ratio and Hartmann number decreases the heat transfer while 
the nanofluid and Rayleigh number augment it. Dogonchi et 
al. [60] examine the magnetic field in irregularly wavy heated 
enclosure filled with nanofluid using control volume finite 
element scheme  

From previous literature review, it can be seen that most of 
the previous investigation contain only layer nanofluid alone 
filled the enclosure or only porous media and there is 
limitation in the multi-layer filled the enclosure. Beside that 
the complex enclosure shapes like the wavy was also less than 
the simple shapes like square, rectangle, triangle and other 
simple shapes. Thus the major novelty of the present work is 
the mixing of nanofluid and saturated porous medium filled 
one of the complex shapes in the numerical modelling which 
is the wavy enclosure contain inner circular cylinder. 
Therefore, this research will be the first investigation attempt 
to study this issue. In this research, the natural convection heat 
transfer will be studied numerically utilizing Galerkin Finite 
Element approach for different dimensionless parameters like 
numbers of Rayleigh (106≥Ra≥103) and Darcy (10-1≥Da≥10-
5), The internal cylinder vertical position (+0.2≥δ≥-0.2), 

radius of internal cylinder (0.4≥R≥0.2), Number of sinusoidal 
number of enclosure (3≥N≥0)  and nano-particle fraction of 
the volume (0.1≥φ≥0). 

 
 

2. METHODOLOGY  

 
Two-dimensional of the computational domain which has 

been considered in the present work is presented in Figure 1. 
It consists of a circular internal cylinder placed within wavy 
vertical walled enclosure. 

 𝑌 = 𝜆 sin(𝑁𝑦) ± �̌�  (1) 
 
N represents the number of the sinusoidal waves, Y̌ 

represents the distance between the original and sinusoidal 
wall locations, and λ represents the sinusoidal amplitude. 

Uniform isothermal hot temperature is implemented for 
internal cylinder whereas the 2 horizontal walls are adiabatic 
and wavy walls have been maintained at isothermal cold 
temperatures. The enclosure is divided by a permeable 
interface to two vertically placed layers. The working fluid in 
wavy enclosure is made up of two layers: the first (i.e. the right) 
one is a nano-fluid and the second (i.e. the left) layer is filled 
by saturated porous media with same nano-fluid. The problem 
is modelled mathematically according to the following 
assumptions: 

(1) The fluid flow is projected an incompressible, 
laminar under the conditions of the steady state. 

(2) Internal heat generation resulting from the Darcy 
dissipation or viscous dissipation is neglected and the radiation 
effect is insignificant. 

(3) The nano-particle is of a uniform in size and spherical 
shape. The thermo-physical characteristics are constant except 
for the body force density.  

(4) No slip takes place between liquid and nano-particles 
concerning velocity and temperature. 

(5) A thermal equilibrium has been taken under 
consideration between the nano-fluid and the porous media. 

The thermo-physical properties of the pure fluid and the Ag 
nano-fluid have been listed below in Table1. The governing 
dimensionless parameters which are Rayleigh’s number 
(106≥Ra≥103), Darcy’s number (10-1≥Da≥10-5), the vertical 
location, wavy wall undulation number (3≥N≥0) and 
nanoparticle volume fraction (0.1≥φ≥0). 

 

 
 

Figure 1. Schematic diagram of the problem 

 
In this study the double domain method has been utilized 

for describing the mathematical model. The governing 
formulas have been applied and separated for every one of the 
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domains, which are combined with proper conditions of the 
boundary along the permeable surfaces. Darcy-Brinkman’s 
method has been utilized for signifying the convection entire 
porous domain. This method has been simplified for coupling 
of the momentum equation between nano-fluid domain and 
porous domain. The governing equations for the nano-fluid 
domain in the dimensional form are [54, 61]: 

Continuity: 
 ∂una∂x + ∂vna∂y = 0 (2) 

 
X-momentum: 
 ρna (una ∂una∂x + vna ∂una∂y )= − ∂p∂x + μna (∂2una∂x2 + ∂2una∂y2 ) 

(3) 

 
Y-momentum: 
  ρna (una ∂vna∂x + vna ∂vna∂y )= − ∂p∂y + μna (∂2vna∂x2 + ∂2vna∂y2 )+ βnaρnag(Th − Tc) 

(4) 

 
Energy   
 una ∂Tna∂x + vna ∂Tna∂y = (∂2Tna∂x2 + ∂2Tna∂y2 ) (5) 

 
The 2-D governing equations for porous media partitions 

are: 
 
Continuity: 
 ∂upo∂x + ∂vpo∂y = 0 (6) 

 
X-momentum: 
 ρna (upo ∂upo∂x + vpo ∂upo∂y )= −ε2 ∂p∂x+ ϵμna (∂2upo∂x2 + ∂2upo∂y2 )− ϵ2 μnak upo 

(7) 

 
Y-momentum: 
 ρna (upo ∂vpo∂x + vpo ∂vpo∂y )= −ε2 ∂p∂y+ εμna (∂2vpo∂x2 + ∂2vpo∂y2 )− ε2 μnak vpo + βnaρnag(T − Tc) 

(8) 

Energy 
 upo ∂Tpo∂x + vpo ∂Tpo∂y = αeff (∂2Tpo∂x2 + ∂2Tpo∂y2 ) (9) 

 
ρ represents density, μ represents the dynamic viscosity, α 

represents the thermal diffusivity, K represents the 
permeability, ε represents the porosity, β represents the 
coefficient of the thermal expansion. na, po, fl are subscripts 
signify for nano-fluid, porous media and pure fluid. Through 
the assumption that the equation for the stream function (u =∂ψ∂y), (v = − ∂ψ∂x) and vorticity (ω = ∂v∂x − ∂u∂y) and presenting the 

dimensionless parameters below: 
 X = xL ; Y = yL ; V = vLαfl ; U = uLαfl ; P = pL2ρnaαf2 ; Da = kflL2 ; θ =T−TcTh−Tc  

 Ra = g βfl(Th − Tc)L3 vflαfl , Pr = vflαfl , Ψ = ψαfl , Ω = ωL2αfl  (10) 

 
The physical characteristics of the nanofluid could be 

expressed as follows: 
 ρna = (1 − 𝜑)ρfl + 𝜑ρpo (11) 
 (ρβ)na = (1 − 𝜑)(ρβ)fl + 𝜑(ρβ)po (12) 
 αna = Kna(ρcp)na (13) 

 αeff = Keff(ρcp)n (14) 

 Keff = (1 − ε)Ks + εKna (15) 
 (ρcp)na = (1 − 𝜑)(ρcp)fl + 𝜑(ρcp)po (16) 
 
The thermal conductivity and viscosity of nanofluid models 

have been calculated using Eq. (17-18) which had been used 
by many researchers like [39, 61-72]: 

 Kna = Kfl (Kpo + 2Kfl) − 2φ(Kfl − Kpo)(Kpo + 2Kfl) + 𝜑(Kfl − Kpo)  (17) 

 μna = μfl(1 − 𝜑)2.5 (18) 

 

The dimensionless governing equations take the following 
form: 

 
Continuity: 
 ∂Una∂X + ∂Vna∂Y = 0 (19) 

 
X-momentum: 
 Una ∂Una∂X + Vna ∂Una∂Y= − ∂P∂X+ Pr(1 − φ)2.5 ρflρna (∂2Una∂X2 + ∂2Una∂Y2 ) 

(20) 
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Y-momentum: 
 Una ∂Vn∂X + Vna ∂Vna∂Y= − ∂P∂Y+ Pr(1 − φ)2.5 ρflρna (∂2Vna∂X2 + ∂2Vna∂Y2 )+ (ρβ)naρnaβfl RaPrθ 

(21) 

 
Energy: 
 Una ∂θna∂X + Vna ∂θna∂Y = αnaαfl (∂2θn∂X2 + ∂2θn∂Y2 ) (22) 

 
The dimensionless form of the governing formulas for the 

porous media domain is: 
 
Continuity: 
 ∂Upo∂X + ∂Vpo∂Y = 0 (23) 

 
X-momentum:   
 Upo ∂Upo∂X + Vpo ∂Upo∂Y= − ∂P∂X+ Pr(1 − φ)2.5 ρflρna (∂2Upo∂X2+ ∂2Upo∂Y2 ) − Pr(1 − φ)2.5 ρflρna UpoDa  

(24) 

 
Y-momentum: 
 Upo ∂Vpo∂X + Vpo ∂Vpo∂Y= − ∂P∂Y+ Pr(1 − 𝜑)2.5 ρflρna (∂2Vpo∂X2 + ∂2Vpo∂Y2 )− Pr(1 − 𝜑)2.5 ρflρna VpoDa+ (ρβ)naρnaβfl  RaPrθ 

(25) 

 
Energy: 
 Upo ∂θpo∂X + Vpo ∂θpo∂Y = αnaαfl (∂2θpo∂X2 + ∂2θpo∂Y2 ) (26) 

 
The boundary conditions on outside enclosure walls are: 
At X=0 U=V=Ψ=0, θ=0 (left side wall), 
At X=1 U=V=Ψ=0, θ=0 (right side wall), 
At Y=0 U=V=Ψ=0, 𝜕𝜃𝜕𝑦=0 (top side wall),  

At Y=1 U=V=Ψ=0, 𝜕𝜃𝜕𝑦=0 (bottom side wall),  

The internal circular cylinder: U=V=Ψ=0, θ=1.  
The conditions have been applied to permeable surfaces 

between porous partition and nano-fluid are characterized as: 

θpo = θna, ∂θna∂X = KeffKna ∂θpo∂X , Ψpo = Ψna,∂Ψna∂X = ∂Ψpo∂X , Ωpo = Ωna,∂Ωna∂X = ∂Ωpo∂X ,μpo (∂Upo∂Y + ∂Vpo∂X )= μna (∂Una∂Y + ∂Vna∂X ) ,Ppo = Pna, ∂Ppo∂X = ∂Pna∂Y  

(27) 

 
The local and the mean of Nusselt number for hot wall could 

be expressed in the form: 
 Nulocal = KnaKfl 1π ∂θ∂n , Nuave = KnaKfl ∫ ∂θ∂n dy1

0  (28) 

 
In the present work, Comsol Multiphysics software had 

been utilized to solve the dimensionless complex governing 
equation of heat transfer in each layer with the boundary 
conditions. The numerical procedure in COMSOL is done by 
selecting the model wizard, after that we choose the dimension 
of the problem space which is 2D. Laminar fluid flow with 
heat transfer was added to perform the interfaces of physics 
under the steady-state conditions. The computational domain 
of the wavy enclosure with the inner cylinder had been built 
and designed within the CFD software. After that the 
numerical grid had been generated and in order to check the 
best number of grids, mesh independent study had been done 
as illustrated in Figure 2. Also, in order to find out the accuracy 
of the present work numerical results a validation had been 
done with the previous published works in terms of 
streamlines, isotherms as in Figure 3 and in terms of Nusselt 
number as in Table 1. 

 
Table 1. Comparisons of the mean of Nusselt number 

between the current and A. J. Chamkha and M. A. Ismael, the 
result for a various Ra, φ=0.05, when Da=10-1, A=2, Xp=0.50 

 
Ra Mean Nusselt number at hot wall Error (%) 

 Current research Chamkha and Ismae [73]  
104 1.3475 1.24 -0.6948 
106 6.332 6.45  1.829 

 

 
 

Figure 2. Mesh independent study 
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Chamkha and Ismael [73 ]  current study 

 

 

 
Figure 3. Streamlines for Ra=105, Xb=0.50, φ=0, Da=10-1, 

A=2 (undashed lines), and φ=0.05 (dashed lines) for 

Chamkha and Ismael [73] and and φ=0.05 (green lines) φ=0 

(red lines), for the current research 
 

 

3. RESULTS AND DISCUSSION 

 
In the current research, the free convection flow in a 

differentially heated cold wavy enclosure with internal heated 
cylinder in two layers of saturated porous media /nanofluid 
and nanofluid is examined numerically. The nanofluid is 
composed of Ag nanoparticles (its physical characteristics 
have been tabulated in Table 2) and the main fluid (water). The 
ranges of dimensionless parameters are as follows: Ra=103 – 
107, φ=0 – 0.1, Da=10-5 – 10-1, the vertical location of the 
internal cylinder δ=-0.2 - +0.2, internal cylinder radius R=0.1 
– 0.4, wavy wall undulation number: N=0 - 3. 

 

Table 2. Thermo-physical characteristics of main fluid (pure 
water) and nanoparticles [54] 

 
characteristics water Ag 

Cp(J/kg k) 4179 235 
ρ (kg/m3) 997.1 10,500 
K (W/m.k) 0.613 429 

β(1/k) 21×10-5 1.89×10-5 
µ (kg/m.s) 0.000372 ------ 

 
3.1 Influence of Rayleigh number 

 
Figure 4 (a-b) demonstrates the stream-line and isotherm 

lines, respectively for saturated porous media /nano-fluid (left 
layer) with same Ag nano-fluid (right layer) for a variety of 
magnitudes of Rayleigh’s numbers at Xp=0.5, φ=0.05, 
Da=0.001, N=3, R=0.2, δ=0.2. Based on the contours images, 
it could be noted from Figure 4 (a) that when Rayleigh’s 
number increases, the maximum absolute magnitude of stream 
function will increase as a result of increasing the fluid flow 
circulation intensity. Actually, the physical reason behind this 
is that increasing Rayleigh’s number increases the buoyancy 
and free convection effect which increases the stream function. 
For instance, in the case of the increase of the Rayleigh’s 
number from Ra=103 into Ra=107, the maximum stream 
function will increase from Ψmax=-0.072483 into Ψmax=-38. 
215, respectively. Concerning the isotherms, it may be noted 
from Figure 4 (b) that in case of Ra=104 (i.e., low Rayleigh 
number), the isotherms lines generally have uniform shapes 
because of the weak effect of convection as in this case the 
conduction heat transfer mode is the dominating. However, as 
the Rayleigh number increases into Ra=107 the isotherms lines 
change the shapes into curved non-uniform shape. Physically 
increasing Rayleigh number increases the free convection 
effect and for that we see irregularity in the shape of isotherms 
layer as Rayleigh number increase which leads to make the 
natural convection becomes dominant.  

 

 

 
Ra=103                                           Ra=105                                     Ra=107 

 
Figure 4. Stream-lines (top) and isotherms (bottom) for a variety of Rayleigh number magnitudes at [Da=0.001, δ=0, φ=0.05, 

R=0.1] 
 

Ψmin=-16.65  

 Ψmin=-17.31 
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3.2 Influence of Darcy number 

 
Figure 5 (a-b) demonstrates the stream-line and isotherm 

lines, respectively for the saturated porous media /nano-fluid 
(left layer) with same Ag nano-fluid (i.e. the right layer) for a 
variety of magnitudes of Darcy numbers at Xp=0.5, φ=0.05, 
Ra=106, N=3, R=0.2, δ=0.2. It could be seen that with the 
increase in Darcy’s number, the strength of cell in the left layer 
(saturated porous media/nanofluid) will be increased. The 
physical reason behind that is due to increasing the 
permeability in the porous media which helps the nanofluid 
penetrate through the porous media. So that the fluid flow 

strength will increase. For example, when the Darcy number 
increases from Da=10-5 into Da=10-3, the maximum stream 
function in the left layer will increase from Ψmin=-0.22104 into 
Ψmin=10.283. On the other hand, increasing Darcy’s number 
will lead to changing their shapes from vertical shapes at low 
Darcy number (Da=10-5) which conduction heat transfer is 
dominant into horizontal shapes at high Darcy number 
magnitude (Da=10-1) indicating that the convection mode will 
be dominating. The physical reason is that increasing Darcy 
number changes the heat transfer mode from conduction into 
convection mode.   
 

 

 

 
Da=10-5                                     Da=10-3                                   Da=10-1 

 

Figure 5. Streamlines (top) and isotherms (bottom) for various Darcy number magnitudes at [Ra=106, δ=0, φ=0.05, R=0.1] 
 

 

 
R=0.2                                              R=0.3                                                  R=0.4 

 

Figure 6. Streamlines (top) and isotherms (bottom) for various inner circular radius at [Ra=106, Da=0.001, δ=0, φ=0.05] 
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Ra=103 

 

 
Ra=106 

 
Figure 7. Streamlines (top) and isotherms (bottom) for various inner circular cylinder position magnitudes at [Da=10 -3, δ=0, 

φ=0.05, R=0.1] 
 

3.3 Influence of cylinder radius 

 
Figure 6 (a-b) demonstrates the streamline and isotherm 

lines, respectively for saturated porous media /nano-fluid (left 
layer) with the same Ag nano-fluid (right layer) for a variety 
of magnitudes of internal cylinder radius at Xp=0.5, φ=0.05, 
Ra=106, Da=10-3, N=3, δ=0.2. It could be observed that the 
fluid flow strength reduces as the internal heated cylinder 
increases. For example, when the internal radius increases 
from R=0.20 to R=0.40, the maximum stream function 
increases from Ψmax=17.107 into Ψmax=7.5905. This is due to 
the fact that when internal heated radius increases, the flow 
exchange area between the cylinder and the wavy enclosure 
reduces and the collision of fluid particle will reduce, which 
reduces the kinetic energy leading to the decrease in the fluid 
flow stream function. Also, there is another reason for the 

reduction in the fluid flow strength which is that with 
increasing the cylinder diameter, the buoyancy force will 
decline and the problem becomes closer to conduction heat 
transfer. Therefore, it can be concluded that the internal 
cylinder with radius R=0.2 is the best case for determining the 
internal cylinder radius.  
 

3.4 Influence of cylinder position  

 
Figure 7 (a-b) demonstrates the streamline and isotherm 

lines, respectively for saturated porous media /nano-fluid (left 
layer) with the same Ag nano-fluid (right layer) for a variety 
of magnitudes of internal cylinder positions and Rayleigh 
umbers at Xp=0.5, φ=0.05, Da=10-3, N=3, R=0.2. It could be 
observed that when the cylinder moves in a vertical way in the 
upper direction, the fluid flow strength will be at its maximum 
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magnitudes below the cylinder and forming two internal cells. 
While as the cylinder moves in a vertical manner downwards, 
the two internal circles will be above the cylinder. Now, at low 
Rayleigh’s number (Ra=103) when the internal heated cylinder 
moves from the wavy enclosure’s center vertically downward 
or upward, in other words, from δ=0 into δ=- 0.20 or δ=+ 0.20, 
the maximal stream function reduces. While at high Rayleigh 
number magnitudes, the behavior is quite different. For 
example, when the internal cylinder moves vertically 
downwards, in other words, from δ=0 into δ=-0.20, the 
maximum stream function increases from Ψmax=-17.069 into 
Ψmax=-23.097. While a quite reverse behavior in the case 
where the cylinder moves in a vertical way upwards i.e., from 
δ=0 into δ=+ 0.20, the maximal stream function decreases 
from Ψmax=-17.069 into Ψmax=-13.356. with respect to the 
isotherm lines that the internal circular position effect on 
isotherms distribution and heat transfer will cover most of the 
space between the wavy enclosure and the internal circle in the 
case where the internal cylinder moves vertically downwards 
from δ=0 onto δ=-0.20. 

 
3.5 Number of undulations 

 
Figure 8 (a-b) demonstrates the streamline and isotherm 

lines, respectively for saturated porous media /nano-fluid (left 
layer) with similar Ag nano-fluid (layer on the right) for a 
variety of magnitudes of number of undulation at Xp=5x10-1, 
φ=5x10-2, Ra=106, Da=10-3, δ=0, R=0.2. It could be observed 
that when N=0, an internal circle of stream function is formed 
above the cylinder. When the undulations’ number rises to 
N=1, the internal cell of streamlines takes a shape like the 
wavy enclosure. The stream function reduces from 
Ψmax=22.727 into Ψmax=15.599 when the undulations number 
rises from N=0 (square enclosure) into N=1, after that the 
maximum stream function increases into Ψmax=17.919 at N=2. 
However, there are no effects on stream function when the 
number of undulations increases to N=3. 

 
3.6 Nusselt number 

 
To examine the amount of heat transfer, the Nusselt number 

is the most significant parameters which has been deduced. 

Figure 9 demonstrates the impact of nanofluid volume fraction 
and Rayleigh’s number on local Nusselt number profile. It 
could be observed that increasing Rayleigh’s number from 
Ra=104 into Ra=106 will lead to an obvious increasing in the 
local Nusselt number profile. Besides that, for constant 
magnitude of Rayleigh number, increasing the nano-fluid 
volume fraction from φ=0 to φ=0.1, the local Nusselt number 
profile will increase also which leads to the enhancement of 
heat transfer characteristics. With respect to impact of Darcy’s 
number on local Nusselt number profile as presented in Figure 
10. Increasing Darcy number yields in enhancing the amount 
of heat transfer. The reason behind that is that when Darcy’s 
number increases, the buoyancy force and natural convection 
increase and mode of heat transfer changes from conduction 
mode at low Darcy number into convection mode in the high 
Darcy number. Figure 11 depicts the impact of number of 
undulations on local Nusselt number profile at Ra=106, Da=10-

3. It is noted that the flat vertical wall (N=0) gives the highest 
local Nusselt’s number profile. It has been noted that 
increasing the number of undulations from N=0 into N=1, will 
reduce the local Nusselt number profile. This behavior also 
happens when the number of undulations increases to N=2. 
However, there is no impact for increasing the number of 
undulations after N=2 on the local Nusselt number profile. 

The impact of Rayleigh and Darcy’s numbers and nanofluid 
volume fraction on mean of Nusselt number is obtainable in 
Figure 12. This indicates that increasing Rayleigh and Darcy 
number as well as the concentration of nano-fluid will 
augment the average Nusselt number, which leads to 
remarkable enhancements in the amount of heat transfer. For 
example when Rayleigh’s number increases from [104] to 
[106], the average Nusselt number improved from Nu=5.97 to 
Nu=11.4, respectively at constant nanofluid volume fraction 
equal to φ=0.1 as illustrated in Figure 12 (a). With respect to 
the impact of Darcy number when the nanofluid volume 
fraction stayed constant, it is seen that Darcy number increases 
from Nu=8.56 at [Da=10-5] into Nu=12.43 at [Da=10-1] as 
illustrated in Figure 12(b). in addition to that, when the 
Rayleigh number stays constant at Ra=104 and the nanofluid 
volume fraction increases from φ=0.05, into φ=0.05, The Nu 
will increase from Nu=5.1 into Nu=5.97.  

 

 
Figure 8. Streamlines (top) and isotherms (bottom) for various number of undulations magnitudes at [Ra=106, Da=0.001, δ=0, 

φ=0.05, R=0.1] 
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Figure 9. Local number of Nusselt profile for different 
Rayleigh number magnitudes and nanofluid volume fraction 

at [Ra = 106, Da = 0.001, δ = 0, φ = 0.05, R = 0.1] 
 

 
 

Figure 10. Local number of Nusselt profile for different 
Darcy’s number magnitudes and nanofluid volume fraction at 

[Ra=106, Da=0.001, δ=0, φ=0.05, R=0.1] 
 

 
 

Figure 11. Local number of Nusselt profile along the internal 
cylinder for various magnitudes of number of undulations at 

[Ra=106, Da=0.001, δ=0, φ=0.05, R=0.1] 

 
 

 
 

Figure 12. The number of Nusselt’s mean along the internal 
cylinder versus (a) various Rayleigh’s number magnitudes 

(b) various magnitudes of Darcy number under various 
concentration of nanofluid volume fraction at [Da=0.001, 

δ=0, φ=0.05, R=0.1] 
 

 
 

Figure 13. Mean of Nusselt number along the internal 
cylinder versus various magnitude of vertical location at 

[Da=0.001, δ=0, φ=0.05, Ra=106] 
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Figure 14. Mean of Nusselt number along the internal 
circular cylinder versus nanofluid volume fraction under 

various magnitude of number of undulations and Rayleigh 
numbers at [Da=0.001, δ=0, φ=0.05] 

 
Figure 13 explains the impact of the vertical location of 

internal cylinder in the mean of Nusselt number. When 
internal cylinder moves from the center of wavy enclosure 
(δ=0) vertically downward (δ=-0.2), the mean of the Nusselt 
number profile will increase, which enhances the heat transfer. 
While in case where the cylinder moves in upper direction 
(from δ=0 to δ=+0.20), the Nusselt’s number mean will reduce, 

which reduces the amount of heat transfer. Finally, the impact 
of the number of undulations on the Nusselt number’s mean is 
discussed in Figure 14 for a different number of Rayleigh. At 
low number of Rayleigh magnitude (Ra=103) as in Figure 14 
(a), it has been noted that the increase in the number of 
undulation increases the mean of Nusselt number that leads to 
augmenting the amount of heat transfer. Where the best 
amount of heat transfer is for N=3 and minimum is at N=0. 
This behavior is quite reverse when Rayleigh’s number 
increases into 105 as in Figure 14 (b) where the best amount of 
heat transfer is for N=0 and lowest is at N=3. At very high 
magnitude of Rayleigh’s number (107) as in Figure 14 (c), 
when the number of undulations is N=1 gives the best amount 
of heat transfer in comparison with a flat vertical wall and 
others undulations number. In this way, it is recommended that 
for better amount of heat transfer to move the internal cylinder 
with radius (R=0.2) vertically downward (δ=-0.20) with 
number of undulations (N=1). 

 
 

4. CONCLUSIONS 

 
Natural convection heat transfer in wavy enclosure which 

has an internal circular cylinder filling with Ag nano-fluid and 
saturated porous media was numerically researched. The 
Darcy-Brinkman method has been utilized to couple the 
momentum equation between the nanofluid and the porous 
domains. The effect of different crucial parameters like the 
Rayleigh number, Darcy number, nanofluids volume fraction, 
internal cylinder’s radius, cylinder vertical position, and 
number of undulation on field flow and heat transfer has been 
studied. The major findings can be summarized in the 
following points:   

The increasing of the value of Rayleigh and Darcy 
significantly affects the fluid flow and heat transfer rate. 

It was discovered that the average Nusselt number of right 
layer (Ag nanofluids) is increasing/ decreasing function of 
Rayleigh’s number then regarding the left layer (saturated 
porous media/nanofluid) the average Nusselt number 
gradually increasing /decreasing with augmentation of Darcy 
number.  

Moreover, the value of average Nusselt’s number strongly 
depends on undulations number and the volume fraction of Ag 
nanofluids.  

It is found that the increase in the internal circular radius 
leads to reducing the space between the internal body and the 
wavy enclosure which reduces both the fluid flow strength and 
the average Nusselt’s number. 

Eventually, it has been observed that the optimum 
geometrical parameters for enhancing heat transfer of the 
wavy enclosure for the internal circular cylinder with a radius 
of (R=0.2) and vertically downward (δ=-0.20) with 
undulations’ number (N=1) 
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NOMENCLATURE 

 

B Magnetic field 
Cp Specific heat at constant pressure (kJ/kg.K) 
g Gravitational acceleration (m/s2) 
k Thermal conductivity (W/m.K) 
P Dimensionless pressure 
Pr Prandtl number (νf/αf) 

R 
Radius differences of inner and outer cylinder  
cavity (m) 

Ro Base circle (m) 
Ra Rayleigh number (gβfL3 ΔT νfαf)⁄  

T Temperature (K) 
Tc Temperature of the cold surface (K) 
Th Temperature of the hot surface (K) 
q Heat coefficient 
Nu Average Nusselt number hot inner circular 

cylinder 
U Dimensionless velocity component in x-direction 
u Velocity component in x-direction (m/s) 
V Dimensionless velocity component in y-direction 
v Velocity component in y-direction (m/s) 
X Dimensionless coordinate in horizontal direction 
x Cartesian coordinates in horizontal direction (m) 
Y Dimensionless coordinate in vertical direction 
y Cartesian coordinate in vertical direction (m) 
 

Greek symbols 

 
α Thermal diffusivity (m2/s) 
θ Dimensionless temperature (T-Tc/ΔT) 
Ψ Dimensional stream function (m2/s) 
Φ Nanofluid volume fraction 
ψ Dimensionless stream function 
Gr Grashof number  
μ Dynamic viscosity (kg/m.s) 
ν Kinematic viscosity  (m2s-1) 
β Volumetric coefficient of thermal expansion (K-1) 
Ρ Density (kg/m3) 
δ Inner cylinder position 
 

Subscripts 

 
c Cold 
f Fluid (pure) 
h hot 
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