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Abstract

Discrete curvature and shape operators, which capture complete information about directional curvatures at a point,
are essential in a variety of applications: simulation of deformable two-dimensional objects, variational modeling and
geometric data processing. In many of these applications, objects are represented by meshes. Currently, a spectrum of
approaches for formulating curvature operators for meshes exists, ranging from highly accurate but computationally
expensive methods used in engineering applications to efficient but less accurate techniques popular in simulation for
computer graphics.

We propose a simple and efficient formulation for the shape operator for variational problems on general meshes, using
degrees of freedom associated with normals. On the one hand, it is similar in its simplicity to some of the discrete
curvature operators commonly used in graphics; on the other hand, it passes a number of important convergence tests
and produces consistent results for different types of meshes and mesh refinement.

1. Introduction

Discrete curvature is a key ingredient in a variety of applica-
tions: simulation of deformable two-dimensional objects, vari-
ational modeling and geometric data processing. In these appli-
cations it is often necessary to approximate a solution of a con-
tinuous problem involving curvature-based energy or forces.
Such energy may either capture the physics of the problem
(bending energy for thin deformable objects) or our intuition
about desirable behavior (variational approaches to surface
modeling or curvature flow smoothing of complex geometry).

Curvature and related surface Laplacian discretizations range
from highly accurate but complex and computationally expen-
sive high-order finite elements used in engineering to efficient
and simple approximations for meshes used in graphics and
interactive geometric modeling. Unfortunately, the latter type
of approximations, while essential for interactive applications,
lacks the predictability and convergence of more mathemat-
ically complex and computationally expensive formulations.
The lack of convergence leads to mesh-dependent behavior, vi-
sual artifacts and fundamental difficulties with adaptive refine-
ment and remeshing of variationally defined shapes.

In this paper we present a simple and efficient discrete curva-
ture operator exhibiting good convergence properties for gen-
eral meshes. This operator is closely related to widely used
discrete geometric operators on one hand, and classical non-
conforming finite elements on the other. The discretization we
propose uses mesh normals as additional degrees of freedom.
One of the essential observations is that the normal field can
be defined by scalars, assigned to edges in a natural and ge-
ometrically invariant way, similar to the definition of discrete

one-forms and discrete vector fields on surfaces. Our local dis-
crete operator uses a constant number of degrees of freedom
independent of mesh connectivity and associated forces, and
Hessian matrices have simple closed-form expressions.

Figure 1: A mesh (left) optimized using cotangent formula
mean curvature discretization (middle) and using midedge
normal-based curvature functional (right).

We present visual and quantitative comparisons of our op-
erator to a representative set of commonly used constructions.
Our evaluation is based on practical conditions for convergence,
which can be used to evaluate performance of curvature dis-
cretizations in variational problems. These conditions are de-
rived from natural geometric invariance properties and mesh
independence considerations.

We expect our discretization to be useful in a variety of con-
texts, including variational modeling and simulation, and in
particular for adaptive refinement techniques, which inherently
require solutions to be mesh-independent in the limit. The gen-
eral principles we outline can be applied to designing improved
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higher order discrete geometric functionals, e.g., based on re-
flection lines or curvature variation.

Terminology. Before proceeding, we briefly review essential
concepts used throughout the paper.

The shape operator Λ(p) at a point p of a smooth surface
maps tangent vectors t to normal derivatives in the direction t:

Λt = −∂tn .

The vector ∂tn is tangent to the surface, so the shape operator is
a linear map on the tangent vectors. The principal curvatures are
the eigenvalues of the shape operator, and the principal curva-
ture directions are its eigenvectors. For a surface parametrized
locally at the tangent plane, the shape operator matrix defines
the best-fit quadratic approximation to the surface. For a small
normal deformation of a flat surface, the shape operator ap-
proaches the matrix of second derivatives of the displacements
(the Hessian).

Curvature and bending energy functionals. While many
functionals are used, we consider the most common examples.
The simplest one is the mean curvature-squared (often referred
to as Willmore) energy

Z

S
H

2
dA , (1)

where H is the mean curvature, and the integral is computed
over a surface S. If we consider a deformation g of a surface S,
the deformation energy depends on the undeformed shape op-
erator of a surface Λ and the deformed shape operator Λ̃. The
bending energy for thin deformable objects is captured well by
the difference of the shape operators for deformed and unde-
formed surfaces:

Z

S
α(TrΔΛ)2 +βTr(ΔΛ)2

dA (2)

where ΔΛ = Λ̃◦g−Λ. This is a variant of the well-known Koi-
ter’s model for thin shell deformation [Koi66].

Anisotropic material properties lead to more complex ex-
pressions, but in all cases these expressions depend on the sur-
face geometry through the entries of the shape operator.

For many applications (geometric modeling and small defor-
mations), quadratic curvature-based functionals are used. The
simplest quadratic energy of this type is

Z

D
(Δf)2

dA , (3)

where D is the parametric domain of the surface, f : D → R3,
and Δ is the Laplacian. In a linearized setting, the shape opera-
tor becomes the matrix of second derivatives, and (3), restricted
to normal displacements, corresponds to (1).

General triangle meshes are meshes with no direct re-
strictions on connectivity (it is common, however, to impose
requirements on triangle shapes). Semi-regular meshes are
meshes obtained by refining a general coarse mesh using a fixed
rule which only creates vertices of fixed valence or several va-
lences (e.g., 6, or 4 and 8, depending on the refinement type).

Degrees of freedom is the general term denoting all quantities
associated with a mesh which are used to define the energy or
PDE discretization; most commonly, these are mesh vertices
and surface normal rotations.

Discretization stencil refers to the part of the mesh contain-
ing all degrees of freedom used to discretize a single energy
or force term, such as two triangles sharing an edge. The total
energy or the force vector is obtained by adding these terms to-
gether. We are primarily interested in small stencils, especially
stencils with a fixed number of degrees of freedom (the simplest
example is a triangle). Specific stencils are shown in Figure 2.

Consistency and convergence. While it is hard to expect
the point positions obtained by solving a discrete optimization
problem to be entirely independent of the choice of mesh, it is
reasonable to require that these dependencies vanish for suffi-
ciently fine meshes. Here, we distinguish between consistency
and convergence of curvature estimates, both of which are re-
lated to this requirement. We say that a discrete shape opera-
tor or curvature is consistent if, as we sample a fixed smooth
surface increasingly densely, the error between the values of
the discrete and continuous shape operators vanishes. We say
it is convergent if the discrete surface that minimizes a dis-
crete curvature-based energy approaches the solution of the cor-
responding continuous optimization problem in the limit. To
check consistency, we sample a fixed analytically defined sur-
face with increasing density and compare the discrete operator
value with the analytic value. To check convergence, we solve
a discrete problem on a sequence of increasingly fine meshes
with boundary conditions sampled from a known analytic so-
lution to a continuous problem, and we compare the discrete
solution to the analytic.

For optimization problems minimizing an energy functional,
we use a relatively weak notion of convergence, which we be-
lieve to be essential for most applications: as a mesh is refined,
we require only the energy of the discrete problem’s solution to
approach the energy of the continuous problem’s solution.

2. Previous work

We cannot do justice to the enormous variety of curvature-
related discretizations developed in engineering, geometric
modeling and computer graphics. In this brief overview of the
related work, we focus on approaches most popular in different
areas.

The most principled approach for general meshes is to use
C1 finite elements (see e.g., [ZT89] for an overview) or splines,
which interpolate the mesh using high-order polynomials, com-
mon in engineering, shell simulation, and geometric modeling
with splines. Examples of work in variational modeling using
these approaches include [CG91, WW92, Gre94]. Subdivision
surfaces were used for a similar purpose, e.g., in [MQV97]
and [COS00]. For C1 finite elements, general finite element the-
ory ensures convergence at least for linear problems. These ap-
proaches are relatively expensive computationally.

Our focus is closer to the opposite category of methods,
which maximize computational efficiency. Each curvature es-
timate involved in such discretizations depends only on a
small number of mesh vertices. We survey various techniques
grouped by stencil shape (Figure 2).

Edge and hinge stencils. The simplest stencils are spring (two-
point) and hinge (four-point) stencils used for bending in cloth
simulation, e.g., [BW98,GDHS03,BMF03]. These approaches,
while being surprisingly accurate in many cases, cannot capture
the complete local curvature behavior (e.g., principal curvature
directions or even the mean curvature value), and in general,
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Figure 2: Commonly used discretization stencils; the area as-
sociated with an elementary energy term is indicated in gray.

resulting forces have a strong mesh dependence. Our technique
is more accurate and less mesh-dependent.
Vertex ring stencils. Another common class of methods, used
in many geometric modeling applications, is based on local
quadratic or cubic surface approximations, or normal curvature
fits, typically using a vertex neighborhood [Tau95,GI04]; these
discretizations were used in geometric modeling in [MS92,
SK01] [WW94] and in engineering, [NU72]. Most of these ap-
proaches behave well when used to estimate curvature for sam-
pled surfaces, i.e. they are consistent. As we discuss in more
detail below, consistency does not ensure convergence.

Most recently, discrete geometry ideas were used to derive
a number of valuable curvature operators [PP93, MDSB03].
These methods are robust and have a number of attractive prop-
erties but are consistent only for a limited class of meshes
[Xu04a, HPW05]. Similar single-ring discretizations, derived
from entirely different considerations were also proposed in
the engineering literature [OnC93], [OnCRM96]. In [HP04] a
vertex-based shape operator based on discrete geometric ideas
is introduced.
Triangles with additional degrees of freedom and flaps.
Classic finite element constructions use only degrees of free-
dom assigned to points (nodes) inside the elements (trian-
gles).Notable exceptions are the constructions of [HTC92] and
[OnC93], which have the vertex-ring version and the triangle-
with-flaps version. In the special case of linear functionals and
flat undeformed states, our construction is closely related to the
Morley finite element [Mor71]. A more complex DKT element
[BBH80] is one of the most commonly used bending elements.
In this group, almost all constructions have well-established
theoretical convergence properties in the linear case. The dis-
cretization we propose belongs in this group. In graphics lit-
erature, [Rus04] used a triangle-based construction and vertex
normals for curvature estimation.

The idea of using normals as independent degrees of freedom
for surface fairing is seen in [Tau01], [YOB02] and [TWBO03].
Most recently, [CDD∗04] used mean curvature normals as in-
dependent variables in a finite element setting to discretize the
Euler-Lagrange equation for the Willmore energy.

[Xu04a] made important advances in understanding the be-
havior of curvature operators and proposed several new op-
erators. We note that [KCVS98, BK04, CDD∗04], rather than
solving an energy minimization problem, discretize certain
curvature-related PDEs directly. Similar requirements apply to
these discretizations; in this paper we restrict our attention to
the energy formulations, as the basic principles are easier to
understand in this setting.

The convergence conditions we describe are closely related
to the well-known patch test [IL83] used to evaluate finite ele-
ments. We refer to [Stu79, Wan01, ZT97] for the mathematical
details of this test. Our preliminary results for this project were
presented by the last author at SMI [Zor].

Representative operators. We will use several representa-
tive examples of curvature discretizations for comparisons; we
briefly describe each of these and refer the reader to the cited
papers for details. We do not include higher-order operator
discretizations, as our goal is to achieve convergence while
maintaining the same efficiency of commonly used simple dis-
cretizations.

In these definitions and throughout the paper we use ⊗ to
denote the outer product of two vectors, the linear operator A =
v⊗w that maps a vector x to a vector along v: A(x) = (w ·x)v.
In matrix notation v⊗w = vwT .

We use notation for several vectors associated with a triangle
depicted in Figure 3.

θ/2

l
A1

n1n2

navg

θ/2

τ
π/2

t1

t3

t2

v2
v3

v1

pi βij

jp

ijα
p1

p3

p2

Figure 3: Left: notation for triangle vectors. Middle: cotangent
formula notation. Right: vectors and angles associated with an
edge; τ = navg

× v, where v is the vector along the edge, and
the direction of v is arbitrarily fixed for each edge.

Hinge energy and operator. This energy is widely used for cloth
simulation, e.g., [BW98, GDHS03, BMF03]. It can be consid-
ered an approximation of the Willmore energy. Its stencil (Fig-
ure 2, left) consists of two triangles, and in one possible formu-
lation, the energy for an edge is computed as

3(θ− θ̃)l2

A1 +A2
,

where θ and θ̃ are the angles between two normals, in deformed
and undeformed states respectively, l is the edge length, and Ai

are the areas of two triangles. The associated shape operator is
naturally defined as θτ⊗ τ/(A1 +A2).

Quadratic fit vertex operator. This is a common approach to
curvature estimation; we use the normal curvature fit approach
similar to [MS92, Tau95, SK01]. As the construction is rela-
tively lengthy, we do not provide explicit formulas. The idea is
to construct a circle for each edge at a vertex and regard it as
the normal curvature approximation, fitting a quadratic function
that minimizes least-squares error in normal curvatures.

Cotangent formula vertex energy. This widely used energy,
which has a vertex one-ring stencil, approximates the Willmore
energy. Per vertex it is defined as

[
1

4Ai
∑

j∈N(i)

(cotαi j + cotβi j)(p j −pi)

]2

,

where N(i) is the set of indices of vertices adjacent to i and the
vertex area Ai can be computed in several ways as discussed in
[MDSB03]; we found the Amixed formulation most accurate, but
results are similar for one third of the area of triangles in N(i).
(see Figure 3 for other notation). A compatible shape operator
is described in [HP04].
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Figure 4: Left: Normal map from the surface to the mesh. Mid-

dle: The midedge normal is up to O(h2) perpendicular to the
edge.

Triangle-averaged operator. This operator, to the best of our
knowledge, was not described in exactly this form, although it
is highly similar to the finite element discretization of [OnC93].
Its stencil is a triangle with flaps, and the expression for the
shape operator is

∑
i=1,2,3

θi

2Ali
ti ⊗ ti , (4)

where the summation is over three triangle edges, θi is the an-
gle between triangle normals for two triangles meeting at the
edge i, and ti are vectors of length li perpendicular to triangle
edges. This operator is similar to [HP04], but the averaging is
over three edges of a triangle, rather than all edges adjacent to
a vertex, and no projection to the tangent plane of a triangle is
necessary.

This operator is probably the simplest operator using only
positional degrees of freedom and capable of reproducing ar-
bitrary curvature directions. The operator we propose can be
regarded as a corrected version of this operator, which is why
we consider it for comparison purposes.

3. Midedge normal shape operator

The need for better, more efficient constructions can be seen
in Figure 12. For a simple deformation, some discretizations
produce results that depend heavily on the chosen mesh while
others converge to a mesh-independent value.

In this section we derive our construction. In the derivation,
we only aim to ensure consistency and some natural properties
for the discrete shape operator. However, the construction also
happens to satisfy important convergence conditions.

For simplicity of exposition, we consider a closed surface,
but the construction applies in the case of surfaces with bound-
aries with minimal changes.

Let S be our surface and Sh a mesh approximating the surface
with vertices on the surface.

For a sufficiently fine mesh, the normal map Pn : S → Sh

maps every point of the surface p to the point of the mesh Sh

obtained by intersecting the mesh with the line passing through
p in direction n (Figure 4). This map is one-to-one for suffi-
ciently fine meshes Sh.

We make the following simple observation. Consider the
midpoint pm of an edge e = (p1,p2), and the corresponding
point on the surface p̃m = P−1

n (pm). Figure 4 shows the cross-
section of the surface by the plane spanned by the edge e
and the normal n(p̃m). If we approximate this cross-section
by a quadratic curve interpolating p1 and p2, then the normal
nm = n(P−1

n (pm)) (the midedge normal) is perpendicular to

the edge e. Thus, for curvature approximation of the lowest or-
der, one can fully represent the midedge normal by its angle of
rotation around the edge or another equivalent scalar variable.
This representation plays an important role in our construction,
and can also be considered as a natural definition of a discrete
normal. This concept resembles the idea of representing dis-
crete 1-forms and vector fields by scalars associated with edges,
e.g., [GY02]. The connection can be made more precise if we
observe that the normals near a point p can be represented by
their projections on the tangent plane at p. In particular, we can
use the plane of the triangle parallel to the tangent plane at a
point on the surface.

For normals perpendicular to edges, the projected vectors
will also be perpendicular to edges. By analogy with the contin-
uous shape operator, one can now define a per-triangle discrete
shape operator as the gradient of the normal over the triangle,
assuming the normal projection varies linearly on the triangle.

Based on this simple definition, we can easily compute an in-
variant representation of the shape operator in terms of triangle
edges and midedge normals as explained below. The notation
we use for vectors associated with a triangle is shown in Fig-
ure 3 (left). We use v̂ to denote a unit-length vector along v. We
use i, j,k to denote a cyclic permutation of indices 1,2,3.

First, we specify the midedge normal in a frame symmetric
(up to a sign) with respect to both triangles sharing the nor-
mal. Let n

avg
i be the average unit normal of the triangle T , and

τ
avg
i = vi ×n

avg
i . The vector τi obtained from the other triangle

sharing the edge i has the opposite sign; we arbitrarily choose
one of the triangles as the owner of the edge and use its τi.
In this basis, we define the midedge normal as the unit vector
along ϕiτi +n

avg
i where ϕi is the new variable we introduce. (A

somewhat more natural definition of ϕi would be the angle be-
tween the midedge normal and n

avg
i ; however, these definitions

do not differ in the limit of small angles, and this definition
simplifies the derivation.)

We define our shape operator by its action on tangent direc-
tions, using a finite difference version of the continuous defini-
tion:

Λ
1
2

vi = n
m
j −n

m
k , (5)

where we assume the operator is constant on the triangle, and
the tangent plane to the surface is approximated by the plane of
the triangle. These equations need to be solved for components
of Λ.

One can observe that this system may have no solution if the
differences of midedge normals are not parallel to the plane.
To obtain a valid system, we perturb the normals by an amount
quadratic in triangle size, which does not change the approx-
imation order of the operator. Specifically, we substitute for
the normals in equation 5 the expressions n + (slϕl + θl/2)t̂l ,
l = j,k, where θl is the angle between normals of the triangles
T and Tl , and sl is 1 or -1 depending on the ownership of the
normal. As a result, n vanishes, and the resulting vectors are in
the triangle plane.

In this case, a simple invariant expression for the discrete
shape operator can be obtained by using ti ⊗ ti, i = 1,2,3 as
a basis. As each of these operators is symmetric, the resulting
operator is guaranteed to be symmetric.

c© The Eurographics Association and Blackwell Publishing 2006.
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Figure 5: Variables used in the midedge operator construction
and the change of variables.

Substituting this general form into 5 and solving for the co-
efficients of three basis operators, we obtain (Figure 5)

Λ = ∑
i=1,2,3

θi/2+ siϕi

Ali
ti ⊗ ti = ∑

i=1,2,3

ψi

Ali
ti ⊗ ti , (6)

where A is the are of the triangle, and ψi = θi/2+siϕi. We note
that this operator depends on three triangle vertices, midedge
scalar variables ϕi and vertices of adjacent triangles because
the θi depend on them.

We make the following observation: this operator is a mod-
ification of the triangle average operator, with additional edge
degrees of freedom used to “correct” the angles between aver-
age normals and triangle normals.

Next, for computational purposes, we perform a change of
variables, reducing to a form which does not depend on adja-
cent triangle vertex positions.
Change of variables. While the formulation above has a clear
geometric meaning, for efficient computation it is desirable to
reduce the number of degrees of freedom on which each term
depends. Note that choosing the average normal as a reference
for defining the midedge normal orientation is not essential; it
is simply most natural. Indeed, by (6) the shape operator may
be expressed in terms of the total angle, ψi, between the triangle
normal and the midedge normal.

For efficient computation, one may use fixed spatial direc-
tions ai in the world coordinate system as references. If this is
done, there is no longer any dependence on vertices of adjacent
triangles; but one needs to take into account the rotation of the
triangle with respect to the global coordinate system.

The problem with using a fixed global system (known as the
“total Lagrangian approach”) is that the angles quickly become
large, and an edge of the triangle can become parallel to the
corresponding global axis a; in this case, the midedge normal
can no longer be reconstructed from its projection onto a.

An alternative solution is to have the reference axes follow
the object (“updated Lagrangian approach”). Fix a time t0 and
denote the corresponding vectors τττi(t0) as τττ0

i . We introduce a
new variable ξi, defined as the projection of the midedge nor-
mal on τττ0

i , choosing sign according to ownership. Note that the
definition of ξi is symmetric with respect to permutation of the
two triangles, up to the sign determined by ownership.

As nm
i ≈ n + ψiti, and by the definition ξi = (nm

i · τττ0
i ), we

can compute ψi for the shape operator expression (6) as a func-
tion of ξi. This leads to the following discrete shape operator
depending on ξi. This new operator is not identical to the one
we started with but approximates it to the second order:

Λ = ∑
i=1,2,3

siξi − (n · τττ0
i )

Ali(̂ti · τττ
0
i )

ti ⊗ ti , (7)

Both forms of our shape operator can be easily shown to be con-
sistent, under the standard assumption that the minimal angle
of any refined mesh triangle is bounded from below by a con-
stant. What sets it aside from such consistent operators as local
quadratic fit, is that in addition to consistency, this operator has
remarkable convergence properties, as it satisfies convergence
conditions other operators failed to meet; these properties are
confirmed by a number of experiments in Section 5.

Numerical solvers typically require implementation of first
and second derivatives of energy. In the Appendix we describe a
simplified treatment of these derivatives for energies discretized
using (7).

4. Evaluation of discrete shape and curvature operators

If a discretization is derived based on informal considerations,
which is often the case for the simplest and most efficient ap-
proaches, it may be hard to predict its behavior and its degree
of mesh dependence. It is useful to have a set of easy to check
desirable conditions.

The geometric invariance conditions are the easiest to check
and are typically satisfied by most geometrically constructed
operators, including all in our representative set. The essential
conditions include the following: the energy is invariant with
respect to rigid transformations, the energy is invariant with re-
spect to uniform scale (a general property of functionals which
are integrals of expressions quadratic in curvature), and if both
deformed and undeformed configurations are planar, the energy
vanishes (planar surfaces have zero curvatures).

It is desirable for a shape operator and the associated energy
to be consistent as described in the introduction. It is easy to see
why this requirement is important from the physical point of
view: if it is not satisfied, we cannot reliably estimate the shape
operator of the surface from its discrete approximation. In the
case of physically-based simulation, depending on the choice
of the sequence of refined meshes, different deformations can
be obtained from the same external forces acting on the surface.
Yet several commonly used discretizations fail consistency tests
for many meshes.
Convergence. Our discussion here is informal. A more formal
derivation of these conditions, extending the patch test condi-
tions, will be presented in a separate report.

Figure 6: Minimizing

consistent, but not con-

vergent discrete energy

(lower curve; the upper

curve is the correct solu-

tion).

When discussing convergence,
we need to consider sequences of
meshes with triangle size going
to zero. Usually, additional condi-
tions are imposed to ensure con-
vergence: a weak constraint may
be that the triangle aspect ratio re-
mains bounded, while a stronger
constraint may require a sequence
of regularly subdivided meshes.
We call mesh sequences satisfying
these constraints admissible. Un-
fortunately, consistency does not
guarantee convergence. This can
be seen from the following simple example, illustrated in Fig-
ure 6 in one dimension. If one takes a consistent discretization
of the curve energy

R

( f ′′)2dx, ∑i( fi+1 − 2 fi + fi−1)/h2, and
removes all odd terms, multiplying the remaining terms by two,
the discretization remains consistent; however, for any bound-
ary conditions, the minimal energy configuration will be zero,

c© The Eurographics Association and Blackwell Publishing 2006.
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as one can simply set f2i+1 = ( f2i + f2i+2)/2. This is clearly
not true for the solution of the continuous problem with fixed
tangents and positions on the boundary.

In general, formulating exact convergence conditions for dis-
placements would require introducing bases for the surface dis-
cretizations and suitable functional norms.

Fortunately, if one only wants necessary conditions, one can
consider convergence of the discrete energy of the approximate
solutions to the continuous energy of the exact solution. While
this appears to be a relatively weak requirement, not necessar-
ily implying convergence (e.g., pointwise or average), it turns
out that it leads to quite strong and explicit tests easily applied
to evaluating discretizations. We formulate the general require-
ment more precisely before explaining the practical tests based
on this requirement.
Energy convergence. Suppose for an energy minimization
problem, certain boundary conditions guarantee the solution is
unique. Then, for any sequence of admissible meshes with tri-
angle size going to zero, and discrete boundary conditions sam-
pled from the continuous solution, the energy of the solution of
the corresponding discrete problem converges to the energy of
the solution of the continuous problem.

Convergence conditions for linearized problems. To convert
this general condition to tests, we consider a very specific case:
small normal deformations of planar surfaces (plates) which
can be expressed as quadratic functions on the plane of the un-
deformed configuration. Any “good” general discrete energy
function should also work in this simple case. Any functional
of the form (2) in linearized form reduces to

Z

D
α(zuu + zvv)

2 +β(z2
uu +2z

2
uv + z

2
vv)dA , (8)

where z is the scalar displacement perpendicular to the plate.
It is easy to show that any quadratic function is a stationary
point of this functional. For suitable boundary conditions (posi-
tions and normal derivatives on the boundary), minimization of
the functional recovers quadratic functions exactly from their
boundary values.

Figure 7: A tilable patch.

We consider a general type
of local discretization: we as-
sume the mesh is partitioned
into subdomains, which over-
lap only at boundaries, and the
curvature energy for the whole
surface is computed as the
sum of total energies for each
subdomain. Example subdo-
mains are shown in Figure 2. The energy on each subdomain
is computed locally, that is, only using vertices which are
contained within certain mesh neighborhoods of the domain:
E(p) = ∑i E(pi), where the summation is over all subdomains,
p is the vector of degrees of freedom, and pi are the vectors of
degrees of freedom for the i-th subdomain. We will show that
a necessary condition for energy convergence is that the dis-
crete functional recovers the samples of a quadratic function q
exactly on a certain class of small meshes (tilable patches) if
the boundary conditions are sampled from q. We call a planar
mesh P a tilable patch if it is possible to construct an admissi-
ble sequence of refined meshes {Mn}, with each Mn containing
at least n patches identical to P, such that the fraction of area
of Mn covered by these patches remains bounded below by a

constant c as n → ∞. In addition, we require P to contain at
least one free degree of freedom once discrete Dirichlet and
Neumann boundary conditions are specified.

Explicit condition on linearized discretizations.

Proposition 1

Consistency test. If the displacements z for a planar mesh are
sampled from a quadratic function on a tilable patch, the
discrete energy density on the patch should match the con-
tinuous energy of the quadratic function exactly.

Energy convergence test. If the discrete energy density is con-
stant for a polygonal mesh, and its sampling pattern can
be tiled, the total energy should be minimal with respect to
variation of all vertices of the patch not fixed by discretiza-
tion of position and normal derivative (Dirichlet and Neu-
mann) boundary conditions.

There are two remarkable features of this test: (1) one needs
to check the conditions for small fixed-size meshes which can
be tiled in the sense described above. For example, for all sten-
cils shown in Figure 2, it is sufficient to consider a double ring
of vertices around a vertex; (2) only an exact reproduction of
three quadratic functions is necessary, assuming that the energy
for the linear functions is zero.

We note that the variety of patches which needs to be checked
strongly depends on the way admissible refinements are de-
fined: for example, if only uniformly refined meshes of the
type used in subdivision are allowable, one only needs to check
patches with regular connectivity.

For small normal displacement, uz, for a flat plate,

E(p
0 +uz) ≈

1
2

z
T

Hz(p
0)z ,

where Hz(p0) is the matrix of second derivatives of the en-
ergy at p0 with respect to scalar normal displacements and z
is the vector of scalar normal displacements. Using scale in-
variance of E(p), we easily get the following scaling property:
Hz(sp0) = (1/s2)Hz(p0).

Building on this scaling property, we provide some intuition
for the convergence conditions. Suppose on a tilable patch P a
discretization has a nonzero energy error for a quadratic func-
tion. We can shrink the patch by a factor h2 and create a mesh
for which the number of patches identical to P increases as
h2, so the fraction of the area these patches occupy remains
bounded from below. As we have observed with rescaling of
the domain, the linearized energy for each patch scales as h2;
as a consequence, the energy error also scales as h2. On the
other hand, as the number of patches identical to h2P, with er-
ror h2ε increases as h2, the error remains constant as the mesh
is refined. The second condition is justified in a similar way.

This proposition closely parallels the well-known patch test
widely used in the finite element community, but does not as-
sume an underlying basis.

Properties of representative operators. We summarize the
properties of the linearized versions of the operators described
in Section 2. The hinge operator is only consistent and conver-
gent on equilateral meshes (after rescaling by a factor of 6) and
when used to compute the mean curvature. The vertex normal fit
operator is consistent for vertices of valence over five (for low-
valence vertices, one in principle needs to consider more than a
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single-ring neighborhood). It does not pass the quadratic repro-
duction test for many mesh refinement sequences as can be seen
from the results in Section 5. The cotangent formula discretiza-
tion of the mean curvature energy is consistent and convergent
on regularly refined meshes, affine transformations of regularly
refined meshes, and meshes obtained from regular meshes by
edge flips (but not combined with affine transformations). The
triangle averaged operator is consistent and convergent for reg-
ular meshes and equilateral meshes but not for general mesh re-
finement. The midedge normal operator is consistent and con-
vergent for general meshes, for which the triangle aspect ratio
remains bounded under refinement. We observe that due to its
small stencil, any ring of triangles is a tilable patch for this op-
erator. The exact quadratic reproduction can be verified both
numerically (see Figure 14, left) and analytically. This property
can be either obtained indirectly, by proving equivalence to the
Morley element in the plate case, or by direct geometric check
for single-ring patches.

Figure 8: The analytic solution for this problem setup is a
function of y only; Left: results for the cotangent formula; mid-
dle: results for the midedge normal operator. For the regular
mesh, both operators yield close approximations of the correct
solution. Mesh structure is shown on the right.

5. Numerical comparisons

We focus on testing our shape operator on examples for which
the answers are known and can be computed quantitatively, or
the quality of results can be easily estimated visually.

Figure 10, compares estimated curvature to analytically com-
puted values, demonstrating the consistency of our operator.
Note that our operator uses normals to estimate the curvature;
unlike the other two operators, it cannot be used to directly es-
timate mesh curvature, unless the normals are known (e.g., ac-
quired as a part of the 3d scanning process or computed from
the mesh by other means).

For a number of problem types, we compare performance
of our operator with other available formulations. We acknowl-
edge that the convergence rate is better for many classical finite
elements and high order surfaces, however they carry the bur-
den of increased computational cost and implementation com-
plexity. In contrast, our goal is to achieve convergence and
mesh-independent behavior without sacrificing simplicity and
efficiency; therefore, we focus on comparisons to discretiza-
tions widely used in computer graphics and geometric model-
ing with meshes.

First, we compare the behavior of our operator and several
other formulations for a simple bending problem, for which ex-
act solutions are known: a square plate with a uniform unit load
and fixed boundaries (Figure 12).

equliateral regular half 4-8 irregular

aspect rat. 3 polar distort. half 3-12 mixed

Figure 9: Mesh types used in our tests

midedge normal cotangent vertex quadratic fit

0% 10%

Figure 10: Mean curvature error on a unit cylinder for three
operators. Errors above 10% are truncated.

We use several types of meshes, shown in Figure 9. We ob-
serve that the cotangent operator and our operator are the only
ones with consistently convergent results.

We verify that our operator has the expected accurate behav-
ior in the nonlinear case by minimizing the Willmore energy
(equivalent to the integral of H2 under appropriate boundary
conditions) and comparing the result to explicitly known solu-
tions for spheres and circular cylinders. In the latter case, an
additional area term is needed in the energy to obtain a cylinder
of a fixed radius. As the plots in Figure 12 show, minimizing
our energy discretization recovers these shapes exactly; the be-
havior for the cylinder is similar.

Good displacement convergence, while essential in many
cases, is insufficient for high-quality surface generation. For
example, if we need to model deformations of highly reflec-
tive surfaces, the quality of the result will be dependent on the
behavior of the surface normals. The next two sets of examples
show shapes and their reflection lines obtained for fixed cylin-
dric boundary conditions using different operators. The exam-
ples in Figure 14 show the behavior of different operators; the
quadratic examples on the left simultaneously show the degree
of deviation from the convergence condition. Observe that our
operator produces the exact result for all meshes.

Next, we consider anisotropic nonflat undeformed shapes,
for which the deformation energy cannot be captured by the
mean curvature energy alone and requires the full curvature
operator (see Figure 13). In addition, the energy includes an
in-plane stretching component. We use the well-established en-
gineering finite-element obstacle course examples [MH85], for
which the correct solutions are known for linearized function-
als. Our operator yields convergent results for these examples.
Once more a typical shell finite element on a coarse mesh would
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yield higher accuracy, and incur a higher computational ex-
pense.

Using normals as degrees of freedom (DOFs) has the advan-
tage of yielding optimized surface normals directly. Figure 11
compares a surface with half-3-12 mesh connectivity optimized
using the cotangent formula, the midedge normal operator with
normals computed by averaging face normals, and the midedge
normal operator with normals computed from edge DOFs.

Figure 11: From left to right: a surface obtained by minimiz-
ing thin plate energy using the cotangent discretization; same
surface after 10 iterations of normal smoothing; a surface ob-
tained using the midedge normal discretization, with vertex
normals computed by averaging face normals; same surface
with midedge normals used to compute vertex normals.

Finally, we compare the computational cost of several opera-
tors (see Table 1). We consider two measures of efficiency: the
number of floating-point operations needed to evaluate the en-
ergy or its Hessian, and the number of nonzeros in the Hessian
matrix, which typically determines the cost of a solve. Our op-
erator has a distinctive feature: unlike operators that use only
vertex positions, its number of DOFs does not coincide with
the number of vertices. Depending on the application, it may
be relevant to consider work per DOF or per vertex. For prob-
lems involving Hessians of the energy, the most relevant factor
is the number of nonzeros (nnz) in the matrix and the expense of
computing the matrix. This cost is approximately proportional
to the number of DOFs per elementary energy term, squared.

Hinge Vertex ring Triangle+flaps Midedge normal

stencil linear nonlinear
nnz

DOF
nnz
vtx

nnz
term

nnz
DOF

nnz
vtx

nnz
term

Hinge 13 13 4 39 117 12
Vertex ring 19 19 7 57 171 21
Triangle +flaps 19 19 6 57 171 18
Midedge norm. 11.5 46 6 25 150 12

Table 1: Comparison of computational cost for a regular grid, for

linear and nonlinear problems; typically, the average numbers for an

arbitirary grid are close. For the hinge, triangle-averaged and midedge

normal stencils the number of DOFs per energy term in the interior of

the mesh does not depend on mesh connectivity. The diagrams show in

red the boundary of the area in which all DOFs share an energy term

with the vertex DOF marked with the red dot. For the midedge normal

operator we average over all (vertex and edge) DOFs.

6. Conclusions and future work

We have described criteria for evaluating shape operators for
variational problems and presented a simple shape operator for-
mulation, using normals as degrees of freedom, which bridges
the gap between techniques commonly used in computer graph-
ics and geometric modeling, on the one hand, and engineering,
on the other.

We have demonstrated that our shape operator has many de-
sirable accuracy and convergence properties yet is easy to im-
plement. We believe the proposed formulation will be useful for
a variety of applications in graphics and geometric modeling.
We will make the software implementing our discretization as
well as other discretizations, to which we are comparing, pub-
licly available.

The principles used in the convergence condition we have
described are useful for other types of functionals; for example,
curvature variation is an important criterion for shape optimiza-
tion. Similar tests can be derived for these types of functionals.

While being most natural, normals are not the only possible
degrees of freedom one can add to the mesh; e.g., scalar mean
curvature may be a useful degree of freedom.

We have observed that midedge normals are represented in
a natural way as scalars of edges, similar to 1-forms; our dis-
cretization can be viewed as a corrected version. An interesting
direction for future research is to explore this connection and
consider discrete geometry definitions involving higher order
quantities.

In the case of quasi-isometric surface deformations, our
shape operator can serve as a starting point for formulat-
ing a quadratic bending energy, following the technique de-
scribed in [BWH 06]. The resulting formulation, having bend-
ing forces linear in mesh positions, is suitable for fast simula-
tion of inextensible thin plates.
Appendix: computing derivatives. While it is relatively
straightforward to compute complete first and second deriva-
tives of energy discretizations based on our shape operator, we
observe that one can successfully use a simplified form, which
we applied in all our calculations. Consider for example, the
energy Tr 2. If the deformation of triangles with respect to
the reference configuration is small, in the expression e.g., for
Tr 2

i j cic jsi i fi s j j f j Ti j, where Ti j ti t j
2,

ci 1 Aliti
0
i , and fi n 0

i , the changes in all vari-
ables are of higher order compared to fi. Under these assump-
tions, only the expressions for derivatives of fi are needed. The

first derivative is particularly simple: fi

pk

 i tk n
2A . The sec-

ond derivatives are given by
2 fi

pk1
pk2

 1

4A2


 0

i tk1
n tk2

tk2
n

tk2

0
i vk1

n n
1

2A
rk1 k2 n n 0

i

where rk1 k2 is defined to be 0 if k1 k2, 1 if k2 immedi-
ately follows k1, and 1 if k2 immediately precedes k1.
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Figure 12: Linear plate and nonlinear sphere convergence tests for different operators; the vertical axis shows computed displace-
ment normalized by the analytic value.
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Figure 13: Engineering obstacle course behavior for our operator.
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Figure 14: Left: solutions of the minimization problem (8) with boundary conditions sampled from a quadratic cylinder. Right:
solution of the same problem for boundary conditions sampled from two circles. In all cases, reflection maps are shown on the
surfaces.
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