
Research Article

Computing LF-Metric Dimension of Generalized Gear Networks

Hassan Zafar,1 Muhammad Javaid ,1 and Ebenezer Bonyah 2

1Department of Mathematics, School of Science, University of Management and Technology, Lahore 54770, Pakistan
2Department ofMathematics Education, Akenten Appiah-Menka University of Skills Training and Entrepreneurial Development,
Kumasi 00233, Ghana

Correspondence should be addressed to Ebenezer Bonyah; ebbonya@gmail.com

Received 10 September 2021; Accepted 12 November 2021; Published 30 November 2021

Academic Editor: Muhammad Faisal Nadeem

Copyright © 2021 Hassan Zafar et al. )is is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

)e parameter of distance in the theory of networks plays a key role to study the different structural properties of the understudy
networks or graphs such as symmetry, assortative, connectivity, and clustering. For the purpose, with the help of the parameter of
distance, various types of metric dimensions have been defined to find the locations of machines (or robots) with respect to the
minimum consumption of time, the shortest distance among the destinations, and the lesser number of utilized nodes as places of
the objects. In this article, the latest derived form ofmetric dimension called as LF-metric dimension is studied, and various results
for the generalized gear networks are obtained in the form of exact values and sharp bounds under certain conditions. )e LF-
metric dimension of some particular cases of generalized gear networks (called as generalized wheel networks) is also illustrated.
Moreover, the bounded and unboundedness of the LF-metric dimension for all obtained results is also presented.

1. Introduction

Slater defined the idea of the resolving sets for a connected
network to find the reference or location number for a
connected network [1]. Harary and Melter studied the same
concept of location number with the different term called
metric dimension (MD) for connected networks [2]. Melter
and Tomescu investigated metric basis in digital geometry
those often used in city block distance [3], and Slater studied
the dominating and reference sets in a network [4]. Garey
and Johnson proved that finding MD of all the connected
networks in general form is an NP complete problem [5].
Moreover, Kelenca et al. defined the idea of edge MD, they
showed that computing edge MD is NP-complete problem
[6], and the directed distance dimension of oriented net-
works is computed by Chattrand et al. [7]. For further
studies of MD of Caylay, mobius ladders, lexicographic
product, and Toeplitz networks, we refer to [8–11].

)e concepts of various metric dimensions used in
engineering are robot navigation, image processing, and
pattern recognition [12]. It is used to solve problems in-
volving percolation in hierarchical lattice [13] and to study
the structural properties of chemical compounds. More

importantly, Chartrand et al. used the concept of MD to
solve an integer programming problem (IPP) [14]. )e
generalized Jahangir network Jm,k is defined by Tomescu and
Javaid [15], and they also computed MD for J2n. Further-
more, MD of generalized certain gear networks J2n,m and J3n
was computed by Imran et al. [16].

Recently, Currie and Oellermann defined the concept of
fractional metric dimension (FMD) to improve the solution
of the linear relaxation of the IPP [17]. Fehr et al. used FMD to
obtain an optimal solution of IPP [18]. Arumugam and
Matthew calculated the exact values of FMD of some con-
nected networks [19].)e bounds and exact values of FMD of
vertex-transitive and distance-regular networks are computed
by Feng et al. [20]. Saputro et al. computed the FMD of comb
product of connected networks [21]. For further studies of
FMD for hierarchical product, trees, and unicyclic and per-
mutation networks, see [22–24]. Raza et al. computed the
bounds of FMD of metal organic frameworks [25]. )e FMD
of generalized Jahangir network Jm,k for m � 5 is computed
by Liu et al. [26].

)e idea of LF-metric dimension is defined by Aisyah et al.,
and they also computed exact values for LF- metric dimension
for the corona product of connected networks [27]. Liu et al.
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[28] studied the LF-metric dimension of triangular circular,
quadrangular circular, and pentagonal circular ladders. Javaid
et al. established the criteria to compute the upper bounds of LF-
metric dimension of connected networks and demonstrated the
main results by using LF-metric dimension such as wheel-re-
lated networks, flowers, and antiweb gear networks [29]. Re-
cently, Javaid et al. improved the lower bound of LF-metric
dimension from unity and established the sharp bounds and
computed the exact values of LFMD of some prism-related
networks [30].

In this article, we have computed LF-metric dimension
of generalized gear networks in the form of exact values and
sharp bounds. Furthermore, Sections 2 and 3 consist of
preliminaries and LRN sets of Jm,k, respectively. In Section 4,
we have computed LF-metric dimension of generalized gear
networks, and Section 5 represents the conclusion and
limiting values of LF-metric dimension.

2. Preliminaries

Let G � (V(G), E(G)) be a network with V(G) and
E(G)⊆V(G) × V(G) as vertex and edge set, respectively. A
walk is a sequence uo, e1, u1, . . . , um− 1, em, um of vertices and
edges such that the edge ei has end points ui− 1 and ui for
1≤ i≤m. A path between two vertices u and v is called a walk
if the repetition of vertices does not exist [31]. For any two
vertices u, v ∈ V(G), the distance d(u, v) is the length of the
shortest path between them in G. A network is said to be
connected if there exists a path between any pair of vertices.
A vertex x ∈ V(G) is said to resolve a pair a, b{ }⊆ V(G) if
d(x, a)≠ d(x, b). Let S � v1, v2, v3, . . . , vm{ }⊆V(G) be
an ordered set and x ∈ V(G), then the m tuple represen-
tation of x with respect to S is d(x | S) � ((x, v1),
(x, v2), (x, v3), . . . , (x, vm)). If the distinct vertices ofG have
distinct representations with respect to S, then S is called
resolving (locating) set. )e resolving set with minimum
cardinality is called the metric basis of G, and the cardi-
nality of metric basis is called metric dimension of G de-
fined as

dim(G) � min |S|: S is the resolving set of G{ }. (1)

For an edge ab ∈ E(G), the local resolving neighbour-
hood set of G is LR(ab) � z ∈ V(G): d(z, a)≠ d(z, b){ }. A
real-valued function f: V(G)⟶ [0, 1] such that
f(LR(ab))≥ 1 for each LR(ab) is called a local resolving
function (LRF) of G, where f(LR(ab)) � ∑x∈LR(ab)f(x). A
LRF f is called minimal if there exists a function
g: V(G)⟶ [0, 1] such that g≤f and g(x)≠f(x) for at
least one x ∈ G that is not LRF of G. LF-metric dimension of
G is donated by dimlf(G) and defined as

dimlf(G) � min |f|: f isminimal local resolving function of G{ }.
(2)

Now, we present some important results frequently used
in this paper.

Theorem 1 (see [29]). Let G be a connected network. If G is
bipartite network, then dimlf(G) � 1.

Theorem 2 (see [29]). Let G be a connected network and
LR(e) be a LRN set for some e ∈ E(G). If
|LR(e)∩A|≥ α, ∀e ∈ E(G), then

1≤ dimlf(G)≤
|A|

α
, (3)

whereA � ⋃ LR(e): |LR(e)| � α{ }, α � min |LR{ (e)| : e ∈ E
(G)}, and 2≤ α≤ |V(G)|.

Theorem 3 (see [30]). Let G be a connected network and
LR(e) be the LRN set. 0en,

|V(G)|

λ
≤ dimlf(G),

λ � max |LR(e)|: e ∈ E(G){ },

2≤ λ≤ |V(G)|.

(4)

Corollary 1 (see [30]). LetG � (V(G), E(G)) be a connected
network, LR(e) be LRN of e ∈ E(G),
λ � max |LR(e)|: e ∈ E(G){ }, α � min |LR(e)|: e ∈ E(G){ },
and X � ⋃ LR(e): |LR(e)| � α{ }. If α � λ and X � V(G),
then

dimlf(G) �
|V(G)|

λ
. (5)

Proposition 1 (see [28]). Let G � (V(G), E(G)) be a con-
nected network X � ⋃ LR(e): |LR(e)| � 2{ }. If
|LR(e)∩X|≥ 2 for all e ∈ E(G), then dimIf � |X|/2.

Now, we define generalized gear network as follows.

Definition 1. Generalized gear network sometimes known as
bipartite wheel network is obtained from wheel network. Let
Jm,k be the generalized gear network of order m(k + 1) + 1,
wherem≥ 3 and k≥ 1.)ere are three type of vertices in Jm,k
such as major vertices ai, minor vertices b

i
k, where 1≤ i≤m

and a central vertex b. Moreover, E(Jm,k) � aib
i
k, 1≤ i≤m{ }

⋃ bikb
i+1
k , 1≤ i≤m{ }⋃ aib, 1≤ i≤m{ }. Central vertex is

adjacent to m major vertices and contains an outer cycle
cm(k+1) as shown in Figure 1. For more details of Jm,k, see
[16].

3. LRN Sets of the Generalized Gear
Network (Jm,k)

)e resolving neighbourhood sets for each pair of adjacent
vertices are classified.

Lemma 1. Let Jm,0 withm≥ 6 be a generalized gear network,
where |V(Jm,0)| � m + 1. 0en, for 1≤ i≤m, we have

(a) |LR(ei)| � |LR(aiai+1)| � 4 and |⋃ mi�1LR(ei)| � m
(b) |LR(ei)|≤ |LR(x)|, and |LR(x)∩ ⋃ mi�1LR (ei)| ≥ |LR

(ei)|∀x ∈ E(Jm,0)
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Proof. Assume that ai (major) vertices for 1≤ i≤m and b
(centre) vertex of J(m,0) such that am � a− 1 and am+1 � a1.

(a) Consider LR(ei) � LR(aiai+1) � ai, ai+1, ai+2, ai− 1{ },
this implies that |LR(ei)| � 4, where 1≤ i≤m. Fur-
thermore, |⋃ mi�1LR(ei)| � m.

(b) Consider LR(aib) � V(Jm,0) − ai− 1, ai+1{ }, therefore
|LR(aib)| � m − 1. Moreover, |LR(aib)|> |LR(ei)|
and |LR(x) ∩ ⋃ mi�1LR(ei)|≥ |LR(ei)|, ∀x ∈ E(Jm,0).

Lemma 2. Let Jm,k withm≥ 4 be a generalized gear network,
where m � 0(mod2), and k � 0(mod2). 0en, for 1≤ i≤m,
we have

(a) |LR(ei)| � |LR(b
i
(k/2)b

i
(k/2)+1)| � 2k + 4 and |⋃ mi�1LR

(ei)| � |V(Jm,k)| − 1

(b) |LR(ei)|≤ |LR(x)| and |LR(x)∩ ⋃ mi�1LR(ei)|≥ |LR
(ei)|, ∀x ∈ E(Jm,k)

Proof. Assume that ai (major), b (center), and b
i
k be a minor

vertex, respectively, where 1≤ i≤ k and (i + P) � P(modk).
Now, we have,

(a) Consider LR(ei) � LR (bi(k/2)b
i
(k/2)+1) �

bi(k/2), b
i
(k/2)+1, . . . , b

i+1
(k/2)+1{ } ⋃ (bm(k/2), b

i
(k/2)+i, . . . ,{

bi(k/2)− 1)}, |LR(ei)| � 2k + 4 and |⋃ mi�1LR(ei)| �
|V(Jm,k)| − 1

(b) LRNs other than LR(ei) areLR(aib) � V(Jm,k)−

bi(k+2)/2, b
i+k+1
k/2{ }, LR(aibi1) � V(Jm,k) − bi(k+4)/2{ }, LR

(aibk) � V(Jm,k) − bi(k/2)− 1{ }, LR(bi1b
i
2) � V(Jm,k)−

bm(k+2)/2, b
m
((k+2)/2)+1, . . . , ai{ }, for (k � 2) LR(bi1b

i
2)

� V(Jm,2) − ai+1, b
i+1
1 , bi+1k{ }

)e cardinality of each LRN set is shown in Table 1.

From Table 1, it is clear that |LR(ei)|≤ |LR(x)|, ∀x ∈
E(Jm,k). Furthermore, |⋃ mi�1LR(ei)| � |V(Jm,k)| − 1; there-
fore, |LR(x) ∩ ⋃ mi�1LR(ei)|≥ |LR(ei)|∀x ∈ E(Jm,k).

Lemma 3. Let (Jm,k) be a generalized gear network, where
k � 0(mod2) andm � 1(mod2). 0en, for 1≤ i≤m, we have

(a) |LR(ei)| � |LR(b
i
(k/2)b

i
(k/2)+1)| � 2k + 4 and |⋃ mi�1LR

(ei)| � |V(Jm,k)| − 1

(b) |LR(ei)|≤ |LR(x)| and |LR(x)∩ ⋃ mi�1LR(ei)|≥ |LR
(ei)|, ∀x ∈ E(Jm,k)

Proof. Assume that ai (major), b (center) and b
i
k be the

minor vertex, for 1≤ i≤m,(m + 1)modm � 1. Now, we have

(a) LR(ei) � LR(bi(k/2)b
i
(k/2)+1){ } � (bi(k/2), b

i
(k/2)+1, . . . ,{

bi+1(k/2)+1} ⋃ (bm(k/2), b
m
(k/2)+i, . . . , b

i
(k/2)− 1){ }, |LR(ei)| �

2k + 4 and ⋃ mi�1LR(ei) � |V(Jm,k)| − 1.
(b) LRNs other than LR(ei) are LR(aib

i
k) � V(Jm,4)

− bik{ }, LR(aibik) for (k≥ 6) � V(Jm,k) − bi(k/2)+1{ },
LR(aib) � V(Jm,k) − (bi(k/2)+1, b

m
(k/2){ }, LR(bi1b

i
2) �

V(Jm,4) − ai+1, b
i+1
1 , bi+12{ }, LR(bi1b

i
2)(k≥ 6) � V

(Jm,k) − bi(k+6)/2{ }, LR(bi3bi4) � V(Jm,4) − ai− 1, b
i− 1
4 ,{

bi− 14 }, LR(bik− 1b
i
k) � V(Jm,k) − bi(k− 4)/2{ }LR(bik− 2bk

− 1i) � V(Jm,k) − bi(k− 6)/2{ }, and LR(bi2bi3) � V(Jm,k)
− bi(k+8)/2{ }.

)e cardinality of each LRN set is shown in Table 2.
From Table 2, it is clear that |LR(ei)|≤ |LR(x)|, ∀x ∈

E(Jm,k). Furthermore, |⋃ mi�1LR(ei)| � |V(Jm,k)| − 1.
)erefore,
|LR(x) ∩ ⋃ mi�1LR(ei)|≥ |LR(ei)|∀x ∈ E(Jm,k). □

4. LFMD of Generalized Gear Networks (Jm,k)

In this section, we compute LF-metric dimension of gen-
eralized gear network in the form of exact values and bounds
under certain conditions.

4.1. For k � 0 and m≥ 3. In this particular section, we de-
termine the LF-metric dimension of the generalized wheel
network, which is the special case of the generalized gear
network. For k � 0, let A � a1, a2, a3, a4, . . . , am{ } be the set
of outer vertices and b is the central vertex of Jm,0.

Theorem 4. Let J3,0 be a generalized gear network, then
dimlf(J3,0) � 2.
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Figure 1: Generalized gear network Jm,k.

Table 1: Cardinality of each LRN set.

LRN set Cardinality

LR (aib) |V(Jm,k)| − 2> |LR(ei)|
LR (aib

i
1) |V(Jm,k)| − 4> |LR(ei)|

LR (aib
i
1) (k � 2) |V(Jm,k)| − 3> |LR(ei)|

LR (aibk) |V(Jm,k)| − 1> |LR(ei)|
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Proof. For m � 3 and k � 0. )e LRN sets are given as
follows.

)e LRN sets of major vertices to central vertex are as
follows:

LR1 � LR(a1b) � a1, b{ }
LR2 � LR(a2b) � a2, b{ }
LR3 � LR(a3b) � a3, b{ }
)e LRN sets of adjacent pair of major vertices are as

follows:

LR4 � LR(a1a2) � a1, a2{ }
LR5 � LR(a2a3) � a2, a3{ }
LR6 � LR(a3a1) � a1, a3{ }
From above LRN sets, |LR(ei)| � 2, where 1≤ i≤ 6 and

|⋃ 6i�1LR(ei)| � |V(J3,0)| � 4. Hence, a function
Γ: V(J3,0)⟶ [0, 1] is an LRF defined by Γ(v) � (1/2) for
each v ∈ V(J3,0). )erefore, by Proposition 1,

dimlf J3,0( ) � V J3,0( )
∣∣∣∣∣

∣∣∣∣∣
2

� 2. (6)

Theorem 5. Let J4,0 be a generalized gear network, then

5

4
≤ dimlf J4,0( )≤ 5

3
. (7)

Proof. For m � 4 and k � 0, the LRN sets are given as
follows.

)e LRN sets of adjacent pair of major vertices are as
follows:

LR1 � LR(a1a2) � a1, a2, a3, a4{ }
LR2 � LR(a2a3) � a1, a2, a3, a4{ }
LR3 � LR(a3a4) � a1, a2, a3, a4{ }
LR4 � LR(a4a5) � a1, a2, a3, a4{ }
)e LRN sets of major vertices with central vertex are as

follows:

LR5 � LR(a1b) � a1, a3, b{ }
LR6 � LR(a2b) � a2, a4, b{ }
LR7 � LR(a3b) � a1, a3, b{ }

LR8 � LR(a4b) � a2, a4, b{ }
From above LRN sets, LR|(aib)| � 3, where 1≤ i≤ 4 and

|LR(aib)|< |LR(x)|∀x ∈ E(J4,0). Moreover, ⋃ 4i�1LR(aib)
� V(J4,0); this implies |⋃ 4i�1LR(aib)| � 4 and
|LR(x) ∩ ⋃ 4i�1LR(aib)| � 4. )erefore, a function
Γ: V(J4,0)⟶ [0, 1] defined by Γ(v) � (1/3) for each
v ∈ V(J4,0) is an upper LRF. Consequently, by )eorem 2,
dimlf(J4,0)≤ (5/3).

From above LRN sets, |LR(aiai+1)| � 4, where 1≤ i≤ 4
and |LR(aiai+1)|≥ |(LR(x)|, ∀x ∈ E(J4,0). )erefore, a
function Γ′: V(J4,0)⟶ [0, 1] is defined by Γ′(v) � (1/4)
which is a lower LRF for each v ∈ V(J4,0). Hence, by )e-
orem 3, dimlf(J4,0)≥ (5/4).

Consequently,

5

4
≤ dimlf J4,0( )≤ 5

3
. (8)

Theorem 6. Let J5,0 be the generalized gear network, then

dimlf J5,0( ) � 3
2
. (9)

Proof. For m � 5 and k � 0, the LRN sets are given as
follows:

)e LRN sets of major vertices with central vertex are as
follows:

LR1 � LR(a1b) � a1, a3, a4, b{ }
LR2 � LR(a2b) � a2, a4, a5, b{ }
LR3 � LR(a3b) � a3, a1, a5, b{ }
LR4 � LR(a4b) � a1, a2, a4, b{ }
LR5 � LR(a5b) � a2, a3, a5, b{ }
)e LRN sets of major vertices with central vertex are as

follows:

LR6 � LR(a1a2) � a1, a2, a3, a5{ }
LR7 � LR(a2a3) � a1, a2, a3, a4{ }
LR8 � LR(a3a4) � a2, a3, a4, a5{ }
LR9 � LR(a4a5) � a1, a3, a4, a5{ }
LR10 � LR(a1a5) � a1, a2, a4, a5{ }
From above LRN sets, |LR(ei)| � 4, where 1≤ i≤ 10.

Hence, by Corollary 1,

dimlf J5,0( ) � 3
2
. (10)

Theorem 7. Let Jm,0 with m≥ 6 be a generalized gear net-
work, then

m + 1

m − 1
≤ dimlf Jm,0( )≤m

4
. (11)

Proof. To prove the result, we have the following cases:

Case 1: for k� 0 and m � 6, the LRN sets are given as
follows:

Table 2: Cardinality of each LRN set.

LRN set Cardinality

LR(aib
i
k) |V(Jm,k)| − 1> |LR(ei)|

LR(aib) |V(Jm,k)| − 1> |LR(ei)|
LR(bi1b

i
2) (k � 4) |V(Jm,4)| − 3> |LR(ei)|

LR(bi1b
i
2) k≥ 6 |V(Jm,k)| − 3> |LR(ei)|

LR(aib
i
1) (k � 2) |V(Jm,k)| − 3> |LR(ei)|

LR(aibk) |V(Jm,k)| − 1> |LR(ei)|
LR(bi3b

i
4) (k � 4) |V(Jm,4)| − 3> |LR(ei)|

LR(bik− 1b
i
k) |V(Jm,k)| − 1> |LR(ei)|

LR(bik− 2b
i
k− 1) |V(Jm,k)| − 1> |LR(ei)|
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)eLRN sets of major vertices with central vertex are as
follows:

LR1 � LR(a1b) � a1, a3, a4, a5, b{ }
LR2 � LR(a2b) � a2, a4, a5, a6, b{ }
LR3 � LR(a3b) � a3, a5, a6, a1, b{ }
LR4 � LR(a4b) � a4, a6, a1, a2, b{ }
LR5 � LR(a5b) � a5, a1, a2, a3, b{ }
LR6 � LR(a6b) � a6, a2, a3, a4, b{ }
)e LRN sets of adjacent pair of major vertices:

LR7 � LR(a1a2) � a1, a2, a3, a6{ }
LR8 � LR(a2a3) � a2, a3, a1, a4{ }
LR9 � LR(a3a4) � a3, a4, a5, a2{ }
LR10 � LR(a4a5) � a4, a5, a6, a3{ }
LR11 � LR(a5a6) � a4, a5, a6, a1{ }
LR12 � LR(a6a1) � a1, a5, a6, a2{ }
From above LRN sets, |LR(aiai+1)| � 4, where 1≤ i≤ 6
and |LR(aiai+1)|≤ |(LR(x)|, ∀x ∈ E(J4,0). Moreover,
|⋃ 6i�1LR(aiai+1)| � 6 and |LR(x) ∩ ⋃ 6i�1LR(aiai+1)|
≥ |LR(x)|. )erefore, a function Γ: V(J6,0)⟶ [0, 1]
defined as an upper LRF function Γ(x) � (1/4) for each
x ∈ ⋃ 6i�1LR(aiai+1) and 0 otherwise. )erefore, by
)eorem 2, dimlf (J6,0)≤ (3/2).
Since |LR(aib)| � 5, where 1≤ i≤ 6 and
|LR(aib)|≥ |LR(x)|, ∀x ∈ E(J4,0). )erefore, a function
Γ′: V(J6,0)⟶ [0, 1] defined by Γ′(v) � (1/5) for each
v ∈ V(J6,0) is a lower LRF, Consequently, by )eorem
3, dimlf(J6,0)≥ (7/5).

7

5
≤ dimlf J6,0( )≤ 3

2
. (12)

Case 2: for k� 0 and m≥ 7.
Form≥ 7: by Lemma 1, |LR(ei)| � |LR(aiai+1)| � 4 and
|LR(x) ∩ ⋃mi�1LR(aiai+1)|≥ |LR(aiai+1)|, ∀x ∈ E(Jm,0).
Furthermore, |⋃ mi�1LR(ei)| � m. Hence, a function
Γ: V(Jm,0)⟶ [0, 1] is an upper LRF with minimum
cardinality defined as

Γ(v) �

1

4
, for v ∈ ⋃

m

i�1

LR ei( ),

0, for v ∈ V Jm,0( ) − ⋃
m

i�1

LR ei( ).




(13)

Consequently, by )eorem 2 dimlf(Jm,0) ≤ ∑mi�1 (1
/4) � (m/4).

By Lemma 1, |LR(aib)| � m − 1, where 1≤ i≤m and
|LR(aib)|≥ |LR(x), ∀x ∈ E(Jm,0). Furthermore, ⋃ mi�1
LR(aib) � V(Jm,0); this implies |⋃ mi�1LR(aib)| �
m + 1. Hence, function c: V(Jm,0)⟶ [0, 1] is lower
LRF defined by c(v) � (1/(m − 1)) for each
v ∈ V(Jm,0); therefore, by )eorem 3, dimlf (Jm,0)≥
((m + 1)/ (m − 1)).

Consequently,

m + 1

m − 1
≤ dimlf Jm,0( )≤m

4
. (14)

4.2. For k � 2 and m � (1mod2)

Theorem 8. Let J3,2 be a generalized gear network, then
dimlf(J3,2) � (5/4).

Proof. Let A � a1, a2, a3{ } be the set of major,
B � b11, b

1
2, b

2
1, b

2
2, b

3
1, b

3
1, b

3
2{ } is the set of minor vertices, re-

spectively, and b is the central vertex. For k � 2 and m � 3,
the LRN sets are given as follows.

)e LRN sets of major vertices to central vertex are as
follows:

LR1 � LR(a1b) � a1, a2, a3, b
1
1, b

2
1, b

2
2, b

3
2, b{ }

LR2 � LR(a2b) � a1, a2, a3, b
1
2, b

2
1, b

3
2, b

3
1, b{ }

LR3 � LR(a3b) � a1, a2, a3, b
1
1, b

1
2, b

2
2, b

3
2, b{ }

)e LRN sets of major to minor vertices are as follows:

LR4 � LR(a1b
1
1) � a1, a3, b

1
1, b

1
2, b

2
2, b

3
1, b

3
2, b{ }

LR5 � LR(a2b
2
1) � a1, a2, b

1
1, b

1
2, b

2
1, b

2
2, b

3
2, b{ }

LR6 � LR(a3b
3
1) � a2, a3, b

1
2, b

2
1, b

2
2, b

3
1, b

3
2, b{ }

LR7 � LR(a1b
3
2) � a1, a2, b

1
1, b

1
2, b

2
1, b

3
1, b

3
2, b{ }

LR8 � LR(a2b
1
2) � a2, a3, b

1
1, b

1
2, b

2
1, b

2
2, b

3
1, b{ }

LR9 � LR(a3b
2
2) � a1, a3, b

1
1, b

2
1, b

2
2, b

3
2, b

3
1, b{ }

)e LRN sets of adjacent pair of minor vertices are as
follows:

LR10 � LR(b
1
1b
1
2) � a1, a2, b

1
1, b

1
2, b

2
1, b

2
2, b

3
1, b

3
2{ }

LR11 � LR(b
2
1b
2
2) � a2, a3, b

1
1, b

1
2, b

2
1, b

2
2, b

3
1, b

3
2{ }

LR12 � LR(b
3
1b
3
2) � a1, a3, b

1
1, b

1
2, b

2
1, b

2
2, b

3
1, b

3
2{ }

Since each |LR(ei)| � 8, where 1≤ i≤ 12, by Corollary 1,
dimlf(J3,2) � (|V(J3,2)|/α) � (5/4).

Theorem 9. Let Jm,2, where m � (1mod2), be a generalized
gear network. 0en, for 1≤ i≤m,

3m + 1

3m − 1
≤ dimlf Jm,2( )≤ 3m

8
. (15)

Proof. To prove the result, we have the following cases:

Case 1: for, k � 2 and m � 5, the LRN sets are given as
follows.

)e LRN sets of major vertices with central vertex are as
follows:

LR1 � LR(a1b) � V(J2,5) − b22, b
5
1{ }

LR2 � LR(a2b) � V(J2,5) − b12, b
2
2{ }

LR3 � LR(a3b) � V(J2,5) − b22, b
3
2{ }

LR4 � LR(a4b) � V(J2,5) − b31, b
4
2{ }

LR5 � LR(a4b) � V(J2,5) − b42, b
5
2{ }

)e LRN sets of adjacent pair of minor vertices are as
follows:

LR6 � LR(a1b
1
1) �� V(J2,5) − a2, b

2
1{ }

LR7 � LR(a2b
2
1) �� V(J2,5) − a3, b

3
1{ }
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LR8 � LR(a3b
3
1) �� V(J2,5) − a4, b

4
1{ }

LR9 � LR(a4b
4
1) �� V(J2,5) − a5, b

5
1{ }

LR10 � LR(a5b
5
1) �� V(J2,5) − a1, b

1
1{ }

LR11 � LR(a2b
1
2) �� V(J2,5) − a1, b

5
2{ }

LR12 � LR(a3b
2
2) �� V(J2,5) − a2, b

2
2{ }

LR13 � LR(a4b
3
2) �� V(J2,5) − a3, b

2
2{ }

LR14 � LR(a5b
4
2) �� V(J2,5) − a4, b

3
2{ }

LR15 � LR(a1b
5
2) �� V(J2,5) − a5, b

4
2{ }

)e LRN sets of adjacent pair of minor vertices are as
follows:

LR16 � LR(b
1
1b
1
2) � a1, a2, b

1
1, b

1
2, b

2
1, b

2
2, b

3
1, b

3
2{ }

LR17 � LR(b
2
1b
2
2) � a2, a3, b

1
1, b

1
2, b

2
1, b

2
2, b

3
1, b

3
2{ }

LR18 � LR(b
3
1b
3
2) � a1, a3, b

2
1, b

2
2, b

5
1, b

5
2, b

4
1, b

4
2{ }

LR19 � LR(b
4
1b
4
2) � a1, a3, b

1
1, b

1
2, b

3
1, b

3
2, b

5
1, b

5
2{ }

LR20 � LR(b
5
1b
5
2) � a1, a3, b

1
1, b

1
2, b

3
1, b

3
2, b

4
1, b

4
2{ }

From above LRN sets, |LR(ei)| � |LR(b
i
ib
i
i+1)| � 8,

where 1≤ i≤ 5 and |LR(ei)|≤ |LR(x)|∀x ∈ E(J5,2).
Furthermore, ⋃ 5i�1LR(ei) � 15 and |LR(x) ∩ ⋃ 5i�1LR
(ei)|≥ |LR(ei)| � 8. Hence, a function c: V(J5,2)
⟶ [0, 1] defined by c(v) � (1/8), if v ∈ ⋃ 5i�1LR(ei)
and 0 otherwise is an upper LRF. Consequently, by
)eorem 2, dimlf(J5,2)≤ (15/8).
From above LRN sets, |LR(ei′)| � 14, where 1≤ i≤ 15
and |LR(ei′)|≥ LR(x) ∀x ∈ E(J5,2). )erefore, there
exists a lower LRF A function c′: V(J5,2)⟶ [0, 1]
defined by c′(v) � (1/12) is an LRF of maximum
cardinality for each v ∈ V(J5,2). Hence, by )eorem 3,
dimlf(J5,2)≥ (8/7).
Consequently,

8

7
≤ dimlf J5,2( )≤ 15

8
. (16)

Case 2: for k � 2, m≥ 5, and m � 1(mod2),

LR(ei) � LR(b
i
k/2b

i
(k/2)+1), where 1≤ k≤ n. By Lemma

2, we have the following:

(i) |LR(ei)| � |LR(b
i
k/2b

i
(k/2)+1)| � 8

(ii) |LR(x) ∩ ⋃ ni�1LR(ei)|≥ 8∀x ∈ E(Jm,2)
)erefore, a function Γ: V(Jm,2)⟶ [0, 1] is an upper
LRF with minimum cardinality defined by

Γ(v) �

1

8
, if v ∈ ⋃

m

i�1

LR ei( ),

0, if v ∈ V Jm,2( ) − ⋃
m

i�1

LR ei( ).




(17)

Consequently, by )eorem 2, dimlf(Jm,2)≤ (3m/8).
Since |LR(aibi)| � |V(Jm,2)| − 2 and LR|(aibi)|≥ LR(x),
∀x ∈ E(Jm,2). Hence, the function Γ′: V(Jm,2)
⟶ [0, 1] is a lower LRF with maximum cardinality,
defined by Γ′(v) � (1/(3m − 1))∀v ∈ V (Jm,2).
)erefore, by )eorem 3, dimlf(Jm,2)≥
((3m + 1)/(3m − 1)).

Consequently,

3m + 1

3m − 1
≤ dimlf Jm,2( )≤ 3m

8
. (18)

Theorem 10. Let Jm,k be a generalized gear network with
m≥ 4, k≥ 2, where k � 0(mod2). 0en,

m(k + 1) + 1

m(k + 1)
≤ dimlf Jm,k( )≤m(k + 1)

2k + 4
. (19)

Proof. To prove the result, we have the following cases:

Case 1: for, m� 4 and k� 2, the LRN sets are given as
follows.

Adjacent pair of minor vertices is as follows:

LR1 � LR(b
1
1b
1
2) � V(J4,2) − a3, b

3
1, b

3
2, a4, b{ }

LR2 � LR(b
2
1b
2
2) � V(J4,2) − b41, a1, b, b

4
2, b

4
1{ }

LR3 � LR(b
3
1b
3
2) � V(J4,2) − a1, b

1
1, b

1
2, a2, b{ }

LR4 � LR(b
4
1b
4
2) � V(J4,2) − b21, a2, b, a3, b

2
2{ }

Major with central vertex.

LR5 � LR(a1b) � V(J4,2) − b12, b
4
1{ }

LR6 � LR(a2b) � V(J4,2) − b11, b
2
2{ }

LR7 � LR(a3b) � V(J4,2) − b32, b
2
1{ }

LR8 � LR(a4b) � V(J4,2) − b42, b
1
2{ }

Major with minor vertex.

LR9 � LR(a1b
1
1) � V(J4,2) − a2{ }

LR10 � LR(a1b
4
2) � V(J4,2) − a4{ }

LR11 � LR(a2b
1
2) � V(J4,2) − a1{ }

LR12 � LR(a2b
2
1) � V(J4,2) − a3{ }

LR13 � LR(a4b
3
2) � V(J4,2) − a3{ }

LR14 � LR(a4b
3
2) � V(J4,2) − a3{ }

LR15 � LR(a4b
4
1) � V(J4,2) − a1{ }

From above LRN sets, |LR(ei)| � |LR(b
i
1b
i
2)| � 8, where

1≤ i≤ 4 and |LR(ei)|≤ |LR(x)| ∀x ∈ E(J4,2). Further-
more, |⋃ 4i�1LR(ei)| � 12 and |LR(x) ∩ ⋃ 4i�1LR
(ei)|≥ |LR(ei)| � 8. Hence, a function c: V(J4,2)
⟶ [0, 1] defined by c(v) � (1/8) if v ∈ ⋃ 4i�1LR(ei)
and 0 otherwise is a lower LRF with minimum car-
dinality. Consequently, by )eorem 2,
dimlf(J4,2)≤ (3/2).
From above LRN sets, |LR(ei′)| � 12, where 1≤ i≤ 6 and
|LR(ei′)|≥ LR(x)∀x ∈ E(J4,2). )erefore, a function
c′: V(J4,2)⟶ [0, 1] defined by c′(v) � (1/12) is a
lower LRF with maximum cardinality for each
v ∈ V(J4,2).

13

12
≤ dimlf J4,2( )≤ 3

2
. (20)

Case 2: for k� 4 andm� 3, the possible LRN sets are as
follows.

Central to major vertex.

LR1(a1b) � V(J3,4) − b13, b
3
2{ }

LR2(a2b) � V(J3,4) − b23, b
1
2{ }

LR3(a3b) � V(J3,4) − b33, b
3
2{ }

Major with minor vertex.
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LR4(a1b
1
1) � V(J3,4) − b14{ }

LR5(a2b
2
1) � V(J3,4) − b24{ }

LR6(a3b
3
1) � V(J3,4) − b34{ }

LR7(a1b
3
4) � V(J3,4) − b31{ }

LR8(a2b
1
4) � V(J3,4) − b11{ }

LR9(a3b
2
4) � V(J3,4) − b21{ }

Adjacent pair of internal vertices.

LR10(b
1
1b
1
2) � V(J3,4) − a2, b

2
1, b

2
2{ }

LR11(b
1
3b
1
4) � V(J3,4) − a1, b

3
3, b

3
4{ }

LR12(b
2
1b
2
2) � V(J3,4) − a3, b

3
1, b

3
2{ }

LR13(b
2
3b
2
4) � V(J3,4) − a2, b

1
4, b

1
3{ }

LR14(b
3
1b
3
2) � V(J3,4) − a1, b

1
1, b

1
2{ }

LR15(b
3
2b
3
3) � V(J3,4) − a2, b

2
1, b

1
4{ }

LR16(b
3
3b
3
4) � V(J3,4) − a3, b

2
4, b

2
3{ }

LRN sets with minimum cardinality are as follows:

LR17(b
1
2b
1
3) � V(J3,4) − b, b24, b

3
1, a3{ }

LR18(b
2
2b
2
3) � V(J3,4) − b, b34, b

1
1, a1{ }

LR19(b
3
2b
3
3) � V(J3,4) − b, b21, b

1
4, a2{ }

From above LRN sets, |LR(ei)| � |LR(b
i
2b
i
3)| � 12,

where 1≤ i≤ 3 and |LR(ei)|≤ |LR(x)| ∀x ∈ E(J3,4).
Moreover, ⋃ 3i�1LR(ei) � |V(J3,4)|− 1, and this implies

|⋃ 3i�1LR(ei)| � 15 and |LR(x) ∩ ⋃ 12i�1LR(ei)| ≥ |LR
(ei)| � 12. Hence, a function Γ: V(J3,4) ⟶ [0, 1] is
defined by Γ(v) � (1/12) which is an upper LRF with
minimum cardinality for all v ∈ V(J3,4) and 0 other-
wise. )erefore, dimlf(J3,4)≤ (5/4).
From above LRN sets |LR(ei)| � 6, where 1≤ i≤ 6 and
|LR(ei)|≥ LR(x), ∀x ∈ E(J3,4). )erefore, a function
Γ′: V(J3,4)⟶ [0, 1] is defined by Γ′(v) � (1/6)
∀v ∈ V(J3,4); hence, by)eorem 3, dimlf(J3,4) ≥ (4/3).
Consequently,

4

3
≤ dimlf J3,4( )≤ 8

5
. (21)

Case 3: for k � 0(mod2) and m≥ 4, the possible LRN
sets are LR(bik/2b

i
(k/2)+1), where 1≤ k≤ n. By Lemma 2

and 3, we have

(i) |LR(ei)| � |LR(b
i
k/2b

i
(k/2)+1)| � 2k + 4 and |LR(ei)|

≤ |LR(x)|∀x ∈ E(Jm,k)
(ii) |LR(x)∩ ⋃ mi�1LR(ei)|≥ |LR(ei)|∀x ∈ E(Jm,k)
)erefore, Γ: V(Jm,k)⟶ [0, 1] is an upper LRF de-
fined by

Γ(v) �

1

2k + 4
, if v ∈ ⋃

m

i�1

LR ei( ),

0, if v ∈ V Jm,k( ) − ⋃
m

i�1

LR ei( ).




(22)

Consequently, by )eorem 2, dimlf(Jm,k)≤
(m(k + 1)/(2k + 4)).

Case 4: since |LR(aibi)| � |V(Jm,k)| − 1 and
LR|(aibi)|≥ |LR(x)|, ∀x ∈ E(Jm,k). )erefore, Γ′: V
(Jm,k)⟶ [0, 1] defined by Γ′(v) � (1 /m(k
+1)), ∀v ∈ V(Jm,k) is lower LRF. Hence, by )eorem 3,
dimlf(Jm,k))≥ ((m (k +1) + 1)/m(k + 1)).

Consequently,

m(k + 1) + 1

m(k + 1)
≤ dimlf Jm,k( )≤m(k + 1)

2k + 4
. (23)

4.3. For k � 1(mod2) and m≥ 3

Theorem 11. For k≥ 3, k k � 1(mod2) and G � Jm,k is a
generalized gear network, and then dimlf(G) � 1.

Proof. As there is no cycle of odd length in G � Jm,k, where
k � 1(mod2). )erefore, G is bipartite network; hence, by
)eorem 1, dimlf(G) � 1.

5. Conclusion

In this article, we studied the LF-metric dimensions of
generalized gear networks and established the sharp lower
and upper bounds of LF-metric dimensions and computed
the exact values in some cases as well.

Exact values of LF-metric dimensions of some cases of
the generalized gear networks are as follows:

J(3,0) � 2, J(5,0) � (3/2) and J(3,2) � (5/4)

Unboundedness is illustrated in Table 3

Table 3: Unboundedness of LFMDs.

Network LFMDs
Lower bound of

LF-metric dimension
when m⟶∞

Upper bound of
LF-metric dimension
when m⟶∞

Comment

J(m,0) ((m + 1)/(m − 1))≤ dimlf(Jm,0)≤ (m/4) 1 ∞ Unbounded
J(m,2) ((3m + 1)/(3m − 1))≤ dimlf(Jm,2)≤ (3m/8) 1 ∞ Unbounded

J(m,k) ((m(k + 1) + 1)/m(k + 1))≤ dimlf(Jm,k)≤ (m(k + 1)/(2k + 4)) 1 ∞ Unbounded
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Now, this section is closed by raising the following open
problem:

Investigate the LF-metric dimension of the nonregular
networks such as convex polytopes, Toeplitz, and
Prism-related networks.
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