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Introduction

In [S] we have given a method to compute the equivariant Betti numbers of any
wonderful symmetric variety in terms of some simple contributions which can be
computed effectively using the classification of symmetric pairs. In this paper we
shall use the full strength of the result in [BDP] to give an algorithmical way to
determine the G x G-equivariant cohomology ring of the regular G x G-
equivariant embeddings of a semisimple adjoint group G.

This will be done on one hand in terms of some combinatorial objects
associated to the fan of the embedding which we shall call the Stanley-Reisnér
constant system of the fan, and on the other hand, of a sheaf on the fundamental
Weyl chamber for G, which is independent from the choice of the embedding. One
can more generally treat in a similar way also the case of any regular symmetric
variety. We plan to do this in a subsequent work, in order to keep here the
notational as well as the technical apparatus to a minimum (in the general case, at
the moment, a lengthy case by case examination is needed, using the classification),
and also to stress the computational aspects of our results.

1 Regular embeddings of G

Let G be a semisimple algebraic group of adjoint type over the complex numbers
C. We fix once and for all a maximal torus TCG, and a Borel subgroup TC BCG.
We denote by RCX*(T)®@@Q=V the corresponding root system, by 4CR the
corresponding set of simple roots and by W= N(T)/T the Weyl group. W acts on
the space V* ~ X ,(T)®Q by its reflection representation and our choice gives us a
canonically chosen fundamental domain C for the W action which we shall call the
fundamental Weyl chamber. Now G x G acts on G by left and right multiplication,
and by an embedding of G we shall mean a point G x G variety (X, p) such that the
Gx G orbit X, of p is dense and open in X and the stabilizer of p in G x G is the
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subgroup G diagonally embedded, so that
X=X xG/G,2G,

where G, is the diagonal in G x G. Under this identification the G x G action on X,
becomes the G x G action on G by left and right multiplication. We shall say that
(X, p) or briefly X is regular if the closure of every G x G-orbit in X is smooth, if
X — X, is a divisor with normal crossings each of whose components is an orbit
closure which will be called a boundary divisor and given an orbit CX, 0+ X,
then @ is the intersection of the boundary divisors containing 0.

One has a classification for such embeddings which goes as follows [DP].

Let F be a rational regular fan in V* with support in C (we shallreferto Fastoa
fan in C). Using the W action, we can clearly construct a W-stable fan in V'*, call it
F. Now to F corresponds (see [0]), a smooth T embedding Z; and one has that
there is one and only one regular G embedding (X 5 ,) such that T, = Z;. So the map
associating to the fan F the variety X ; is a bijection between regular fans in C and
regular G embeddings.

Indeed one can describe a good deal of the geometry of X just using F. We give
here just the results we shall need below. First of all there is a bijective
correspondence between faces of F and G x G orbits in X which reserves
incidence relations between classes so that to the face {0} corresponds the open
orbit X ;. Using this, one can explicitly describe the orbit 8 - corresponding to a face
f of F as a G x G-homogeneous space G x G/H,.

Indeed fix a face f and let y be the smallest face of C containing f. To y we can
associate a parabolic group T C P CG (here we index parabolics in such a way that
to {0} there corresponds G and to C the Borel subgroup B). Let UCP be the
unipotent radical of P, L= P/U. Let Z be the center of L and consider in Z x Z the
subgroup I generated by the one parameter subgroup (4, A7Y), lefnX (T)
[recall that X ,(T)is the space of one parameter subgroups in T and that under the
projection P— P/U = L, T maps isomorphically onto a maximal torus of L which
hence contains Z].

If we embed L in L x L diagonally, we can consider in L x L the subgroup K,
generated by L, and I;. One has

Hf=75—l(Kf)a

n: P x P—L x L being the canonical projection.

Remark 1.1. Notice that H, depends on f and not just on y only in the point
relative to I7.

2 Equivariant cohomology

Let K be a topological group, X be a K-space. Then one can associate to X its
equivariant cohomology ring, H¥(X, Q)= H*(X xxEK,@Q), p: EK—BK being the
universal fibration for K. Notice that we have used rational coefficients, since this
will always be the case, in what follows we shall denote H¥(X, Q) simply by H ¥X)-

In the case in which, using the notations of Sect. 1, K=G x G and X is regular
G embedding, one can apply the procedure given in [BDP] to compute H x c(X):
We recall it briefly in our special case.
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Given a regular fan F, a Stanley-Reisner, (R — S)-system # on F is the following
set of data:

a) For any face f of F a commutative Q-algebra with 1 R, and a regular
sequence x¥), ..., x#), where {f}, ..., f,} is the set of one-dimensional faces of f.

b) Given a face f of F, f={f,,..., f,} and letting

fO={f e Jo )

and algebra homomorphism

(ﬁ?‘;m : Rf{l}_’Rf/(x}{})
such that

P10 =XV Vi,
To # one associates the algebra

RC DR,
T

defined as the algebra of sequences (a,) such that

@) _
w{ (afm) =ar

for any f and f as above.
R is called the (R — S)-algebra of #.

Example. One defines %, the constant (R — S)-system, as follows. If f=(f; ... f;) we
set C,=@Q[x,, ...x,,] and ¢/ has then an obvious definition.

If F is a regular fan in C and let X be the associate embedding, we can define
such a (S—R)-system as follows. Given a face f of F and letting 6, be the
corresponding orbit, we set

RI=HG’(G(BI)'

If f={f, ... fi},ie.8,is the intersection of the boundary divisors D, ... D, which
are the closures of the orbits 6, ,..., 0y, then the invertible sheaf 6(D,) has a
canonical G x G linearization and so has its restriction to 0.

We then set x,=c,(8(D,)/s,) € H}«(0,). Finally, if f© and f are as above,
then for the orbit 0,,8,=D; 8.

Now taking KCG to be a maximal compact subgroup, we can find a K x K
stable tubular neighborhood N of 6, in 0, Uf,.

Let N‘=N—BIC6!1!).

Using the fact that for a G x G-space, K x K equivariant cohomology is the
same as G x G-equivariant cohomology, and Gysing sequence, one sees that

Hy «x(N*)=HE 6(0,)/s,,

S0 the natural map
HE 60 0) = Hy « x(050) = Hi < f(N*)

given by inclusion gives the desired /. The main result in [BDP] in our case
gives:

Theorem 2.1. H, (X) is the (R — S)-algebra of the (R— S)-system defined above.

Thus in order to compute H%, 4(X) it is essentially enough to determine the
(R— S)-system associated to X. This is what we are going to do in the next section,
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3 The fundamental sheaf

Definition. Let F be a fan. A sheaf </ on F is the set of the following data:
a) For any face f of F, a commutative ring A, with identity;
b) if f” is a face of f, an homomorphism

of i Ap Ay
such that if f” is a face of f; and f, and these are faces of f then
o597 =505

Lemma 3.1. Given a sheaf </ on a regular fan, we can construct an associated
(R—S)-system on F denoted by o/ ®%, the tensor product of o with the constant
system.

Proof. We construct &/ ®% as follows. Given f in F, we set R;=A;®C,
=A/[x,, ...x;] and as maps y} we set

‘ vi =07 ®ef -
Our main technical result is

Theorem 3.2. Let F be aregular fanin C, X ¢ be the associated regular embedding, 2
the associated (R — S)-system on F. Then R = o @€, where s is the following sheaf
on F. Given a face f of F, letting y be the smallest face of C containing f and P the
associated parabolic subgroup, then

A,~H*BP,Q).
If f'is a face of f, then P'2P and we set
qﬁf : H¥(BP',Q)— H*(BP,Q)
to be the map induced by inclusion. )

Proof. We start with the determination of R,. By definition R r=HEo(0,Q

~ H} , o(G/H Q)= H*BH , Q)
Now consider the homomorphism 7 : H,— K , used in the definition of H . Its
kernel is unipotent so that

H*(BH,,Q)=H*(BK/,Q).

On the other hand, the map L x I;— K, given by product is well known to be an
isogeny. Thus since we work with rational coefficients, it induces an isomorphism

H*(BK ,, Q)= H*(B(L x I';), Q)= H*(BL, Q)QH*BI,Q).

Since dimI;=dimf and I} is a torus, we get that H*(BI}, Q)=Q[x, v Xpds
h=cod@,. On the other hand, we have that, if we consider the projection p: P—L,
this has a unipotent kernel, so that

H*(BP,Q)~H*(BL,@Q).
Putting this together we get
H%, 50)=H*BP,Q[x, ... ,]=A4,8Q[Xx, ... Xp].

We now have to determine the map w}“’. We just sketch the argument which is
tedious verification. Let f={f; ... fo}. Let L; be the line bundle on 6, associated t0
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t(Dy)/0;, LY = L-{zero section}. Then on one hand we clearly have
HG x o(LE)=H} f(N¥).

On the other hand, L¥ is itself a Gx G homogeneous space isomorphic to
G x G/HY where H CH  is the following subgroup. Consider in I, the subgroup
I generated by those one parameter groups (4,A7') where 1 is a point in
fPnX (T) and let KP CK be the subgroup generated by L and 7.

Then HP =7~ '(K{), n: P x P-L x L being the natural projection.

Now it is clear from the definition that one has an embedding KPCK ;5,50 an
induced map H*(BK ;w, Q)—H*BKY, Q).

From this one readily sees that we get a commutative diagram

H*(BK ;, Q) T(BK}*’, Q
H0p0) ~i HY, o0,/ ., )~ H*BHY, Q).

Using this, the maps 7 are immediately computed, proving our claim. g.e.d.

Notice that if F”is a fan which is a partial decomposition of F i.e. such that every
face of F” is contained in a face of F, and we have a sheaf .« in F, we can obviously
define the sheaf induced on F', by setting for a face ' of F'A r-equalto A, f being
the smallest face of F containing f* and defining the maps accordingly.

From this we immediately get:

Proposition 3.3. Let F be a fanin C, let X be the corresponding G-embedding, R the
corresponding (R —S)-system, R#=.of @€, of is the sheaf defined in the theorem.
Then s is induced by the following sheaf . on C.

If yisa face on C, A, = H*(BP, @), P being the parabolic subgroup associated to
y and if 9" is a face of y so that P'DP

¢} : H*(BP',Q)—H*(BP,Q)
1s the map induced by inclusion.

Proof. Obvious from the theorem.

We want now to completely describe ... Let V*=X *T)®Q. For any
parabolic P> T, choose the unique Levi factor TC LCP.

We have H*(BP, Q)= H*(BL, Q)= A, for a suitable face y of C. On the other
hand, H*(BT, Q) =Q[V*]. Let W,=N,(T)/T. The Weyl group of L (if L is
associated to a face y this is just the subgroup of W generated by those simple
reflections which fix y): W, acts on V*.

Consider the map

H*BL,Q)—H*BT, Q=Q[V*].
Then we know that H*(BL, @) maps injectively onto Q[V*]"=.

. Since these identifications are obviously compatible with the maps induced by
Inclusion, we get our main result.

Theorem 3.4. The sheaf o4 on C admits the following combinatorial description.
Givena face y of C, let W, be the subgroup of W generated by those single reflections
which fix Y. Then

4,=QV*]".
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If y' is a face of y clearly, W,. D W, and
Py A, —A,

Y

is the obvious inclusion.

In this way we have described the fundamental sheaf for G in purely
combinatorial terms, so that the computation of H (X) is reduced for any
regular G-embedding X to combinatorial computations in terms of < and of the

fan associated to X.
We finish giving the example of type A, _ ;, n= 2. In this case W = S, the faces of

C are induced by sequences n=(n,,...,ny), with n; +...+m=n and the corre-
sponding Weyl group is

S,_,=S"’ XS x ., xS

which is naturally embedded in S". We introduce a partial order £ onsequences as
above as the order generated by the following elementary steps:

Mgy e M) Z Mgy oo s By s B 15 Mg 25 00 ny)

for1gish-—1.

Then it is easy to see that if y’ and y are faces of C with sequences nandn,y is
contained in y <>n’ <n. Notice also that we have the obvious embedding S, <5,
In order to describe 4/, it is better to describe a slightly larger sheaf. S

Consider V*®Q with obvious §"=W action. Then we know that we can
choose a basis of V*@®Q so to identify it with the canonical n-dimensional
permutation representation of S”. Using this basis, we identify

QV*@Q) =QLxy - X,

and then setting 4, =Q[x,, ... %,]%" i.e. the functions symmetric in the variables
Xy oo Xmys Xy 415 oo Xmy bnzd +o0> Xmyp+ o 4mpo gt 1000 Xn separately, we get

A5=A:!/x|+...x."
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