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COMPUTING THE HILBERT TRANSFORM AND ITS INVERSE

SHEEHAN OLVER

ABSTRACT. We construct a new method for approximating Hilbert transforms
and their inverse throughout the complex plane. Both problems can be for-
mulated as Riemann-Hilbert problems via Plemelj’s lemma. Using this frame-
work, we rederive existing approaches for computing Hilbert transforms over
the real line and unit interval, with the added benefit that we can compute
the Hilbert transform in the complex plane. We then demonstrate the power
of this approach by generalizing to the half line. Combining two half lines, we
can compute the Hilbert transform of a more general class of functions on the
real line than is possible with existing methods.

1. INTRODUCTION

We consider the computation of the Hilbert transform

L0,
™ Ft_Z

(L.1) Hif(2) =
where T is an oriented curve in the extended complex plane C, f : ' — C satisfies
a Holder condition and z € C, including the possibility of z lying on I itself. (Note

that the Hilbert transform is often defined with the opposite sign as ([LT]).) We also
consider the inverse problem, i.e., finding a continuous function w : I' — C which

satisfies
(1.2) Hru(z) = f(z) for z €T,
or in other words, computing Hp 1. In particular, we consider the case where T' is
one of the following domains (using T = [—7, 7) to denote the periodic interval):
unit circle U=e" ={z:]z] =1},
real line R = (—00,0),
unit interval I=[-1,1],
half line Rt = [0, 00).

We use the notation H when T is clear from the context.

There are many applications for the computation of (ILI) and (L2), including
computing the analytic signal [12] and the Benjamin—-Ono equation [5, 24]. Our
interest stems from the numerical solution of gravity waves and the computation
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1746 SHEEHAN OLVER

of solutions to matrix-valued Riemann—Hilbert problems. Gravity wave flow over a
step satisfies the equation [7]
t+b

logq(t) = log tva Hr+0,

cqlt)?tq(t) = sme< ).

The principal value integral in the Hilbert transform means that the solution to
this equation is global; we cannot time-step as in an ODE. If we attempt to solve
this equation using an iterative scheme, we invariably need to either compute H6
to determine ¢ from 6, or compute H~1[logq — log fig] to determine 6 from gq.

Matrix-valued Riemann—Hilbert problems can be used to solve nonlinear ordi-
nary and partial differential equations such as the nonlinear Schrédinger equation,
the KdV equation and Painlevé equations [I0, I1]. Such formulations have been
used with great success to determine the asymptotics of solutions, but, to the best
of this author’s knowledge, have not been used to compute solutions numerically.
In Section [7] we describe a possible approach in which the results of this paper can
be utilized for computing the solutions to matrix-valued Riemann—Hilbert prob-
lems, and hence to the solution of the associated nonlinear differential equations.
To accomplish this, we need to compute not the Hilbert transform itself, but its
limit as z approaches I" from the left or right.

There are several existing methods for computing H f, with a recent review found
n [15]. The simplest method is to subtract out the singularity:

(13) t_Z /f 2 ar 4 gz )]itiz

The singularity in the first integral is now removable, hence — ignoring round-off
error caused by the removable singularity — it can be computed effectively using
a standard quadrature method. The latter integral, on the other hand, is typically
known in closed form. In particular [19]:

dt.

1
1 1—2z
1.4 dt =1 fi I
(1.4) f;lt—x 0g1+x or x €1,
< 1
1 .
][ dt =ir for z € U.
Ut_Z

(We use the convention that € I, y € R and 2z € U, and for functions, f : I — C,
r:R— Cand g: U — C. When I' is a general curve, we use z as the variable and
f as the function.)

If Gaussian quadrature is used, each value of z for which we wish to evaluate
the Hilbert transform costs O(n?) operations [25]. Thus if we wish to compute the
Hilbert transform for n points in I', the total cost is (’)(n3). On the other hand,
for T equal to R or U, the method we develop takes only O(nlogn) operations to
compute the solution at n points, which is a considerable improvement. At each
additional point, including z throughout the complex plane, only an additional
O(n) operation is required. On the unit interval we could replace Gaussian quad-
rature with Clenshaw—Curtis quadrature [8] in (I3), for a total cost of O(n?logn)
operations when evaluated at n points. However, this still suffers from issues with
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COMPUTING THE HILBERT TRANSFORM AND ITS INVERSE 1747

removable singularities, as well as issues when x is near the endpoints of I, where
the Hilbert transform blows up.

Over the real line, an approach developed by Weideman [27] is to use the FFT
to expand f in terms of the eigenfunctions of Hg, i.e., writing

> (1+iy)k
r(y) = Ck (1 _iy)k+1v
and applying the formulae

1 +iy)k
% = —isgnk
1 .
-1y Ty,
Similarly, on the interval I the formula

Ty (x)
1.7 Hi—= = —Ui_ 15
( ) Hm k—1 [ }
can be utilized to compute Hf (by expanding f(z)v1— 22 into Chebyshev Ty
series) or H~1f (by expanding f into Chebyshev U}, series). To compute Hyf
efficiently for smooth f, the formula

(1 +iy)*

(1.6) Hr W

for k # 0,

Hr [18].

k—1
(1.8) HT(m):lT(I)IO 1+z _lLiJ k—25— 12 Ck,v
. 1Lk ik g 1= - 2j+1

J=0

can be used, where ¢, , are defined so that

Lk/2]

k—2j
=D e,
=0

or, equivalently,
o, =1,
k=21 (—1)k(k — j — 1)!
(k= 25)! 7

Equations (LG) and (1) can also be applied to compute the Hilbert transform
globally in O(nlogn) time and (LJ) in (’)(n3) time. Our approach is in some sense
equivalent to (L) throughout the complex plane, and (7)) and (L8] on T itself,
though our version of (L8] requires only O(nlogn) operations. Furthermore, the
known expansion in terms of Chebyshev polynomials cannot be used for x off the
interval, whereas our approach can be used throughout the complex plane in a
numerically stable manner. Moreover, the additional terms in our version of (L8]
can be written in terms of Chebyshev series, not power series, making the method
numerically stable.

In the following section, we setup the computation of H in terms of the solution
of a Riemann—Hilbert problem. In Section B] we construct our method for the
circle, and describe the rate of convergence, which is based on the standard FFT
convergence theory. In Section [] we construct the method for the real line by
mapping it to the circle. In Section Bl we use the Joukowsky map to solve the
Riemann—Hilbert problem on the interval. We can then compute the semi-infinite

Chj = k=1,2,... [15].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Hilbert transform by mapping the half line to the interval. We can combine the
computation of two half lines to compute the Hilbert transform over the real line
efficiently, even when the behaviour at +oo differ. This is unlike the method of
Section [l and [27], which requires that the function has the same asymptotic series
at both 400 and —oo.

2. RIEMANN-HILBERT PROBLEMS AND THE PLEMELJ LEMMA
To construct our method, we rewrite it as a Riemann-Hilbert problem.

Definition 2.1. Given a piecewise smooth oriented curve in the complex plane I
and z € ' not at any endpoint or discontinuity of I'; ®*(¢) is the limit of ®(p) as
p — z with p lying on the left of I". Likewise, ®(2) is the limit of y(p) as p — 2
with p lying on the right of I'. See [19] for a more detailed definition.

Problem 2.2. Suppose we are given a piecewise smooth oriented curve in the
complex plane I" and b, f : I' — C which satisfy a Holder condition. Find a function
® which is analytic in C\I" such that

ST (2) +b(2)@ (2) = f(z) for z€ and ®(c0) = 0.

We use ®(00) to denote the limit ®(z) as z — oo from any direction, assuming it
exists. Likewise, when f is defined only on I' containing oo, we use f(c0) to denote
the limit as z — oo from any direction along I'.

In our case, b(z) will be either 1 or —1. The following theorem follows from
Plemelj’s lemma:

Theorem 2.3 ([19]). Let T be a piecewise smooth oriented curve in the complex
plane and f : T — C a function which satisfies a Hélder condition. The function

0(:) = i) = 5 [ L0

is analytic in C\I' and satisfies ®(c0) = 0. Let z € " such that z is not an endpoint
or discontinuity of I'. Then

dt

and
DT (2) + @ (2) = —iHf(2).
The solution to the Riemann-Hilbert problem
(2.1) ot — @ = Ff and P(o0) =0
is unique [19], hence solving this problem allows us to compute the Hilbert transform
of f. The solution to
(2.2) ¢t +d" =f and ®(00)=0

is unique on closed curves (such as U and R), but not necessarily on open curves
(such as I and RT) without additional conditions imposed. However, if ® is a
solution to ([22)), then it has the property that the Hilbert transform of ®* — &~
is equal to f [I9]. If T’ = I, then we can determine ® uniquely if we impose that
it must be bounded at either +1. If the zeroth Chebyshev coefficient of f is zero,
then ® can be uniquely determined by imposing that it must be bounded at both
+1.
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COMPUTING THE HILBERT TRANSFORM AND ITS INVERSE 1749

Definition 2.4. We define Prf as the equivalency class of solutions to (Z.2)) and
Mr f as the solution to equation ([2), namely

1
Mrf=5Hrf,
i

which is the Cauchy transform (cf. [10], where it is denoted C). When T is clear
from context, we use P and M. We also use the notation

PEf=(Pf)* and MEf=(MSf)E

In other words, computing M f allows us to compute the Hilbert transform of
f throughout the complex plane off I', and computing M* f allows us to compute
the Hilbert transform on T itself. Likewise, computing P* f allows us to compute
H~1f onT. Thus our primary goal is the computation of Pf, P~ f, Mf and M= f.

When I is a simple closed curve — such as the unit circle or real line — we can
regard ® and ®~ as independent analytic functions in the interior and exterior of
the curve; see Figure [l Thus if ®T — &~ = f, then

iH =0t - (—07) =" + & = —iHf,

which is equivalent to the well-known identity

This is no longer the case when I' is either not closed or not simple.

There are existing methods for solving Riemann-Hilbert problems. One ap-
proach is based on rewriting the Riemann-Hilbert problem as a principal value
integral or singular integral equation [20]. In our case, such an approach would
return us to our original problem, hence it is not useful. Another approach is
the conjugation method [26], for solving a Riemann-Hilbert problem of the form
a(z)®(z) + b(2)® (2) = f(z) on closed curves. Our approach is related to the
conjugation method, however, since our Riemann-Hilbert problem has constant a
and b, it is significantly simpler. Furthermore, unlike our approach, the conjugation
method has not been generalized to open curves such as the unit interval I.

3. THE UNIT CIRCLE

We use the standard, counterclockwise orientation for the unit circle; cf. Figure
0 Consider a function g : U — C such that it is C![U] and its first derivative has
bounded variation. Then its Fourier coefficients converge absolutely, and we can
express ¢ in terms of its Fourier series:

oo
g(eie) = Z gre'®® for 0 e T.
k=—o00
Alternatively, we can express g in terms of its Laurent series:
o0
g(z) = > .
k=—o0

If g is analytic in an annulus

1
A, = z:—<z<p}7
o= {zit <k
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FiGure 1. Riemann-Hilbert problem on the circle

then this series is guaranteed to converge in A,. Otherwise, it will only converge
on U. On the other hand,

oo -1
9+ = Zﬁkzk and g = Z gz
k=0 k=—o0

are analytic in the interior and exterior of the unit disk, respectively, with g =
g+ + g— on U. Therefore, we obtain:

Theorem 3.1. Suppose g : U — C is C*[U] and its first derivative has bounded
variation. Then
1 for |z| <1,

-1 for |z| > 1.

) gi(z) forz| <1, B
Py(z) = {g_ (2) for |o| > 1 and Mg(z) = Pg(z) {

In other words, computing the Fourier series allows us to compute the solution
to either Riemann-Hilbert problem on the unit circle.

Computation of the Fourier series can be accomplished efficiently using the FFT.
Denote n evenly spaced points in T as

Op,=\-7m,—n7+—7,...,m— —7
n n

and n evenly spaced points in U as
. . . T
Zn = (21,..., zn)T =elfn = (—1, e‘”(%_l), . ,e”T( _W)> .

The sample vector of g at the points z,, is g = g(z,). Let

g= (sz/zj,-~-;gga~~~,§f(n+1)/2J71)

so that
[(n+1)/2]—1
gl’rgelke
k=—|n/2]
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COMPUTING THE HILBERT TRANSFORM AND ITS INVERSE 1751

takes the values g at t,. Then
[(n+1)/2]-1
gn(z) = Z ggzk
k=—[n/2]
interpolates g at z,: gn(z,) = g. The vector g can be written in terms of the

trapezium rule, or computed with O(nlogn) operations using the FFT.
We will express this transformation as an operator applied to g:

Definition 3.2. We denote the Laurent polynomial which takes the data g at the
points z,, as

[(n+1)/2]-1

(5)Ta = 3u(2) = (g =S gk
k=—|n/2]
The nonnegative and negative components are denoted
[(n+1)/2]-1 -1
er(z)'g= > gr"  and  e_(x)Tg= Y gret
k=0 k=—|n/2)
We also use g, = e;(z,) g and g_ = e_(z,)'g for the values these functions

take at z,. Both of these can be computed with O(nlogn) operations by applying
the FFT to compute g, dropping the nonnegative/positive entries and applying the
inverse FFT.

The notation e(z) is chosen to emphasize that e(z;)'g =€ g, k=1,...,n. In
practice, ex(z) can be evaluated efficiently and in a stable manner [I3] using the
barycentric formula [6]:

n . T
Y e A
) - Zn 2k

k=1 z—z
where ey is the kth basis vector of C™. The function % maps a series in inverse
polynomials to a series in polynomials, and the values of the series at z, to the

values at z,, = (21, zn, - . ., 22). Applying this map and then the barycentric formula,
we obtain

e (z for z ¢ z,,

21 T n 2k T
re el S B D D ol ERPY/ I

]
e_(z =
(=)' g pyp——

for z ¢ z,.
Replacing g by its approximation e(z)"g, we can solve the Riemann-Hilbert

problem exactly:

Definition 3.3. We define approximate solutions to Pg and Mg as

e (2)Tg for|z| <1,

and
e (2)Tg for|z| > 1,

Png(z) = Pe(z)'g = {

1 for|z| <1,

For z € U, we obtain

Plg(z)=esr(z)Tg=e(2)Tg. and Mig(z) =+ei(z)'g=+e(z) gy.
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Let w = lim,,_, o Prg. From classical Fourier analysis, we know that
n— 00 n—00

Furthermore,
[(n+1)/2] -1
Png = Z glgzk
k=0
must converge to an analytic function inside the unit circle. Similarly, P,g con-
verges to an analytic function outside the unit circle. By uniqueness, we thus obtain
Pg = u. For z € U, we thus obtain the following approximations:

—iHg =" 'g~e(2) (9, —g_)

By utilizing results for the convergence rate of Fourier series, we find that the
convergence rate of the approximation depends on the smoothness of g:

e If g € C*[U] such that the pth derivative of g has bounded variation, then
the rate of convergence is algebraic, on the order of O(np“).

e If g € C°[U], then the rate of convergence is superalgebraic.

e If g is analytic in an annulus A,, then the rate of convergence is geometric,
on the order of O(e="™).

e If g is analytic everywhere, except the possible exceptions of zero and oo,
then the rate of convergence is supergeometric.

4. THE REAL LINE

We now consider the computation of Mgr, where r(+oo) = 0. The Mdébius
transformation
1—-=2
1+=2
conformally maps the unit circle onto the real line with the interior of the circle
mapped to the upper half plane and the exterior mapped to the lower half plane.
We can then project r onto the unit circle as g(z) = r(R(z)). Computing Myg and
Pug allows us to compute Mgr and Pgr:

R(z) =1

Theorem 4.1. Suppose that r is C*[R], its first derivative has bounded variation
and r(y) ~ <+ + O(y%) as y — foo. Let ® = Myg, for g(z) =r(R(z)). Then

1 for Sy > 1,

Mgr(y) = ®(R™'(y)) — 2*(~1) and PM(y)=MRT(y){_1 for Sy < 1.

Proof. The first hypothesis ensures that g is C![U] and its first derivative has
bounded variation. Let o(y) = ®(R~1(y)) — ®7(—1). Note that, if &+ — &~ =1,
then (® +¢)* — (® + ¢)~ = r, and adding a constant to a function does not alter
its analyticity. Thus,

) = (W) =2 (R () - H (R (y) = 9(R™'(v) =7(y).
Furthermore, ®*(—1) — & (—1) = g(—1) = r(cc) = 0, hence, for y lying off R,
T ply) = lim ®(z) ~ (1) = 0.

Thus we know that Mgr = . O
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0.01

1073

10-8

]0—11

100 200 300 400

FIGURE 2. The maximum error in approximating the Hilbert
transform of % by (4.2) at the points R(z)

Definition 4.2. Let r = r(R(z,)) = g(z,). We can define

er(Ry)Tr  forle <1,

'
—e_(R7(y)Tr for|z|>1 e+(=D)m,

Mz r(y) = Me(R™'(y)) 'r = {

1 for Sy > 1,
-1 for Sy < 1.

Prnr(y) = Mrnr(y) {
For y € R, we define
Mz, r(y) = [fes (R (y) " —es(=1) " r=e(R'(y)) " (xrs —efry),
Panr(®) = [ex (R () Fes(=1) | r=eB '(y) (rs Felry).
If r(+00) = r(—o0) # 0, we can use the fact that H1 =0 (cf. (L)) to compute
Hr = H[r — r(c0)].
Suppose that

(4.1) r(y) ~ 3 2k

as y — Foo. Then, if r € C?[R], g € C°[U]. Thus, if r € C*°[R] and has the same

asymptotic series at both +oo, then Mg ,, and Pg, converge superalgebraically.

As a numerical example, we consider the computation of the Hilbert transform
of

B
—
<

1 —sechy
ry)=—m——
() ;

whose Hilbert transform is

i 1 iy 1 iy tanh y
Wi = lo(1-50) -0 (f4ae)] -0 m
where 1) is the polygamma function [2] and both r anf Hr are defined at zero by
taking their limits. In Figure Bl we compare

(4.2) (M, + Mg,r)
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1754 SHEEHAN OLVER

with the Hilbert transform computed by the exact formula using MATHEMATICA’s
built-in PolyGamma routine. Note that (4.2) is a rederivation of Weideman’s method
[21].

5. THE UNIT INTERVAL

We now consider the case of computing Py and Mj. Unlike the previous two
cases, the unit interval T = [—1,1] is not a simple closed curve, hence we cannot
compute one from the other. We will, however, compute both of these functions by
mapping the associated Riemann—Hilbert problems to the unit circle.

The Joukowsky map and Chebyshev series. The Joukowsky map

T(z) = % <z+ %)

maps both the upper half-circle UT = {z € U: Imz > 0} and the lower half-circle
U+ = {z € U:Imz < 0} onto the unit interval, with the interior and exterior of
the circle both being mapped to C\I (z and % are mapped to the same point
with zero and oo mapped to co0). Let g(z) = f(T(2)), which is equivalent to
projecting f to both the upper and lower half circles simultaneously. Now on the
unit circle g(e'?) = f(T(e'?)) = f(cosf) is 27 periodic, and if f € C?[—1,1], then
f(cos @) € CP[T]. Furthermore, if f is analytic in the Chebyshev ellipse

E,=T(4,),

then g is analytic in the annulus A, [25].
Two one-sided inverses for T'(z) are

Tit(2) =z F Vo —1Vr +1,

which map points in C\I to the interior and exterior of the circle, respectively.
These satisfy T(T; ' (z)) = 2. Furthermore, T} '(z) = T%(m) Taking the standard
branch cuts for the square root, these inverses have a branch cut along I and are
analytic elsewhere.

On the interval itself, with the standard choice of branch, Ty maps I onto U+
and T_ maps I onto UT. However, since I lies on the branch cut of each of these
functions, round-off error can produce unreliable results if it introduces a nonzero
imaginary part. Thus we introduce two other choices for the inverse of T":

T{l(x):x—l—i\/l—x\/l—l—x and Tfl(x):x—i\/l—x\/l—i-:z:.

These functions have branch cuts along (—oo, —1) and (1, 00), thus are analytic for
x € I. T} maps the unit interval to the upper half circle, with any perturbation
above or below I mapping to a perturbation above or below U'. Likewise, T
reliably maps I to the lower half circle. We also use the notation J in the same way
as + is used (we do not define any equivalent to F).

We denote the Chebyshev series of f as

oo
F=> hT
k=0
From classical Chebyshev polynomial theory, we know that
do = Jo, gkzg—k:%-
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Let f = f(x) = (f(x1), ..., f(@n_1), f(zn)) ", where

1 1 !
il)n:(l'l,...,xn)—r = (—1,COS7T(—1—|—H) ,...,COS8TT (1—m> ,1)

are the n Chebyshev—Lobatto points. Then the sample of g at 2n — 2 evenly spaced
points on the circle is
g =g(zan—2) = f(cosban_2) = (f(@1),. ., F(@n-1), f(@n), f(@n1),..., f(22)) "

Because g is symmetric, we can use the fast cosine transform (FCT) in place of the
FFT to compute

N . . N T . an Am A . T
9= (s 90--0n-1) = (Gn-1s---- 91,96, 9% - Gn-1)
which gives us the approximate Chebyshev series
< in F y T o e R T
f:(f(;l7f{la"'7fg—1) :(93729?7729271) .
The barycentric formula at Chebyshev—Lobatto points, i.e., the polynomial which

takes the given data at Chebyshev—Lobatto points, can be expressed in the following
form:

k
T Z/Z:l %e;crf
er(v) f=——mw (5
Z k=1 T—Tf
where the prime indicates that the first and last entries of the sum are halved.

It is true that ep(z)"f = e(T~'(z)) g for any choice of T~!. In this case, the
barycentric formula is only useful for x € L.

for T ¢ Ty 6],

Computation of P;. We begin with the case of computing Prf. In this case, we
have a choice of P;f, determined by its behaviour at +1. In the following theorem,
if fo = 0 and ¢ = 0, then the solution is bounded at 1. Otherwise, we can prescribe
that Prf is bounded at either +1 (but not both) by choosing ¢ = T fo.

Theorem 5.1. Suppose f is C[I] and its first derivative has bounded variation.
Let g(z) = f(T(z)) and ® = Pyg. For constants c € C,

T (2) + (T (@)  wfo+e

Pif(x) = 2 Wr+1vr—1
For x €1,
P = 5| 0 @)+ 0 ) iz
Py () = [0 )+ 0m(1 0) —iEE|

Proof. Tt follows from the hypotheses that g is C*[U] and its first derivative has
bounded variation. Let u = [®(T} (z)) + ®(T~"'(z))]/2. As p approaches z € I
from above, 7' ' (p) approaches T () from the interior and T~ (p) approaches
iy ! () from the exterior. As p approaches I from below, T;l (p) approaches - ()
from the interior and T~ (p) approaches - !(x) from the exterior. In other words,

2u't(z) = <I>+(TJ1(:B))+<I>_(T{1(:U)) and 2u”(z) = <I>+(T{1(a?))+<1>_(TJ1(x)).
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Combining the above with the fact that
(T (2) + (T H(2) =
(T (2)) + @7 (T () =
we obtain

ut (@) + U (2) = % I @) + @ (17 (@) + @ H (17 (@) + @ (1) ()]

= f(z).
We have not quite computed P f:
(0) 2(0)+P(0) g0 Jo
B 2 22
Let 3
vla) = st

Wz + 1z —1

By the properties of the principal branch of the square root, we find that
afo+c afo+c
2v1 - 22 2v1— 2%
Clearly, ¢+ + 1~ = 0, whilst ¢(c0) = f7° Thus v — 1 decays at oo and satisfies
ut =T +um -y =ut+u = f

The fact that this expression includes all possible solutions which satisfy a Holder
condition follows from Section 84 in [I9], which gives an expression for the class of
all such solutions, in terms of a contour integral. O

P (z) = —i and ¢ (z) =1

We therefore obtain the following, stable approximation:

Definition 5.2. Let g = (f(z1),..., f(xn-1), f(@n), f(@n_1),.. .,f(:ng))T. Ifz e
C\I and ¢ € C, then, we define

P (@) = 5 [en (17 ) +e (17 @) "] g - w%%ﬁ
If x € I, then we define
P S@) = 5 e @) + e (T @) ] g+ iz{(;f—j—;,
Prof(@) = 5 [es (T @) + e (17 (@) ] g~ 10 EE

As in the unit circle case, the convergence rate of this approximation is an
immediate consequence of the convergence of e(x)'g to g. We omit the details,
but it clearly depends on the differentiability and analyticity of f(cos#). This is
similar to the connection between the convergence rate of the Clenshaw—Curtis
quadrature and the analyticity of f in E, [25].

T

For a vector g = (g1, ..., 92n—2) , let

)T

.
g,=(91,--,9n) and gy = (gn,---,92n-2,90) -
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These are the values of g corresponding to the points of 2z, lying in U; and Uy,
respectively. We could approximate iH ! f by its values at Chebyshev points plus
the unbounded term:

- - fox+e
5 ex@) (g7 +at — g —gt) +1IBEEE
where gTi = (g%); and gf = (g*),. However, g* are not necessarily symmetric,
hence a square root singularity is introduced upon projecting onto the interval.
Thus (5.1) does not converge rapidly, unlike P,Ff — P,  f. On the other hand,
the values of the bounded part at the Chebyshev points themselves, which equal

gy + gf -9, — gi, converge rapidly.

Computation of M;f. For g(z) = f(T(z)), note that —g(z)sgn arg z is equivalent
to projecting f to the lower half circle, and — f to the upper half circle. If f(£1) # 0,
then g(z)sgn arg z has a jump at +1, hence does not satisfy any Holder condition.
Therefore, for now, we assume that f(+1) = 0. In a similar manner to Theorem
[4.1], we obtain the following result:

Theorem 5.3. Suppose that f(+1) = 0 and f is C1[I] and its first derivative has
bounded variation. Let g(z) = f(T(z)) and ® = —Muyg(z)sgn arg z. Then

-1 -1
Moy — BT )+ 20 @)

Furthermore, for x €1,

(T () + @7 (T (2))

My f(z) =

and
ot (T Yz o (T Yz
Mo f(z) = (T3 ())-; (T} ()).

Proof. Let u= [®(T;"(z)) + ®(T-"(2))]/2 and h(z) = —g(z) sgn arg z. Now

2ut(z) = OF(T M () + @~ (T; H(x)) and 2u™ (x) = T (T '(2))+ 2 (T} ().

Therefore,
ut () —u (@) = 5 [T @) - W @)] = 3 @) + F@)] = )
Furthermore,
ooy = HOECD) o
since h is symmetric. Thus Myf = u. O

Given the values of a function at Chebyshev—Lobatto points, we can successfully
approximate My and H:

Definition 5.4. Let g = (0, f(z2),..., f(#n-1),0,—f(zpn-1),. .., —f(l'g))T. Ifxe
C\L, then we define

M f(@) = 5 [en(T (@) —e (T ()] g,
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If x € I, then we define
1

M (@) = 5 e (T @) — e (T @) &

Miuf@) = 5 [ex @07 @) — e (17 @) ] &

If f(x) = f(z)V1 — 22, then sgn 0f(cosf)v/1 — cos? @ = f(cos ) sin 6, hence the
differentiability of g(z)sgn arg z depends on the differentiability of f. If the first P
derivatives of f vanish at both endpoints, then f(cos®) is C* at zero and w. Thus
we still achieve superalgebraic convergence whenever f € C*°[—1,1], and f and all
its derivatives go to zero at the endpoints.

It might seem odd that computing H~! is easier than computing #. This is
the opposite of the analytic development in [Il [19], where the goal is to express
the solution to the Riemann—Hilbert problem as a contour integral. But this is a
manifestation of (7)), since, if f is C*°[I], we can expand it in terms of the basis

Uy and \/% in terms of the basis % efficiently.

The formula ([8) means that it is possible to compute Hf spectrally fast for
the case where f itself is C°°[I] as well, even when it does not go to zero at £1. We
can find a related formula for the computation of M f. We first solve the moment

problem:
Lemma 5.5. Define

2 Jarctanhz for |z| < 1,
Yo(z) = { 4

im | arctanh I for |z| > 1,

L%J Z2j—1

1 mi1 1 m—+1
Hm(2) = Z 25 —1 :arCtanhz—§2’2L 2 J+1¢<Z271,§+ {TJ)’

Jj=1

where ¢ is the Lerch transcendental function [d]. Then
Myz"sgnarg z = ¥, (2)  for
o 2 [p_m—1(2) form <0
djm(z) =z |:1/}0(Z) - E { Nm(l/z) fO’l" m >0
Proof. Note that, for z € U,

2 1
Vi (2) =g (2) = = [arctanhz — arctanh —} = sgn arg z.
in z

Since arctanh% — 0 as z — 00, it follows that
My sgn arg z = ¢o(2).

A solution to the problem u™ — u~™ = 2z™sgn arg z which does not respect the
boundary condition at oo is

2 Msgn arg z = 2"y (2).

But we know that arctanh z has the following Taylor series:
22 25
tanh z = — — — e l.
arctanh z z+3+5+7+ 2]

The terms up to O(z™) can be written as u,(z), where the expression in terms of
¢ follow from its series definition.
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Consider the case where m < 0. Now p_,,,—1(z) is at most an (—m — 1)-degree
polynomial, hence z2™pu_,,—1(z) decays as z — oo, and v, is analytic at co. On
the other hand, by the definition of ,

arctanh z — p_p,—1(2) = O(2™™) , z — 0;

therefore, v, is also analytic at zero. Finally, for z € U,

2 1
Yt — = Ezm {arctanhz — p—m—1(z) — arctanh 2 + pem—1(2)

2 1
—z™m {arctanhz — arctanh — | = 2™ sgn arg z.
i z

Therefore, Mz sgn arg z = ¥, (2).
By the exact same logic, when m > 0, Mz™ sgn arg z = ., (2). O

Remark. Though ,,(z) is the arctanh function plus a polynomial in z, for z off
the unit circle, 1,,,(2) can potentially be computed more accurately and efficiently
using methods to compute ¢. One approach is to use the method developed in
[3], or the built-in MATHEMATICA routine. Possibly, a more efficient and accurate
method could be based on the integral representation

o 1 $5— 1 7at d
t.
(2,5,0) = I'(s) /0 1—zet

In our case this becomes, for a = % + L J

0o —at 0o —t
9 e 1 e
La)= | — _ar==[ —° ___w
#(z%1,0) /0 1—z2%et a /0 1 — 22et/a

As m becomes large, the integrand rapidly converges to one, and hence Gauss—
Laguerre quadrature is very effective. As it is outside the scope of this paper, we
simply treat each 1, as a black box special function, which we compute to ma-
chine precision using the polynomial representation with sufficient extra precision
arithmetic.

Using this equation for the moments of f, we obtain the following:

Theorem 5.6. If f is C}[I] and its first derivative has bounded variation, then

Mif (e ——iki () + (T2 @) + 0o (T2 @) + 60T )]
Mif(a) ~ = 5 f(=1) log(—z — 1) ~ log?

+—ka k(1) + (1),
Mif(z) ~ o f(1) log(e — 1) ~log?2] + iﬂi 1 (1) + (1),
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and, for x €1,
Mif =3 kif [0 (17 @) + i (07 (@) + 64, (T (@) + 0 (T ()
(a)arctanh T} ! (z)
o 3 AT [0 (1)
P [ (1) s (17 0)

(62) =-=f

32 [0 (@) + 5 (T @) + 02, (0 @) + 00T (2)
(5.3) = % )arctanhTfl(x)

f(@
gt 2o {0 [ (17200) e (170
+ T @) (T @) + e (T @) ] -

Proof. Let g(z) = f(T(z)). By expanding ¢ in terms of its Laurent series, we define

o0

B(=) = ~Mug(z) sem axgz = — > Gta(2)

k=—o00

Let ¢ = T'7'(z). Then define

(5.4)
-1 T —1 T 00
k=—oc0
= 2 e [9k(O) + (€ + Y kl©) + bale ]
k=0

ka{ (€% + & F) arctanh & — € [ (€7Y) + p—a(€7Y)]

+ €7 () + ()] -

By the same logic as Theorem [5.3] we know that u satisfies u™ — 4~ = f and
u(o0) = 0. We must demonstrate that u is also analytic off the unit interval.

We first prove that this sum does indeed converge. Because each vy is analytic
off the unit circle, we know the partial sums must take their maximum on the unit
circle. Using (0.4) with £ = Tfl(x) # %1 and the fact that

%ka [+ =D filu(z) = f(2),
k=0 k=0

we obtain that u™' is equal to (5.2), assuming we can split the sum into two, or
in other words, as long as the sum converges absolutely. By the same logic, u™~ is
equivalent to (5.3), subject to the same conditions.
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From the summation definition of u, we know it takes its maximum at z = 1, so
that, for z € U,

1 k+1
< -1 —_— .
2]__1_210g< —i—Q{ 5 J)

Thus absolute convergence is assured whenever

Ii}fﬂm%-u%%b

converges. It is sufficient that fy = O(k~2), which is true whenever f € C*[I] with
/' having bounded variation.

We have yet to prove the behaviour of u at the endpoints. But the behaviour as
x — 1 follows from (B54]) and the fact that

2arctanh T} () = log(1 + 77 () — log(1 — T'7 ()
~ log2 — log (\/2(:13 -1)+0(x - 1))

1 1
~ log2 — 5103;2 —5 [log | — 1| +iarg(z — 1)]
~ log2 —log(z —1)
= 5 .
Similar logic proves the expression as x — —1. ([

We thus obtain the following approximations:

Definition 5.7. For f = f(x,) and ¥ = (2¢0,¥1 + ¥_1,...,¥p—1 + 1_p), define

M f = — (T3 (@) + 91 (@) F
and, for
= (po(z"1), 2 [ +po(z" ], 2" a1 (27 + pna(z7h)]),
define

2 1
anf = _EGT(J))T]C arctanhTJl(g;) + 5

(T @) + (T (@)] 1

M, f= —%eT(x)Tf arctanhT{l(I) + Tfl(:zr)) + /L(T{l(x))]

|
iy
.%N

Consider the Hilbert transform of e* over I, which we can find in closed form:
C[Ei(1 —z) - Ei(-1—2)]  [16].
T

Figure B demonstrates the effectiveness of approximating this function by
2iM,,, f throughout the complex plane and 1(./\/11?' nf My f ) on the unit interval.
Note that p is a vector of polynomials, hence [M(Tfl(x)) + u(TT_l(x))} f itself is
a polynomial. Depending on the application, it might be more suitable to represent
this term by its values at Chebyshev points. Denote the operator which shifts a

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1762 SHEEHAN OLVER
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476 8 10 12 14 16

FIGURE 3. The maximum error in approximating the Hilbert
transform of e® by 2iMy ,, f over 200 evenly spaced points on circles
of radii 2 (left graph, plain), 25 (left graph, dotted) and 50 (left
graph, dashed) and by 1(./\/l]?'nf + My, f) at 200 evenly spaced
points on the unit interval (right graph)

vector to the left by S, padding on the right by zeros. Determine the vector h such
that
2

pupll
Il
[\
<
|
—
n
&
L
<~

using the inverse discrete cosine transform. Then

arctanh Tfl(x) + arctanh T{l(x)

17

—iH]If ~ -2

er(z)" f + %eT(x)Th.

This expression follows by rearranging the order of sums, using the definition of .

Constructing h requires O(nlogn) operations, as the summation is equivalent to
multiplication by a Toeplitz matrix. Therefore, it will outperform the Gaussian and
Clenshaw—Curtis quadrature methods, which require O(n‘3) and (’)(n2 log n) oper-
ations, respectively, to determine H f at «,,. Moreover, these quadrature methods
cannot handle the blow-up near the endpoints of the integration interval.

6. HALF LINE AND REAL LINE REVISITED

We orient the half line R* = [0,00) from the origin to co. We can map the
interval to the half line using
1+z
H(z) = ——.
(@) =1—
We then obtain the following result:

Theorem 6.1. Suppose that r(y) = § + @(y%) asy — oo and r is CL[RT] and its
first derivative has bounded variation. Let g(z) =r(H(Tz))) and ¢ = Pyg. Then,

P(TT(H M () + o(T— (H ' (y)))
2

Prir(y) =

and, for ® = Myf,
Meir(y) = S(H H(y)) — @7 (1),
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Proof. Let

By the same logic as Theorem [5.1],

PR 1)) Ko [ 1) | S

Furthermore,

hence
Pr+7(y) = u(y).

Now consider the second part of the theorem, where we define ® = My f. Since
f(1) = r(c0) = 0, the logarithmic term in Theorem vanishes, and we are left
with

1 o0
H1) =@ (1) = — > fi w1 (1) + (1))
k=0
Therefore, ® — ®*(1) goes to zero at one, and hence
Mzir(y) = ®(H™(y) — *(1). O

We thus obtain the following approximations:

Definition 6.2. Let f(z) = r(H(z)) and g(z) = f(T(2)). If y € C\R™, then define
Paur(y) = 3 [Pung(T (H ) + Pong(T= (H ()]

and

Mainr(y) = Moo f(H () — (1)

1T

.kh(

If y € RT, then define
Pain(y) =

Print(y) =

[PE0(T (H™ () + Poag(TH (H™H (1)),

[PEa9(T (H™ () + Poag(T (H™ (1)),

wlr—\mu—\

and

M (o) = MEF(H (1) — (D]

Similar to Section Ml the convergence rate of this approximation depends on
the differentiability of f in RT, and the existence of an asymptotic expansion of
f at co. When applied to computing the Hilbert transform over R, it converges
more rapidly than the method proposed in [9], which requires exponential decay at
infinity to achieve superalgebraic convergence.
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Computation over two half lines. Let ¢(y) = r(—y). It is clear that Mp-r(y) =
—Mg+q(—y), where R~ is oriented from —oo to zero. Because it is analytic every-
where off R*, M, f — Mg, f = 0 along (—o0,0). Likewise, M f— Mz f=0
on [0, 00). Therefore,

Mrf = (Mp+ + Mp-)f.

Whereas Section F required that f had the same asymptotic series at +0o to obtain
fast convergence, by splitting the real line into two half lines, we can drop this
requirement. Furthermore, computation of Mg+ f only requires that f is C'[R¥]
and its first derivative has bounded variation for each choice of + separately, hence
does not require continuity at zero.

There is one concern which must be addressed, however. We know that Mg f
is bounded, whereas Mg+ and Mp- have singularities at zero. But we find that
H™'(y) = =1+ 2y + O(y?), therefore, for p(z) = r(—H(z)) and f(z) = r(H(z)),

Miir(y) ~ = 2r(0)log(—y)
£ S A {0 D (1) + (D]~ i (1) = (1)}
k=0
Thus

Mgr(y) = Mg+r(y) + Mg-r(y)

~ _Lr(o)(logy —log(—y))

y—0 21
F o3 (=) {0 s (D) + )] = s (1) = ()
k=0

1 1

= Lr(0)(argy — arg(—y)) + - = 2r(0) {1 for Sy > 1,

21 2 -1 forSy<1

whose limit is bounded at zero from both above and below the real line.

Defining Mg-,,7(y) = —Mpg+,q(—y), we obtain Mgrr =~ Mp—,r + Mpgi,7.
This approximation is more computationally intensive then the method proposed
in Section [t it takes (’)(nQ) operations to compute at the 2n — 1 points +H (x,,),
versus O(nlogn) operations to evaluate at the 2n — 1 points R(z2,-1). However,
it has the benefit of obtaining spectral convergence for a more general class of
functions. For example, consider the function

r(y) = arctany
y )
whose Hilbert transform is
log(1 4 ¢* :
Hr(y) = — (2y ) [16].
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FIGURE 4. The maximum error over the points R(f1g) of (6.1)
(left graph) and (4.2) (right graph) for approximating the Hilbert
transform of 2<2%Y  Note that the value on the bottom axis cor-
responds to the total number of function evaluations

Unlike the example in Section [, this does not have the same asymptotic series at
+oo. Figure @] demonstrates that, for r = r(H(x,)) and p = r(—H(xy,)),

Mgy, + M;REW + Mg, )r(z)  for z <0,

(6.1) 1] (M, + Mgy, + Mg, ) r(z)  for 2> 0,

2(p(1) = p(~1)(p — 7) for = =0,
is a superalgebraic convergent approximation of Hr, whereas (4.2) converges only
algebraically.

Without delving into details, we note that this approach also applies to combi-
nation of intervals, and even combination of intervals and half lines. Thus we can
successfully compute the Hilbert transform over R of any piecewise smooth function
with finitely many pieces. As a result, this approach could potentially be used to
construct an adaptive scheme for computing the Hilbert transform.

7. FUTURE WORK

The solution to the gravity wave equation is periodic as t — oo, thus we need to
compute the oscillatory Hilbert transform

H[f(t)es ).

An asymptotic expansion for such transforms was found in [28] and a method based
on series acceleration methods was constructed in [I7]. In recent years, there has
been significant progress on the computation of oscillatory integrals of the form

1
/ f(t)e*s® dt,
-1

using asymptotic information as w — oo [I4} 2], 22]. Tt remains to be seen if such
methods can be generalized for the oscillatory Hilbert transform.

Consider the matrix-valued Riemann-Hilbert problem of finding an analytic
function @ : C\I' — C%*4 such that

(7.1) O, (2)=P_(2)G(z2) for zeT, and ®P(c0)=1,
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where G : I' — C%%¢. This can be reformulated as an inhomogenuous linear
equation:
LU=U,-U.G=G-1 and U(o0) =0,

where ® = U 4 I. The linear operator £ maps functions analytic in C\I' to
functions defined in I'. But M can be viewed as a one-to-one map from I' to C\T.
This applies equally well to matrix-valued functions in a componentwise manner.
Thus by combining the two linear operators as LM, we obtain a linear operator
that maps the class of Holder continuous matrix-valued functions on I' to itself.
In other words, solving LMV = G — I on I' means that U = MYV solves the
original matrix-valued Riemann-Hilbert problem. Immediately, this opens up the
possibility of constructing spectral methods for solving (7.1).

A particular example is the homogeneous Painlevé II transcendental, which can
be expressed as a matrix-valued Riemann—Hilbert problem on a domain consisting
of six rays originating at zero:
7r
3
For other Painlevé equations, the domain consists of a combination of circles, in-
tervals, arcs and rays. Just as we combined M on two half lines to determine M
on the real line, we propose that it is possible to combine multiple half lines and
circles to compute M on such domains. We fully develop this approach for the
computation of homogeneous Painlevé II transcendentals in [23].

{zE(C:argz:%+ (k—1) for k:l,...,G} [11].
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