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Abstract: We compute Yukawa couplings involving chiral matter fields in toroidal com-

pactifications of higher dimensional super-Yang-Mills theory with magnetic fluxes. Specif-

ically we focus on toroidal compactifications of D=10 super-Yang-Mills theory, which may

be obtained as the low-energy limit of Type I, Type II or Heterotic strings. Chirality is ob-

tained by turning on constant magnetic fluxes in each of the 2-tori. Our results are general

and may as well be applied to lower D = 6, 8 dimensional field theories. We solve Dirac and

Laplace equations to find out the explicit form of wavefunctions in extra dimensions. The

Yukawa couplings are computed as overlap integrals of two Weyl fermions and one complex

scalar over the compact dimensions. In the case of Type IIB (or Type I) string theories, the

models are T-dual to (orientifolded) Type IIA with D6-branes intersecting at angles. These

theories may have phenomenological relevance since particular models with SM group and

three quark-lepton generations have been recently constructed. We find that the Yukawa

couplings so obtained are described by Riemann ϑ-functions, which depend on the complex

structure and Wilson line backgrounds. Different patterns of Yukawa textures are possible

depending on the values of these backgrounds. We discuss the matching of these results

with the analogous computation in models with intersecting D6-branes. Whereas in the

latter case a string computation is required, in our case only field theory is needed.
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Mirror Symmetry.

http://jhep.sissa.it/stdsearch?keywords=D-branes+Yukawa_couplings+Extra_Dimensions+String Phenomenology+Mirror_Symmetry
http://jhep.sissa.it/stdsearch?keywords=D-branes+Yukawa_couplings+Extra_Dimensions+String Phenomenology+Mirror_Symmetry


J
H
E
P
 

Contents

1. Introduction 2

2. Yukawa couplings in Kaluza-Klein theories 6

2.1 D = 10 N=1 Super Yang-Mills compactifications with magnetic fluxes 6

2.2 Models with fluxes on D = 6, 8 dimensions 8

3. Toroidal wavefunctions I: Abelian Wilson lines 10

3.1 Eigenfunctions of the Dirac equation on T 2 11

3.1.1 Abelian gauge field 11

3.1.2 Dirac zero modes 12

3.1.3 Normalization 15

3.2 Chiral matter eigenfunctions 16

3.2.1 Fermions in bifundamentals 17

3.3 Eigenfunctions of the Laplace equation 19

3.4 Theta functions as wavefunctions 20

3.5 Generalization to T 2n 23

4. Toroidal wavefunctions II: non-Abelian Wilson lines 26

4.1 Non-Abelian gauge groups 26

4.2 Fermions in bifundamentals 27

4.3 Eigenfunctions of the Laplace equation 31

4.4 Generalization to T 2n 32

4.4.1 Factorizable tori 33

4.4.2 General tori 35

5. Computing Yukawa couplings 37

5.1 Computing Yukawas on a T 2 38

5.1.1 Abelian Wilson lines 39

5.1.2 Non-Abelian Wilson lines 43

5.2 Higher dimensional tori 44

5.3 Yukawas in supersymmetric models 45

6. D-branes of lower dimension 46

7. Comparison with intersecting brane computations 48

7.1 Intersecting brane Yukawas 49

7.2 Matching by T-duality 51

7.2.1 Horizontal T-duality 52

7.2.2 Tilted T-duality 53

7.3 Chiral fields and T-duality 55

7.4 The Kähler metrics of chiral fields revisited 56

– 1 –



J
H
E
P
 

8. A 3-generation MSSM-like Model 56

9. Final comments and conclusions 59

A. Dimensional Reduction of N=1 Super Yang-Mills 61

B. Fluxes and supersymmetry 64

B.1 Hermitian Yang-Mills Equations 64

B.2 D-brane interpretation 66

B.3 Mirror symmetry and string corrections 67

1. Introduction

One of the most outstanding puzzles of the standard model (SM) of particle physics is the

structure of the Yukawa couplings between the Higgs field and the SM fermions. A correct

description of the observed masses and mixing of quarks and leptons seems to require very

different values for the Yukawa coupling constants for the different generations. Although

many approaches have been attempted to describe the hierarchical structure of Yukawa

couplings it is fair to say that we do not have at the moment a compelling theory for

quark and lepton masses. Thus the search for theoretical schemes which could explain this

Yukawa structure is of the utmost importance.

In the last 25 years the idea that there could be more than four dimensions has been

pursued intensively, particularly due the study of string theory which is naturally defined

in 10 or 11 dimensions. Extra dimensions offer in principle the possibility of computing

Yukawa couplings in terms of the extra-dimensional geography. Indeed, starting from a

(D+4)-dimensional field theory and compactifying D dimensions one may get massless

modes with factorized wavefunctions ψ(x) × φ(y), with x(y) denoting Minkowski and ex-

tra dimensions respectively. Gauge boson components Ai in extra dimensions give rise to

scalars at low energies and Yukawa couplings are thus expected to appear upon compactifi-

cation from the higher dimensional gauge vertex interaction AMΨΓMΨ. Qualitatively the

Yukawa coupling constants may be computed from overlap integrals over extra dimensions

of the form [1,2]

Yij =

∫

dyDφi(y)φj(y)A(y) . (1.1)

Unfortunately it is not easy to find compactifications in which:

• One has chiral fermions, as required in the SM

• One can solve the Dirac and Laplace equations to obtain explicit expressions for the

wavefunctions in extra dimensions

• One can explicitly work out the overlap integrals and actually compute the Yukawa

couplings

– 2 –
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Our main goal in the present article is to perform such a type of computation in a

class of theories of potential phenomenological interest. We consider as our starting point

10-dimensional super-Yang-Mills (SYM) theory as the best motivated extra dimensional

field theory, since it appears in the low-energy limit of Type I, Type IIB and heterotic

string theories. However one can easily apply the results (i.e. the solutions of Dirac

and Laplace equations as well as the computation of overlap integrals) to other lower

dimensional D = 6, 8, as we discuss below.

We compactify D=10 SYM on a 6-torus T 6 and, in order to obtain chiral fermions,

we add constant magnetic flux through the torus [3–6]. The fact that one may obtain

chiral fermions in the presence of explicit gauge field backgrounds is well known [7]. How-

ever, in the present case we consider a simple toroidal geometry with constant gauge field

backgrounds, so that one can explicitly find the eigenfunctions of the Dirac and Laplace

equations in extra dimensions. 1 We find that in the case of a factorized torus T 2n the

eigenfunctions are proportional to products of n Jacobi theta-functions with characteristics.

The profile of the corresponding wavefunction densities in extra dimensions is Gaussian-

like, with the location of the maximum controlled by the possible presence of Wilson-line

backgrounds (see figures 3, 4 and 5).

From these wavefunctions one can explicitly perform the overlap integrals and obtain

the Yukawa couplings. The Yukawas so obtained are again products of n ϑ-functions but

this time they depend both on the complex structure moduli of the tori as well as on

the possible Wilson line backgrounds present in the compactification. In the case of a

non-factorizable 6-torus one obtains analogous results but now one has instead generalized

Riemann theta functions.

One of the main results of the present paper is the final expression for Yukawa cou-

plings. In the case of a factorized 2n-torus, the Yukawa couplings between three fields

labeled by integers i, j, k have the following general form:

Yijk = g4+2n

n∏

r=1

(

Im τ (r)

2πA(r)

)1/4 ∣∣
∣
∣
∣

θ
(r)
I θ

(r)
J

θ
(r)
K

∣
∣
∣
∣
∣

1/4

·eH(r)/2 ·ϑ
[

δ
(r)
ijk

0

]
(

ζ̃(r), τ (r)|I(r)
I I

(r)
J I

(3)
K |
)

(1.2)

Here g4+2n is the (4 + 2n)-dimensional gauge coupling constant in the dilute flux approx-

imation2, τ (r), A(r) are the complex structure and the areas of the r = 1, 2, 3 compact

2-tori whereas ζ̃(r) describe the dependence on the Wilson line variables.
∏

r I
(r)
I are the

number of generations of particles labeled by i. The quantity θ
(r)
I is the magnetic flux felt

by such particle in the rth 2-torus, which also signals the scale of new physics in this sector,

more precisely the mass of the lightest massive replica of the chiral fermion i. H(r) is a

known function (see eq. (5.32)) of Wilson lines, complex structure and magnetic fluxes. It

vanishes in the absence of Wilson lines. Finally, ϑ are standard Jacobi theta functions with

characteristics, with the argument δ
(r)
ijk = i/I

(r)
I + j/I

(r)
J + k/I

(r)
K , being the only ‘flavour’

1Toroidal compactifications with constant field strenght are also known as ‘Torons’ [8–11]. The connec-

tion with D-brane physics has been adressed in [12–16]. For other related computations see [17].
2This coincides with the gauge couplings of the different gauge groups up to flux dependent corrections

which are suppressed in the large volume limit.
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(i, j, k) dependence of the Yukawa coupling. In a SUSY compactification the (holomorphic)

superpotential should be identified with this product of ϑ-functions, whereas the rest of

the factors should come from D-term normalization of three-point functions.

As we said, the natural setting for studying compactifications of D=10 super Yang-

Mills is string theory, since it appears naturally in the effective field theory limit of Type

I, Type IIB (with D9-branes) and heterotic strings. In fact, although the mentioned com-

pactification and computations may be performed without any reference to string theory,

in the present paper we will have always in mind the string theory point of view. In partic-

ular it is well known that Type IIB theory with D9-branes compactified on a (magnetized)

T 6 is T-dual to Type IIA theory with D6-branes wrapping 3-cycles on T 6 and intersecting

at angles. 3 In recent years string models with intersecting D-branes have been actively

pursued in order to obtain realistic models of particle physics [4, 6, 18–20]. The main mo-

tivation for this is that in these schemes chiral fermions naturally appear at the points in

compact space in which Dp-branes intersect. Furthermore, since Dp-branes may intersect

multiple times, this gives a rationale for the family replication present in the SM. A num-

ber of semirealistic models with the massless fermion spectrum of the SM or some N = 1

extension with three generations have been obtained [20–25] 4.

In fact one of the motivations for the present investigation was to check how T-duality

maps the results obtained for intersecting D-brane models to the effective action of Type IIB

with D9-branes and magnetic fluxes. In particular, in ref. [27] we computed the ‘classical’

contribution to Yukawa couplings in Type IIA models with intersecting D6-branes. In this

case one has to perform a sum over string worldsheet instanton contributions to obtain the

final expression of Yukawa couplings, a pure stringy (non field-theoretical) computation.

On the other hand T-duality tells us that equivalent Yukawa couplings should be obtained

for the case of Type IIB theory compactified on T 6 with magnetic fluxes. In this second case

the computation is purely field theoretical since one just starts from D = 10 SYM theory,

compactifies and performs the overlap integral to obtain explicitly the Yukawa couplings,

as described above. Thus on this flux side of the T-duality the computation is an exercise

on Kaluza-Klein theory. Indeed we have found that the Yukawa couplings computed in

both T-dual theories agree after appropriate transformations of the moduli and Wilson line

variables. This is a non-trivial check given the completely different origin (stringy on the

intersection side, field theoretical on the flux side) of both computations. Furthermore,

the computation obtained in the present paper goes beyond the results obtained in [27]

since we are also able to obtain all normalization factors and coefficients appearing in the

Yukawa coupling. In the intersection side in order to obtain the normalization factors one

has to compute the quantum piece of the appropriate string correlators as in refs. [28,29].

We find agreement with those normalization factors in the limit of small intersecting angles

in which they should coincide.5

3Analogously, Type I theory on T 6 is T-dual to a Type IIA orientifold with D6-branes at angles [4].
4Notice that the two last refs. in [24] do not correspond to geometrical intersecting D-brane models, but

to Type II orientifold constructions on Gepner points. The model-building techniques in these particular

cases are, nevertheless, similar to those in [20]. For previous literature on Gepner model orientifolds see [26].
5Actually there is a small discrepancy in that we find that the Γ-functions appearing in eq.(77) of ref. [28]
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Due to the mentioned T-duality between the intersecting Dp-brane models on one

side and magnetized toroidal Type I and Type IIB compactifications on the other side,

all intersecting toroidal brane models constructed in ref. [4, 6, 18–24] admit a description

in terms of the picture given in the present paper. In particular, the expressions here

obtained may be used to compute the Yukawa couplings of the models in ref. [20] whose

massless fermion spectrum is that of the non-SUSY SM or to those of the (local) N = 1

SUSY model in ref. [27]. With little changes they can also be applied to the computation

of Yukawa couplings in the N = 1 orbifold models of refs. [25].

We would also like to emphasize that our results are also relevant for the phenomeno-

logical extra dimension models considered in recent years [31]. In particular it has been

suggested [32] that, if fermions of different generations have Gaussian-like profile in one

extra dimension and are localized at distant points, one may obtain hierarchical Yukawa

couplings from a one-dimensional overlap integral analogous to (1.1). Most of the specific

models constructed [31,32] obtain chirality from solitonic scalar backgrounds. We find the

approach in the present paper more effective since it gives rise to chirality, family replication

and Gaussian-like profile in a natural and explicit way.

The plan of the paper is as follows. In the next section we briefly discuss the ori-

gin of Yukawa couplings in extra dimensional theories, leaving the details of the required

dimensional reduction to Appendix A, and the details of SUSY compactifications to the

Appendix B. In Section 3 we address the computation of the eigenstates of the Dirac and

Laplace operators in T 2n toroidal compactifications. These provide us with the wavefunc-

tions of the light fields of the compactification, which are proportional to Riemann and

Jacobi ϑ-functions and have a Gaussian profile. In Section 4 we generalize our results to

the case with non-Abelian Wilson lines are present, in which the rank of the initial gauge

group is in general lowered. Although quite interesting for rank reduction purposes, com-

pactifications with non-Abelian Wilson line are technically much more involved and, up

to some subtle points which allow to differentiate θJ from IJ/A, the final result for the

Yukawa couplings is similar to the one obtained with the Abelian Wilson line case. The

reader not interested in those details may safely skip this section.

Armed with the wavefunctions of chiral fermions and light scalars we address in Section

5 the computation of Yukawa couplings, by explicitly performing the integrals which mea-

sures the overlap of three wavefunctions. In the case of SUSY compactifications we rewrite

our results in terms of a superpotential and Kähler potential factors. This analysis is ex-

tended in the following section to the case of D-branes of lower dimension (e.g. D5-branes)

which are quite relevant for the construction of specific models. A detailed comparison

with the results obtained in the T-dual models (involving intersecting D-branes) is given

in Section 7, where the Yukawa couplings in both sides of the T-duality are seen to match.

We also comment on the action that T-duality has on chiral fields, as can be deduced from

this matching. As a simple application of the general results in this paper, in chapter 8 we

present a 3-generation MSSM-like model and obtain the relevant Yukawa couplings using

our formulas. Some final comments and discussions are left for Section 9.

should have a 1/4 power instead of 1/2. This has also recently been independently pointed out in [30].
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2. Yukawa couplings in Kaluza-Klein theories

In this section we motivate the study of magnetized compactifications in order to achieve

D = 4 chiral models from extra dimensions. We describe as well the general strategy that

we follow to compute three-point functions in such models. We refer the reader to the

appendix A or [1] for a more detailed discussion.

2.1 D = 10 N=1 Super Yang-Mills compactifications with magnetic fluxes

Let us consider N = 1 D = 10 supersymmetric Yang-Mills theory, whose Lagrangian

density is simply given by

LSY M = − 1

4g2
Tr
{
FMNFMN

}
+

i

2g2
Tr
{
λ̄ΓMDMλ

}
(2.1)

where the trace is performed in the adjoint representation of a gauge group G, and M,N =

0, . . . , 9. The gauge group field strength FMN and covariant derivative DM are given by

FMN = ∂MAN − ∂NAM − i[AM , AN ] (2.2)

DMλ = ∂Mλ− i[AM , λ] (2.3)

both the ten-dimensional vector AM and the spinor λ transforming in the adjoint of G.

Notice that the Yang-Mills coupling constant g has dimensions of (mass)−3 in D = 10.

In order to obtain a D = 4 theory at low energies, we should consider the above

theory compactified on a six-dimensional compact manifold M6, so that we recover four-

dimensional physics at energies below the compactification scale Mc. Indeed, in general

the ten-dimensional fields AM and λ admit a decomposition of the form

λ(xµ, ym) =
∑

n

χn(xµ) ⊗ ψn(ym) (2.4)

AM (xµ, ym) =
∑

n

ϕn,M (xµ) ⊗ φn,M (ym) (2.5)

where xµ µ = 0, . . . , 3 and ym, m = 4, . . . , 9 stand for the non-compact and internal dimen-

sions, respectively. The internal wavefunctions ψn, φn M can be chosen to be eigenstates

of the corresponding internal wave operator

iD/6ψn = mnψn (2.6)

∆6φn,M = M2
n,Mφn M (2.7)

By applying the equations of motion, we find that the Dirac mass of the four-dimensional

spinor χn is given by mn, and so on. The lightest Kaluza-Klein replica then sets the scale

of energy below which we recover a D = 4 physics governed by massless fermions and

light scalars. In practice, however, it turns out that plain compactifications on smooth M6

leave the gauge group G unbroken, the rank of G being usually too high to accommodate

semirealistic interactions 6. Moreover, the computation of the Dirac index shows that such

compactifications lead to non-chiral spectra in four dimensions [1].
6Whereas at the classical level any group G (or a direct product of these) is acceptable, at the quantum

level anomaly cancellation imposes restrictions on the allowed gauge groups.
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Both unwanted features can be avoided by introducing non-trivial expectation values

for the gauge field AM [7]. Indeed, since we are only interested in preserving Poincaré

invariance in the four non-compact dimensions, we are entitled to consider non-vanishing

v.e.v.’s 〈Am(y)〉, m = 4, . . . , 9. On the one hand, the gauge group G will be reduced to a

subgroup H ⊂ G commuting with the subgroup J which contains 〈Am(y)〉. On the other

hand, a non-trivial gauge field modifies the Dirac operator and hence the computation of

the Dirac index, and may introduce a chiral asymmetry that allows for a chiral massless

spectrum [1,7]. We hence find that compactifications with non-trivial gauge fields 〈Am(y)〉,
or equivalently, magnetized M6 compactifications with 〈Fmn〉 6= 0, provide a natural way

of achieving D = 4 chiral theories with reduced gauge group (See figure 1).
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Figure 1: Magnetized compactification. In the limit of large volume and diluted fluxes the field

theory compactification with magnetic fluxes captures the underlying string theory physics.

In addition, the introduction of a magnetic field in the compactification may not only

lead to chiral matter but also to replication of chiral fermions, since the Dirac equation

for the internal fermionic wavefunction D/6ψ = 0 may yield several independent degen-

erate solutions, labeled by ψj(y). In order to get canonical kinetic terms, these internal

wavefunctions must satisfy
∫

M6

d6y ψj(y)
†ψk(y) = δjk (2.8)

the same condition applying to bosonic wavefunctions.

Finally, given the internal wavefunctions ψj , φk corresponding to the D = 4 chiral

fermions and lightest scalars, it is possible to compute the Yukawa couplings between them,

as an overlap between three wavefunctions. Indeed, the fermionic part of the D = 10 SYM

action (2.1) contains a term of the form A · λ · λ, which upon dimensional reduction yields

the Yukawa coupling7

Yijk =

∫

M
ψa†

i Γm ψb
j φ

c
k,m fabc (2.9)

where fabc are the structure constants of the initial gauge group G. Notice that formula

(2.9) provides us with the three-point function or normalized Yukawa coupling, i.e., not

7See Appendix A for a more detailed discussion of the derivation of this formula.
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only contains the trilinear coupling of the superpotential Wijk, but also all the normaliza-

tion factors coming from the Kähler potential/kinetic terms. Moreover, this expression is

completely general, in the sense that we are not making any assumption on the holonomy of

the compact manifold M6 or considering any particular embedding of the spin connection

in the gauge group G.

2.2 Models with fluxes on D = 6, 8 dimensions

The choice of D = 10 SYM naturally arises from considering the low energy effective action

arising from heterotic and Type I theories, which are the simplest superstring theories

involving gauge interactions. From the field theoretical point of view, however, we could

consider e.g. the Lagrangian (2.1) in D dimensions, D being even. The dimensional

reduction scheme performed for D = 10 can be generalized for arbitrary D, obtaining a

formula for the three-point function similar to (2.9), but now with dim(M) = D − 4.

It is in fact easy to build string based models where such D = 6, 8 Lagrangians appear.

Let us for instance consider type IIB string theory. Now, instead of compactifying it in

a six-dimensional smooth manifold M6, let us consider the possibility that M6 presents

a ZN orbifold singularity, in such a way that in the vicinity of the singularity the metric

can be written as T 2n × C3−n/ZN . We can then place a stack of N D(3 + 2n)-branes

at such singular point, wrapping the T 2n completely. In general, the worldvolume of N

D(3 + 2n)-branes in flat space will yield a massless sector containing a N = 1 D = 4 + 2n

U(N) gauge field theory, plus some extra matter transforming in the adjoint of this group.

This extra matter is associated to the directions transverse to the D-branes, and signals

the possibility of translating the D-brane in these directions. Now, since we are placing

our D-branes at an orbifold point, these degrees of freedom are removed by the orbifold

projection, and we are left with a much simpler massless spectrum, which still contains a

D-dimensional gauge theory. We can now turn on non-trivial magnetic fluxes F on the

T 2n which is wrapped by the D(3 + 2n)-branes. The final chiral fields will be given by

the eigenstates of the Dirac equation on T 2n which survive the ZM orbifold projection.

Notice that the chiral fields live on the worldvolume of the D-brane and are hence trapped

in 4 + 2n dimensions. Thus the overall wavefunction of the massless modes will have a

non-trivial profile on T 2n but will be a delta function in the rest of the dimensions. We

then can apply the general formula (2.9) in order to obtain the Yukawa couplings between

chiral fermions and scalars.

Actually, this kind of construction is related by T-duality to certain intersecting D4

and D5 brane models proposed in [6, 18], where the orbifold singularity was essential in

order to get a D = 4 chiral spectrum. In fact, any of the semi-realistic models constructed

in this intersecting D-brane picture can be translated to the magnetized extra dimension

language, where the field theory techniques can be applied in order to compute quantities

as, e.g., three-point functions.

Let us illustrate these facts with a simple example. Namely, let us consider a geometry

which is locally of the form T 2×C/ZN , and placeNa D5-branes wrapping T 2 and expanding

the four non-compact Minkowski dimensions. The action of the orbifold group on the open

– 8 –
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Figure 2: General magnetized extra dimension scenario, involving compactifications with orbifold

singularities. The gauge theory (D-brane) is just localized at the orbifold singularity.

string spectrum is specified by a geometrical twist and the Chan-Paton action

γω,a = diag
(

1N0
a
, e2πi 1

N 1N1
a
, . . . , e2πi N−1

N 1NN−1
a

)

, (2.10)

where we have to impose
∑N−1

i=0 N i
a = Na. If we choose a supersymmetric orbifold twist

then we obtain a D = 6 N = 1 supersymmetric spectrum, given by [6]

Vector Multiplet
∏N

i=1 U(N i
a)

Hypermultiplet
∑N

i=1(N
i
a,N

i+1
a )

(2.11)

The addition of magnetic fluxes on T 2 will further break the gauge group to a product

of unitary gauge groups. The techniques described in this paper can then be applied to this

field theory. In particular, the Yukawa couplings are obtained by considering correlators
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of light fields respecting the ZN projection and performing the overlap integral over the

2-torus. The final answer will then given by an expression like (1.2) for n = 1.

Analogous D = 8 flux models may be obtained starting from Type IIB D7-branes

wrapping a 4-torus and located at a ZN singularity in the remaining two transverse dimen-

sions. After addition of magnetic flux on the T 4 the gauge group is broken and chiral fields

in bifundamental representations will appear. The massless modes will have non-trivial

profiles on T 4 and again the Yukawa coupling will be obtained by computing an overlap

integral over T 4 and imposing ZN invariance. The final answer will again given by an

expression like (1.2) but for n = 2.

Again, note that these two classes of models are T-dual to the D4 and D5 intersecting

brane models of ref. [6], and hence our formulae below provide us with the Yukawa couplings

for these other classes of models.

3. Toroidal wavefunctions I: Abelian Wilson lines

In order to compute the Yukawa couplings from the formula (2.9) we first need to have an

explicit expression for the internal wavefunctions corresponding to massless modes in the

low-dimensional theory. In the following we will compute such wavefunctions for toroidal

magnetized compactifications. We will be particularly interested in how the wavefunctions

depend on the Wilson lines involved in the compactification8, since eventually the Yukawa

couplings will have a rich dependence on those.

We have decided to divide the computation of wavefunctions in two different sections.

In the present one, we first consider the simplest possible case of wavefunction. That

is a particle in a T 2, charged under an Abelian gauge field, and in the presence of a

magnetic flux. This example already illustrates the general form of the wavefunctions,

which can be elegantly expressed in terms of Jacobi ϑ-functions. We then proceed to

consider a more interesting example, which describes the wavefunctions in a magnetized

compactification with gauge group breaking U(N) → U(1)N . In this case chiral fermions

charged under any couple of U(1)’s appear. The results equally apply to a model with fluxes

breaking U(N) → ∏
U(Na) with

∑
Na = N , in which case chiral fermions transforming as

bifundamental representations appear. This is of course the phenomenologically interesting

case in which e.g., a gauge group U(3)×U(2)×U(1) may be obtained, with chiral fermions

transforming as bifundamentals.

To be complete in the next section we will consider the more general case where non-

Abelian Wilson lines are present. In this case the rank of the initial group will be reduced.

Specifically, the final gauge group is of the general form
∏

α U(Nα) and
∑

αNα ≤ N . This

more general case is also of great interest when considering a initial gauge group whose

rank is much larger than six. It involves, however, a more technical computation and,

for the specific purpose of computing Yukawa couplings enough insight can be gained by

considering the ‘Abelian’ case. The reader not interested in the technicalities of the general

case may then safely skip Section 4.

8This Wilson line dependence has been usually neglected in the previous literature. It is, however, of

central interest when considering Yukawa couplings.
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3.1 Eigenfunctions of the Dirac equation on T 2

3.1.1 Abelian gauge field

Let us consider a flat two-dimensional torus T 2 ≃ C/Λ, where Λ is a two dimensional

lattice generated by e1 = 2πR and e2 = 2πRτ , τ ∈ C. The dual one-forms are defined as

dxi(ej) = δi
j , i, j = 1, 2. The metric is then given by

ds2 = gijdx
idxj = 2hµν̄dz

µdz̄ν̄ (3.1)

g = (2πR)2

(

1 Re τ

Re τ |τ |2

)

h = (2πR)2

(

0 1
2

1
2 0

)

(3.2)

where dz = dx1 + τdx2. T
2 being a Riemann surface, any magnetic flux F solving Yang-

Mills equations must be constant. In particular, let us consider an Abelian magnetic flux

such that
∫

T 2 F = b, that is

F =
b

Im τ

i

2
(dz ∧ dz̄) =

b
√

|g|
ω, (3.3)

where ω is the Kähler form derived from (3.2). Notice that, when expressed in terms

of complex coordinates (z, z̄), no dependence of the area A = 4π2R2Im τ appears in the

definition of F . This flux can be derived from the vector potential

A(z) =
b

2Im τ
Im (z̄dz), (3.4)

whose transformations under lattice translations are

A(z + 1) = A(z) + b
2Im τ Im dz ⇒ χ1 = b

2Im τ Im z

A(z + τ) = A(z) + b
2Im τ Im τ̄ dz ⇒ χ2 = b

2Im τ Im τ̄ z
(3.5)

where we have deduced the corresponding gauge transformations A → A + dχi. We now

consider a complex field φ(z) with charge q under the U(1) gauge field given by A. Its

transformation under torus translations are given by φ(z) 7→ exp (iqχi)φ(z), that is

φ(z + 1) = eiqχ1(z)φ(z) = exp
{

i qb
2Im τ Im z

}

φ(z)

φ(z + τ) = eiqχ2(z)φ(z) = exp
{

i qb
2Im τ Im τ̄ z

}

φ(z)
(3.6)

Consistency of such transformations under a contractible loop in T 2 implies Dirac’s charge

quantization
b

2π
= M ∈ Z. (3.7)

We can now implement Wilson lines in this language. The simplest way is introducing

a constant complex number ζ = ζ1 + τζ2 such that

χ1 = πM
Im τ Im (z + ζ)

χ2 = πM
Im τ Im τ̄(z + ζ)

(3.8)
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Notice that we can identify these gauge transformations as Wilson loops

χ1 =
∮

γ1
A(z), γ1(s) = s

χ2 =
∮

γ2
A(z), γ2(s) = sτ

s ∈ [0, 1] (3.9)

which implies that now we have a vector potential of the form

A(z) =
πM

Im τ
Im
(
(z̄ + ζ̄)dz

)
. (3.10)

Any complex field φ with charge q under such U(1), no matter in which Lorentz

representation, will be described by a wavefunction that transforms in terms of χ1, χ2

under lattice translations. We can express such wavefunction as

φ(z) = ei
qMπ

2Im τ
Im [(z+ζ)2] · θ(z, z̄) (3.11)

where the function θ must have the transformation properties

θ(z + 1) = θ(z)

θ(z + τ) = e−πiqMRe τe−2πiqMRe (z+ζ) θ(z)
(3.12)

Given the transformation properties of the function θ, we can expand it in a Fourier

series along one of the real coordinates of z = x+ τy. More explicitly, we can write

θ(x, y) =
∑

n∈Z

cn(y)e2πinx (3.13)

the second boundary condition in (3.12) being translated into

cn(y + 1) = cn+qM(y) e−πiqM [Re τ(1+2y)+Re ζ] (3.14)

3.1.2 Dirac zero modes

In order to compute the Dirac operator we need to specify a set of gamma matrices satis-

fying the Clifford algebra.

{Γa,Γb} = 2δab (3.15)

for T 2 we can choose the hermitian matrices

Γa =

(

0 1

1 0

)

, Γb =

(

0 −i
i 0

)

, (3.16)

In order to translate this algebra to the holomorphic coordinate frame, we proceed in two

steps. We first consider the vielbein e

gij = eai e
b
jδab, i.e., g = et · 1 · e. (3.17)

which in our case is

e = (2πR)

(

1 Re τ

0 Im τ

)

(3.18)
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and which allows to express the Clifford algebra in the more geometrical coordinate frame

by defining Γi = eiaΓ
a, eia being the inverse of the vielbein (3.17). These new matrices

satisfy {Γi,Γj} = 2gij , gij being the inverse of g in (3.17). In order to express this algebra

in holomorphic coordinates we perform a further transformation f = (fµ
i , f

µ̄
i ) such that

hµν̄ = f i
µf

j
ν̄gij = f i

µe
a
i f

j
ν̄e

b
jδab, i.e., h = (e · f)t(e · f). (3.19)

In our case

f−1 =

(

1 τ

1 τ̄

)

(3.20)

so that we finally obtain

Γz = (2πR)−1

(

0 2

0 0

)

, Γz̄ = (2πR)−1

(

0 0

2 0

)

. (3.21)

We also need to specify the covariant derivative

∇i = ∂i + ωi +Ai

= ∂i +
1

2
ωkl

i Σkl +Aα
i Tα (3.22)

where Σkl = 1
4 [Γk,Γl] are the anti-hermitian generators of Lorentz transformations and Tα

those of gauge transformations. Since we are in flat space we will take the spin connection

ωkl
i to vanish. In the case of an Abelian gauge field on T 2 with Tα = −i we hence have

∇i = ∂i − iqAi. We are finally able to compute the Dirac operator

iD/ = D̄/ + D̄/
†

= i
∑

ā

Γā∇ā + i
∑

a

Γa∇a (3.23)

which in our case is given by

iD/2 = i

(

0 −D†

D 0

)

=
i

πR

(

0 ∂ − q πM
2Im τ (z̄ + ζ̄)

∂̄ + q πM
2Im τ (z + ζ) 0

)

(3.24)

Let us now consider a two-dimensional spinor in T 2

Ψ(z, z̄) =

(

ψ+

ψ−

)

, (3.25)

transforming under U(1) gauge field (3.10) with charge q. Hence both wavefunctions ψ±

can be written in the form (3.11), (3.13). Such spinor will contain a zero-mode of of the

Dirac operator if it is annihilated by D/, which implies

Dψ+ = 0 ⇒
(

∂̄ +
πiqM

Im τ
Im (z + ζ)

)

· θ(z, z̄) (3.26)

D†ψ− = 0 ⇒
(

∂ − πiqM

Im τ
Im (z + ζ)

)

· θ(z, z̄) (3.27)
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Let us first consider eq.(3.26). By using the Fourier decomposition (3.13) the zero-mode

condition can be translated into the first order differential equation

c′n(y)
cn(y) = −2πqM(Im τy + Im ζ) + 2πnτ

⇒ cn(y) = kn e
−πqM (Im (z+ζ))2

Im τ e2πinτy,
(3.28)

kn being a constant. Inserting this solution into (3.11), (3.13) we find that our wavefunction

is given by

ψ+ = eiπqM(z+ζ) Im (z+ζ)
Im τ ·

∑

n∈Z

kn e
2πinz (3.29)

thus being a holomorphic function up to a global function, as was to be expected from

the general discussion in Appendix B. Now, we can find the constant coefficients kn by

imposing the recurrence relation (3.14) into (3.28), obtaining

kn = Nn e
πi n2τ

qM e2πinζ (3.30)

where Nn = Nn+qM are |M | arbitrary constant coefficients.

The existence of |M | independent coefficients signals the fact that the Dirac equation

has |M | independent solutions, each of them having a different wavefunction ψj
+ j =

0, . . . , |M |−1. Indeed, we can obtain such wavefunctions by splitting the summation index

in (3.29) as n = r ·M + j, and taking the overall factor Nj out of the sum (3.29). We then

learn that we can express the final solution in a rather elegant way. Namely, as

ψj
+(z) = Nj · eiπqM(z+ζ)

Im (z+ζ)
Im τ · ϑ

[
j

qM

0

]

(qM(z + ζ), qMτ) (3.31)

where ϑ is given by the Jacobi theta-function

ϑ

[

a

b

]

(ν, τ) =
∑

l∈Z

eπi(a+l)2τ e2πi(a+l)(ν+b) (3.32)

The fact that the final set of solutions (3.31) satisfies the transformation properties

defined by (3.8) can be easily checked by using the modular transformation properties of

ϑ-functions:

ϑ

[

a

b

]

(ν + n, τ) = e2πina · ϑ
[

a

b

]

(ν, τ) (3.33)

ϑ

[

a

b

]

(ν + nτ, τ) = e−πin2τ−2πin(ν+b) · ϑ
[

a

b

]

(ν, τ) (3.34)

A parallel discussion can be done for (3.27). In order to summarize our results, let us

define the function

ψj,N (τ, ν) = Nj e
iπNνIm ν/Im τ · ϑ

[
j
N

0

]

(Nν,Nτ) (3.35)
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Where the constants Nj will be soon specified. In terms of (3.35) we can define the

wavefunctions

ψj
+ ≡ ψj,qM (τ, z + ζ) (ψj

+)∗ = ψ−j,−qM(τ̄ , z̄ + ζ̄) (3.36)

ψj
− ≡ ψj,qM (τ̄ , z̄ + ζ̄) (ψj

−)∗ = ψ−j,−qM(τ, z + ζ) (3.37)

where the star denotes complex conjugation. Is easy to see that

Dψj
+ = 0 (q = +1) D†(ψj

+)∗ = 0 (q = −1) (3.38)

D†ψj
− = 0 (q = +1) D(ψj

−)∗ = 0 (q = −1) (3.39)

We can interpret ψj
+ as the wavefunctions corresponding to left-handed fermions in 4D,

while (ψj
+)∗ represent their anti-particles. Right-handed fermions would then be given by

ψj
− and their anti-particles by (ψj

−)∗.

Notice the important fact that the solutions (3.38) and (3.39) are mutually exclusive, in

the sense that the theta function defining ψj
+ will only converge ifM > 0, whereas ψj

− is only

well-defined when M < 0. Hence, by introducing a non-trivial fluxM 6= 0 we automatically

select one of the two chiralities of the two-dimensional spinor (3.25). Moreover, we obtain

several replicas of such chiral fermions, by means of the |M | independent solutions of the

Dirac equation.

3.1.3 Normalization

Once that we have found a basis of linearly independent wavefunctions, we proceed to

express everything in terms of a orthonormal basis. This will allow us to have canonically

normalized kinetics terms in four-dimensional reduced action. In terms of the internal

wavefunctions we just found, this amounts to impose the following normalization condition

∫

T 2

dzdz̄ψj
±(ψk

±)∗ = δjk, (3.40)

which is nothing but condition (2.8) for the particular two-dimensional case at hand. For

the sake of concreteness, let us impose the normalization condition for ψ+. In terms of the

wavefunctions (3.35) we have

ψj
+(ψk

+)∗ = ψj,qM(τ, z + ζ) · ψ−k,−qM(τ̄ , z̄ + ζ̄) (3.41)

∼ ψj,qM(τ, z) · ψ−k,−qM (τ̄ , z̄)

= NjNk · e−2πqM ·(Im z)2/Im τ · ϑ
[

j
qM

0

]

(zqM, τqM) · ϑ
[

−k
qM

0

]

(−z̄qM,−τ̄ qM)

= NjNk · e−2π·(Im z′)2/Im τ ′ · ϑ
[

j
qM

0

]

(z′, τ ′) ·
(

ϑ

[
k

qM

0

]

(z′, τ ′)

)∗

,

where in the second line we have get rid of the constant ζ, which will play no role when

integrating over z. The last line is just the usual scalar product of theta functions, seen as
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holomorphic sections of a line bundle over T 2 [33]. Indeed, integration over Re z imposes

the condition j = k, and equality on the summation indices of the theta functions

∫ 1

0
d (Re z) → e−2πM ·[Im z]2/Im τ ·

∑

n

e
2πqMIm τ

(

n+ j

qM

)2

e
4πqM

(

n+ j

qM

)

Im z

=
∑

n

e
−2πqMIm τ

(

n+ j

qM
+ Im z

Im τ

)2

(3.42)

It is now easy to integrate over Im z/Im τ , since

∫ 1

0
d

(
Im z

Im τ

)
∑

n

e
−2πqMIm τ

(

n+ j

qM
+ Im z

Im τ

)2

=
∑

n

∫ 1

0
d

(
Im z

Im τ

)

e
−2πqMIm τ

(

n+ j

qM
+ Im z

Im τ

)2

=

∫ ∞

−∞
dx e−2πqMIm τx2

(3.43)

We thus find that, in order to satisfy (3.40), that the wavefunctions (3.31) must be multi-

plied by the normalization factor

Nj =

(
2Im τ |M |

A2

)1/4

, ∀j (3.44)

where we have used the fact that, for ψj
+, qM = |M |. The computation for ψ− give us the

same result.

3.2 Chiral matter eigenfunctions

The previous section illustrates the general philosophy we will use in order to compute the

internal fermionic wavefunctions in our magnetized compactifications. In the application to

Magnetized Extra Dimensions, however, we need to consider a more general setup. Indeed,

in general our effective field theory will be described by a U(N) higher dimensional theory

broken to
∏

i U(Ni), when turning on non-trivial magnetic fluxes. The chiral spectrum will

arise from fermions transforming in bifundamental representations (Na, N̄b). Let us first

consider that we have a two-torus with a magnetic flux of the form

Fzz̄ =
πi

Im τ









ma

mb

mc

. . .









, (3.45)

where the mα α = a, b, c, . . . are N different numbers. Again, by Dirac’s quantization

condition the magnetic quanta mα are given by integers, and it can be seen that turning

on this kind of flux implies the gauge group breaking U(N) → U(1)N .9 Let us then see

how the previous computation of wavefunctions generalizes to this case.

9See Section 4 for a more general, systematic discussion of these facts.
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3.2.1 Fermions in bifundamentals

In order to compute the wavefunctions involved in a T 2 compactification with the flux

(3.45), it is enough to consider the simpler case

Fzz̄ =
πi

Im τ

(

ma

mb

)

. (3.46)

That is, a gauge group breaking U(2) → U(1)a ×U(1)b. From the point of view of D-brane

physics, this can be seen as two D-branes a and b, each with a magnetic flux in its internal

worldvolume proportional to ma and mb, respectively.

Dirac equation

In the case at hand the gauge connection that can be chosen to be

Az̄ = Aα
z̄ Tα =

π

2Im τ

(

ma(z + ζa)

mb(z + ζb)

)

, (3.47)

Az = Aα
z Tα = − π

2Im τ

(

ma(z̄ + ζ̄a)

mb(z̄ + ζ̄b)

)

, (3.48)

where Ta =

(
−i

0

)

and Tb =

(
0

−i

)

are the anti-hermitian generators of U(1)a ×
U(1)b ⊂ U(2). The Dirac operator is again given by

iD/ = i

(

0 −D†

D 0

)

=
i

πR

(

0 ∂ +Az

∂̄ +Az̄ 0

)

(3.49)

The zero modes of (3.49) can be easily found. Let us consider a two-dimensional spinor in

T 2 transforming in the adjoint of U(2).

Ψ(z, z̄) =

(

ψ+

ψ−

)

, ψ± =

(

A± B±

C± D±

)

(3.50)

Again, ψ+ will contain any zero-mode of the Dirac operator if it is annihilated by D, which

implies

Dψ+ = (πR)−1
(
∂̄ψ+ + [Az̄, ψ+]

)
(3.51)

= (πR)−1




∂̄A+

(

∂̄ + πIab

2Im τ (z + ζab)
)

B+
(

∂̄ − πIab

2Im τ (z + ζab)
)

C+ ∂̄D+



 = 0

where we have defined

Iab ≡ ma −mb 6= 0 (3.52)

ζab ≡ (maζa −mbζb)/Iab (3.53)
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On the other hand, the condition for ψ− to contain zero modes is

D†ψ− = (πR)−1 (∂ψ− + [Az, ψ−]) (3.54)

= (πR)−1




∂A−

(

∂ − πIab

2Im τ (z̄ + ζ̄ab)
)

B−
(

∂ + πIab

2Im τ (z̄ + ζ̄ab)
)

C− ∂D−



 = 0

which is consistent with the fact that we must consider ψ− = ψ†
+, as Ψ comes from a

higher-dimensional gaugino. Notice that from (3.51) we deduce that A+,D+ have to be

holomorphic functions, whereas B+, C+ have to be of the form

N · e±i
πIab
Im τ

(z+ζab)·Im (z+ζab) · ξ(z), (3.55)

respectively, where ξ(z) is an arbitrary holomorphic function, and N is a z-independent

normalization factor.

Gauge transformations

In order to find the actual Dirac zero mode wavefunctions, however, we still have to

impose them to be well defined in a gauge theory over T 2, that is, to have the appropriate

U(2) transformations under lattice translations. The transformations of an adjoint field

Ξ =

(
A B

C D

)

are given by

Ξ(z) 7→ Ωi · Ξ(z) · Ω†
i =

(

eiχ
a
i (z) 0

0 eiχ
b
i (z)

)

· Ξ(z) ·
(

e−iχa
i (z) 0

0 e−iχb
i (z)

)

(3.56)

where
χα

1 (z) = πmα

Im τ Im (z + ζα)

χα
2 (z) = πmα

Im τ Im τ̄(z + ζα)
α = a, b (3.57)

We hence find that A and D are invariant under lattice translations, whereas B and C

transform as
B(z + 1) = eiχ

ab
1 (z)B(z),

C(z + 1) = e−iχab
1 (z)C(z),

B(z + τ) = eiχ
ab
2 (z)B(z)

C(z + τ) = e−iχab
2 (z)C(z)

(3.58)

where now
χab

1 (z) = πIab

Im τ Im (z + ζab)

χab
2 (z) = πIab

Im τ Im τ̄(z + ζab)
(3.59)

Notice that these boundary conditions are the same found in the previous subsection.

Indeed, the transformation properties (3.58) can be understood in terms of the functions

(3.8), by making the substitution M 7→ Iab and ζ 7→ ζab. Finally, we must take q = 1 for

the wavefunction B and q = −1 for C. We then find that the wavefunctions of (3.50) are

given by

B+ = ψj,Iab(τ, z + ζab), C+ = ψj,−Iab(τ, z + ζab) (3.60)

and B± = (C∓)∗. Notice that both wavefunctions in (3.60) are again exclusive, and that

B+ will then vanish unless Iab > 0, whereas C+ will only be present for Iab < 0.
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On the other hand, we have found that A±, D± must be (anti)holomorphic and periodic

under both lattice translations, for with the only possible solution is a constant function on

T 2. These constant wavefunctions are to be identified with the gauginos of the unbroken

gauge group U(1)a ×U(1)b, whereas the off diagonal entries of Ψ are left and right-handed

fermions transforming in the bifundamental representation of such gauge group. We then

have

B+ <∞ ⇐⇒ Iab > 0 Left − handed fermions in (+1,−1) of U(1)a × U(1)b
C+ <∞ ⇐⇒ Iab < 0 Left − handed fermions in (−1,+1) of U(1)a × U(1)b

(3.61)

and thus we again obtain a chiral spectrum.

3.3 Eigenfunctions of the Laplace equation

The wavefunctions (3.60) turn out to be not only solutions the Dirac equation, but also

eigenfunctions of the Laplace operator. The eigenvalues of such eigenfunctions, and hence

the mass of the corresponding scalars, will in general depend on the Kähler moduli of

compactification. In order to see this, let us compute the square of the Dirac operator

(iD/)2 =

(

D†D 0

0 DD†

)

=
1

2
{D†,D} +

(
1
2 [D†,D] 0

0 −1
2 [D†,D]

)

= ∆ +

(
2iFzz̄

(2πR)2 0

0 2iFz̄z

(2πR)2

)

(3.62)

where the Laplace operator is given by

∆ =
2∑

µ=1

∇µ∇µ = ∇2
1 + ∇2

2, (3.63)

and Fzz̄ by (3.46). We hence get that the action of the Laplacian on such ab sector

wavefunctions is

∆ψj,±Iab = ±2πIab

A ψj,±Iab =
2π|Iab|

A ψj,±Iab, (3.64)

same for
(
ψj,±Iab

)∗
.

These Laplace eigenfunctions turn out to be the ones with smallest eigenvalue. Ac-

tually, the whole tower of eigenfunctions and eigenvalues can be recovered from them and

the harmonic oscillator algebra [10,15]. Indeed, notice that for each ab sector we have

∆ = N +
2π|Iab|

A ,

N = D†D, (3.65)

[N,D†] =
4π|Iab|

A D†

This reminds of the harmonic oscillator quantum algebra, which can be recovered by

defining

a =

√

A
4π|Iab|

D

a† =

√

A
4π|Iab|

D† (3.66)
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The eigenfunctions and eigenvalues of the Laplacian are then

ψj,±Iab
r = (D†)rψj,±Iab, (3.67)

λr = 2π
|Iab|
A (2r + 1) > 0. (3.68)

However, notice that this is not giving us the mass eigenvalues. From (A.25) we know

that the mass matrix is of the form

M2 =

(

∆ −i4π Iab

A

i4π Iab

A ∆

)

(3.69)

The eigenvalues of such matrix are

λ̃r = λr ± 4π
Iab

A (3.70)

which will give us one tachyonic scalar and the rest massive. The same tower of eigenstates

will be present in the fermionic spectrum, the mass gap between the states being the

same, but the lowest state corresponding to a massless fermion instead of a boson. This

moduli-dependent spectrum describing a tower of massive fermions and scalars is the T-

dual version of the ’gonions’ described in [18], for the case of D-branes intersecting at one

angle on T 2.

3.4 Theta functions as wavefunctions

Let us pause our derivation of toroidal wavefunctions for a while, and try to gain some

intuition from our results so far. In the previous subsections we have found that, after

introducing a constant magnetic flux in a pure U(N) super Yang-Mills theory living in

a two-torus, we obtain a broken gauge group G ⊂ U(N) and a chiral spectrum. The

wavefunctions of such spectrum are given by either constant wavefunctions, which are to

be associated with gauge bosons and gauginos of G, or by the non-trivial functions ψj(z),

which will represent both chiral fermions and scalars in the dimensionally reduced theory.

The mass splitting between fermions and bosons will be proportional to the flux density [3].

The chiral matter eigenfunctions are given by (3.35) which, up to some normalization

and exponential factors, are holomorphic Jacobi theta-functions. The exponential factor

presents (up to phases) a gaussian behaviour on the torus coordinate y = Im z
Im τ ∈ [0, 1]. On

the other hand, the theta function dependence on z seems much harder to visualize. One

can develop some intuition by plotting the square modulus of the wavefunction ψj,N (τ, z),

associated to the ‘probability density’ ρ(z) = |ψ(z)|2 of finding a quantum particle with

such wavefunction.

We show such density in figure 3, for the particular case of a square torus (τ = i) with

one unit of magnetic flux N = 1 and no Wilson line ζ = 0. We then find a square density

which presents a gaussian-like behaviour in both axis of the T 2 x and y being, as well, a

‘periodic’ function under lattice translations in both directions. The probability density of

such function is peaked in (x, y) = (0, 0), while it vanishes at (x, y) = (1
2 ,

1
2). Of course,

this is only in the particular case of ζ = 0, and these two points will be conveniently shifted

– 20 –



J
H
E
P
 

-0.4
-0.2

0
0.2

0.4
-0.4

-0.2

0

0.2

0.4

0

0.5

1

1.5

-0.4
-0.2

0
0.2

0.4

Figure 3: Probability density ρ(z) = |ψ(z)|2 for a square T 2 with one unit of magnetic flux and

vanishing Wilson line. The density ρ presents a symmetric, gaussian-like behaviour in the two axis

of the T 2 x and y, being peaked at (0, 0).

by varying the Wilson line. In general, the maximum and minimum of ρ will be placed at

z = −ζ and z = 1
2τ − ζ. Notice that the minima and maxima of a wavefunction density

may be crucial in the final computation of a Yukawa coupling, since a 3-point function is

given by a overlap of three such functions, and the minima or maxima of such can lead to

enhanced or suppressed Yukawa couplings.

Let us now consider a more generic case, namely when N 6= 1 and the spectrum of

wavefunctions is composed of several replicas of the same chiral fermion/scalar. Let us

choose N = 3 (corresponding to 3 generations of the given fermion), which is moreover

a phenomenologically interesting case, and plot the probability density ρj = |ψj,3| for

j = −1, 0, 1. 10 We show our results in figure 4. What we observe is that the three

wavefunctions are similar, but shifted with respect to each other in the y = Im z/Im τ

direction, by units of 1/3 times the length of this radius. We find, moreover, that we have

lost the symmetric gaussian-like behaviour. Indeed, each of the wavefunctions’ density has

a gaussian profile in the y axis of the torus, while it seems to be more or less constant in

the x direction. Since we are considering ζ = 0, the gaussians are peaked at y = −j/3.
At first sight it might seem quite striking that we have lost the x ↔ y symmetry of

figure 3. After all, there is nothing special in our problem regarding the y axis. A second

thought reveals that this is just a matter of conventions. Namely, a matter of the choice

of the particular basis which describes our space of wavefunctions. Indeed, a orthonormal

10Recall that in general j is an index defined mod |N | so, for N = 3, j = −1 ∼ j = 2, etc.
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Figure 4: Probability densities ρj(z) = |ψ(z)j,3|2 for a square T 2 with triplication of the chiral

spectrum. The gaussian-like behaviour is now present in only one axis of the torus, namely in the

coordinate y = Im z/Im τ . The gaussians are similar to each other, and centered at the points

y = −j/3.

basis for the vector space of wavefunctions with ‘weight’ N is giving by either [34]

ψj,N(τ, ν) = N · eiπNνIm ν/Im τ · ϑ
[

j
N

0

]

(Nν,Nτ), j = 1, . . . , N (3.71)

or

χj,N(τ, ν) =
N√
N

· eiπNνIm ν/Im τ · ϑ
[

0
j
N

]

(ν, τ/N), j = 1, . . . , N (3.72)

– 22 –



J
H
E
P
 

where N is given by (3.44). These two bases are related by a discrete Fourier transform

χj,N =
1√
N

∑

k

e2πi jk

N ψk,N (3.73)

ψk,N =
1√
N

∑

j

e2πi kj
N χj,N (3.74)

Each of these two bases is suitable for describing the chiral spectrum of our compact-

ification, being just related by a global unitary rotation in the space of wavefunctions. By

plotting the densities of the elements of the alternative basis (3.72), we find a probability

density where the roles of x and y have been interchanged, as figure 5 shows.
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Figure 5: Probability density of an element of the alternative basis (3.72), ρ̃(z) = |χ(z)j,N |2 for

a square T 2. We have chosen N = 3, j = 0 and ζ = 0, so that we are describing the same spectrum

as in the figure 4. Notice that the squared density is a π/2 rotation of the wavefunction in figure 4.

It turns out that the choice of basis ψj,N or χj,N has a nice physical meaning from the

point of view of string theory. We will unveil it when comparing our results with those

found in Intersecting D-brane scenarios by means of T-duality.

3.5 Generalization to T 2n

Let us now address how the previous computations generalize to magnetized compactifica-

tions in higher-dimensional tori. We will first address the case where T 2n is a factorizable

torus, and leave the more general case for the next section. Although the computations of

wavefunctions becomes more technical, the final answer can be expressed as a product of

n wavefunctions in T 2.
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A factorizable 2n-dimensional torus can be decomposed as a product of two dimensional

tori, that is

T 2n ≃
n

︷ ︸︸ ︷

T 2 × . . .× T 2 . (3.75)

In that case, both the vielbein e and holomorphic transformation f matrices are given by

a direct sum of 2 × 2 matrices

e =

n⊕

r=1

(

2πR(r)
)
(

1 Re τ (r)

0 Im τ (r)

)

, f−1 =

n⊕

r=1

(

1 τ (r)

1 τ̄ (r)

)

. (3.76)

where r = 1, . . . , n labels each factor of T 2 in (3.75). As a consequence, the Clifford algebra

in holomorphic coordinates can be reproduced by the following set of gamma matrices

Γr =
(
2πR(r)

)−1
1 ⊗ . . .⊗ 1⊗ σz ⊗ σ3 ⊗ . . .⊗ σ3

Γr̄ =
(
2πR(r)

)−1
1 ⊗ . . .⊗ 1⊗ σz̄ ⊗ σ3 ⊗ . . .⊗ σ3

(3.77)

where σz, σz̄ are inserted in the rth position, and we define

σ3 =

(

1 0

0 −1

)

, σz =

(

0 2

0 0

)

, σz̄ =

(

0 0

2 0

)

. (3.78)

Now, let us consider the addition of a constant magnetic flux F in this background.

We will consider F to be a (1, 1)-form11 in the complex structure defined by (3.75) and

(3.76). We will again deal with the case where the gauge group breaking is given by

U(N) → U(1)N . This implies having a magnetic flux of the form

Fzr z̄r̄ =
πi

Im τ (r)









m
(r)
a

m
(r)
b

m
(r)
c

. . .









, (3.79)

where m
(r)
α are n×N integer numbers, different for fixed r.

Bifundamentals

In order to compute the wavefunctions of bifundamental fields, we again consider F to

be a diagonal U(2) flux

Fzr z̄r̄ =
πi

Im τ (r)

(

m
(r)
a

m
(r)
b

)

, (3.80)

Following similar steps that the ones for the T 2 case and using the gamma matrices (3.77),

we find that the Dirac operator is now given by

iD/ = i
∑

r̄ Γr̄Dr − i
∑

r ΓrD†
r

Dr = ∂̄r + π
2Im τ (r)

(

m
(r)
a (zr + ζr

a)

m
(r)
b (zr + ζr

b )

)

(3.81)

11This condition is related to the hermitian Yang-Mills equations on gauge bundle compactifications. See

Appendix B.
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The Dirac operator will act in a 2n-dimensional spinor, which can be expressed as a direct

product of n 2-dimensional spinors. Each of the components of Ψ is then given by ψǫ1,...,ǫn ,

where ǫr = ±. In this notation, the zero-mode equation is given by

Drψǫ1,...,ǫn = 0 if ǫr = +

D†
rψǫ1,...,ǫn = 0 if ǫr = −

}

∀r (3.82)

On the other hand, the the boundary conditions for a field Ξ transforming in the

adjoint of U(2) is again given by (3.56), where now i = 1, . . . , 2n and

χα
2r−1(z) = πm

(r)
α

Im τ (r) Im (zr + ζr
α)

χα
2r(z) = πm

(r)
α

Im τ (r) Im τ̄ (r)(zr + ζr
α)

α = a, b (3.83)

The wavefunctions of the 2n-dimensional fermions can be found by solving the differ-

ential equations (3.82) and the boundary conditions imposed by (3.56) and (3.83). As in

the T 2 case, many of these solutions will be exclusive, and the ones which are non-zero will

depend on the signs of the numbers I
(r)
ab = m

(r)
a −m(r)

b . The final answer is given by a tensor

product of T 2 wavefunctions. In order to express it, let us first define the wavefunctions

ψ
j(r),I

(r)
ab

+ = ψj(r),I
(r)
ab (τ (r), zr + ζr

ab), ψ
j(r),I

(r)
ab

− =
(

ψj(r),I
(r)
ab (τ (r), zr + ζr

ab)
)∗

. (3.84)

where j(i) = 1, . . . , |I(i)
ab |, labels the ‘Landau level’ coming from each complex dimension,

and ψj(r),I
(r)
ab is defined as in (3.35). The wavefunctions will then be given by

ψǫ1,...,ǫn =






const.
∏

r δǫr ,s(I
(r)
ab

)
ψ

j(r),|I
(r)
ab

|
ǫr

∏

r δ−ǫr,s(I
(r)
ab

)
ψ

j(r),|I
(r)
ab

|
ǫr const.




 (3.85)

where s(I
(i)
ab ) = sign(I

(i)
ab ). We hence find 2n−1 U(1)a × U(1)b gauginos, associated to the

constant wavefunctions, and Iab ≡ ∏

r |I
(r)
ab | chiral fermions, associated to chiral fermions

in the bifundamental representation. The wavefunctions of the latter are given by a simple

product of wavefunctions of the form (3.60) and its complex conjugates.

Laplace eigenvalues and masses

Just as in the T 2 case, the wavefunctions (3.85) not only represent zero-modes of the

Dirac operator, but also eigenfunctions of the Laplacian. Is easy to see that the eigenvalues

are now given by

∆

(
∏

r

ψ
j(r),|I

(r)
ab

|
ǫr

)

=

(
∑

r

2π|I(r)
ab |

A(r)

)

·
∏

r

ψ
j(r),|I

(r)
ab

|
ǫr (3.86)

Again, one can recover the full spectrum of eigenfunctions and eigenvalues by consider-

ing the superposition of n harmonic oscillator algebras, where the creation and annihilation

operators ar and a†r are defined in terms of Dr and D†
r as in (3.66). The spectrum of scalar

particles is much richer than in the T 2 case, and in particular it does not have to be tachy-

onic. We leave the derivation of the mass formulae issues for the general case treated in

the next section.

– 25 –



J
H
E
P
 

4. Toroidal wavefunctions II: non-Abelian Wilson lines

In this section we consider the general case of introducing arbitrary fluxes, in particular

those leading to a gauge reduction of the form U(N) → ∏

i U(pi), with
∑

i pi < N . As

we will see, this rank reduction occurs whenever we introduce non-Abelian Wilson lines in

order to fulfill Dirac’s quantization condition. In this case, there is a new technical issue

when computing wavefunctions, which comes from the fact that a field transforming in the

bifundamental representation (pa, p̄b) is described by a na × nb matrix instead of a pa × pb

matrix, with nα ≥ pα. On the other hand, many of the details of the computation of the

wavefunctions are similar to those in the previous sections, so we will be more sketchy in

their derivation.

4.1 Non-Abelian gauge groups

Let us first consider the case where we have a non-Abelian gauge group, say U(N). Both

the magnetic flux F and the gauge potential A that we introduce transform in the adjoint

representation of this gauge group. The Yang-Mills equations applied to the particular

case of T 2 imply that any irreducible component of F must be proportional to the identity.

Such irreducible magnetic flux is then given by

Fzz̄ =
πi

Im τ

M

N
· 1N (4.1)

Consider now a field Φ in the fundamental representation of U(N). The main difference in

this situation with respect to the Abelian case comes from the fact that the Wilson lines

can be arbitrary elements of U(N). That is, the most general gauge transformation is of

the form

Φ(z) 7→ Ωi(z)Φ(z) = eiχi(z)ωiΦ(z) (4.2)

where
χ1(z) = πM

NIm τ Im (z + ζ) · 1N ,

χ2(z) = πM
NIm τ Im τ̄(z + ζ) · 1N ,

(4.3)

and ωi are constant elements of SU(N).

Just as in the Abelian case, we can demand the gauge transformations to be consistent

with the homology of T 2, and to reduce to the identity when they correspond to a closed

and contractible loop. That is, we impose

Ω−1
2 (z + τ) · Ω−1

1 (z + 1 + τ) · Ω2(z + 1) · Ω1(z)Φ(z) = Φ(z) (4.4)

Notice that this implies that the SU(N) part of (4.4) lies in the center of SU(N), that is

ω−1
2 · ω−1

1 · ω2 · ω1 = e2πik/N · 1N , k ∈ Z. (4.5)

After imposing this in (4.4), and by a similar argument as in the Abelian case, we find that

M = k mod N must be an integer, which is again Dirac’s charge quantization condition.

The ωi matrices can be chosen to be either [9, 13]

ω1 = Q, ω2 = PM (4.6)
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or

ω1 = QM , ω2 = P (4.7)

where we have defined

P =









1

1
. . .

1









, Q =









1

e2πi/N

. . .

e2πi(N−1)/N









. (4.8)

Both choices (4.6) and (4.7) are, of course, equivalent and describe the same physics at low

energies. Each of them may be more convenient, however, for showing different aspects of

magnetized compactifications. For instance, notice that the presence of the non-Abelian

Wilson lines ω1, ω2 imposes non-trivial constraints on the U(N) gauge potentials Aµ (or

gauginos) transforming in the adjoint

Aµ = ω1 ·Aµ · ω−1
1 = ω2 · Aµ · ω−1

2 (4.9)

taking (4.6) and following [13], is easy to see that the constraints (4.9) impose Aµ to be a

diagonal N × N matrix, with only P = g.c.d.(N,M) independent elements. We thus see

that introducing a magnetic flux reduces the rank of the gauge group as U(N) → U(P ).

In fact, notice that if we have the particular case (N,M) = N · (1, S), S ∈ Z, then

we can take ω1 = ω2 = 1 in (4.5), and the gauge group is going to be U(N), with no

rank reduction. If we consider a D = 2 spinor Ψ in the fundamental of U(N) there will

appear S replicas of a chiral spinor transforming in the fundamental representation. The

wavefunction of such chiral fermions will again be given by ψj,S in (3.35). We then see that

in the case where there is no rank reduction the computation of wavefunctions boils down

to the ones performed in the last section, even if non-Abelian gauge groups are involved.

Finally, in order to compute wavefunctions of chiral fermions and bosons transforming

in bifundamental representations, as well as Yukawa couplings between them, the choice

of non-Abelian Wilson lines (4.7) turns out to be more suitable. We will thus stick to that

choice in the following.

4.2 Fermions in bifundamentals

Let us now consider F to be a direct sum of two such ‘irreducible’ representations. That is

Fzz̄ =
πi

Im τ

(
ma

na
1na

mb

nb
1nb

)

, (4.10)

where na + nb = N . This can be seen as two magnetic fluxes Fa and Fb over the same

T 2, both corresponding to two different gauge groups U(na) and U(nb), and with magnetic

quanta ma and mb respectively. Actually, from the point of view of D-branes, each stack

of D-branes corresponds to an ’irreducible’ representation of F , so this system can be

associated to two stacks of D-branes a and b wrapping T 2, with multiplicities na and nb,

respectively, and with a magnetic flux turned on each stack, each flux being proportional

to ma and mb.
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As we have just seen, the low energy theory of such configuration will correspond to

a gauge group U(pa) × U(pb), where pα = g.c.d.(nα,mα). As noted above, if (nα,mα) =

na(1, sα) then no non-Abelian Wilson lines appear and the gauge group will be given by

U(na) × U(nb). The computations of the previous section will readily apply to this case,

and the wavefunction of the chiral fermions transforming in (na, n̄b) will be given by (3.60),

with the substitution Iab 7→ sa − sb. We then proceed to consider the cases where pα < nα

and some gauge reduction is involved. In order to simplify the discussion, we will suppose

pa = pb = 1, the generalization to arbitrary rank being straightforward.

Dirac equation

Eq. (4.10) and condition (4.9) now imply a gauge connection of the form

Az̄ = Aα
z̄ Tα =

π

2Im τ

(
ma

na
(z + ζa)1na

mb

nb
(z + ζb)1nb

)

, (4.11)

Az = Aα
z Tα = − π

2Im τ

(
ma

na
(z̄ + ζ̄a)1na

mb

nb
(z̄ + ζ̄b)1nb

)

, (4.12)

where Ta = (−i)1na and Tb = (−i)1nb
are anti-hermitian generators of U(1)a × U(1)b ⊂

U(N). The Dirac operator is again given by (3.49). The zero modes of D/ can be found by

again considering a two-dimensional spinor of the form (3.50) but now transforming in the

adjoint of U(N). The entry A± is no longer a number but a na × na matrix, etc. We now

impose the Dirac equation on the spinorial component ψ+ which implies

Dψ+ = (πR)−1
(
∂̄ψ+ + [Az̄, ψ+]

)
(4.13)

= (πR)−1




∂̄A+

(

∂̄ + πĨab

2Im τ (z + ζab)
)

B+
(

∂̄ − πĨab

2Im τ (z + ζab)
)

C+ ∂̄D+



 = 0

where we have now defined

Iab ≡ −namb + nbma 6= 0 (4.14)

Ĩab ≡ Iab/nanb (4.15)

ζab ≡ (nbmaζa − nambζb)/Iab (4.16)

which is a generalization of the definitions (3.52), (3.53) for nα > 1, and allows to dis-

tinguish between the quantities Iab and Ĩab. This difference will turn out to be quite

important. The integer number Iab will again determine the multiplicity and chirality of

the spectrum, and can be thought as a T-dual version of the intersection number from

intersecting D-brane models12.

The conditions that the Dirac equation imposes on ψ− are also quite similar to the

ones in the previous section, and can be obtained by making the substitution Iab 7→ Ĩab

and taking the general definition of ζab in (3.54). Again we deduce that A+,D+ have to

12Notice, however, that we have defined Iab with a relative minus sign respect to [6].
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be constant matrices associated to U(1)a × U(1)b gauginos, whereas B+, C+ have to be of

the form

N · e±i
πĨab
Im τ

(z+ζab)·Im (z+ζab) · ξ(z), (4.17)

respectively, where ξ(z) is now an arbitrary holomorphic matrix-valued function, and N
is a normalization factor. This time, instead of following the procedure of the previous

section, we will consider the ansatze (4.17) and impose the U(N) gauge transformation

properties that those fields must satisfy in order to be well-defined wavefunctions. It can

be seen that both procedures lead us to the same final result.

Gauge transformations

The gauge transformations for a field Φ(z) transforming in the (na, n̄b) representation

of U(na) × U(nb) ⊂ U(N) are

Φ(z) 7→ Ωa
i (z)Φ(x)(Ωb

i (z))
† = ei(χ

a
i (z)−χb

i (z))ωa
i Φ(z)(ωb

j)
† (4.18)

where
χα

1 (z) = πmα

nαIm τ Im (z + ζα) · 1nα

χα
2 (z) = πmα

nαIm τ Im τ̄(z + ζα) · 1nα

α = a, b (4.19)

ωα
1 = Qmα

ωα
2 = P

α = a, b (4.20)

Hence, the boundary conditions for the components φka,kb
of such bifundamental field are

given by

Φ(z + 1) = ei(χ
a
1−χb

1)QmaΦ(z)Q−mb (4.21)

⇒ φka,kb
(z + 1) = eiπĨab

Im (z+ζab)

Im τ e
2πi
(

ma
na

ka−
mb
nb

kb

)

φka,kb
(z)

Φ(z + τ) = ei(χ
a
2−χb

2)PΦ(z)P−1 (4.22)

⇒ φka,kb
(z + τ) = eiπĨab

Im τ̄(z+ζab)

Im τ φka+1,kb+1(z)

where kα = 1, . . . , nα. Notice that (4.21) and (4.22) imply

φka,kb
(z + nanb) = eiπIab

Im (z+ζab)

Im τ φka,kb
(z), (4.23)

φka,kb
(z + nanbτ) = eiπIab

Im τ̄(z+ζab)

Im τ φka,kb
(z). (4.24)

Notice that these transformation properties will be satisfied by any field charged in

the bifundamental representation (na, n̄b). Let us, however, focus on the zero modes of the

Dirac equation. In particular, let us look for solutions of B+ in (3.50), which must satisfy

the ansatz (4.17) with a + sign. We find that the holomorphic matrix-valued function ξ(z)

is given by a theta function of the form

(
ξj,Iab(z)

)

l,l
= ϑ

[
j

Iab
+ l

nanb

0

]

((z + ζab)Iab, τIabnanb), (4.25)
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where l = 1, . . . , nanb has to be understood mod na, nb respectively, and j = 1, . . . , Iab.

This solution is strictly valid and unambiguous only if g.c.d.(na, nb) = 1, which is the case

that we will consider in the following. We are thus able to express the bifundamental B+

in terms of a linear combination of the following wavefunctions

Φj,Iab(z) = N · ei
πĨab
Im τ

(z+ζab)·Im (z+ζab) · ξj,Iab(z), (4.26)

and is easy to see that the hermitian conjugates
(
Φj,Iab

)†
expand a basis of wavefunctions

for the bifundamental fields C−.

Notice as well that (4.26) will only converge if Iab > 0. In case Iab < 0 we will have

fermions of opposite chirality, hence we should consider

Φj,Iba and
(
Φj,Iba

)†
(4.27)

as the wavefunctions coming from fermions transforming in (n̄a, nb) and (na, n̄b), respec-

tively.

Normalization

The normalization condition in the case of bifundamental fields Φj is given by

∫

T 2

dzdz̄ Tr
(

Φi,Iab(Φj,Iab)†
)

= δij , (4.28)

On the other hand, notice that the boundary conditions (4.21) and (4.22) imply that

φi
ka,kb

(φj
ka,kb

)∗(z + 1) = φi
ka,kb

(φj
ka,kb

)∗(z) (4.29)

φi
ka,kb

(φj
ka,kb

)∗(z + τ) = φi
ka+1,kb+1(φ

j
ka+1,kb+1)

∗(z) (4.30)

(4.31)

As a result, if Iab 6= 0, we can compute (4.28) by integrating φi,Iab

ka,kb
(φj,Iab

l,l )∗ over a T 2 of

complex structure nanbτ .
13 That is,

∫

T 2(τ)
dzdz̄ Tr

(

Φi(Φj)†
)

=

∫

T 2(τ)
dzdz̄

∑

l

φi
l,l(φ

j
l,l)

∗

=

∫

T 2(nanbτ)
dzdz̄φi

l,l(φ
j
l,l)

∗ = (2Im τ |Iab|nanb)
−1/2 N 2δij (4.32)

from where we can extract the normalization factor N .

Summary

We have again found that the fermionic zero mode wavefunctions for chiral fields trans-

forming in the bifundamental representation can be expressed in terms of theta functions.

More precisely

B+ = Φj,Iab, C+ = Φj,−Iab (4.33)

13We are again considering g.c.d.(na, nb) = 1.
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where j = 1, . . . , |Iab| and

(
Φj,Iab

)

ka,kb
=

(

2Im τ |Ĩab|
A2

)−1/4

ei
πĨab
Im τ

(z+ζab)·Im (z+ζab) · ξ(z)j,Iab

ka,kb
(4.34)

(
ξj,Iab(z)

)

l,l
= ϑ

[
j

Iab
+ l

nanb

0

]

((z + ζab)Iab, τIabnanb).

These two solutions are exclusive in the sense that the theta-function series will not converge

at the same time. Indeed14,

B+ <∞ ⇐⇒ Iab > 0 Left − handed fermions in (+1,−1) of U(1)a × U(1)b
C+ <∞ ⇐⇒ Iab < 0 Left − handed fermions in (−1,+1) of U(1)a × U(1)b

(4.35)

The anti-particles of such wavefunctions are given by the hermitian conjugates of (4.33).

4.3 Eigenfunctions of the Laplace equation

Just as previously pointed out, the wavefunctions (4.34) will be also eigenfunctions of the

Laplace operator (3.63). By a similar computation as the one in section 3.3 we obtain

∆Φj,±Iab = ±2πĨab

A Φj,±Iab =
2π|Ĩab|

A Φj,±Iab, (4.36)

same for
(
Φj,±Iab

)†
.

Notice that we recover the same eigenvalue than in the Abelian case of section 3,

with the only replacement Iab 7→ Ĩab. We can carry out the quantum harmonic oscillator

algebra and compute the eigenvalues of the mass matrix by making such substitution in

the expressions (3.66) through (3.70). We finally obtain that the lightest scalar particle is

given by a tachyon of mass

m2
tach = −2π

|Ĩab|
A (4.37)

This spectrum should match with the one obtained in the T-dual picture, at least in the

limit of large volume A and diluted flux (small angles). By comparing both masses, the

(approximate) analogue of the angle between two intersecting D-branes in the flux picture

can be seen to be [16]

θapp
ab =

1

π
(tan(πθa) − tan(πθb)) = 4π

Ĩab

(A/α′)
(4.38)

a quantity which only depends on the area of T 2 in string scale units and, in terms of the

mathematical description of the magnetic flux as a bundle over T 2, is given by the µ-slope

of such bundle (see Appendix B for the definition of µ-slope).

14Recall that U(na) × U(nb) is broken by the flux to U(pa) × U(pb), where pα = g.c.d.(nα, mα). The

wavefunctions in (4.35) will in general be bifundamentals of such gauge group. In the particular case at

hand we are considering pa = pb = 1.
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4.4 Generalization to T 2n

Let us now address how the previous computations generalize to magnetized compactifica-

tions in higher-dimensional tori. The most general constant magnetic flux associated to a

U(N) gauge group is given by

Fij = 2π
nij

Naiaj
· 1N (4.39)

where nij = −nji. Here we represent T 2n by the quotient R2n/Λ, where Λ = {x ∈ R2n|x =

nia
i;n ∈ Z2n}. We are then parametrizing the torus by the 2n-dimensional hypercube

{x ∈ R2n|0 < xi ≤ ai}, where ai = ||ai|| are the lengths of the 2n lattice vectors.

The flux (4.39) implies that the boundary conditions on a field Φ transforming on the

fundamental of U(N) are of the form

Φ(x) 7→ Ωi(x)Φ(x) = eiχi(x)ωiΦ(x) (4.40)

where

χi(x) = exp






π
∑

j

nijx
j

Naj






· 1N (4.41)

and ωi are constant elements of SU(N). Consistency of the boundary conditions amounts

to imposing

Ω−1
j (x+ ai) · Ω−1

i (x+ ai + aj) · Ωj(x+ ai) · Ωi(x)Φ(x) = Φ(x). (4.42)

This again implies that the SU(N) part of (4.42) lies in the center of SU(N),

ω−1
j · ω−1

i · ωj · ωi = e2πicij/N · 1N , cij ∈ Z (4.43)

and that nij = cij mod N . Following [9, 13], we consider SU(N) constant matrices P and

Q such that PQ = QPe2πi/N . The SU(N) part of the transition function can then be

written as

ωi = P siQti , si, ti ∈ Z, (4.44)

and the problem is reduced to finding si, ti such that

tisj − tjsi = nij mod N. (4.45)

Such P and Q matrices can be taken to be (4.8), the choices (4.6) and (4.7) being solutions

of (4.45) in the particular case of T 2.

In a general T 2n compactification, (4.45) will have a solution provided that all the

higher Chern numbers are specified by the first Chern numbers of the flux [16]. In the

following we will assume that this is the case. Indeed, when dealing with constant magnetic

fluxes, lack of satisfaction of (4.45) means that the initial gauge group breaks as U(N) →
∏

i U(Pi) (instead of U(N) → U(P )) after turning on F . The flux (4.39) can then be

written as a direct sum of more ‘fundamental’ fluxes, each one giving rise to a gauge group
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U(Pi) [12]. For our purposes, then, we can just consider fundamental fluxes satisfying

(4.45) and direct sums of these.15

In the following, we will generalize our previous results in order to compute wavefunc-

tions of chiral matter fields in higher dimensional tori. We will follow the same kind of

strategy as used for T 2. We will first address the case where T 2n is a factorizable torus.

Although the computations of wavefunctions becomes more technical, the final answer can

be expressed as a ‘tensor product’ of n wavefunctions in T 2. We will then address the

case of a general T 2n, showing that the wavefunctions can then be expressed in terms of

Riemann theta functions.

4.4.1 Factorizable tori

Gauge group

Let us consider the factorizable background (3.75) and the addition of a constant

magnetic flux F on it. Without loss of generality, we will consider F to be fundamental

in the sense described above and a (1, 1)-form. This allows us to specify F in terms of 2n

integer numbers (N (r),M (r)), r = 1, . . . , n, such that [16]

N =
∏

r N
(r)

n2r−1,2r = N (1) . . . N (r−1)M (r)N (r+1) . . . N (n)
(4.46)

the rest of nµν vanishing. The components of the magnetic flux are then

Fzr z̄r̄ =
πi

Im τ (r)

M (r)

N (r)
· 1N (4.47)

and the boundary conditions for a field Φ transforming in the fundamental are again given

by Ωr = exp(iχr) · ωr, where now

χ2r−1(z) = πM (r)

N(r)Im τ (r) Im (zr + ζr) · 1N ,

χ2r(z) = πM (r)

N(r)Im τ (r) Im τ̄ (r)(zr + ζr) · 1N ,
(4.48)

The action of the non-Abelian Wilson lines ωr on Φ can be more easily described by again

using a tensor product representation, now acting on the gauge group indices. Indeed,

since N admits the decomposition (4.46), we can express the elements Φ as

Φk, k = 1, . . . , N → Φk(1),...,k(n) , k(r) = 1, . . . , N (r) (4.49)

we then have

ω2r−1 = 1N(1) ⊗ . . .⊗ 1N(r−1) ⊗QM (r) ⊗ 1N(r+1) ⊗ . . .⊗ 1N(n)

ω2r = 1N(1) ⊗ . . .⊗ 1N(r−1) ⊗ P ⊗ 1N(r+1) ⊗ . . . ⊗ 1N(n)

(4.50)

where Q and P are the obvious generalization of (4.8) to N (r) × N (r) matrices. After

introducing such flux, the gauge group will be broken from U(N) to U(
∏

r P
(r)), where

P (r) = g.c.d.(N (r),M (r)) [13].
15In the mirror picture of intersecting D-branes, these fundamental constant fluxes correspond to D-branes

wrapping T n submanifolds of T 2n.
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Bifundamentals

In order to compute the wavefunctions of bifundamental fields, we need again to con-

sider F to be a direct sum of two fundamental fluxes:

Fzr z̄r̄ =
πi

Im τ (r)






m
(r)
a

n
(r)
a

1Na

m
(r)
b

n
(r)
b

1Nb




 , (4.51)

where Nα =
∏

r n
(r)
α . The Dirac operator is now given by

iD/ = i
∑

r̄ Γr̄Dr − i
∑

r ΓrD†
r

Dr = ∂̄r + π
2Im τ (r)






m
(r)
a

n
(r)
a

(zr + ζr
a)1Na

m
(r)
b

n
(r)
b

(zr + ζr
b )1Nb






(4.52)

and will act in the 2n-dimensional spinor, which can again be decomposed as the tensor

product ψǫ1,...,ǫn . The zero more equation given by (3.82), we find that the solution can be

expressed in terms of the wavefunctions

Φ
j(r),I

(r)
ab

+ = Φj(r),I
(r)
ab , Φ

j(r),I
(r)
ab

− =
(

Φj(r),I
(r)
ab

)†

. (4.53)

where j(i) = 1, . . . , I
(i)
ab , and Φj(r),I

(r)
ab is defined as in (4.34). The wavefunctions will then

be given by

ψǫ1,...,ǫn =






const.
∏

i δǫr ,s(I
(r)
ab

)

⊗

r Φ
j(r),|I

(r)
ab

|
ǫr

∏

r δ−ǫr ,s(I
(r)
ab

)

⊗

r Φ
j(r),|I

(r)
ab

|
ǫr const.




 (4.54)

where s(I
(i)
ab ) = sign(I

(i)
ab ). The tensor product in (4.54) is to be understood as

(
⊗

r

Φ
j(r),|I

(r)
ab

|
ǫr

)

(

k
(r)
a ;k

(r)
b

)
=
∏

r

(

Φ
j(r),|I

(r)
ab

|
ǫr

)

k
(r)
a ;k

(r)
b

(4.55)

Laplace eigenvalues and masses

The eigenvalues of the Laplacian are in this case given by

∆

(
⊗

r

Φ
j(r),|I

(r)
ab

|
ǫr

)

=

(
∑

r

2π|Ĩ(r)
ab |

A(r)

)

·
⊗

r

Φ
j(r),|I

(r)
ab

|
ǫr , (4.56)

and again, one can recover the full spectrum of eigenfunctions and eigenvalues by consid-

ering the superposition of n harmonic oscillator algebras. We then recover the eigenvalues

found in [15]

λ{s(r)}
r

= 2π
∑

r

|Ĩ(r)
ab |

A(r)
(2s(r) + 1), s(r) ∈ N (4.57)

– 34 –



J
H
E
P
 

whereas the eigenvalues of the mass matrix are given by

λ̃i
{s(r)}

r

= 2π

(
∑

r

|Ĩ(r)
ab |

A(r)
(2s(r) + 1) ± 2

Ĩ
(i)
ab

A(i)

)

= (2α′)−1

(
∑

r

|θ(r)
app|(2s(r) + 1) ± 2θ(i)

app

)

(4.58)

Note that the lightest scalar excitations are obtained for s(r) = 0. In the T 2 case it is

always tachyonic, reflecting the fact that N = 1 SUSY configurations are not possible in

this case. In the T 4 case the lightest scalar is either massless or tachyonic. Finally, in the

T 2 × T 2 × T 2 case the lightest scalar may be massive, massless or tachyonic, depending

on the values of the slopes θ
(r)
app. In this latter case one recovers a SUSY spectrum if the

lightest scalar is massless 16.

4.4.2 General tori

Let us now consider the more general case where the 2n-dimensional torus is not necessarily

factorizable. For simplicity, we will restrict ourselves to fields charged under Abelian gauge

groups. That is, we set N = 1 in (4.39) for the rest of this section.

A generic flat 2n-dimensional torus, T 2n ≃ Cn/Λ, inherits a complex structure from

the covering space Cn. Its geometry can hence be described in terms of a Kähler metric

and complex structure as
ds2 = hµν̄dz

µdz̄ν̄

dzµ = dxµ + τµ
ν dyν

(4.59)

where xµ, yµ ∈ (0, 1), µ = 1, . . . , n, parametrize the 2n vectors of the lattice Λ. The natural

generalization of the Jacobi theta function (3.32) to this higher-dimensional tori is known

as Riemann ϑ-function

ϑ

[

~a
~b

]

(~ν|Ω) =
∑

~m∈Zn

eπ(~m+~a)·Ω·(~m+~a)e2πi(~m+~a)·(~ν+~b) (4.60)

where ~a,~b ∈ Rn, ~z ∈ Cn and Ω is an n×n complex matrix. The transformation properties

of such ϑ-function under lattice shifts are given by

ϑ

[

~a
~b

]

(~ν + ~n|Ω) = e2πi~a·~n · ϑ
[

~a
~b

]

(~ν|Ω) (4.61)

ϑ

[

~a
~b

]

(~ν + Ω · ~n|Ω) = e−πi~n·Ω·~n−2πi~n·(~ν+~b) · ϑ
[

~a
~b

]

(~ν|Ω) (4.62)

where ~n ∈ Zn. These transformation properties are very suggestive. Indeed, inspired by

(3.35) we can construct the following wavefunction

ψ
~j,N(~z,Ω) = N · exp

{
iπ[N · ~z] · (N · ImΩ)−1 · Im [N · ~z]

}
· ϑ
[
~j

0

]

(N · ~z |N · Ω)

16See refs. [6, 16, 20] for a detailed discussion of the different possibilities in the T-dual language of

intersecting D-branes.
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= N · eiπ[N·~z]·(ImΩ)−1·Im ~z · ϑ
[
~j

0

]

(N · ~z |N ·Ω) (4.63)

here N is a normalization factor and Ωµν = τµν . The transformation properties of this

wavefunction are given by

ψ
~j,N(~z + ~n,Ω) = eiπ[N·~n]·(ImΩ)−1·Im~z · ψ~j,N(~z,Ω)

ψ
~j,N(~z + Ω · ~n,Ω) = e−iπ[Nt·~n]·[Re ~z−ReΩ·(ImΩ)−1·Im~z] · ψ~j,N(~z,Ω)

(4.64)

provided that

• Nµν ∈ Z

• ~j ·N ∈ Zn

• (N · ImΩ)t = N · ImΩ

and, of course, the series (4.63) will only converge if N · ImΩ is positive definite.

The natural candidate for the wavefunction of a field with charge q = +1 is then

ψ
~j,N(~z+ ~ζ,Ω), ~ζ now representing the Wilson lines. This wavefunction satisfies the differ-

ential equations

Daψ
~j,N(~z + ~ζ,Ω) = 0, ∀a

Da = ∂̄a + π
2

(

[N · (~z + ~ζ)] · (ImΩ)−1
)

a

(4.65)

and hence satisfies Dirac equation. If N · ImΩ is positive definite, then it can be seen that

these eigenfunctions satisfy the orthonormality condition
∫

T 2n

(ψ
~j,N)∗ψ

~k,N = δ~j,~k, (4.66)

by just fixing the normalization constant to

Nn = (2n|detN| · det(ImΩ))1/4 · Vol(T 2n)−1/2 (4.67)

where Vol(T 2n) = |det h| · det(ImΩ).

In general, the integer-valued matrix N will encode the quanta of the magnetic flux.

To see this more precisely, let us compare the transformation properties (4.64) with the

transition functions (4.41) in the simple case of T 4. By identifying
(
x1

a1
,
x2

a2
,
x3

a3
,
x4

a4

)

∼ (x1, y1, x2, y2) (4.68)

we recover the same transformations in both sides if we impose

N =

(

n12 n32

n14 n34

)

, n24 = n13 = 0 (4.69)

Now, as proven in [10], the degeneracy of states (i.e., the number of chiral fermions)

is given by the absolute value of

Pf(n) :=
1

8
ǫijklnijnkl = det N (4.70)
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at least in this particular case. In general, det N will give us the chiral spectrum obtained

after turning on the flux: |detN| give us the degeneracy, whereas sign(detN) give us the

chirality.

Finally, notice that in order to have a well-defined wavefunction, the matrix N and Ω

must satisfy the following constraints

• n24 = n13 = 0

• (N · ImΩ)t = N · ImΩ

• N · ImΩ > 0

The first of this constraints is not such, since it can be satisfied by using the SL(4,Z)

symmetry of T 4. The other two can be understood in terms of supersymmetry, in particular

from the requirement that F is a (1, 1)-form (see Appendix B). Indeed, in the case of T 2n,

the sufficient and necessary conditions for (4.39) to be a (1, 1)-form are known as Riemann

Conditions [33], which are

−iΠt ·Q · Π̄ =

(

H 0

0 −Ht

)

(4.71)

H being a n× n positive definite matrix. In our case, the matrices Π and Q are given by

Π =

(

1n Ω

1n Ω̄

)−1

=
i

2

(

Ω̄ −Ω

−1n 1n

)

· (ImΩ)−1, Q =

(

Nt

−N

)

(4.72)

and the Riemann Conditions amount to

(N ·Ω)t = N · Ω
H = 1

2 Nt · ImΩ−1 > 0
(4.73)

which clearly imply the constraints above. Finally, they also imply that, up to a phase, we

can rewrite our wavefunction as

ψ
~j,N(~z + ~ζ,Ω) = N · e−2πIm (~z+~ζ)·H·Im (~z+~ζ) · ϑ

[
~j

0

]
(

N · (~z + ~ζ)|N ·Ω
)

. (4.74)

5. Computing Yukawa couplings

Once that we have derived both the fermionic and bosonic internal wavefunctions, and

expressed them as an orthonormal basis, we are in position for computing the 3-point

functions between them by using the general formula (2.9). In this section we perform

such computation for the toroidal compactifications previously considered. We will first

focus on the simple case of T 2 and then generalize our results for higher-dimensional tori.
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5.1 Computing Yukawas on a T 2

In order to get non-trivial Yukawa couplings we need to start with three gauge factors,

allowing for three different types of bifundamental matter fields. Let us compute the

Yukawa couplings in the simplest case, namely magnetic flux compactifications in T 2. In

order to have non-trivial Yukawa couplings, we need to consider a flux of the form

Fzz̄ =
πi

Im τ






ma

na
1na

mb

nb
1nb

mc

nc
1nc




 , (5.1)

with nα ∈ N+,mα ∈ Z, α = a, b, c. As explained in Section 4, the initial gauge group

is broken to U(pa) × U(pb) × U(pc), where pα = g.c.d.(nα,mα). Notice that, with the

definitions

Iαβ ≡ −nαmβ + nβmα, (5.2)

Ĩαβ ≡ Iαβ/nαnβ, (5.3)

the ‘differences of fluxes’ Ĩαβ satisfy Ĩab + Ĩbc + Ĩca = 0. This implies that one |Ĩαβ | is bigger

than the other two. Let us suppose that this is the case for Ĩbc, hence |Ĩbc| = |Ĩab| + |Ĩca|.
This asymmetry will show up in the general formula for Yukawa couplings.

We now have two possibilities, depending on the sign of Ĩbc. By the results of the

previous sections, the fermionic wavefunction Ψ is given by

Ψ =

(

ψ+

ψ−

)

,







ψ+ =






const. Φi,Iab 0

0 const. 0

Φj,Ica Φk,Icb const.




 if Ĩbc < 0

ψ+ =






const. 0 Φj,Iac

Φi,Iba const. Φk,Ibc

0 0 const.




 if Ĩbc > 0

(5.4)

with ψ− = (ψ+)†, and where const. = A−1/2 are the gaugino’s wavefunctions. The chiral

wavefunctions Φj,Iαβ j = 0, . . . , |Iαβ | − 1 have been computed in Section 4 and, in the

particular case of Abelian Wilson lines, reduce to ψj,Ĩαβ · Mnα,nβ
, where ψj,Ĩαβ are the

wavefunctions computed in Section 3 and Mnα,nβ
is a nα ×nβ matrix taking care of gauge

quantum numbers.

The general formulae (2.9), (A.28) imply that the Yukawa couplings involving chiral

massless fermions are computed by evaluating the integrals

∫

T 2

dzdz̄ Tr {ψ+ · [φ−, ψ+]} and

∫

T 2

dzdz̄ Tr {ψ− · [φ+, ψ−]} , (5.5)

which are CPT conjugates of each other. Here φ± are the wavefunctions of the bosonic

fluctuations of the higher-dimensional gauge field AM , with helicity ±1 in the internal

coordinates of T 2. Notice that these are the only terms involving massless fermions allowed
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by Lorentz invariance in the internal coordinates. By our previous results we find that φ± ∼
ψ± and that it corresponds to the lightest (in fact, tachyonic) D = 4 scalar. Evaluating

these expressions, we find that the Yukawa coupling involving left-handed fermions is given

by

Yijk =







σabc g
∫

T 2 dzdz̄ Tr
{

Φi,Iab · Φj,Ica ·
(
Φk,Icb

)†
}

if Ĩbc < 0

σabc g
∫

T 2 dzdz̄ Tr
{

Φi,Iba · Φj,Iac ·
(
Φk,Ibc

)†
}

if Ĩbc > 0

(5.6)

where we have restored the dependence of the 3-point functions on the gauge coupling

constant g, by considering both (A.28) and the normalization of the fields (A.27). Here

σabc = sign(ĨabĨbcĨca) = sign(IabIbcIca) is a sign coming from fermionic statistics. From the

point of view of D = 4 physics, this term will yield a coupling between two chiral fermions

of opposite chiralities, transforming in the (pa, p̄b), (pa, p̄c) bifundamental representations,

and a complex tachyon in the (pb, p̄c) representation.17

Again, the computation of the integrals (5.6) is technically simpler in the case where

only Abelian Wilson lines are present in the compactification. The computation of the 3-

point function is simplified by the use of ϑ-function identities. The case with non-Abelian

Wilson lines has nevertheless the virtue that it can distinguish between two physically

relevant quantities, which are the multiplicity of the spectrum, given by Iαβ , and the slope

of the flux (see Appendix B), proportional to Ĩαβ. The differentiation of both quantities

will turn out to be quite relevant when interpreting our results from the point of view of

the effective action.

5.1.1 Abelian Wilson lines

Let us first consider the case which only involves Abelian Wilson lines. That is, we consider

that (nα,mα) = nα(1, sα) sα ∈ Z. As shown in Section 4, turning on the flux (5.1) provokes

the gauge group breaking U(N) → U(na) × U(nb) × U(nc), na + nb + nc = N , and only

Abelian Wilson line is needed for having a well-defined gauge connection. Moreover, the

degeneracy of chiral fermions in bifundamentals (nα, n̄β) is not given by Iαβ in (5.2) but

rather by18 Iαβ = sα − sβ. Finally, the matrix-valued wavefunctions Φi,Iαβ reduce to a

nα × nβ matrix times the wavefunctions ψi,Iαβ defined in (3.35). The Yukawas then read

Yijk = σabc g

∫

T 2

dzdz̄ ψi,Iab(z + ζab) · ψj,Ica(z + ζca) ·
(

ψk,Icb(z + ζcb)
)∗

(5.7)

where we have chosen Ibc < 0 for definiteness. The Abelian Wilson lines ζαβ are defined

by (3.53), but with the substitutions mα 7→ sα and Iαβ 7→ Iαβ.

17No more couplings are allowed from the choices made above and the action (A.1) in D = 6. In

compactifications of higher dimensional theories, or those with a richer spectrum such as (2.11), however,

more Yukawa between chiral fermions and scalars in different representations will appear. The computation

of the 3-point functions in those cases will nevertheless be similar to the one we perform here.
18Iαβ gives the degeneracy of chiral fermions before arranging them in bifundamental representations. Iαβ

is the topological invariant to be identified with the intersection number in the T-dual picture of intersecting

D-branes. Both numbers agree when nα = 1, ∀α.
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Now, in order to compute the integral (5.7), we will make use of the ‘addition formula’

for theta functions, taken from [34], Proposition II.6.4. (p. 221), and which was crucial in

the categorical mirror symmetry computations of [35]. This formula says

ϑ

[
r

N1

0

]

(z1, τN1) · ϑ
[

s
N2

0

]

(z2, τN2) =
∑

m∈ZN1+N2

ϑ

[
r+s+N1m

N1+N2

0

]

(z1 + z2, τ(N1 +N2)) (5.8)

· ϑ
[

N2r−N1s+N1N2m
N1N2(N1+N2)

0

]

(z1N2 − z2N1, τN1N2(N1 +N2))

This identity is particularly useful to our purposes, since the wavefunctions ψj,N are

proportional to ϑ-functions of this form. Indeed,

ψi,Iab(z + ζab) · ψj,Ica(z + ζca) = A−1 (2Im τ)1/2 |IabIca|1/4 (5.9)

· ei
πIab
Im τ

(z+ζab)Im (z+ζab)ei
πIca
Im τ

(z+ζca)Im (z+ζca)/A

· ϑ
[

i
Iab

0

]

((z + ζab)Iab, τIab) · ϑ
[

j
Ica

0

]

((z + ζca)Ica, τIca),

so we can compute the product on the third line by using the formula (5.8). We only need

to identify
r = i s = j

N1 = Iab N2 = Ica

z1 = (z + ζab)Iab z2 = (z + ζca)Ica

(5.10)

Let us first consider the case without any Wilson line, i.e., set ζab = ζca = 0. We

obtain

ϑ

[
i

Iab

0

]

(zIab, τIab) · ϑ
[

j
Ica

0

]

(zIca, τIca) = (5.11)

∑

m∈ZIbc

ϑ

[
i+j+Iabm

−Ibc

0

]

(z(−Ibc), τ(−Ibc)) · ϑ
[

Icai−Iabj+IabIcam
−IabIcaIbc

0

]

(0, τ(−IabIbcIca))

where we have made use of the fact that Iab + Ica = Icb = −Ibc. Formula (5.11) implies

that

ψi,Iab(z) · ψj,Ica(z) = A−1/2 (2Im τ)1/4

∣
∣
∣
∣

IabIca

Ibc

∣
∣
∣
∣

1/4

(5.12)

·
∑

m∈ZIbc

ψi+j+Iabm,Icb(z) · ϑ
[

Icai−Iabj+IabIcam
−IabIbcIca

0

]

(0, τ |IabIbcIca|)

Now, the usefulness of these identities for performing the integration in eq.(5.7) is that

now the second theta function in the above expression no longer depends on the coordinate

z and may be factored out from the integration. We are thus left we an integration over two

theta-functions which may be easily computed by using orthonormality of wavefunctions,

as we show below. Notice as well that (5.12) is a product of two wavefunctions, each one
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with a ‘weight’ Iab and Ica, expanded in a basis of a third class of wavefunctions, now with

a ‘weight’ Icb = Ica +Iab. Moreover this basis behaves under gauge transformations as the

third wavefunction involved in the Yukawa coupling (5.7), more precisely as its hermitian

conjugate. This kind of identity is totally general for magnetized compactifications, and

comes from the simple fact that if we can understand a Yukawa coupling as an integral of

three wavefunctions

Yijk =

∫

M2n

Tr
(

φi
αβ ◦ φj

βγ ◦ φk
γα

)

(5.13)

with the trace performed over gauge and internal Lorentz indices, then the integrand

must be invariant under both gauge and Lorentz transformations. In particular, φk
γα must

compensate the gauge transformations of φi
αβ ◦φ

j
βγ . This is indeed the case, as can be easily

seen, e.g., from the gauge transformation properties of (Nα, N̄β) · (Nβ , N̄γ) ∼ (Nγ , N̄α)†.

This allows us to write the product of wavefunctions as19

φi
αβ ◦ φj

βγ =
∑

k

cijk

(

φk
γα

)†
(5.14)

where k runs over an orthonormal basis of wavefunctions transforming in the represen-

tation (Nγ , N̄α). The same facts apply to Lorentz indices. In the particular case of T 2

compactifications, we see from (5.12) that the coefficients cijk are given by ϑ-functions.

Now, by considering the orthonormality condition (3.40), we can compute (5.7) to be

Y
(ζ=0)
ijk = σabc gA−1/2 (2Im τ)1/4

∣
∣
∣
∣

IabIca

Ibc

∣
∣
∣
∣

1/4

·
∑

m∈ZIbc

δk,i+j+Iabm · ϑ
[

Icai−Iabj+IabIcam
−IabIbcIca

0

]

(0, τ |IabIbcIca|)

=

(
2Im τ

A2

)1/4 ∣∣
∣
∣

IabIca

Ibc

∣
∣
∣
∣

1/4

· ϑ
[

−
(

j
Ica

+ k
Ibc

)

/Iab

0

]

(0, τ |IabIbcIca|) (5.15)

So we find that Yukawa couplings are proportional to theta functions, as was already

pointed out in the T-dual picture [27]. In order to compare both results, let us express the

the ϑ-function characteristic in a more symmetric form. Notice that

i

Iab
− j

Ica
+

k

Ibc
=
k − j

Iab
+

j

Ica
+

k

Ibc

=
1

Iab

(

−jIbc

Ica
+
kIca

Ibc

)

= − 1

Iab

(
j′

Ica
+

k′

Ibc

)

(5.16)

where in the first equality we have made use of i = k − j mod Iab, implicit in (5.15), and

in the last one we have made a redefinition of the indices j and k. This redefinition is

19As is stands the expression (5.14) is of field theoretical nature. Recall, however, that there is an

underlying string theory in the whole construction, where the chiral fields φi will be represented by vertex

operators Oi. The expansion (5.14) is then understood as the field-theoretical version of the OPE

Oi(ω1) · O
j(ω2) =

∑

k
C

ij

k (ω2 − ω1)O
k(ω2)

in the underlying CFT (here ωi is a world-sheet coordinate).
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always possible if g.c.d.(Iab,Ibc,Ica) = 1. In Section 7 we will see how this theta function

characteristic matches with the result obtained in [27].

The inclusion of (Abelian) Wilson lines modifies the previous result to

Yijk = σabc g

(
2Im τ

A2

)1/4 ∣∣
∣
∣

IabIca

Ibc

∣
∣
∣
∣

1/4

· eiπ(IabζabIm ζab+IbcζbcIm ζbc+IcaζcaIm ζca)/Im τ

· ϑ
[

−
(

j
Ica

+ k
Ibc

)

/Iab

0

]

(−IabIca(ζca − ζab), τ |IabIbcIca|) (5.17)

but notice that, since Iab + Ibc + Ica = 0,

−IabIca(ζca − ζab) = ζasaIbc + ζcscIab + ζbsbIca, (5.18)

Actually, it turns out that the whole Wilson line dependence of the Yukawa coupling is a

function of the linear combination of Wilson lines (5.18). In order to see this, let us first

express everything in terms of the following redefinition of complex Wilson line

ζ̃α = sαζα, α = a, b, c. (5.19)

The Yukawa couplings now read

Yijk = σabc g

(
2Im τ

A2

)1/4 ∣∣
∣
∣

IabIca

Ibc

∣
∣
∣
∣

1/4

· e
iπ

(
ζ̃abIm ζ̃ab

Iab
+

ζ̃bcIm ζ̃bc
Ibc

+ ζ̃caIm ζ̃ca
Ica

)

/Im τ

· ϑ
[

δijk
0

]
(

ζ̃ , τ |IabIbcIca|
)

(5.20)

where we have defined

δijk =
i

Iab
+

j

Ica
+

k

Ibc
(5.21)

ζ̃ab = ζ̃a − ζ̃b, etc. (5.22)

ζ̃ = Iabζ̃c + Ibcζ̃a + Icaζ̃b (5.23)

Now notice that the exponential factor in (5.20) can be rewritten as:

eiπ(ζ̃αgαβIm ζ̃β)/Im τ (5.24)

where α, β = a, b, c, and g is a symmetric matrix given by

g = |IabIbcIca|−1






I2
bc IbcIca IabIbc

IbcIca I2
ca IcaIab

IabIbc IcaIab I2
ab




 (5.25)

where we have again used the fact that Iab + Ibc + Ica = 0 and that IabIbcIca < 0. This

matrix is singular, having only one non-zero eigenvalue:

g · 1√
κ






Ibc

Ica

Iab




 = |IabIbcIca|−1 · 1√

κ






Ibc

Ica

Iab




 (5.26)
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where κ = I2
ab + I2

bc + I2
ca. This implies that the whole quantity in (5.24) must depend on

the combination ζ̃ above and, in particular, that we can rewrite (5.20) as

Yijk = σabc g

(
2Im τ

A2

)1/4 ∣∣
∣
∣

IabIca

Ibc

∣
∣
∣
∣

1/4

· eH(ζ̃ ,τ)/2 · ϑ
[

δijk
0

]
(

ζ̃ , τ |IabIbcIca|
)

(5.27)

where

H(ζ̃ , τ) = 2πi|IabIbcIca|−1 ζ̃ · Im ζ̃

Im τ
(5.28)

We obtain similar results for Ĩbc > 0. Note that the gauge coupling g in D = 6 has

dimension of length, so that the Yukawa coupling in D = 4 is indeed dimensionless, as it

should.

5.1.2 Non-Abelian Wilson lines

Let us now turn to the case where the flux in (5.1) satisfies pα = g.c.d.(nα,mα) = 1 < nα,

so that non-Abelian Wilson lines have to be introduced and the total rank N = na+nb+nc

is reduced. The chiral fields are now expressed in terms of the matrix-valued wavefunctions

Φi,Iαβ defined in (4.34), and the integral (5.6) is given by

Yijk = σabc g

∫

T 2

dzdz̄ Tr

{

Φj,Ica · Φi,Iab ·
(

Φk,Icb

)†
}

(5.29)

= σabc g

∫

T 2

dzdz̄
∑

ka,kb,kc

φi,Iab

ka,kb
φk,Ica

kc,ka

(

φj,Icb

kc,kb

)∗

= σabc g

∫

T 2

dzdz̄

nanbnc∑

l=1

φi,Iab

l,l φj,Ica

l,l

(

φk,Icb

l,l

)∗

where in the third line we have also assumed that g.c.d.(na, nb, nc) = 1.

The computation of this integral is harder than (5.6), since we cannot use the theta-

function identity (5.8) and the integral must be made by brute-force computation. Of some

help is the fact that

φi,Iab

l,l φj,Ica

l,l (φk,Icb

l,l )∗(z + τ) = φi,Iab

l+1,l+1φ
j,Ica

l+1,l+1(φ
k,Icb

l+1,l+1)
∗(z) (5.30)

And hence we can evaluate (5.30) by fixing l = 0 and integrating over a torus of complex

structure nanbncτ , instead of performing the summation over l. We obtain the result

Yijk = σabc g

(
2Im τ

A2

)1/4
∣
∣
∣
∣
∣

ĨabĨca

Ĩbc

∣
∣
∣
∣
∣

1/4

· eH/2 · ϑ
[

δijk
0

]
(

ζ̃, τ |IabIbcIca|
)

(5.31)

where the Wilson lines have been redefined as ζ̃α = mαζα, instead of (5.19). The exponen-

tial prefactor is now given by

H = 2πi|IabIbcIca|−1 ζ̃ · Im ζ̃

Im τ

= 2πi
(

ĨabζabIm ζab + ĨbcζbcIm ζbc + ĨcaζcaIm ζca

)

/Im τ (5.32)
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The expression (5.31) is quite similar to the one obtained in the case of Abelian Wilson

lines. It is more general and contains more information, though, in the sense that we can

now distinguish between the degeneracy of chiral states Iαβ (intersection number) and the

quantity Ĩαβ (µ-slope of the flux), which were both identified with Iαβ in the expression

(5.27).

5.2 Higher dimensional tori

The computation of the Yukawa couplings for 2n-dimensional tori can be easily deduced

from the results obtained for T 2. In the particular case that T 2n has the factorizable

geometry (3.75) the chiral matter wavefunctions are given by (3.85) or (4.54). That is, by

a product of n wavefunctions of the form ΦI
(r)
ab or (ΦI

(r)
ab )∗ obtained in T 2 compactifications,

the choice of Φ or Φ∗ depending on the sign of I
(r)
ab . This implies that we can decompose the

integral in (2.9) as a product of n integrals of the form (5.6). More precisely, each integral

will be given by the analogue of (5.6) for the rth two-torus if σ
(r)
abc = sign(I

(r)
ab I

(r)
bc I

(r)
ca ) > 0

and by its complex congujate if σ
(r)
abc < 0. The final Yukawa coupling will be given by a

product of n contributions, one for each T 2, which are either of the form (5.31), either by

its complex conjugate.

We then find that the Yukawa couplings for factorizable T 2n magnetized compactifi-

cations are given by

Yijk = σabc g
n∏

r=1

(

2Im τ (r)

(A(r))2

)1/4 ∣∣
∣
∣
∣

Ĩ
(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣
∣
∣
∣
∣

1/4

eH
(r)/2 ϑ

[

δ
(r)
ijk

0

]
(

ζ̃(r), τ (r)(I
(r)
ab I

(r)
bc I

(r)
ca )
)

(5.33)

where we must perform the substitution J (s) 7→ J̄ (s) and ζ̃(s) 7→ ¯̃
ζ
(s)

a , whenever σ
(s)
abc = −1.

Here A(r), τ (r) are the area and complex structure of the rth T 2 in (3.75) and

Iab =

n∏

r=1

I
(r)
ab , (5.34)

i =
(

i(1), i(2), . . . , i(n)
)

, (5.35)

i(r) = 0, . . . , |I(r)
ab | − 1, (5.36)

is the total multiplicity of chiral fermions and scalars in the ab sector, etc., and the appro-

priate labeling of them, with a different index i(r) for each T 2. On the other hand, |Ĩ(r)
1 |

and |Ĩ(r)
2 | are the two smallest numbers among |Ĩ(r)

ab |, |Ĩ(r)
bc | and |Ĩ(r)

ca |. Finally,

σabc =
∏

r

σ
(r)
abc =

∏

r

sign(I
(r)
ab I

(r)
bc I

(r)
ca ) = sign(IabIbcIca) (5.37)

δ
(r)
ijk =

i(r)

I
(r)
ab

+
j(r)

I
(r)
ca

+
k(r)

I
(r)
bc

(5.38)

H(r) = 2πi|I(r)
ab I

(r)
bc I

(r)
ca |−1 ζ̃

(r) · Im ζ̃(r)

Im τ (r)
(5.39)

ζ̃(r) = I
(r)
ab ζ̃

(r)
c + I

(r)
bc ζ̃

(r)
a + I(r)

ca ζ̃
(r)
b (5.40)

– 44 –



J
H
E
P
 

5.3 Yukawas in supersymmetric models

Although the derivation of (5.33) is quite general, and in principle is valid for toroidal

compactifications where supersymmetry might be broken explicitly, it should be possible

to understand it as a 3-point function in a N = 1 D = 4 supersymmetric theory, at least

in the cases where such construction can be achieved. The normalized Yukawa couplings

that we have obtained should then fit in the general supergravity formula (see e.g.ref. [36])

Yijk = (KabKbcKca)
−1/2 eK/2Wijk (5.41)

where Wijk is the corresponding trilinear coupling of the superpotential, K is the Kähler

potential and Kab = ∂ab∂̄abK are the kinetic terms of the chiral fields in the ab sector, etc.

There are indeed several examples in the literature of N = 1 D = 4 chiral compactifi-

cations realized as Type IIA intersecting D6-brane models [25], which are T-dual to Type

I compactifications on a factorizable T 6 and with magnetic fluxes turned on.20 Let us

then consider the particular case of magnetized compactifications in T 6, i.e., the case of

n = 3, which involves D = 10 N = 1 super Yang-Mills compactifications with magnetic

fluxes. This particular choice is not only relevant for Type I strings, but also for magnetized

compactifications of heterotic strings and Type IIB involving D9-branes.

In this case the coupling constant g is given by g = eφ10/2 · α′3/2, where φ10 is the

ten-dimensional dilaton and α′ the string scale. The 3-point function then reads

Yijk = σabc e
φ10/2

3∏

r=1

(

2Im τ (r)

(A(r)/α′)2

)1/4 ∣∣
∣
∣
∣

Ĩ
(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣
∣
∣
∣
∣

1/4

eH
(r)/2 ϑ

[

δ
(r)
ijk

0

]
(

ζ̃(r), τ (r)|I(r)
ab I

(r)
bc I

(r)
ca |
)

(5.42)

and comparing this expression with (5.41) we are led to the identifications

Wijk =

3∏

r=1

ϑ

[

δ
(r)
ijk

0

]
(

ζ̃(r), τ (r)|I(r)
ab I

(r)
bc I

(r)
ca |
)

(5.43)

(KabKbcKca)
−1 eK = eφ10

3∏

r=1

(
2Im τ (r)

)1/2

A(r)/α′

∣
∣
∣
∣
∣

Ĩ
(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣
∣
∣
∣
∣

1/2

eH̃
(r)

(5.44)

where in (5.44) we have neglected global phases and defined

H̃(r) = −2π|I(r)
ab I

(r)
bc I

(r)
ca |−1

(

Im ζ̃(r)
)2

Im τ (r)
(5.45)

Let us try reexpress the Kähler factors involved in the 3-point function in a more

physical basis. Indeed, in terms of D = 4 supergravity fields, (5.44) reads

(KabKbcKca)
−1 eK =

2

(2π)3
(S + S̄)−1

3∏

r=1

(
U + Ū

)1/2

∣
∣
∣
∣
∣

Ĩ
(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣
∣
∣
∣
∣

1/2

eH̃
(r)

(5.46)

20Notice that, although all of these supersymmetric models are based on orbifolds of T 6 which freeze some

compactification moduli and impose some discrete symmetries to the open string sector, our computations

and results are general and will equally well apply to these restricted geometries.
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where the supergravity fields are defined as

ReS = (2π)−1e−φ10

3∏

r=1

A(r)

4πα′
, (5.47)

ReT (r) = (2π)−1e−φ10
A(r)

4πα′
, (5.48)

ReU (r) = Im τ (r) (5.49)

Notice that in (5.46) there is no dependence in ReT (r) and the only explicit dependence

on the Wilson lines ζ
(r)
α comes from

∑3
r=1 H̃

(r). These Wilson lines are the vev’s of the

scalar fields in the adjoint of each gauge group, which belong to D = 4 N = 1 chiral

multiplets. From the point of view of D-brane physics, they are open string degrees of

freedom, so their vev’s compose part of the open string moduli space. Now, the Kähler

potential for the closed string moduli has the well-known form

K = −log
(
S + S̄

)
− log

3∏

r=1

(

T (r) + T̄ (r)
)

− log

3∏

r=1

(

U (r) + Ū (r)
)

(5.50)

so that we get an identity that the Kähler metric fields must obey in the flux side

(KabKbcKca) =
(2π)3

2

3∏

r=1

(

T (r) + T̄ (r)
)−1

3∏

r=1

(

U (r) + Ū (r)
)−3/2

∣
∣
∣
∣
∣

Ĩ
(r)
1 Ĩ

(r)
2

Ĩ
(r)
1 + Ĩ

(r)
2

∣
∣
∣
∣
∣

−1/2

e−H̃(r)

(5.51)

6. D-branes of lower dimension

As we have stressed in the introduction, N = 1 D = 10 SYM can be seen as the effective

theory arising from type I and type IIB string theories at low energies. This fact has

allowed to study D9-brane models with magnetic fluxes by using field theory techniques.

From the point of view of type I or type IIB, however, D9-branes are not the only objects

which yield gauge groups and/or chiral fermions in a general model. Indeed, both theories

contain D5-branes and other objects of lower dimension than the D9-branes, which usually

will carry additional gauge factors. Being of lower dimension than the D9-branes, these

objects will appear as point-like in some directions of the internal compact manifold, while

still expanding the four non-compact dimensions of the theory. These sectors of lower

dimension are seen by the effective theory as small instantons, as is the case for heterotic

strings. From the point of view of open string theories, however, these D-branes of lower

dimension should be considered as natural as the D9-branes on which have based our

previous analysis. In fact, it may turn out to be quite relevant for model building when

trying to get a semi-realistic compactification, as the explicit model of Section 8 shows.

Yielding a gauge group an chiral matter, it is fair to wonder which kind of Yukawa

couplings do we obtain when considering D-brane models involving D5-branes. One would

expect the general formula (5.42) to hold true, since under T-duality/Mirror symmetry

both D9 and D5-branes are mapped to type IIA intersecting D6-branes, being on equal
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footing on this dual picture. Moreover, the Yukawa couplings between chiral fields in

intersecting D6-brane models was computed in [27], and a general formula was obtained

for every kind of D6-brane.

In any case, it seems natural to wonder which wavefunction should be associated

to an open string stretching between, e.g., a D9-brane and a D5-brane, specially in the

dimensions where such D5-brane is pointlike. Intuitively, since the D5-brane looks like a

localized source of RR charges/chiral anomalies in the D9-brane worldvolume, one would

expect that the associated wavefunction is proportional to a delta function. In the present

section we will try to further motivate this intuitive picture.

In order to do this notice that, in the dimension where it is pointlike, a D5-brane

can be formally thought as a D9-brane with infinite flux. From this point of view, the

wavefunction associated to massless chiral fermion between a D9 with flux ND9 and a D5-

brane should be approximated by the wavefunction (3.60) in the limit Ĩab → ∞, whereas

that of an open string between a D9 and an anti-D5-brane should be recovered from the

limit Ĩab → −∞ (here a labels the D5-brane and b the D9-brane).

For the sake of concreteness, let us consider a D9-D5 system. We can then use take

the formal limit N → ∞ in (3.35). From the normalization procedure of wavefunctions,

we know that
∫

T 2

dx1(ψ
j
+)∗(ψj

+) =
(2Im τN)1/2

A
∑

n

e
−2πNIm τ

(

n+ j

N
+

Im (z+ζ)
Im τ

)2

= A−1ǫ−1/2
∑

n

e
−π

ǫ

(

n+ j

N
+

Im (z+ζ)
Im τ

)2

(6.1)

where we have defined ǫ−1 = 2Im τN . Now, this last expression reminds of the family of

gaussian functions which define a delta function

δ(x) = Limǫ→0+
1√
ǫ
e−π x2

ǫ , (6.2)

but with multiple images added (the sum over n) which is necessary to have a well defined

function on T 2 instead of C. Indeed, if we take the limit N → ∞, we recover

∫

T 2

dx1(ψ
j
+)∗(ψj

+) = A−1
∑

n

δ

(
Im (z + ζ)

Im τ
+ n

)

∼ δT 2

(
Im (z + ζ)

Im τ

)

(6.3)

This seems to suggest that in the N → ∞ limit, the wavefunction (3.31) should be propor-

tional to (the square root of) δT 2(Im (z + d)/Im τ). Notice, however, that for a D5-brane

there is nothing special about the coordinate Im z on the whole problem21. It thus seems

sensible to consider the following wavefunction

ψN→∞(τ, z + ζ) ∼
√

δT 2(z + ζ) (6.4)

21As we have seen in Section3, this asymmetry may only appear when the linear space of wavefunctions

has dimension bigger than one, which is not the case.
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where some possible phase may be multiplying the whole thing. The former Wilson line ζ

should be associated with the position of the D5 on the corresponding T 2.

In order to check that this is a sensible proposal, let us see which kind of Yukawa

coupling we obtain by considering a system of two D9-branes, of fluxes ma and mb, Iab =

ma−mb > 0 and a D5-brane defined by the point ζc. The wavefunction coming from the ab

sector will be the usual one, ψi,Iab(τ, z+ ζab), whereas those coming from the bc, ca sectors

would yield a delta function, given by (6.4). When integrating all of them we would then

have

Yi =

∫

T 2

ψi,Iab(τ, z + ζab) · δ(z + ζc) (6.5)

=
(2Im τ |Iab|)1/4

√
A

eiπIab(ζab−ζc)Im (ζab−ζc)/Im τ · ϑ
[

i
Iab

0

]

((ζab − ζc)Iab, τIab)

Notice that the whole expression can be put in the form (5.27), (5.28), if we just define

ζ̃c = −ζc
Ibc = −1

Ica = 1

(6.6)

which are indeed the intersection numbers arising in the T-dual construction22.

7. Comparison with intersecting brane computations

We have emphasized several times along this paper the fact that magnetized compactifica-

tions describe the same kind of physics as intersecting D-brane models do. In particular,

D = 10 N = 1 SYM compactifications can be seen to capture the low energy physics of

Type IIB string models involving D9-branes with magnetic fluxes. The latter are related by

T-duality symmetry to Type IIA compactifications with intersecting D6-branes [37]. This

pairing of theories can be extended to orbifolded/orientifolded versions of the above which

involve, e.g., Type I compactifications with fluxes and orientifolded Type IIA models.

Although describing the same physics, it should be clear that the techniques involved

in the computation of D = 4 physical quantities is quite different in both pictures. As a

result, some elements of the D = 4 effective action may be much easier to compute in one

side of the T-dual map than in the other side. This whole paper is meant to be an example

of such important fact. Indeed, in [27] the Yukawa couplings of Type IIA intersecting

D6-branes models were computed for toroidal compactifications, giving explicit formulae

in terms of theta functions. The techniques used for such computation involved a sum

over world-sheet instantons connecting intersection points. The Yukawas were obtained up

to a global factor, hqu which encoded the contribution from quantum fluctuation of the

world-sheet. The computation of such kinds of factors has been addressed in [28,29] where

CFT vertex operator techniques were used.

22Recall that conventions on intersection numbers differ by a sign. Notice as well that in the particular

class of models where D5-branes are involved the usual identity Iab + Ibc + Ica = 0 does not longer hold.
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In the present paper we have succeeded in computing the same quantity, the 3-point

function, by using a different method. Indeed, the derivation of Yukawa couplings in

magnetized compactifications involve just field theory techniques, and no string theory is

needed, at least in the appropriate limit of large volume and diluted fluxes. Notice as well

that in this setup there is no ‘classical’ hcl and ‘quantum’ hqu contributions to the 3-point

function: everything comes from the overlap of three wavefunctions.

In the present section we will check that the Yukawas computed from magnetized

toroidal compactifications and D6-branes at angles match. More precisely, we will compare

our present results with the ones obtained in [27] by using T-duality transformations, in

order to extract the ‘quantum’ prefactor hqu and compare it with the one obtained in [28].

We will do such comparison in two ways, namely by performing a T-duality in one of the T 2

radii and then in the other one, obtaining the same result in both cases. As a byproduct of

this computation we will gain some understanding of the action of T-duality on the chiral

fields of the compactification.

7.1 Intersecting brane Yukawas

As was shown in [27], the computation of Yukawas in the context of Intersecting Brane

Worlds in toroidal compactifications can be nicely expressed in terms of theta functions.

More precisely, it was found that the formula for Yukawa couplings in a factorizable T 2n

was found to be

Yijk = hqu · hcl = hqu σabc

n∏

r=1

ϑ

[

δ(r)

φ(r)

]

(ν(r), κ(r)) (7.1)

where the ϑ-function parameters are given by

δ(r) =
i(r)

I
(r)
ab

+
j(r)

I
(r)
ca

+
k(r)

I
(r)
bc

+
I
(r)
ab ǫ

(r)
c + I

(r)
ca ǫ

(r)
b + I

(r)
bc ǫ

(r)
a

I
(r)
ab I

(r)
bc I

(r)
ca

, (7.2)

φ(r) = I
(r)
ab θ

(r)
c + I(r)

ca θ
(r)
b + I

(r)
bc θ

(r)
a , (7.3)

ν(r) = 0, (7.4)

κ(r) =
B(r)

α′
I
(r)
ab I

(r)
bc I

(r)
ca + i

A(r)

4πα′
|I(r)

ab I
(r)
bc I

(r)
ca | =

{

J (r)(I
(r)
ab I

(r)
bc I

(r)
ca ) if σ

(r)
abc > 0

J̄ (r)(I
(r)
ab I

(r)
bc I

(r)
ca ) if σ

(r)
abc < 0

(7.5)

where I
(r)
ab are the intersection numbers between the D-branes a and b in the rth two-

torus, and i(r) = 0, . . . , |I(r)
ab | − 1 label such intersections. The continuous parameters ǫ

(r)
a ,

θ
(r)
a ∈ [0, 1] indicate the position and the Wilson line of the D-brane a in the rth T 2, etc.

whereas J (r) = (B(r) + iA(r)/4π2)/α′ is the complexified Kähler parameter of the rth two-

torus. Finally, σ
(r)
abc = sign(I

(r)
ab I

(r)
bc I

(r)
ca ) and σabc = sign(IabIbcIca). We are also supposing

that g.c.d.(I
(r)
ab , I

(r)
bc , I

(r)
ca ) = 1 (otherwise δ

(r)
ijk changes, see [27]).

In order to compare (7.1) with the results of Section 5, it is convenient to express this

quantity in terms v.e.v.’s of complex fields. Indeed, notice that we can rewrite (7.1) as

Y int
ijk = hqu σabc

n∏

r=1

eH
(r)
int /2eπi(ν(r))2/(I

(r)
ab

I
(r)
bc

I
(r)
ca )J(r)

ϑ

[

δ
(r)
ijk

0

]
(

ν(r), (I
(r)
ab I

(r)
bc I

(r)
ca )J (r)

)

(7.6)
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where now the parameters are

δ
(r)
ijk =

i(r)

I
(r)
ab

+
j(r)

I
(r)
ca

+
k(r)

I
(r)
bc

(7.7)

ν(r) = I
(r)
ab ν

(r)
c + I

(r)
bc ν

(r)
a + I(r)

ca ν
(r)
b , (7.8)

ν(r)
a = θ(r)

a + J (r)ǫ(r)a , etc. (7.9)

with J (r) defined as before and

H
(r)
int = −2πi

(

I
(r)
ab I

(r)
bc I

(r)
ca

)−1
(

Im (J̄ (r)ν(r))

ImJ (r)

)2

/J (r) (7.10)

In fact, expressions (7.6), (7.10) are valid for σ
(r)
abc = 1, ∀r. In case we choose σ

(s)
abc = −1

for any s we must substitute J (s) 7→ J̄ (s) and ν
(s)
a 7→ ν̄

(s)
a , which amounts to taking the

complex conjugate of the rth factor in (7.6). This is required by hermiticity of the effective

Lagrangian, since changing the sign of the intersection numbers changes the chirality of

the fields at the intersection. Notice that we have found the same feature in the T-dual

picture of magnetized D-branes. For simplicity, in the rest of this section we will consider

σ
(r)
abc = 1, ∀r.

ε

θ
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Figure 6: Evaluating worldsheet instantons involving several boundaries will in general not

yield a holomorphic function of the open string moduli νa = θa + Jǫa, even in supersymmetric

constructions, since their behaviour is asymmetric in θa and ǫa. In the figure we illustrate the

evaluation of the smallest instanton between three different boundaries. Notice that the area of the

instanton will change, and so will the action, if we vary the position ǫa of the D-brane a, and we

move it away from the point where all three intersect. The action will not change, however, if we

stay at this point and arbitrarily vary the Wilson lines. See [27] for more details on these kind of

compactifications.

Finally, notice that (7.6) is not holomorphic in the open string moduli ν
(r)
α . This may

seem a little suspicious at first sight, since the ‘classical’ contribution is nothing but a

sum
∑
e−S over holomorphic worlsheet instantons, and in heterotic models this provides

a holomorphic function of the compactification moduli [38]. This seems also to be the case
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for Type IIA compactifications on CY3 and with D6-branes wrapping Special Lagrangian

cycles, at least if the open string instantons involve only one boundary [39,40]. When several

boundaries are involved, however, we don’t expect this to be the case, since the position

and the Wilson lines which make up the complex field νa do not have a symmetric role

when evaluating the world-sheet action (see figure 6). Actually, evaluating holomorphic

instantons (that is, surfaces calibrated by the Kähler form ω) only guarantees a expression

holomorphic in the Kähler parameters, in this case J (r), and not on the open string moduli

ν
(r)
a . Of course, in a supersymmetric compactification where we can understand Yukawa

couplings as coming from a superpotential, the classical contribution hcl =
∑
e−S (which

encodes all the open string moduli dependence) must be holomorphic in all the fields up

to a global term, that can be understood as a Kähler potential contribution to the 3-point

function (5.41). The formula (7.6) is a good example of all these facts.

7.2 Matching by T-duality

In order to relate (7.6) to the results of Section 5 we need first to perform a T-duality

transformation on the fields involved in the toroidal compactification. There are two dif-

ferent ways of doing this, corresponding two the two different radii of T 2. In each case the

transformation properties are different, but we should obtain the same final result. We will

perform both computations in the specific case of T 2 ×T 2 ×T 2 compactifications, but it is

straightforward to generalize it to arbitrary number of tori. Before doing so, let us rewrite

the 3-point function (5.42) in terms of more geometrical variables. First, instead of Ĩαβ ,

let us consider the ‘slopes’

θ
(r)app
αβ = 4π

Ĩ
(r)
ab

(A(r)/α′)
(7.11)

which correspond to the spacing between particles in the tower of massive replicas (‘go-

nions’) of chiral fermions and bosons. Actually, these quantities specify the harmonic

oscillator algebra (3.66) present at each chiral sector of the theory. We will encode such

slope dependence in the function

Θ(r) =
θ
(r)app
1 θ

(r)app
2

θ
(r)app
1 + θ

(r)app
2

(7.12)

We can thus rewrite (5.42) as

Yijk = σabc (2π)−9/4eφ4/2
3∏

r=1

(

Im τ (r)
)1/4 ∣∣

∣Θ(r)
∣
∣
∣

1/4
eH

(r)
mag/2 ϑ

[

δ
(r)
ijk

0

]
(

ζ̃(r), τ (r)|I(r)
ab I

(r)
bc I

(r)
ca |
)

(7.13)

where

H(r)
mag = 2πi|I(r)

ab I
(r)
bc I

(r)
ca |−1 ζ̃

(r) · Im ζ̃(r)

Im τ

(r)

(7.14)

and we have considered the four-dimensional dilaton φ4, defined as

eφ4 = eφ10

3∏

r=1

(

ImJ (r)
)−1/2

, (7.15)
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ImJ (r) =
A(r)

4π2α′
, (7.16)

J (r) being the standard Kähler modulus of the rth two-torus23.

7.2.1 Horizontal T-duality

Let us first perform a simultaneous T-duality on the first radius of each T 2, that is along the

direction given by Im (τ z̄). We need to relate quantities by the T-duality transformation

τ ↔ J

ζ̃ ↔ ν (7.17)

for each T 2 (for the sake of clarity, we will suppress the indices (r) from now on). We now

make the substitutions (7.17) in (7.6), obtaining that the theta functions match exactly,

whereas the exponential factors become

2πi|IabIbcIca|−1

(

ν2 −
(

Im (J̄ν)

ImJ

)2
)

/J = πi|IabIbcIca|−1

(
ν · Im ν

Im J
+

Im ν · Im (J̄ν)

(Im J)2

)

= 2πi|IabIbcIca|−1

(

ζ̃ · Im ζ̃

Im τ
+

Im ζ̃ · Im (τ̄ ζ̃)

(Im τ)2

)

∼ 2πi|IabIbcIca|−1 ζ̃ · Im ζ̃

Im τ
(7.18)

where ∼ stands for equality up to a global phase upon exponentiation. We thus see that

the part of the Yukawa coupling (7.13) depending on the open string moduli ζ̃ precisely

matches the classical worldsheet contribution to the Yukawa couplings computed in [27].

We are thus led to the identification

hqu ↔ (2π)−9/4eφ4/2
∏

r

(Im τ)1/4 |Θ|1/4 (7.19)

The idea is now to relate this prefactor (7.19) with the BCFT computation in [28]. Now,

in [28] a quite similar expression was obtained as a prefactor. Namely, a square root of

products of gamma functions given by

Γ(1 − θab)Γ(1 − θca)Γ(θab + θca)

Γ(θab)Γ(θca)Γ(1 − θab − θca)
=

θabθca

θab + θca
·
∣
∣
∣
∣

B(−θab,−θca)

B(θab, θca)

∣
∣
∣
∣

(7.20)

The quotient of Beta functions quickly decreases to one for small angles, as can be seen by

using the definition of the Beta function and the Weierstrass form for the gamma function

Γ(x)−1 = xeγx
∞∏

p=1

(1 +
x

p
)e−x/p (7.21)

which may also provide a way to measure the deviation of CFT computations from field

theory results. We clearly recover the form of the prefactor (7.11) for small angles. We do

not, however, recover the square root of [28], but rather a 1/4 power instead.

23Despite the notation, ImJ(r) should not be seen as the imaginary part of the complex field J(r), whose

real part is not even a dynamical field in Type I models. Indeed, as seen in [22], it pairs with RR-field to

form the complex scalar of an N = 1 chiral multiplet.
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Apart from the slope-dependent prefactor we are left with

(2π)−9/4eφ4/2
∏

r

(Im τ)1/4 (7.22)

The four-dimensional dilaton does not change under T-duality, so that we recover the

prefactor

(2π)−9/4eφ4/2
∏

r

(Im τ)1/4 (7.17)7−→ (2π)−9/4eφ4/2
∏

r

(Im J)1/4 = (2π)−9/4eφ10/2 (7.23)

nicely matching the prefactors in [28].

7.2.2 Tilted T-duality

We now consider the magnetized compactification again and perform a T-duality along

the second radius of each T 2, that is along the tilted direction given by Im z. After that,

we get a intersecting D-brane model which has the same intersection numbers, and hence

the same Yukawas, as the one we would obtain in the previous subsection. It will have,

nevertheless, different wrapping numbers.

Before doing that, let us rewrite the Yukawa couplings (7.13) in terms of the elements

of the ‘alternative’ basis (3.72).

Ylmn = |IabIbcIca|−1/2
∑

i,j,k

e
2πi
(

il
Iab

+ jm

Ica
+ nk

Ibc

)

Yijk (7.24)

where Yijk is given by (5.31). Notice that, if g.c.d.(Iab, Ibc, Ica) = 1 then we can perform

the following relabeling of indices

i′ = i · IbcIca mod Iab

j′ = j · IabIbc mod Ica
k′ = k · IcaIab mod Ibc

(7.25)

so that we have

∑

i′,j′,k′

e
2πi
(

i′l
Iab

+ j′m

Ica
+ n′k

Ibc

)

ϑ

[

δi′j′k′

0

]
(

ζ̃, τ |IabIbcIca|
)

=
∑

i,j,k

e
2πi
(

il
IbcIca

Iab
+jm

IabIbc
Ica

+nk
IcaIab

Ibc

)

ϑ

[

δijk
0

]
(

ζ̃, τ |IabIbcIca|
)

= ϑ

[

0

δlmn

]
(

ζ̃/|IabIbcIca|, τ/|IabIbcIca|
)

(7.26)

The Yukawa couplings in the basis (3.72) are given by

Ylmn = σabc
eφ4/2

(2π)9/4

∏

r

(
Im τ

|IabIbcIca|2
)1/4

|Θ|1/4 eHmag/2

·ϑ
[

0

δlmn

]
(

ζ̃/|IabIbcIca|, τ/|IabIbcIca|
)

(7.27)
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Now we identify fields under the T-duality transformations

τ ↔ − 1

J

ζ̃ ↔ ν

J
(7.28)

Making the substitutions (7.28) in (7.27), and using the transformation properties of the

theta function

ϑ

[

α

β

](
ν

κ
,−1

κ

)

= (−iκ)1/2e2iπαβ+iπν2/κ ϑ

[

β

−α

]

(ν, κ) (7.29)

we get that

ϑ

[

0

δlmn

]
(

ζ̃/|IabIbcIca|, τ/|IabIbcIca|
)

= ϑ

[

0

δlmn

](
ν

κ
,−1

κ

)

= (−iκ)1/2eiπν2/κ ϑ

[

δlmn

0

]

(ν, κ) (7.30)

where we have defined

κ = J · |IabIbcIca|. (7.31)

We also get

2πi|IabIbcIca|−1 ζ̃ · Im ζ̃

Im τ
= −2πi|IabIbcIca|−1 ν

J

Im (J̄ν)

Im J
(7.32)

Notice that the exponentials of (7.10) and (7.32) match up to a phase. We are now left

with
eφ4/2

(2π)9/4

∏

r

(Im τ)1/4 |Θ|1/4 (−iτ)−1/2 (7.33)

The identification of the slope-dependent prefactors works in the same way as in the pre-

vious T-duality transformation, so after identifying them we recover

eφ4/2

(2π)9/4

∏

r

(−Im τ

τ2

)1/4

(7.34)

matching the previous result (7.23) after the transformation (7.28).

Notice that both T-dualities lead us to the same ’quantum’ prefactor in the intersecting

D-brane setup. Moreover, by substituting the field theory quantity Θ by the string theory

analogue we recover a more symmetric expression in the angles.

hqu =
eφ10/2

(2π)9/4

∏

r

(

|θ(r)app
ab ||θ(r)app

ca |
|θ(r)app

ab | + |θ(r)app
ca |

)1/4

≃ eφ10/2
∏

r




Γ
(

1 − θ
(r)
ab

)

Γ
(

1 − θ
(r)
ca

)

Γ
(

1 − θ
(r)
bc

)

(2π)3 Γ
(

θ
(r)
ab

)

Γ
(

θ
(r)
ca

)

Γ
(

θ
(r)
bc

)





1/4

(7.35)

where we have made the substitution θ
(r)
bc = 1 − θ

(r)
ab − θ

(r)
ca implicit in (7.20) [28].
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7.3 Chiral fields and T-duality

The previous matching of Yukawa couplings in magnetized D9-branes and intersecting

D6-brane models suggest an intuitive picture of how T-duality acts on the chiral fields

at intersection points. Indeed, notice that in order to match the Yukawas by means of a

horizontal T-duality, we had to consider 3-point functions derived from the overlap of wave-

functions of the form (3.71), whereas in order to compare results after a tilted T-duality we

had to reexpress the Yukawas in terms of the wavefunctions (3.72). Recall that (3.71) and

(3.72) are the two canonical bases of wavefunctions on a T 2. The matching above then sug-

gest that there is a one-to-one correspondence between them and the chiral fields localized

at D6-brane intersections after performing T-dualities (7.17) or (7.28), respectively.

Let us reverse the point of view, and consider an intersecting D6-brane model. We

can relate it to a type IIB model with magnetized D9-branes by performing either three T-

dualities of the form (7.17) or those of the form (7.28). After the T-duality transformation

the chiral fields, which previously associated to a pointlike intersection of D6-branes, will be

represented by either the wavefunctions (3.71) (if we choose (7.17)) or those in (3.72) (if we

take (7.28)). Notice that in both cases the wavefunctions of those chiral fields have their

profile delocalized in the directions where the T-dualities have been performed), whereas

their profile strongly depends on the other directions (see figures 4 and 5).
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���������������
���������������
���������������
���������������
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���������������

���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������
���������������T −duality

Magnetized D-branes Intersecting D-branes

Figure 7: Action of T-duality on chiral fields. T-duality maps the chiral fields at intersection

points to wavefunctions defined on the whole compactification space. However, their probability

density is delocalized in the directions of the T-duality and peaked in the transverse directions.

Here we have considered the case of a horizontal T-duality acting on the wavefunctions in figure 4.

This nicely matches with the intuitive picture that we have of T-duality of exchanging

Dirichlet ↔ Neumann boundary conditions, and hence changing the dimension of D-branes.

Indeed, what in the type IIA picture was a D6-brane, localized in a 3-cycle of T 6, after

a T-duality becomes a type IIB D9-brane wrapping the whole compactification space24.

Actually, it is amusing to notice that these well-known facts about D-brane physics can also

be understood in terms of delocalization of wavefunctions, this time those of the gauginos,

which are given by a constant function localized in the worldvolume of a D-brane.

24Unless some dimension of the D6-brane is parallel to a T-duality direction, of course.
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7.4 The Kähler metrics of chiral fields revisited

As we discussed in Section 5.3 in the magnetic flux picture, agreement with the supergravity

formulae in the case of SUSY compactifications gives a constraint that the Kähler metrics of

the chiral fields should obey. In the case of the intersecting D6-brane picture the analogous

to eq.(5.51) is

(KabKbcKca)
−1 eK = eφ4

3∏

r=1

(

Im J (r)
)1/2 ∣∣

∣Θ(r)
∣
∣
∣

1/2
eH̃

(r)
(7.36)

which yields

KabKbcKca = e3φ4

3∏

r=1

(

Im J (r)
)−3/2





(2π)3 Γ
(

θ
(r)
ab

)

Γ
(

θ
(r)
bc

)

Γ
(

θ
(r)
ca

)

Γ
(

1 − θ
(r)
ab

)

Γ
(

1 − θ
(r)
bc

)

Γ
(

1 − θ
(r)
ca

)





1/2

e−H̃(r)

(7.37)

This seems to suggest a dependence of the chiral fields Kähler metric on the Wilson lines

and twist angles of the form

Kab ∝
3∏

r=1





2π Γ
(

θ
(r)
ab

)

Γ
(

1 − θ
(r)
ab

)





1/2

e
2πĨ

(r)
ab

(

Im ζ
(r)
ab

)2

Im J(r) (7.38)

where we have used a decomposition of H̃(r) analogous to the second line of (5.32). It would

be interesting to compare these constraints with explicit expressions for the Kähler metrics

of the chiral matter fields at intersections [30, 41], as well as derivation of the Wilson line

dependence of such metrics from direct BCFT computations, along the lines of [30].

8. A 3-generation MSSM-like Model

As we mentioned above, the expressions here obtained may be used to compute the Yukawa

couplings of the T-dual of the intersecting brane models in ref. [20] whose massless fermion

spectrum is that of the non-SUSY SM or, in general, all of the toroidal models in [4,6,18,

19,24,25]. For definiteness let us discuss here the T-dual of the model discussed in section

4 of ref. [27]. This model has a spectrum quite close to that of a 3-generation MSSM and

is simple enough so that we can display the explicit expressions for the Yukawa couplings

without much complication. We leave a more systematic phenomenological analysis of the

different models for future work.

The model may be constructed as follows (see fig.8). Consider as starting point a U(4)

D = 10 Yang Mills theory and let us compactify it on T 2 ×T 2 ×T 2 25. To obtain chirality

25This may be considered as a subset of a Type I string toroidal compactification. In fact, from Type I

we should consider an SO(8) theory, broken to U(4) by the addition of a non-trivial flux/Wilson lines. We

will not dwell in the details of the full Type I construction, though, since it would deviate us from the main

point of this section.
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Figure 8: Structure of the 3-generation MSSM-like model described in the text. D9-branes with

U(4) gauge group are wrapping the 6-torus and are subject to 3 units of magnetic flux in the second

and third tori. One D5b(D5c) brane is wrapping the second(third) torus and is pointlike (black

dots and crosses respectively) in the other two tori.

we add twelve units of magnetic flux along the second and third torus (circles in the figure),

i.e., we have a flux of the form

Fz2z̄2 = 12πi
Im τ (2) 14 → (n

(2)
a ,m

(2)
a ) = (4, 12) = 4 · (1, 3)

Fz3z̄3 = − 12πi
Im τ (3) 14 → (n

(3)
a ,m

(3)
a ) = (4,−12) = 4 · (1,−3)

(8.1)

As it was seen in Section 4, this flux does not break the U(4) gauge group nor needs of

the addition of non-Abelian Wilson lines. Hence, we can think of this configuration as a

stack of 4 D9a-branes wrapping the 6-torus and each of them subject to 3 = 12/4 units of

quantized flux on the second and third torus. We now add a couple of D5-branes: the first

D5b is wrapping the second torus and is pointlike in the first and third tori (black dots

in the figure). The second brane D5c is wrapping the third torus and is localized in the

other two (crosses in the figure). It is well known that in Type I theory the gauge group

in the worldvolume of n parallel 5-branes is USp(2n). In our case with two sets of isolated

D5-branes the overall gauge group will be U(4)a×SU(2)b×SU(2)c, since USp(2) = SU(2).

Now, solving Dirac equation on this background we will get bifundamental massless chiral

fermions transforming under this gauge group as 3(4, 2, 1) + 3(4̄, 1, 2). We get three copies

because of the three units of magnetic fluxes that we added. Thus in the end we get a

Pati-Salam type of model with three generations of quarks and leptons.

This is just a T-dual version of the model described in Section 4 of ref. [27] and more

details about its structure may be found in that reference. Let us just mention that the

U(1) in U(4) is anomalous and becomes massive through a generalized Green-Schwarz

mechanism in the standard way. Furthermore, one can break SU(4) → SU(3) × U(1)B−L

and SU(2)c → U(1) by a judicious choice of Wilson lines on the worldvolume of the D5-

branes, so that at the end of the day one is left with 3 generations of quarks and leptons

and gauge group SU(3) × SU(2)L×U(1)Y × U(1)B−L. The charged particle spectrum in
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this sector of the theory is supersymmetric if one chooses equal areas for the second and

third tori 26. Let us finally mention that there is a minimal Higgs sector like that in the

MSSM if both D5-branes sit on top of each other in the first torus (couple of nearby points

in the first torus in the figure) 27. All in all, the final spectrum in this subsector of the

theory gets quite close to the form of the MSSM 28.

Let us now discuss the structure of Yukawa couplings in the above model. To simplify

the formulae let us consider the initial Pati-Salam version with gauge group U(4)×SU(2)×
SU(2), in which there is a single set of Yukawa couplings Yij(4.2, 1)

i(4̄, 1, 2)j(1, 2, 2). The

only aspect which is a bit unfamiliar is the presence of D5-branes but we already showed

in section 6 how to deal with them. Looking at fig. (8) we see that the first torus does

not give us any flavour structure since both 5-branes are pointlike and on top of each

other (so that there is a massless Higgs field transforming like (1, 2, 2)). For the second

and third tori we can apply the results in previous sections without any modification. In

the present example we have (in the notation of Section 5.1) s
(r)
a = m

(r)
a /4 = ±3, so

I(r)
αβ = Ĩ

(r)
αβ = I

(r)
αβ /4, α, β = a, b, c and Iαβ are the relevant numbers to be introduced in

the general formula (5.27). They are given by

I(2)
ab = −I(3)

ac = 3

I(2)
ac = I(3)

ab = I(2)
bc = −I(3)

bc = 1

ζ̃(2) = 3(ζ
(2)
a + ζ

(2)
c ); ζ̃

(2)
b = 0

ζ̃(3) = 3(ζ
(3)
a + ζ

(3)
b ); ζ̃

(3)
c = 0

(8.2)

where we have also specified the relevant combinations of Wilson lines. In this case we only

have two such combinations, corresponding to the U(1) inside U(4) and the second and

third tori, with some contribution of the D5-brane positions ζ
(2)
c and ζ

(3)
b . The combinations

are ζ(2) = ζ
(2)
a + ζ

(2)
c and ζ(3) = ζ

(3)
a + ζ

(3)
b , and we can directly write down the Yukawa

couplings in terms of them as

Yij = eφ/2
√

6

3∏

r=1

(

Im τ (r)

(A(r)/α′)2

)1/4

·
3∏

r=2

e
i6π ζ̄(r)Im ζ̄(r)

Im τ(r) (8.3)

·ϑ
[

i/3

0

]
(

3ζ̄(2), 3τ̄ (2)
)

ϑ

[

j/3

0

]
(

3ζ̄(3), 3τ̄ (3)
)

where eφ is the D = 10 dilaton. One can easily show that these couplings are consistent

with the ones obtained in [27] for a T-dual version of this model. 29 There it was shown

26This is the T-dual of the SUSY condition in the case of intersecting branes, which requires equal complex

structure in the second and third tori [27]. See Appendix B.
27In other words, there is µ mass term for the Higgs multiplets which is proportional to the distance

between both D5-branes in the first torus.
28It turns out that in the present model this subsector respects N = 1 SUSY but the stringent conditions

of RR-tadpole cancellation requires the presence of other branes which do not respect SUSY, so that the

complete model is actually non-supersymmetric. Still its simplicity makes it a good choice to show an

explicit result for Yukawa couplings.
29In order to relate both systems, one needs to perform a tilted T-duality described in Section 7.2.2 [19].
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that in this simple model there is a single quark-lepton generation which becomes massive

if the Higgs field gets a vev, which is a good starting point to reproduce the observed

structure of quark and lepton masses. The existence of a single massive family is due

to the factorization of the physics on the second and third tori of this particular model.

Considering e.g., non-factorizable tori as discussed at the end of Section 4 would modify

this.

Note the following interesting point. Since the effective field theory from the heterotic

SO(32) string is also D = 10, N = 1 SYM theory, a model similar to the above should be

obtained starting from the heterotic string. The structure is identical, the only difference

being that the SU(2)b × SU(2)c gauge symmetries which came from D5-branes will come

now from small instantons which are known to lead to simplectic groups. Thus the above

model admits a (non-perturbative) heterotic construction involving small instantons.

9. Final comments and conclusions

In this paper we have computed the explicit form of Yukawa coupling constants in toroidal

compactifications of D = 10 SUSY Yang-Mills theories with constant magnetic fluxes. The

results may also be applied to D = 6, 8 extra dimensional models. The set-up studied

is quite interesting, since it contains chiral fermions yet is simple enough so that one

can explicitly obtain the wavefunctions of the light modes by explicitly solving Dirac and

Laplace equations in the compact dimensions. This allow us to compute the Yukawa

couplings as overlap integrals over the compact toroidal dimensions. Given the toroidal

geometry is perhaps not surprising that both the wavefunctions and the Yukawa couplings

obtained are given by products of Jacobi theta-functions in the case of a factorizable

torus, and Riemann theta-functions in the general case. One would expect that in more

complicated e.g. Calabi-Yau compactifications the Yukawa couplings will also be some type

of automorphic forms.

The class of models studied are T-dual to models of intersecting D-branes recently

studied in the literature. Models with phenomenological interest have been constructed

using that approach in recent years. We have found that, after appropriate redefinitions of

the moduli and Wilson lines, the results obtained in both approaches agree in the dilute

flux (small angle) approximation. This is interesting since both calculations are apparently

quite different. In the flux case it is an exercise in Kaluza-Klein compactification whereas

in the intersecting D-brane side is a stringy computation.

The Yukawa couplings obtained depend on the complex structure and Wilson lines of

the model. We have shown that the wavefunctions of chiral modes have a Gaussian profile

in extra dimensions. Since the Wilson lines control the location of the maxima of these

Gaussians, one can modify the results for Yukawa couplings by appropriately varying the

Wilson line variables. Large Yukawa couplings should appear when the maxima of the

three wavefunctions in the overlap integral coincide. On the other hand small Yukawa

couplings should appear for wavefunctions with little overlap. This degree of freedom

should be useful in order to reproduce the hierarchical structure of Yukawa couplings in a

fully realistic model. Note that the Wilson line degree of freedom may be also understood
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as contributions from non-renormalizable Yukawa couplings. Indeed in the present class of

models the Wilson lines correspond to the vacuum expectation values of singlet (or adjoint)

complex scalars so that, expanding the Yukawa couplings on those fields one gets effective

non-renormalizable couplings involving those scalars in addition to the fermions and the

Higgs doublet. This kind of structure has been abundantly used in phenomenological

analysis of Yukawa textures in the literature.

As an example of the ideas studied in the paper we have briefly discussed a semire-

alistic model with three quark-lepton generations. We leave for future research a more

systematic study of explicit models which could perhaps be able to reproduce the observed

quark/lepton masses and mixing. Note as a general remark that, due to the complex nature

of both the tori complex structure as well as the Wilson lines, the Yukawa couplings are

complex quantities and thus CP violation should be a generic property in a general model

of this type.
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A. Dimensional Reduction of N=1 Super Yang-Mills

Let us consider N=1 Super Yang-Mills theory in D dimensions, D being even. Such theory

is described by the action

SD =

∫

dDw LB + LF (A.1)

where

LB = − 1

4g2
Tr
{
FMNFMN

}
, LF =

i

2g2
Tr
{
λ̄ΓMDMλ

}
(A.2)

are the bosonic and fermionic part of the action, respectively, and M,N = 0, . . . ,D − 1.

The gauge group field strength FMN and covariant derivative DM are given, as usual, by

FMN = ∂MAN − ∂NAM − i[AM , AN ] (A.3)

DMλ = ∂Mλ− i[AM , λ] (A.4)

where both the D-dimensional vector AM and spinor λ transform in the adjoint of the

corresponding gauge group G. This action is invariant under supersymmetry as well as the

gauge transformations

AM → AM + ∂Mθ + i[θ,AM ] (A.5)

λ → λ+ i[θ, λ] (A.6)

θ being an arbitrary function of w taking values on adjoint of G.

For the sake of concreteness let us choose the gauge group G = U(N). The Lie algebra

basis of such group can be chosen to be (Ua)
i
j = δaiδaj , (eab)ij = δaiδbj . We can then

expand the fields in the adjoint AM and λ in terms of such basis of generators as

AM = BM +WM = Ba
MUa +W ab

M eab (A.7)

λ = χ+ Ψ = χaUa + Ψabeab (A.8)

Hermiticity of the U(N) generators imposes BM and χ to be real and W ab
M = (W ba

M )∗,

Ψab = (Ψba)∗. Substituting (A.8) into the fermionic Lagrangian LF we find

LF = L(2)
F + LY

′ + LF
′ (A.9)

where

L(2)
F =

i

2g2
Tr
{
Ψ̄ΓM∂MΨ − iΨ̄ΓM [BM ,Ψ]

}
,

LY
′ =

1

2g2
Tr
{
Ψ̄ΓM [WM ,Ψ]

}
, (A.10)

LF
′ =

i

2g2
Tr
{
χ̄ΓM∂Mχ− iχ̄ΓM [WM ,Ψ] − iΨ̄ΓM [WM , χ]

}
,

and performing an analogous computation with the expansion (A.7) and LB we get

LB = L(2)
B

′
+ L(4)

B

′
+ LB

′ (A.11)
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with

L(2)
B

′
= − 1

2g2
Tr
{
DMWND

MWN −DMWND
NWM − iGMN [WM ,WN ]

}

L(4)
B

′
=

1

4g2
Tr
{
[WM ,WN ][WM ,WN ]

}
(A.12)

LB
′ =

i

2g2
Tr
{
(DMWN −DNWM )[WM ,WN ]

}
− 1

4g2
Tr
{
GMNG

MN
}

where we have defined

GMN = ∂MBN − ∂NBM (A.13)

DMWN = ∂MWN − i[BM ,WN ]. (A.14)

Now, let us expand all fields in terms of their Lie algebra components as in (A.7),

(A.8). We find

L(2)
B =

i

2g2

(

Ga
MN −Gb

MN

)(

(WMab)∗WNab − (WNab)∗WMab
)

− 1

2g2

[

(DMWN )ab∗(DMWN )ab − (DMWN )ab∗(DNWM)ab
]

L(4)
B =

1

2g2

[

W ab
MW bc

N W
McdWNda −W ab

MW bc
N W

NcdWMda
]

(A.15)

L(2)
F =

i

2g2
Ψ̄baΓ

M (DMΨ)ab

LY =
1

2g2

(

Ψ̄abΓMW bd
M Ψda − Ψ̄abΓMW ca

M Ψbc
)

where DMΨ is defined as in (A.14).

Notice that, up to now, we have done nothing but reexpressing equation (A.1) in terms

of the new fields Ba
M (w), W ab

M (w), χa(w) and Ψab(w). Let us now compactify this theory

in a D − 4 dimensional manifold MD−4 performing the dimensional reduction from D

to 4 dimensions in two steps. First, let us decompose the D-dimensional fields Ba
N (w)

and W ab
N (w) into the usual components Ba

µ(w), Ba
i (w), W ab

µ (w) and W ab
i (w) µ = 0, ..., 3,

i = 4, ...,D − 1. Since we are interested in maintaining Poincaré invariance in the µ

coordinates, we are free to give non-vanishing vevs for Bab
i (w) and W ab

i (w):

Ba
i (w) = 〈Ba

i 〉(y) +Ca
i (w) (A.16)

W ab
i (w) = 〈W ab

i 〉(y) + Φab
i (w) (A.17)

Notice that these vevs can only depend on the compact coordinates y if we want to pre-

serve four-dimensional Poincaré invariance. These non-vanishing vevs will generically break

gauge invariance. These expectation values correspond to the turning of magnetic field in

the compact dimensions. In the following we will consider 〈W ab
i 〉(y) = 0, that is, we

will restrict ourselves to Abelian fields in the compact space. Moreover, the case we will

ultimately be interested of is constant magnetic fields.
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Since our interest in this paper is to compute Yukawa couplings in the lower dimensional

theory, we focus on the terms in (A.15) involving D = 4 fermions and scalars. Such scalars

are given by the fields Ca
i (w) and Φab

i (w), so let us rewrite everything as

L(2)
B

′
= L(2)

B + L̃(2)
B

=
i

2g2

(

Ga
ij −Gb

ij

)(

(Φiab)∗Φjab − (Φjab)∗Φiab
)

− 1

2g2

[

(DµΦab
i )∗(DµΦiab) + (D̃iΦ

ab
j )∗(D̃iΦjab)

− (DµΦab
i )∗(D̃iW µab) − (D̃iΦ

ab
j )∗(D̃jΦiab)

]

+ L̃(2)
B

L(4)
B

′
= L(4)

B + L̃(4)
B =

1

2g2

[

Φab
i Φbc

j ΦicdΦjda − Φab
i Φbc

j ΦjcdΦida
]

+ L̃(4)
B (A.18)

L(2)
F =

i

2g2
Ψ̄baΓµDµΨab +

i

2g2
Ψ̄baΓiD̃iΨ

ab

LY
′ = LY + L̃Y =

1

2g2

(

Ψ̄abΓiΦbd
i Ψda − Ψ̄abΓiΦca

i Ψbc
)

+ L̃Y

where the L̃’s contain terms irrelevant for our subsequent discussion and we have defined

the ’average’ covariant derivative by D̃i = ∂i − ig〈Bi〉. Notice that Φab, Ψab transform in

the bifundamental representation of the (D-dimensional) gauge group U(1)a×U(1)b, hence

this derivative acts as

D̃iΦ
ab
j = ∂iΦ

ab
j − i〈Ba

i 〉W ab
j + i〈Bb

i 〉W ab
j (A.19)

same for Ψab. L(2)
B and L(2)

F contain all the possible quadratic terms30 in Φi and Ψ, that

can give rise to effective mass operators for the dimensional reduction of these fields.

The second step is to expand the D dimensional fields on a basis of eigenstates of the

corresponding internal wave operator:

Ψab(w) =
∑

n

χab
n (x) ⊗ ψab

n (y) (A.20)

Φab
i (w) =

∑

n

ϕab
n i(x) ⊗ φab

n i(y) (A.21)

and so on for the rest of the fields, satisfying

iD̃/D−4ψ
ab
n = iΓ(4)ΓiD̃iψ

ab
n = mnψ

ab
n (A.22)

∆D−4φ
ab
n i = −D̃jD̃

jφab
n i = M2

n iφ
ab
n i (A.23)

where Γ(4) = iΓ1Γ2Γ3Γ4. We are choosing the internal wavefunctions ψab
n , φ

ab
n i to be di-

mensionless. The eigenvalues mn, M2
n i are directly related to the four-dimensional mass

of the fields χab
n , ϕab

n i. Indeed, by applying the equations of motion we find

iΓ(4)D/4χ
ab
n = −mnχ

ab
n (A.24)

∆4ϕ
ab
n i = M2

n iϕ
ab
n i − 2i

∫

M
〈Ga j

i −Gb j
i 〉ϕab

n j (A.25)

30In the case of non-zero vevs for non-Abelian internal gauge fields < W >iab (y) 6= 0 more terms like

e.g. DMWN [W M , W N ] should be included in L(2)
B and L(2)

F .
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Notice, as well, that in order to get canonical kinetic terms the (D − 4)-dimensional

fields must satisfy [2]

g−2

∫

M
dD−4y φab

n i(y)
∗
φcd

n i(y) = δacδbd (A.26)

g−2

∫

M
dD−4y ψab

n (y)
†
ψab

n (y) = δacδbd (A.27)

Functional integration of the massive fields would yield a four dimensional theory

including just the lightest modes. The massless four dimensional fields would be given by

U(nα) gauge bosons Aα
µ, the gauginos λα, the scalars in the adjoint cαi , and bifundamental

spinors χab
0 . There will also be bifundamental scalars ϕab

i , which may be massive, massless

or tachyonic depending on the details of the compactification. In a semi-realistic scenario,

the D = 4 gauge group obtained after dimensional reduction is identified with Standard

Model gauge group, the bifundamental fermions with the SM quarks and leptons and

one bifundamental scalar with the Higgs boson. Finally, the several replicas of each field

that may exist due to multiplicity of zero modes are identified with the different particle

generations.

One of the main motivations of this paper is to compute the generic form of the Yukawa

couplings for the lightest D = 4 fields in the class of compactifications described above.

Using (A.19) and (A.21) we find that such couplings are given by

SY =
1

2g2

∑

IJK

{∫

d4x χ̄ab
I ϕbd

J i χ
da
K ·
∫

M
dD−4y ψab

I
†
φbd

J i Γi ψda
K

−
∫

d4x χ̄ab
I ϕca

J i χ
bc
K ·
∫

M
dD−4y ψab

I
†
φca

J i Γi ψbc
K

}

(A.28)

where the {I, J,K} index the replicas that may exist for each of these fields.

B. Fluxes and supersymmetry

The above discussion is also general in the sense that it does not depend whether the

D = 4 low energy-theory is a supersymmetric field theory or not. When coupling SYM

theory to gravity, however, it may be useful to consider compactifications where N = 1

supersymmetry is preserved in the effective theory, at least at the perturbative level. The

amount of supersymmetry preserved at low energies depends on the geometrical details of

the compactification. In the following, we briefly review the conditions for supersymmetric

magnetized compactifications. We refer the reader to Chapter 15 of [1] or ref. [42, 43] for

more detailed discussions.

B.1 Hermitian Yang-Mills Equations

Consider D = 10 SYM theory compactified in a 2n-dimensional manifold M2n, coupled

to N = 1 supergravity. Under the assumptions of H = dφ = 0, the conditions for a local

unbroken supersymmetry amount to having a covariantly constant spinor η. This in turn

implies that the compact manifold M2n is a Ricci-flat Kähler manifold, i.e., a Calabi-Yau
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n-fold CYn. On the other hand, a non-trivial Yang-Mills gauge field A must have a field

strength F = dA which obeys

δλ = ΓijFijη = 0 (B.1)

where λ stands for a ten-dimensional gaugino. If M6 is a complex manifold (as the existence

of the covariantly constant η would require) then we can rewrite (B.1) as [1]

Fab = Fāb̄ = 0 (B.2)

gab̄Fab̄ = 0 (B.3)

where gab̄ is the hermitian metric on M2n. These two conditions are quite strong. For our

purposes we may consider a slightly less constraining system of equations, which comes

from coupling D = 10 SYM to N = 2 supergravity. Eq. (B.1) then generalizes to

δλ = ΓijFijη + η′ = 0 (B.4)

where η′ is the other covariantly constant spinor coming from extended supersymmetry.

Eqs. (B.2), (B.3) then relax to

Fab = Fāb̄ = 0 (B.5)

gab̄Fab̄ = c · 1 (B.6)

where c is a constant which encodes which N = 1 subalgebra of N = 2 is preserved by

the SYM theory. Eqs. (B.5) and (B.6) are known as hermitian Yang-Mills equations, and

imply that the gauge field A solves the super Yang-Mills equations, hence giving rise to

a supersymmetric gauge theory upon dimensional reduction. If M6 is a Kähler manifold

(which is again implied by the existence of a covariantly constant spinor), we can rewrite

(B.6) as

F ∧ ωn−1 = c ωn · 1 (B.7)

where ω is the Kähler form of M6.

Equation (B.5), provides a generalization of a holomorphic function on M2n. Indeed,

notice that (B.5) implies Fāb̄ = i[Dā,Db̄] = i[∂ā − iAā, ∂b̄ − iAb̄] = 0, so if we assume that

the gauge field A is hermitian, we can write it as

Aā = −i∂āV · V −1, Aa = −i(∂aV
†−1) · V †, (B.8)

where V is a matrix-valued function on the coordinates (za, z̄a). Then, if we define a field

f to be ”holomorphic” by satisfying

Dāf = 0 (B.9)

then is easy to see that such field is of the form f = V g, where g is a holomorphic function in

the usual sense, i.e., ∂āg = 0. In geometrical terms, the gauge field A can be understood as

a vector bundle E over M2n. Now, a vector bundle satisfying (B.5) is a holomorphic vector

bundle, in the sense that their transition functions can be chosen to be holomorphic [1].
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The converse is also true. Hence, considering Yang-Mills fields satisfying (B.5) amounts to

studying holomorphic gauge bundles.

On the other hand, eq. (B.6) is related to the notion of µ-stability by the theorems

of Donaldson and Uhlenbeck-Yau. Indeed, let us consider an irreducible complex vector

bundle E over a compact Kähler manifold M2n, and whose field strength is given by

F = dA. The degree of E is defined by

deg(E) =

∫

M2n

c1(E) ∧ ωn−1 =

∫

M2n

trF ∧ ωn−1 (B.10)

where c1(E) is the first Chern class of E. The relevant quantity is the slope of E which

is defined as µ(E) = deg(E)/rank(E).31 Notice that µ depends on the Kähler moduli of

M2n, being independent of the complex structure moduli. A bundle E is said to be stable

if for any subbundle S ⊂ E we have µ(S) ≤ µ(E). What the theorems above show is that

any bundle E satisfying (B.5) (that is, a holomorphic bundle) and being µ-stable satisfies

(B.6), and the other way round.

B.2 D-brane interpretation

In general, we will consider a magnetic flux which is of the form

F =






Fa

Fb

. . .




 (B.11)

Each box Fα, α = a, b, . . . represents an irreducible component of the vector bundle (that

is, a subbundle). Turning on the magnetic flux F will break the initial gauge group G to

a direct product of smaller gauge groups
∏

iGi ⊂ G. Generically, each of these smaller

gauge groups Gi will be an Abelian U(1)α factor associated to the component Fα. If we

consider a compactification where Fαi = Fα, i = 1, . . . , Nα then we may have the gauge

enhancement
∏

αi U(1)αi → U(Nα).32

This picture reminds of the gauge theory dynamics associated to D-brane physics and,

in fact, it turns out that D-branes provide a nice physical realization of the mathematical

results previously stated. 33 In order to see this, consider type IIB string theory compact-

ified on M6 with N D9-branes filling up the non-compact and the compact dimensions of

our ten-dimensional theory. In principle, this will yield a D = 4 U(N) gauge theory upon

dimensional reduction. Now, we are again allowed to introduce magnetic fluxes of the form

(B.11) in the internal dimensions of the D9’s worldvolume, again breaking the U(N) gauge

theory. To each factor Fα we associate a dynamical D9-brane α with gauge group U(1)α.

Notice that in general a dynamical D9-brane will be composed of kα = rank Fα ≥ 1 type

IIB D9-branes. In fact, this is how we achieve gauge group rank reduction in this setup.

31See the main text for a less abstract definition of slope in terms of magnetized compactifications.
32Such gauge unhiggsing occurs if we have in addition Aαi = Aα, i = 1, . . . , Nα, i.e., if all the Wilson

lines are equal.
33Recall, however, that our previous discussion is general and describes as well heterotic compactifications

with non-trivial gauge fields A.
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After turning on F , the spectrum of the dimensionally reduced theory can be arranged

in several sectors:

• Closed strings

This will provide the gravity sector of the D = 4 theory.

• Open D9αD9α strings

Strings beginning and ending on the same dynamical brane will yield a U(1)α gauge

theory. A stack of Nα dynamical D9-branes with the same flux Fαi will yield a gauge

group U(Nα) if there is no relative Wilson lines between them.

• Open D9αD9β strings

Strings stretching between two stacks of Nα, Nβ dynamical branes may yield D = 4

chiral fermions, as well as scalars, transforming in the bifundamental representation

(Nα, N̄β) of the corresponding U(Nα) × U(Nβ) gauge group.

Let us now analyze the supersymmetry conditions above in terms of this physical

picture. The closed string sector of the theory is mainly sensitive to the geometry of

the compact manifold M6. Hence, the condition of M6 being a Calabi-Yau three-fold

translates into a (tree-level) D = 4 supersymmetric gravity sector.

Now let us introduce a magnetic flux satisfying eq.(B.5), that is, let us consider F being

a (1, 1)-from. Without loss of generality, we can consider F to be of the block-diagonal

form (B.11) with a total of K blocks. Each block α corresponds to a stack of Nα dynamical

branes, that is to a flux of the form Fα ⊗1Nα , hence a U(Nα) gauge theory. The total flux

F will provide us with a low energy field theory with gauge group
∏K

α=1 U(Nα). Moreover,

if each block α satisfies, by itself, the condition (B.6) we will actually have a low energy

gauge theory which is a product of U(Nα) SYM theories.

Now, even if that is the case, the D9αD9β spectrum may not be supersymmetric.

Indeed, each block α will have a slope cα = µ(Fα). If cα = cβ , then the D9αD9β sector

will be supersymmetric. To each chiral fermion in a D9αD9β sector there will correspond

a massless complex scalar arising from the same sector, completing a D = 4 N = 1 chiral

multiplet in the (Nα, Nβ) representation. On the other hand, if cα 6= cβ, then the D9αD9β

sector will break supersymmetry, and the formerly supersymmetric partners of the chiral

fermions will be either massive or tachyonic.

We then see that the conditions for supersymmetry, namely a covariantly constant

spinor and the two Hermite Yang-Mills equations, can be matched with the supersymmetry

conditions for the three different sectors of the theory at hand. They can be understood

from demanding supersymmetry in the gravity, gauge and chiral sectors.

B.3 Mirror symmetry and string corrections

Actually, it turns out to be quite instructive to understand these supersymmetry conditions

in terms of the T-dual or mirror symmetric picture. Indeed, T-duality relates type IIB

superstring theory on the compact manifold M6 with type IIA theory on its mirror W6.

Since we are supposingH = dφ = 0 in both sides, the only way to achieve a supersymmetric

– 67 –



J
H
E
P
 

gravity sector is to demand that both manifolds admit a covariantly constant spinor, that

is, that they satisfy the CY3 condition.
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Figure 9: Artist’s view of open string mirror symmetry, which relates type IIB magnetized

compactifications with type IIA intersecting D6-brane worlds. In general, M6 and W6 will have

different topology.

We now consider the open string sector of the theory. The ’mirror’ D-branes of a

magnetized stack of D9-branes will be given by stacks of Nα D6-branes wrapping 3-cycles

Πα on W6, and expanding the four non-compact dimensions. The first hermitian Yang-

Mills condition, eq.(B.5), corresponds in this picture to imposing Πα to be a Lagrangian

cycle, that is, to satisfy ω|Πα ≡ 0, where ω is the Kähler form in W3. On the other

hand, the second hermitian Yang-Mills condition (B.6) will translate to Πα being a Spe-

cial Lagrangian (SL) submanifold, which in addition to Πα being Lagrangian imposes the

condition Im (eiθαΩ)|Πa ≡ 0. Here Ω stands for the holomorphic (3, 0)-form of W6 and

θα is a constant phase. Finally, the chiral matter in the bifundamental representation

(Nα, Nβ) arises again in the D6αD6β sector of the theory. More precisely it is localized in

the intersection points of the submanifolds Πα and Πβ [37]. See figure 9.

Again, we find that supersymmetry may be broken or not in different sectors of the

theory. If we consider W6 being a CY3 and Πα being a Special Lagrangian submanifold

for every stack α of Nα D6-branes, then at low energies we will recover a D = 4 N = 2

supergravity sector and a gauge sector of
∏

α U(Nα) N = 1 SYM theories. However, if we

consider the matter content at the intersection of, say, SL’s Πα and Πβ this may yield a

supersymmetric spectrum or not, depending on the respective phases θα and θβ. If θα = θβ

the D6αD6β chiral matter will be arranged in N = 1 supermultiplets, whereas if θα 6= θβ

supersymmetry will be broken in this sector. From the point of view of the effective field

theory, this can be understood as the appearance of a non-vanishing FI-term [22,44,45].
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In the rest of the paper we will be dealing with one of the most simplest cases of

open string mirror symmetry. Namely, both M6 and W6 will be T-dual 6-dimensional tori.

Moreover, in the type IIB picture we will be considering D9-branes with constant magnetic

fluxes, which in the type IIA picture correspond to flat D6-branes intersecting at angles.

This class of configurations have been analyzed in great detail. In particular, in [46] the two

supersymmetry conditions for D6-brane wrapping a 3-cycle Π in the intersecting picture

were understood in terms of F- and D-flatness conditions on the worldvolume gauge theory

of such D6-brane. This statement should also hold in the D = 4 reduced theory and, by

mirror symmetry, it should be matched with the hermitian Yang-Mills equations (B.5),

(B.6). We summarize the interpretation of the supersymmetry conditions in Table 1.

MBW IBW Field Theory

M6 = CY3 W6 = CY3 SUGRA

Fāb̄ = 0 ω|Πα ≡ 0 F-flatness

gab̄Fab̄ = c · 1 Im (eiθαΩ)|Πa ≡ 0 D-flatness

Table 1: Supersymmetry conditions for both Magnetized Brane Worlds (MBW) and Intersecting

Brane Worlds (IBW) in terms of the D = 4 effective field theory. Notice that, in the MBW picture,

the F-flatness condition imposes a constraint on the complex structure of M6, whereas D-flatness

concerns the Kähler structure. An opposite statements holds for the IBW mirror picture.

It is important to notice that, although the hermitian Yang-Mills equations and the

calibration conditions match qualitatively in both sides of the mirror map, there will be a

quantitative mismatch away from the limit of large volumes and diluted fluxes (or, equiv-

alently, small angles). Indeed, the notion of µ-stability and the hermitian Yang-Mills

equations have been derived in the supergravity approximation of string theory. When

leaving such regime, we would expect stringy α′ corrections to the hermitian Yang-Mills

conditions. Indeed, by considering the conditions for unbroken symmetry from the Dirac-

Born-Infeld action instead of the SYM Lagrangian, the condition (B.7) is replaced by the

MMMS equation [47]

Im eiθTr (ω + iα′F )n (B.12)

which involves higher powers of the field strength F . These and other considerations led to a

modification to the concept of µ-stability, namely the Π-stability proposed in [48]. Roughly

speaking, this proposal amounts to considering the stability condition in the intersecting

D-brane picture and translate it back to the holomorphic bundle picture by means of the

mirror symmetry map. As explicitly seen in [14, 16] in toroidal compactifications this

implies substituting the slope µ, which is related to the tangent of the angles between two

D-branes, by the angles themselves. Due to this fact, our results concerning three-point

functions should be only considered as accurate from the string theory point of view only in

the limit of large compactification volume and diluted fluxes (which corresponds to small

angles), where the ten-dimensional effective field theory captures all the physics of the

underlying string theory.
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[20] L. E. Ibáñez, F. Marchesano and R. Rabadán, “Getting just the Standard Model at

Intersecting Branes,” JHEP 0111, 002 (2001), hep-th/0105155.
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